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Announcements
§ PSet 1 is due Friday @ 2 pm
§ Sections start today!

§ 4th of July plan: go to today’s or Friday’s section if you can
§ Otherwise, you can work through problems on your own, 

then submit answers through the pset app
§ Pset 2 is out

§ Practice using core probability formulas
§ Analyze a dataset



PSet	2:	Data	Science	Problem



PSet	2:	Data	Science	Problem

Gene1 Gene2 Ebola

0.42 0.17 P(E)    0.18



Review



CS109:	From	Counting	to	Machine	Learning

Piech & Cain, CS109, Stanford University



The	Core	Probability	Toolkit



The conditional probability of 𝐸 given 𝐹 is the probability that 𝐸 occurs, 
given that F occurs. This is called “conditioning on F”.  

Definition	of	Conditional	Probability

𝑃 𝐸|𝐹 =
𝑃 𝐸 ∩ 𝐹
𝑃(𝐹)

Piech & Cain, CS109, Stanford University



The conditional probability of 𝐸 given 𝐹 is the probability that 𝐸 occurs, 
given that F occurs. This is called “conditioning on F”.  

Definition	of	Conditional	Probability

𝑃 𝐸|𝐹 =
𝑃 𝐸 ∩ 𝐹
𝑃(𝐹)

• This definition works even when outcomes are not equally likely
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Remember:

The conditional probability of 𝐸 given 𝐹 is the probability that 𝐸 occurs, 
given that F occurs. This is called “conditioning on F”.  

Definition	of	Conditional	Probability

𝑃 𝐸|𝐹 =
𝑃 𝐸 ∩ 𝐹
𝑃(𝐹)

We can multiply both sides by P(F) to get the chain rule:
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Law	of	Total	Probability

Let E and F be our two events. The Law of Total Probability is:

FC

Sample Space

F

P (E) = P (EF ) + P (EFC)

= P (E|F )P (F ) + P (E|FC)P (FC)

E and FCE and F

Piech & Cain, CS109, Stanford University



Review: Conditional Probability Formulas

𝑃 𝐸

𝑃 𝐸|𝐹
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Definition of
Conditional Probability Chain Rule

𝑃 𝐸	and	𝐹

𝑃 𝐹|𝐸
Bayes’

Theorem

Piech & Cain, CS109, Stanford University



For any events 𝐸 and 𝐹 where 𝑃 𝐸 > 0 and 𝑃 𝐹 > 0,

𝑃 𝐹 𝐸 =
𝑃 𝐸 𝐹 𝑃 𝐹

𝑃 𝐸

Expanded form:

𝑃 𝐹 𝐸 =
𝑃 𝐸 𝐹 𝑃 𝐹

𝑃 𝐸|𝐹 𝑃 𝐹 + 𝑃 𝐸 𝐹! 𝑃(𝐹!)

𝑃 𝐹|𝐸𝑃 𝐸|𝐹Bayes’	Theorem
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Bayes’	Theorem
For any events 𝐸 and 𝐹 where 𝑃 𝐸 > 0 and 𝑃 𝐹 > 0,

𝑃 𝐹 𝐸 =
𝑃 𝐸 𝐹 𝑃 𝐹

𝑃 𝐸

Expanded form:

𝑃 𝐹 𝐸 =
𝑃 𝐸 𝐹 𝑃 𝐹

𝑃 𝐸|𝐹 𝑃 𝐹 + 𝑃 𝐸 𝐹! 𝑃(𝐹!)

𝑃 𝐹|𝐸𝑃 𝐸|𝐹

posterior

likelihood prior

normalization constant

Piech & Cain, CS109, Stanford University
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Practice: Multiple Choice & Probability
Imagine a multiple choice test, where every question has 4 answer choices.

    - Let G be the event that a student guesses an answer to a question. P(G) = 1/5.

    - Let R be the event that the student gets the answer right.

    - Let the probability a student gets the answer right without guessing be P(R | GC) = 9/10.

What’s the probability a student knows their stuff (doesn’t guess), given their answer is right?

Piech & Cain, CS109, Stanford University
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End Review



The	Core	Probability	Toolkit



Main Learning Goal For Today

Mutually Exclusive Events Independent Events

<latexit sha1_base64="IovwDU/ENOpBXE2rKhioh95NXv8=">AAACCXicbVC7SgNBFJ31GeNr1dJmMAgJQtiVoDZCjI1lBPOAZAmzk9lkyOyDmbtiWNLa+Cs2ForY+gd2/o2zyRaaeJp7OOde7r3HjQRXYFnfxtLyyuraem4jv7m1vbNr7u03VRhLyho0FKFsu0QxwQPWAA6CtSPJiO8K1nJH16nfumdS8TC4g3HEHJ8MAu5xSkBLPRPXi1e4C+wBEhxKPMG1Er5MxRI+0aVW6pkFq2xNgReJnZECylDvmV/dfkhjnwVABVGqY1sROAmRwKlgk3w3ViwidEQGrKNpQHymnGT6yQQfa6WPPX2JFwaAp+rviYT4So19V3f6BIZq3kvF/7xODN6Fk/AgioEFdLbIiwWGEKex4D6XjIIYa0Ko5PpWTIdEEgo6vLwOwZ5/eZE0T8v2WblyWylUq1kcOXSIjlAR2egcVdENqqMGougRPaNX9GY8GS/Gu/Exa10yspkD9AfG5w9KzJY9</latexit>

P (A or B) = P (A) + P (B)
<latexit sha1_base64="f00fGjuzyoIop5xHTkAQ5nQ2+Oc=">AAACDnicbZC7SgNBFIZnvcZ4i1raDIZA0oRdCWojxNhYRjAXyC5hdnaSDJmdXWbOimHJE9j4KjYWitha2/k2Ti6FJv4w8PGfczhzfj8WXINtf1srq2vrG5uZrez2zu7efu7gsKmjRFHWoJGIVNsnmgkuWQM4CNaOFSOhL1jLH15P6q17pjSP5B2MYuaFpC95j1MCxurmCvXiFXaBPUCKiQzwGNdK+BIbt4RdGkRgsFbq5vJ22Z4KL4Mzhzyaq97NfblBRJOQSaCCaN1x7Bi8lCjgVLBx1k00iwkdkj7rGJQkZNpLp+eMccE4Ae5FyjwJeOr+nkhJqPUo9E1nSGCgF2sT879aJ4HehZdyGSfAJJ0t6iUCQ4Qn2eCAK0ZBjAwQqrj5K6YDoggFk2DWhOAsnrwMzdOyc1au3Fby1eo8jgw6RieoiBx0jqroBtVRA1H0iJ7RK3qznqwX6936mLWuWPOZI/RH1ucPhtSYnA==</latexit>

P (A and B) = P (A) · P (B)

make AND easy:make OR easy:





Two events A and B are independent if:

Intuitive Definition:

Knowing that event B happened doesn’t change our belief that A happens.

Independence

<latexit sha1_base64="nNWI1oqn+uXSlWxbLCUib8T1vPA=">AAAB9HicbVDLTgIxFL2DL8QX6tJNIzGBDZkxRN2YIG5cYiKPBCakUzrQ0OmMbYeEjHyHGxca49aPceffWGAWCp7k5p6cc296e7yIM6Vt+9vKrK1vbG5lt3M7u3v7B/nDo6YKY0log4Q8lG0PK8qZoA3NNKftSFIceJy2vNHtzG+NqVQsFA96ElE3wAPBfEawNpJbL96U0DUy7alW6uULdtmeA60SJyUFSFHv5b+6/ZDEARWacKxUx7Ej7SZYakY4nea6saIRJiM8oB1DBQ6ocpP50VN0ZpQ+8kNpSmg0V39vJDhQahJ4ZjLAeqiWvZn4n9eJtX/lJkxEsaaCLB7yY450iGYJoD6TlGg+MQQTycytiAyxxESbnHImBGf5y6ukeV52LsqV+0qhWkvjyMIJnEIRHLiEKtxBHRpA4BGe4RXerLH1Yr1bH4vRjJXuHMMfWJ8/ilyQBA==</latexit>

P (A) = P (A|B)
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Two events A and B are independent if:

Intuitive Definition:

Knowing that event B happened doesn’t change our belief that A happens.

Independence
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P (A) = P (A|B)

Examples of independent events:
• Rolling two dice
• Flipping a coin repeatedly
• Each time you gamble
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Two events A and B are independent if:

Intuitive Definition:

Knowing that event B happened doesn’t change our belief that A happens.
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P (A) = P (A|B)

Examples of independent events:
• Rolling two dice
• Flipping a coin repeatedly
• Each time you gamble

Sometimes you can argue for 
independence just by intuition.
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Two events A and B are independent if:

Intuitive Definition:

Knowing that event B happened doesn’t change our belief that A happens.
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P (A) = P (A|B)

Examples of dependent events:
• If it’s sunny today, and if it’s summer
• Your height vs. your parents’ heights
• Going to the moon vs. being named Neil 

Examples of independent events:
• Rolling two dice
• Flipping a coin repeatedly
• Each time you gamble

Sometimes you can argue for 
independence just by intuition.
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Two events A and B are independent if:

Intuitive Definition:

Knowing that event B happened doesn’t change our belief that A happens.

Independence
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P (A) = P (A|B)

Examples of dependent events:
• If it’s sunny today, and if it’s summer
• Your height vs. your parents’ heights
• Going to the moon vs. being named Neil 

Examples of independent events:
• Rolling two dice
• Flipping a coin repeatedly
• Each time you gamble

Sometimes you can argue for 
independence just by intuition.

Dependence does not require cause and effect!
Piech & Cain, CS109, Stanford University



Two events A and B are independent if:

Intuitive Definition:

Knowing that event B happened doesn’t change our belief that A happens.

Independence
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P (A) = P (A|B)

With independence, we can simplify the chain rule:

You can also show this ^ to prove independence
Piech & Cain, CS109, Stanford University



Want to show: if A is independent of B, then B is independent of A.

               Start:                                                           Goal:

Let’s	Prove:	Independence	is	Reciprocal
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P (A) = P (A|B)
<latexit sha1_base64="zvNZKaGK0v0PQ39z8xfJFJkItLA=">AAAB+nicbZDLSsNAFIZPvNZ6S3XpZrAI7aYkUtSNUOvGZQV7gSaUyXTSDp1cmJkoJe2juHGhiFufxJ1v47TNQlt/GPj4zzmcM78XcyaVZX0ba+sbm1vbuZ387t7+waFZOGrJKBGENknEI9HxsKSchbSpmOK0EwuKA4/Ttje6ndXbj1RIFoUPahxTN8CDkPmMYKWtnllolOqTmzK6RhrKCDlOzyxaFWsutAp2BkXI1OiZX04/IklAQ0U4lrJrW7FyUywUI5xO804iaYzJCA9oV2OIAyrddH76FJ1pp4/8SOgXKjR3f0+kOJByHHi6M8BqKJdrM/O/WjdR/pWbsjBOFA3JYpGfcKQiNMsB9ZmgRPGxBkwE07ciMsQCE6XTyusQ7OUvr0LrvGJfVKr31WKtnsWRgxM4hRLYcAk1uIMGNIHAEzzDK7wZE+PFeDc+Fq1rRjZzDH9kfP4AH0+RVg==</latexit>

P (B|A) = P (B)

Piech & Cain, CS109, Stanford University



Want to show: if A is independent of B, then B is independent of A.

               Start:                                                           Goal:

Let’s	Prove:	Independence	is	Reciprocal
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P (A) = P (A|B)

<latexit sha1_base64="zs3kC6WuVGMaTmojczf0HOGpYSU=">AAACN3icbZDLSsNAFIYn9VbrLerSzWBR2k1JpKgboa0bVxLBXqApZTKdtEMnF2YmQkn7Vm58DXe6caGIW9/ASZtFbXtg4OP/z+HM+Z2QUSEN403LrK1vbG5lt3M7u3v7B/rhUUMEEcekjgMW8JaDBGHUJ3VJJSOtkBPkOYw0neFt4jefCBc08B/lKCQdD/V96lKMpJK6+r1VqI2rRXh+A22XIxxbheq4VlRqcZJwcQKhbefm7VVmIiXc1fNGyZgWXAYzhTxIy+rqr3YvwJFHfIkZEqJtGqHsxIhLihmZ5OxIkBDhIeqTtkIfeUR04undE3imlB50A66eL+FUnZ+IkSfEyHNUp4fkQCx6ibjKa0fSve7E1A8jSXw8W+RGDMoAJiHCHuUESzZSgDCn6q8QD5DKR6qocyoEc/HkZWhclMzLUvmhnK/U0jiy4AScggIwwRWogDtggTrA4Bm8g0/wpb1oH9q39jNrzWjpzDH4V9rvHwVspMQ=</latexit>

P (B|A) =
P (A|B)P (B)

P (A)

=
P (A)P (B)

P (A)

= P (B)
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P (B|A) = P (B)

Proof:

Start with Bayes’ Theorem
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Want to show: if A is independent of B, then B is independent of A.

               Start:                                                           Goal:

Let’s	Prove:	Independence	is	Reciprocal
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P (A) = P (A|B)
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P (B|A) =
P (A|B)P (B)

P (A)

=
P (A)P (B)

P (A)

= P (B)
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P (B|A) = P (B)

Proof:

Start with Bayes’ Theorem

Because A is independent of B
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Want to show: if A is independent of B, then A is independent of BC.

         Start:                                                                   Goal:

Let’s	Prove:	Independence	Of	Complements

Proof:
Start with Law of Total Prob.
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Want to show: if A is independent of B, then A is independent of BC.

         Start:                                                                   Goal:
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Want to show: if A is independent of B, then A is independent of BC.

         Start:                                                                   Goal:

Let’s	Prove:	Independence	Of	Complements

Proof:
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Want to show: if A is independent of B, then A is independent of BC.

         Start:                                                                   Goal:

Let’s	Prove:	Independence	Of	Complements

Proof:
Start with Law of Total Prob.

Subtract from both sides

Independence

Pull out P(A)

Identity 3: P(BC) = 1 - P(B)
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Events E1 , E2 , ..., En are independent if, for every subset of size r of the events:

P(E1' E2' E3'...Er ' ) = P(E1') P(E2 ') P(E3 ') ... P(Er ')

Independence	For	3	Or	More	Events
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Events E1 , E2 , ..., En are independent if, for every subset of size r of the events:

P(E1' E2' E3'...Er ' ) = P(E1') P(E2 ') P(E3 ') ... P(Er ')

Independence	For	3	Or	More	Events

For example, for events A, B, C, 
you would need to show:
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Events E1 , E2 , ..., En are independent if, for every subset of size r of the events:

P(E1' E2' E3'...Er ' ) = P(E1') P(E2 ') P(E3 ') ... P(Er ')

Independence	For	3	Or	More	Events

For example, for events A, B, C, 
you would need to show:

Good news! if you can argue independence intuitively, the mega-chain rule simplifies:
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Roll two 6-sided dice: D1 and D2.
Let E be the event D1 = 1, and let F be the event D2 = 1.

What is P(E), P(F), and P(EF)?

Independence	&	Dice

𝐷!               𝐷"

[1,1] [1,2] [1,3] [1,4] [1,5] [1,6]
[2,1] [2,2] [2,3] [2,4] [2,5] [2,6]
[3,1] [3,2] [3,3] [3,4] [3,5] [3,6]
[4,1] [4,2] [4,3] [4,4] [4,5] [4,6]
[5,1] [5,2] [5,3] [5,4] [5,5] [5,6]
[6,1] [6,2] [6,3] [6,4] [6,5] [6,6]

S = {

}
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Roll two 6-sided dice: D1 and D2.
Let E be the event D1 = 1, and let F be the event D2 = 1.

What is P(E), P(F), and P(EF)?  P(E) = 1/6 P(F) = 1/6 P(EF) = 1/36

Are E and F independent?

Independence	&	Dice

𝐷!               𝐷"
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Roll two 6-sided dice: D1 and D2.
Let E be the event D1 = 1, and let F be the event D2 = 1.

What is P(E), P(F), and P(EF)?  P(E) = 1/6 P(F) = 1/6 P(EF) = 1/36

Are E and F independent?  Yes!      Check: P(EF) = P(E) P(F) 

Independence	&	Dice
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Roll two 6-sided dice: D1 and D2.
Let E be the event D1 = 1, and let F be the event D2 = 1.

What is P(E), P(F), and P(EF)?  P(E) = 1/6 P(F) = 1/6 P(EF) = 1/36

Are E and F independent?  Yes!      Check: P(EF) = P(E) P(F) 

Let G be the event that D1 + D2 = 7.

What is P(E), P(G), and P(EG)?

Independence	&	Dice

𝐷!               𝐷"
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Roll two 6-sided dice: D1 and D2.
Let E be the event D1 = 1, and let F be the event D2 = 1.
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What is P(E), P(G), and P(EG)?  P(E) = 1/6 P(G) = 1/6 P(EG) = 1/36
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Roll two 6-sided dice: D1 and D2.
Let E be the event D1 = 1, and let F be the event D2 = 1.

What is P(E), P(F), and P(EF)?  P(E) = 1/6 P(F) = 1/6 P(EF) = 1/36

Are E and F independent?  Yes!      Check: P(EF) = P(E) P(F) 

Let G be the event that D1 + D2 = 7.

What is P(E), P(G), and P(EG)?  P(E) = 1/6 P(G) = 1/6 P(EG) = 1/36

Are E and G independent?   Yes?!    Check: P(EG) = P(E) P(G) 

Independence	&	Dice

𝐷!               𝐷"
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Roll two 6-sided dice: D1 and D2.
Let E be the event D1 = 1, and let F be the event D2 = 1.

What is P(E), P(F), and P(EF)?  P(E) = 1/6 P(F) = 1/6 P(EF) = 1/36

Are E and F independent?  Yes!      Check: P(EF) = P(E) P(F) 

Let G be the event that D1 + D2 = 7.

What is P(E), P(G), and P(EG)?  P(E) = 1/6 P(G) = 1/6 P(EG) = 1/36

Are E and G independent?   Yes?!    Check: P(EG) = P(E) P(G) 

Let H be the event that D1 + D2 = 4.

What is P(E), P(H), and P(EH)?

Independence	&	Dice
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Roll two 6-sided dice: D1 and D2.
Let E be the event D1 = 1, and let F be the event D2 = 1.

What is P(E), P(F), and P(EF)?  P(E) = 1/6 P(F) = 1/6 P(EF) = 1/36

Are E and F independent?  Yes!      Check: P(EF) = P(E) P(F) 

Let G be the event that D1 + D2 = 7.

What is P(E), P(G), and P(EG)?  P(E) = 1/6 P(G) = 1/6 P(EG) = 1/36

Are E and G independent?   Yes?!    Check: P(EG) = P(E) P(G) 

Let H be the event that D1 + D2 = 4.

What is P(E), P(H), and P(EH)?  P(E) = 1/6 P(H) = 3/36 P(EH) = 1/36

Are E and H independent?

Independence	&	Dice

𝐷!               𝐷"
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Roll two 6-sided dice: D1 and D2.
Let E be the event D1 = 1, and let F be the event D2 = 1.

What is P(E), P(F), and P(EF)?  P(E) = 1/6 P(F) = 1/6 P(EF) = 1/36

Are E and F independent?  Yes!      Check: P(EF) = P(E) P(F) 

Let G be the event that D1 + D2 = 7.

What is P(E), P(G), and P(EG)?  P(E) = 1/6 P(G) = 1/6 P(EG) = 1/36

Are E and G independent?   Yes?!    Check: P(EG) = P(E) P(G) 

Let H be the event that D1 + D2 = 4.

What is P(E), P(H), and P(EH)?  P(E) = 1/6 P(H) = 3/36 P(EH) = 1/36

Are E and H independent?   No!      Check: P(EH) ¹ P(E) P(H) 

Independence	&	Dice

𝐷!               𝐷"
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Can	Mutually	Exclusive	Events	Be	Independent?
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Can	Mutually	Exclusive	Events	Be	Independent?

Nope!
Knowing that E happened changes our belief that F happens.
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What does independence look like?



What	Does	Dependence	Look	Like?

A

B

A
B

Sample Space
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What	Does	Independence	Look	Like?

A

B Sample 
Space
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What	Does	Independence	Look	Like?

A

B Sample 
Space

A

Sample 
Space
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If we look at the whole 
sample space, P(A) = 0.5



What	Does	Independence	Look	Like?

A

B Sample 
Space

A

Sample 
Space

A and B

B

If we look at the whole 
sample space, P(A) = 0.5

If we shrink the sample 
space to B, P(A|B) = 0.5
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Main Learning Goal For Today

Mutually Exclusive Events Independent Events
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P (A or B) = P (A) + P (B)
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P (A and B) = P (A) · P (B)

make AND easy:make OR easy:



Practice:	Experiments	With	Children
Two parents have straight hair, but carry the curly hair gene.

The probability of any single kid having curly hair is 0.25,
independent of other siblings (curly hair is recessive).

What is the probability that all three of their kids have curly hair?

Concept 

Check
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Practice:	Experiments	With	Children
Two parents have straight hair, but carry the curly hair gene.

The probability of any single kid having curly hair is 0.25,
independent of other siblings (curly hair is recessive).

What is the probability that all three of their kids have curly hair?

Let 𝐸1 , 𝐸2 , 𝐸3 be the events that kid 1, 2, or 3 have curly hair.

Concept 

Check
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Practice:	Experiments	With	Children
Two parents have straight hair, but carry the curly hair gene.

The probability of any single kid having curly hair is 0.25,
independent of other siblings (curly hair is recessive).

What is the probability that all three of their kids have curly hair?

Let 𝐸1 , 𝐸2 , 𝐸3 be the events that kid 1, 2, or 3 have curly hair.

Concept 
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Practice:	Network	Reliability
𝑝1
𝑝2

𝑝𝑛
…

𝐴 𝐵
Consider the following parallel network:

• 𝑛 independent routers, which each are                
working with probability 𝑝i (1 ≤ 𝑖 ≤ 𝑛)

Let 𝐸 be the event that a working path from A to B exists. 
What is 𝑃(𝐸)?
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Practice:	Network	Reliability
𝑝1
𝑝2

𝑝𝑛
…

𝐴 𝐵

Piech, CS109, Stanford University

Consider the following parallel network:
• # independent routers, each with

probability $! of functioning (where 1 ≤ ' ≤ #)
• " = functional path from A to B exists. 

What is ( % ?

57

Network reliability
$"
$#

$$

…
) *

( % = ( ≥ 1 one router works
= 1 − ( all routers fail
= 1 − 1 − /! 1 − /" ⋯ 1 − /%

= 1 −1
&'!

%
1 − /& ≥ 1 with independent trials: 

take complement

Consider the following parallel network:

• 𝑛 independent routers, which each are                
working with probability 𝑝i (1 ≤ 𝑖 ≤ 𝑛)

Let 𝐸 be the event that a working path from A to B exists. 
What is 𝑃(𝐸)?

Tip: whenever an event 
is “at least 1”, taking 
the complement will 

probably help.
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Consider the following parallel network:
• # independent routers, each with

probability $! of functioning (where 1 ≤ ' ≤ #)
• " = functional path from A to B exists. 

What is ( % ?
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The	Core	Probability	Toolkit



P (E [ F ) = P (E) + P (F )

If events have no outcomes in common, probability of OR is simple:

Probability of Or With Mutually Exclusive Events
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What if events are not mutually exclusive?



Probability of Or Without Mutually Exclusive Events
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Probability of Or Without Mutually Exclusive Events

Piech & Cain, CS109, Stanford University
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P (E or F ) = P (E) + P (F )� P (EF )

If events have outcomes in common, we correct for double-counting them:

The “Inclusion Exclusion” Rule



Probability of Or Without Mutually Exclusive Events

Piech & Cain, CS109, Stanford University

If events have outcomes in common, we correct for double-counting them:
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P (E or F ) =
8

50
+

14

50
� 3

50



DeMorgan’s	Laws



Say E and F are events in S. What set notation describes each picture below?

Quick	Sets Review

E F

S

E F

S

E F

S

Piech & Cain, CS109, Stanford University



Say E and F are events in S. What set notation describes each picture below?

Quick	Sets Review

E F

S

E F

S

E F

S

Piech & Cain, CS109, Stanford University



Say E and F are events in S. What set notation describes the picture below?

E F

S

Challenge:	Set	Notation

Piech & Cain, CS109, Stanford University



Say E and F are events in S. What set notation describes the picture below?

E F

S

or ?

Challenge:	Set	Notation

Piech & Cain, CS109, Stanford University



Say E and F are events in S. What set notation describes the picture below?

Challenge:	Set	Notation

E F

S

=

Piech & Cain, CS109, Stanford University



Say E and F are events in S. What set notation describes the picture below?

E F

S

Challenge	#2:	Set	Notation

Piech & Cain, CS109, Stanford University



Say E and F are events in S. What set notation describes the picture below?

E F

S

Challenge	#2:	Set	Notation

=

Piech & Cain, CS109, Stanford University



DeMorgan’s Laws

E F

S

E F

S

<latexit sha1_base64="KlUvsRTg3sQt7wyuY/kVv6PM4AY=">AAACE3icbZC9SgNBFIVn/Y3xL2ppMxiEaBF2JaiNEAwRSwUTA8kmzE5m45DZ2WXmrhiWvIONr2JjoYitjZ1v42zcQo2nGA7fvZc793iR4Bps+9OamZ2bX1jMLeWXV1bX1gsbm00dxoqyBg1FqFoe0UxwyRrAQbBWpBgJPMGuvWEtrV/fMqV5KK9gFDE3IAPJfU4JGNQr7JfquAPsDhJMZB+P8dlet4ZPcN28GQ9Viru1XqFol+2J8LRxMlNEmS56hY9OP6RxwCRQQbRuO3YEbkIUcCrYON+JNYsIHZIBaxsrScC0m0xuGuNdQ/rYN8v9UAKe0J8TCQm0HgWe6QwI3Oi/tRT+V2vH4B+7CZdRDEzS70V+LDCEOA0I97liFMTIGEIVN3/F9IYoQsHEmDchOH9PnjbNg7JzWK5cVorV0yyOHNpGO6iEHHSEqugcXaAGougePaJn9GI9WE/Wq/X23TpjZTNb6Jes9y9ww5tl</latexit>

(E and F )C = EC or FC

<latexit sha1_base64="HkNgHyuTZBpo+j3LsWiJ0JzYKb4=">AAACE3icbZC9SgNBFIVn/Y3xL2ppMxiEaBF2JaiFQiBELBVMDCSbMDuZjUNmZ5eZu2JY8g42voqNhSK2Nna+jbNxCzWeYjh8917m3uNFgmuw7U9rZnZufmExt5RfXlldWy9sbDZ1GCvKGjQUoWp5RDPBJWsAB8FakWIk8AS79oa1tH59y5TmobyCUcTcgAwk9zklYFCvsF+q4w6wO0hwqPAYn+11a/gU182bYSL7Ke/WeoWiXb YnwtPGyUwRZbroFT46/ZDGAZNABdG67dgRuAlRwKlg43wn1iwidEgGrG2sJAHTbjK5aYx3Delj3yzlhxLwhP6cSEig9SjwTGdA4Eb/raXwv1o7Bv/YTbiMYmCSfn/kxwJDiNOAcJ8rRkGMjCFUcbMrpjdEEQomxrwJwfl78rRpHpSdw3LlslKsnmRx5NA22kEl5KAjVEXn6AI1EEX36BE9oxfrwXqyXq2379YZK5vZQr9kvX8BboSbXw==</latexit>

(E or F )C = EC and FC

These rules let you alternate between AND and OR.

Piech & Cain, CS109, Stanford University



DeMorgan’s Laws

E F

S

E F

S

<latexit sha1_base64="KlUvsRTg3sQt7wyuY/kVv6PM4AY=">AAACE3icbZC9SgNBFIVn/Y3xL2ppMxiEaBF2JaiNEAwRSwUTA8kmzE5m45DZ2WXmrhiWvIONr2JjoYitjZ1v42zcQo2nGA7fvZc793iR4Bps+9OamZ2bX1jMLeWXV1bX1gsbm00dxoqyBg1FqFoe0UxwyRrAQbBWpBgJPMGuvWEtrV/fMqV5KK9gFDE3IAPJfU4JGNQr7JfquAPsDhJMZB+P8dlet4ZPcN28GQ9Viru1XqFol+2J8LRxMlNEmS56hY9OP6RxwCRQQbRuO3YEbkIUcCrYON+JNYsIHZIBaxsrScC0m0xuGuNdQ/rYN8v9UAKe0J8TCQm0HgWe6QwI3Oi/tRT+V2vH4B+7CZdRDEzS70V+LDCEOA0I97liFMTIGEIVN3/F9IYoQsHEmDchOH9PnjbNg7JzWK5cVorV0yyOHNpGO6iEHHSEqugcXaAGougePaJn9GI9WE/Wq/X23TpjZTNb6Jes9y9ww5tl</latexit>

(E and F )C = EC or FC

<latexit sha1_base64="HkNgHyuTZBpo+j3LsWiJ0JzYKb4=">AAACE3icbZC9SgNBFIVn/Y3xL2ppMxiEaBF2JaiFQiBELBVMDCSbMDuZjUNmZ5eZu2JY8g42voqNhSK2Nna+jbNxCzWeYjh8917m3uNFgmuw7U9rZnZufmExt5RfXlldWy9sbDZ1GCvKGjQUoWp5RDPBJWsAB8FakWIk8AS79oa1tH59y5TmobyCUcTcgAwk9zklYFCvsF+q4w6wO0hwqPAYn+11a/gU182bYSL7Ke/WeoWiXb YnwtPGyUwRZbroFT46/ZDGAZNABdG67dgRuAlRwKlg43wn1iwidEgGrG2sJAHTbjK5aYx3Delj3yzlhxLwhP6cSEig9SjwTGdA4Eb/raXwv1o7Bv/YTbiMYmCSfn/kxwJDiNOAcJ8rRkGMjCFUcbMrpjdEEQomxrwJwfl78rRpHpSdw3LlslKsnmRx5NA22kEl5KAjVEXn6AI1EEX36BE9oxfrwXqyXq2379YZK5vZQr9kvX8BboSbXw==</latexit>

(E or F )C = EC and FC

These rules let you alternate between AND and OR.

Jason Alexander
From Seinfeld

Augustin DeMorgan

Piech & Cain, CS109, Stanford University



DeMorgan’s Laws

E F

S

E F

S

<latexit sha1_base64="KlUvsRTg3sQt7wyuY/kVv6PM4AY=">AAACE3icbZC9SgNBFIVn/Y3xL2ppMxiEaBF2JaiNEAwRSwUTA8kmzE5m45DZ2WXmrhiWvIONr2JjoYitjZ1v42zcQo2nGA7fvZc793iR4Bps+9OamZ2bX1jMLeWXV1bX1gsbm00dxoqyBg1FqFoe0UxwyRrAQbBWpBgJPMGuvWEtrV/fMqV5KK9gFDE3IAPJfU4JGNQr7JfquAPsDhJMZB+P8dlet4ZPcN28GQ9Viru1XqFol+2J8LRxMlNEmS56hY9OP6RxwCRQQbRuO3YEbkIUcCrYON+JNYsIHZIBaxsrScC0m0xuGuNdQ/rYN8v9UAKe0J8TCQm0HgWe6QwI3Oi/tRT+V2vH4B+7CZdRDEzS70V+LDCEOA0I97liFMTIGEIVN3/F9IYoQsHEmDchOH9PnjbNg7JzWK5cVorV0yyOHNpGO6iEHHSEqugcXaAGougePaJn9GI9WE/Wq/X23TpjZTNb6Jes9y9ww5tl</latexit>

(E and F )C = EC or FC

<latexit sha1_base64="XOHMN7snAX1uSqsor20ab1E1Mak=">AAAB/nicbZDLSgMxFIYz9VbrbVRcuQkWoW7KTCnqwkVBCi4r2Au0w5DJZNrQTDIkGaEMBV/FjQtF3Poc7nwb03YW2vpD4OM/53BO/iBhVGnH+bYKa+sbm1vF7dLO7t7+gX141FEilZi0sWBC9gKkCKOctDXVjPQSSVAcMNINxrezeveRSEUFf9CThHgxGnIaUYy0sXz7pFVp+i5s+jU4wKHQyiC/8O2yU3Xmgqvg5lAGuVq+/TUIBU5jwjVmSKm+6yTay5DUFDMyLQ1SRRKEx2hI+gY5ionysvn5U3hunBBGQprHNZy7vycyFCs1iQPTGSM9Usu1mflfrZ/q6NrLKE9STTheLIpSBrWAsyxgSCXBmk0MICypuRXiEZIIa5NYyYTgLn95FTq1qntZrd/Xy42bPI4iOAVnoAJccAUa4A60QBtgkIFn8ArerCfrxXq3PhatBSufOQZ/ZH3+ADOjk7c=</latexit>

P (E1E2 · · ·En)
<latexit sha1_base64="u7auWhFimRt11XoqtREyuGfdS04="></latexit>

= 1� P ((E1E2 · · ·En)
C)

= 1� P (EC
1 or EC

2 or · · ·EC
n )

<latexit sha1_base64="HkNgHyuTZBpo+j3LsWiJ0JzYKb4=">AAACE3icbZC9SgNBFIVn/Y3xL2ppMxiEaBF2JaiFQiBELBVMDCSbMDuZjUNmZ5eZu2JY8g42voqNhSK2Nna+jbNxCzWeYjh8917m3uNFgmuw7U9rZnZufmExt5RfXlldWy9sbDZ1GCvKGjQUoWp5RDPBJWsAB8FakWIk8AS79oa1tH59y5TmobyCUcTcgAwk9zklYFCvsF+q4w6wO0hwqPAYn+11a/gU182bYSL7Ke/WeoWiXb YnwtPGyUwRZbroFT46/ZDGAZNABdG67dgRuAlRwKlg43wn1iwidEgGrG2sJAHTbjK5aYx3Delj3yzlhxLwhP6cSEig9SjwTGdA4Eb/raXwv1o7Bv/YTbiMYmCSfn/kxwJDiNOAcJ8rRkGMjCFUcbMrpjdEEQomxrwJwfl78rRpHpSdw3LlslKsnmRx5NA22kEl5KAjVEXn6AI1EEX36BE9oxfrwXqyXq2379YZK5vZQr9kvX8BboSbXw==</latexit>

(E or F )C = EC and FC

These rules let you alternate between AND and OR.

If events are dependent:

Piech & Cain, CS109, Stanford University



Great if 𝐸𝐶 mutually exclusive!

DeMorgan’s Laws

E F

S If events are dependent:

E F

S

These rules let you alternate between AND and OR.

<latexit sha1_base64="KlUvsRTg3sQt7wyuY/kVv6PM4AY=">AAACE3icbZC9SgNBFIVn/Y3xL2ppMxiEaBF2JaiNEAwRSwUTA8kmzE5m45DZ2WXmrhiWvIONr2JjoYitjZ1v42zcQo2nGA7fvZc793iR4Bps+9OamZ2bX1jMLeWXV1bX1gsbm00dxoqyBg1FqFoe0UxwyRrAQbBWpBgJPMGuvWEtrV/fMqV5KK9gFDE3IAPJfU4JGNQr7JfquAPsDhJMZB+P8dlet4ZPcN28GQ9Viru1XqFol+2J8LRxMlNEmS56hY9OP6RxwCRQQbRuO3YEbkIUcCrYON+JNYsIHZIBaxsrScC0m0xuGuNdQ/rYN8v9UAKe0J8TCQm0HgWe6QwI3Oi/tRT+V2vH4B+7CZdRDEzS70V+LDCEOA0I97liFMTIGEIVN3/F9IYoQsHEmDchOH9PnjbNg7JzWK5cVorV0yyOHNpGO6iEHHSEqugcXaAGougePaJn9GI9WE/Wq/X23TpjZTNb6Jes9y9ww5tl</latexit>

(E and F )C = EC or FC

<latexit sha1_base64="XOHMN7snAX1uSqsor20ab1E1Mak=">AAAB/nicbZDLSgMxFIYz9VbrbVRcuQkWoW7KTCnqwkVBCi4r2Au0w5DJZNrQTDIkGaEMBV/FjQtF3Poc7nwb03YW2vpD4OM/53BO/iBhVGnH+bYKa+sbm1vF7dLO7t7+gX141FEilZi0sWBC9gKkCKOctDXVjPQSSVAcMNINxrezeveRSEUFf9CThHgxGnIaUYy0sXz7pFVp+i5s+jU4wKHQyiC/8O2yU3Xmgqvg5lAGuVq+/TUIBU5jwjVmSKm+6yTay5DUFDMyLQ1SRRKEx2hI+gY5ionysvn5U3hunBBGQprHNZy7vycyFCs1iQPTGSM9Usu1mflfrZ/q6NrLKE9STTheLIpSBrWAsyxgSCXBmk0MICypuRXiEZIIa5NYyYTgLn95FTq1qntZrd/Xy42bPI4iOAVnoAJccAUa4A60QBtgkIFn8ArerCfrxXq3PhatBSufOQZ/ZH3+ADOjk7c=</latexit>

P (E1E2 · · ·En)
<latexit sha1_base64="u7auWhFimRt11XoqtREyuGfdS04="></latexit>

= 1� P ((E1E2 · · ·En)
C)

= 1� P (EC
1 or EC

2 or · · ·EC
n )

<latexit sha1_base64="HkNgHyuTZBpo+j3LsWiJ0JzYKb4=">AAACE3icbZC9SgNBFIVn/Y3xL2ppMxiEaBF2JaiFQiBELBVMDCSbMDuZjUNmZ5eZu2JY8g42voqNhSK2Nna+jbNxCzWeYjh8917m3uNFgmuw7U9rZnZufmExt5RfXlldWy9sbDZ1GCvKGjQUoWp5RDPBJWsAB8FakWIk8AS79oa1tH59y5TmobyCUcTcgAwk9zklYFCvsF+q4w6wO0hwqPAYn+11a/gU182bYSL7Ke/WeoWiXb YnwtPGyUwRZbroFT46/ZDGAZNABdG67dgRuAlRwKlg43wn1iwidEgGrG2sJAHTbjK5aYx3Delj3yzlhxLwhP6cSEig9SjwTGdA4Eb/raXwv1o7Bv/YTbiMYmCSfn/kxwJDiNOAcJ8rRkGMjCFUcbMrpjdEEQomxrwJwfl78rRpHpSdw3LlslKsnmRx5NA22kEl5KAjVEXn6AI1EEX36BE9oxfrwXqyXq2379YZK5vZQr9kvX8BboSbXw==</latexit>

(E or F )C = EC and FC

Piech & Cain, CS109, Stanford University



Great if 𝐸𝐶 mutually exclusive!

Great if 𝐸is are independent!

DeMorgan’s Laws

E F

S

E F

S

<latexit sha1_base64="KlUvsRTg3sQt7wyuY/kVv6PM4AY=">AAACE3icbZC9SgNBFIVn/Y3xL2ppMxiEaBF2JaiNEAwRSwUTA8kmzE5m45DZ2WXmrhiWvIONr2JjoYitjZ1v42zcQo2nGA7fvZc793iR4Bps+9OamZ2bX1jMLeWXV1bX1gsbm00dxoqyBg1FqFoe0UxwyRrAQbBWpBgJPMGuvWEtrV/fMqV5KK9gFDE3IAPJfU4JGNQr7JfquAPsDhJMZB+P8dlet4ZPcN28GQ9Viru1XqFol+2J8LRxMlNEmS56hY9OP6RxwCRQQbRuO3YEbkIUcCrYON+JNYsIHZIBaxsrScC0m0xuGuNdQ/rYN8v9UAKe0J8TCQm0HgWe6QwI3Oi/tRT+V2vH4B+7CZdRDEzS70V+LDCEOA0I97liFMTIGEIVN3/F9IYoQsHEmDchOH9PnjbNg7JzWK5cVorV0yyOHNpGO6iEHHSEqugcXaAGougePaJn9GI9WE/Wq/X23TpjZTNb6Jes9y9ww5tl</latexit>

(E and F )C = EC or FC

<latexit sha1_base64="XOHMN7snAX1uSqsor20ab1E1Mak=">AAAB/nicbZDLSgMxFIYz9VbrbVRcuQkWoW7KTCnqwkVBCi4r2Au0w5DJZNrQTDIkGaEMBV/FjQtF3Poc7nwb03YW2vpD4OM/53BO/iBhVGnH+bYKa+sbm1vF7dLO7t7+gX141FEilZi0sWBC9gKkCKOctDXVjPQSSVAcMNINxrezeveRSEUFf9CThHgxGnIaUYy0sXz7pFVp+i5s+jU4wKHQyiC/8O2yU3Xmgqvg5lAGuVq+/TUIBU5jwjVmSKm+6yTay5DUFDMyLQ1SRRKEx2hI+gY5ionysvn5U3hunBBGQprHNZy7vycyFCs1iQPTGSM9Usu1mflfrZ/q6NrLKE9STTheLIpSBrWAsyxgSCXBmk0MICypuRXiEZIIa5NYyYTgLn95FTq1qntZrd/Xy42bPI4iOAVnoAJccAUa4A60QBtgkIFn8ArerCfrxXq3PhatBSufOQZ/ZH3+ADOjk7c=</latexit>

P (E1E2 · · ·En)
<latexit sha1_base64="u7auWhFimRt11XoqtREyuGfdS04="></latexit>

= 1� P ((E1E2 · · ·En)
C)

= 1� P (EC
1 or EC

2 or · · ·EC
n )

<latexit sha1_base64="NhYxYYX77eLWMx4NrfZlaO1EN0Q=">AAACFnicbVC7SgNBFJ31GeNr1dJmMAixMOyKqIVFQAKWEcwDkrDMTmbj4OzMMnNXDEu+wsZfsbFQxFbs/Bsnj8Iknurcc+7l3nvCRHADnvfjLCwuLa+s5tby6xubW9vuzm7dqFRTVqNKKN0MiWGCS1YDDoI1E81IHArWCO+vhn7jgWnDlbyFfsI6MelJHnFKwEqBe1wtVgIft4E9QoaVxgNcCU6m6jbtKjBWlkeBW/BK3gh4nvgTUkATVAP3u91VNI2ZBCqIMS3fS6CTEQ2cCjbIt1PDEkLvSY+1LJUkZqaTjd4a4EOrdHFkj4iUBDxS/05kJDamH4e2MyZwZ2a9ofif10ohuuhkXCYpMEnHi6JUYFB4mBHucs0oiL4lhGpub8X0jmhCwSaZtyH4sy/Pk/pJyT8rnd6cFsqXkzhyaB8doCLy0Tkqo2tURTVE0RN6QW/o3Xl2Xp0P53PcuuBMZvbQFJyvX+tKnVs=</latexit>

P (E1 or E2 or · · ·En)
<latexit sha1_base64="5V+dLtqXgXyoLsRzrfvKA2K8w4I="></latexit>

= 1� P ((E1 or E2 or · · ·En)
C)

= 1� P (EC
1 EC

2 · · ·EC
n )

If events are not mutually exclusive:

<latexit sha1_base64="HkNgHyuTZBpo+j3LsWiJ0JzYKb4=">AAACE3icbZC9SgNBFIVn/Y3xL2ppMxiEaBF2JaiFQiBELBVMDCSbMDuZjUNmZ5eZu2JY8g42voqNhSK2Nna+jbNxCzWeYjh8917m3uNFgmuw7U9rZnZufmExt5RfXlldWy9sbDZ1GCvKGjQUoWp5RDPBJWsAB8FakWIk8AS79oa1tH59y5TmobyCUcTcgAwk9zklYFCvsF+q4w6wO0hwqPAYn+11a/gU182bYSL7Ke/WeoWiXb YnwtPGyUwRZbroFT46/ZDGAZNABdG67dgRuAlRwKlg43wn1iwidEgGrG2sJAHTbjK5aYx3Delj3yzlhxLwhP6cSEig9SjwTGdA4Eb/raXwv1o7Bv/YTbiMYmCSfn/kxwJDiNOAcJ8rRkGMjCFUcbMrpjdEEQomxrwJwfl78rRpHpSdw3LlslKsnmRx5NA22kEl5KAjVEXn6AI1EEX36BE9oxfrwXqyXq2379YZK5vZQr9kvX8BboSbXw==</latexit>

(E or F )C = EC and FC

These rules let you alternate between AND and OR.

If events are dependent:

Piech & Cain, CS109, Stanford University



The	Core	Probability	Toolkit



Practice	Time:	Hash Tables

Piech & Cain, CS109, Stanford University



Hash table fun
We hash n strings into a hash table with r buckets.
• Each string is hashed independently, with the same 𝑝i of being hashed into bucket 𝑖.

What is the probability that…
1. …bucket 1 has ≥ 1 string hashed into it?

Piech & Cain, CS109, Stanford University



Hash table fun
We hash n strings into a hash table with r buckets.
• Each string is hashed independently, with the same 𝑝i of being hashed into bucket 𝑖.

What is the probability that…
1. …bucket 1 has ≥ 1 string hashed into it?

Let Sj be the event that 
string j hashes into bucket 1.

Piech & Cain, CS109, Stanford University



Hash table fun
We hash n strings into a hash table with r buckets.
• Each string is hashed independently, with the same 𝑝i of being hashed into bucket 𝑖.

What is the probability that…
1. …bucket 1 has ≥ 1 string hashed into it?

Let Sj be the event that 
string j hashes into bucket 1.

Piech & Cain, CS109, Stanford University



Hash table fun
We hash n strings into a hash table with r buckets.
• Each string is hashed independently, with the same 𝑝i of being hashed into bucket 𝑖.

What is the probability that…
1. …bucket 1 has ≥ 1 string hashed into it?
2. …at least 1 of buckets 1 to k has ≥ 1 string hashed into it?

Piech & Cain, CS109, Stanford University





Hash table fun
We hash n strings into a hash table with r buckets.
• Each string is hashed independently, with the same 𝑝i of being hashed into bucket 𝑖.

What is the probability that…
1. …bucket 1 has ≥ 1 string hashed into it?
2. …at least 1 of buckets 1 to k has ≥ 1 string hashed into it?

Let Fi be the event that 
bucket i has 1+ strings.

Piech & Cain, CS109, Stanford University



Hash table fun
We hash n strings into a hash table with r buckets.
• Each string is hashed independently, with the same 𝑝i of being hashed into bucket 𝑖.

What is the probability that…
1. …bucket 1 has ≥ 1 string hashed into it?
2. …at least 1 of buckets 1 to k has ≥ 1 string hashed into it?

Let Fi be the event that 
bucket i has 1+ strings.

𝐹i bucket events are not mutually exclusive! So we can’t just add.
Piech & Cain, CS109, Stanford University



Hash table fun
We hash n strings into a hash table with r buckets.
• Each string is hashed independently, with the same 𝑝i of being hashed into bucket 𝑖.

What is the probability that…
1. …bucket 1 has ≥ 1 string hashed into it?
2. …at least 1 of buckets 1 to k has ≥ 1 string hashed into it?

Let Fi be the event that 
bucket i has 1+ strings.

Piech & Cain, CS109, Stanford University



Hash table fun
We hash n strings into a hash table with r buckets.
• Each string is hashed independently, with the same 𝑝i of being hashed into bucket 𝑖.

What is the probability that…
1. …bucket 1 has ≥ 1 string hashed into it?
2. …at least 1 of buckets 1 to k has ≥ 1 string hashed into it?

Let Fi be the event that 
bucket i has 1+ strings.

What is the probability of a string 
landing in none of the first k buckets? 🤔

Piech & Cain, CS109, Stanford University



Hash table fun
We hash n strings into a hash table with r buckets.
• Each string is hashed independently, with the same 𝑝i of being hashed into bucket 𝑖.

What is the probability that…
1. …bucket 1 has ≥ 1 string hashed into it?
2. …at least 1 of buckets 1 to k has ≥ 1 string hashed into it?

Let Fi be the event that 
bucket i has 1+ strings.

Piech & Cain, CS109, Stanford University



The	Monty	Hall	Problem



Behind one door is a prize (equally likely for each door).
Behind the other two doors are goats.
How to play:
1. We choose a door.
2. Host opens 1 of the other 2 doors, revealing a goat.
3. We are given an option to switch to the other door.

     Should we switch?

The Monty Hall Problem

Note: If we don’t switch,
P(win) = 1/3

We are comparing
P(win) vs. P(win|switch)
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Marilyn	Vos	Savant:	“You	Should	Always	Switch”
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Let’s	Find	P(win	|	switch)
Without loss of generality, let’s pick door A (out of doors A,B,C).
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Let’s	Find	P(win	|	switch)
Without loss of generality, let’s pick door A (out of doors A,B,C).

1/3 1/31/3
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A = prize B = prize

Let’s	Find	P(win	|	switch)

C = prize

Without loss of generality, let’s pick door A (out of doors A,B,C).

1/3 1/31/3
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A = prize
• Host opens B or C
• We switch
• We lose

P(win | A prize, pick A,
    switch) = 0

B = prize

Let’s	Find	P(win	|	switch)

C = prize

Without loss of generality, let’s pick door A (out of doors A,B,C).

1/3 1/31/3
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A = prize
• Host opens B or C
• We switch
• We lose

P(win | A prize, pick A,
    switch) = 0

B = prize
• Host must open C
• We switch to B
• We win

P(win | B prize, pick A,
    switch) = 1

Let’s	Find	P(win	|	switch)

C = prize

Without loss of generality, let’s pick door A (out of doors A,B,C).

1/3 1/31/3

Piech & Cain, CS109, Stanford University



A = prize
• Host opens B or C
• We switch
• We lose

P(win | A prize, pick A,
    switch) = 0

B = prize
• Host must open C
• We switch to B
• We win

P(win | B prize, pick A,
    switch) = 1

Let’s	Find	P(win	|	switch)

C = prize
• Host must open B
• We switch to C
• We win

P(win | C prize, pick A,
    switch) = 1

Without loss of generality, let’s pick door A (out of doors A,B,C).

1/3 1/31/3
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A = prize
• Host opens B or C
• We switch
• We lose

P(win | A prize, pick A,
    switch) = 0

B = prize
• Host must open C
• We switch to B
• We win

P(win | B prize, pick A,
    switch) = 1

Let’s	Find	P(win	|	switch)

C = prize
• Host must open B
• We switch to C
• We win

P(win | C prize, pick A,
    switch) = 1

Without loss of generality, let’s pick door A (out of doors A,B,C).

You should switch!

1/3 1/31/3
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P(win | pick A, switch) = P(win | A prize, pick A, switch) * P(A prize) +
    P(win | B prize, pick A, switch) * P(B prize) +
    P(win | C prize, pick A, switch) * P(C prize)
 

              = 1/3 * 0 + 1/3 * 1 + 1/3 * 1 = 2/3



Next time:



Next time:



Have a great 4th of July!


