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The	Week	So	Far

X ~ Ber(p) 

Y ~ Bin(n, p) 

X ~ Geo(p) 

Y ~ NegBin(r, p) 

indicates whether a single 
trial succeeds or not

counts successes in n
independent trials

count independent trials until 
first success

count independent trials until 
rth success

𝑃 𝑋 = 𝑘 = 1 − 𝑝 !"#𝑝

𝑃 𝑌 = 𝑘 = 𝑘 − 1
𝑟 − 1

1 − 𝑝 !"$𝑝$𝑃 𝑌 = 𝑘 =
𝑛
𝑘 𝑝! 1 − 𝑝 %"!

𝑃 𝑋 = 𝑥 = ,
𝑝 𝑥 = 1

1 − 𝑝 𝑥 = 0 𝐸 𝑋 = 𝑝 𝐸 𝑋 =
1
𝑝

𝐸 𝑋 = 𝑛𝑝 𝐸 𝑋 =
𝑟
𝑝
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How	Should	We	Measure	Spread?	Variance

<latexit sha1_base64="0VY2+C86Zenai9ziDr0C5QDUDg8=">AAACBnicbVDLSgNBEJyNrxhfUY8iDAYhORh2Q1AvQlACHiOYZGGzhtnJJBky+2CmVwxLTl78FS8eFPHqN3jzb5w8DppY0FBUddPd5UWCKzDNbyO1tLyyupZez2xsbm3vZHf3GiqMJWV1GopQ2h5RTPCA1YGDYHYkGfE9wZre4GrsN++ZVDwMbmEYMdcnvYB3OSWgpXb2sAXsAZIGkaO8XcAXuOrk7ZOqY7uFu5LbzubMojkBXiTWjOTQDLV29qvVCWnsswCoIEo5lhmBmxAJnAo2yrRixSJCB6THHE0D4jPlJpM3RvhYKx3cDaWuAPBE/T2REF+poe/pTp9AX817Y/E/z4mhe+4mPIhiYAGdLurGAkOIx5ngDpeMghhqQqjk+lZM+0QSCjq5jA7Bmn95kTRKReu0WL4p5yqXszjS6AAdoTyy0BmqoGtUQ3VE0SN6Rq/ozXgyXox342PamjJmM/voD4zPHxnHlvY=</latexit>

Var(X) = E[(X � E[X])2]

On average..

The random 
variable X

The mean 
of X

square of
distance

Spread stat.
μ = E[X] = 67.5 

Let X be a random variable!

Property 1  Var 𝑋 = 𝐸 𝑋&  −𝐸 𝑋 &

Property 2  Var 𝑎𝑋 + 𝑏 = 𝑎&Var 𝑋

more 
commonly 

used
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Let X be the result of rolling a traditional six-sided die.
What is Var(X)?

Example:	Variance	of	a	Die	Roll

<latexit sha1_base64="Vde1N6tOe/Knw3WwwxuBKRdxKyw=">AAACWnicbZFba8IwFMfT7qLWXdzlbS9hMhgMpO2ccw+CMAZ7dDAvoFXSmGowvSxJB1L8knsZg32VwWLtw9QdCPzP75zDSf5xI0aFNM0vTd/Z3dvP5QtG8eDw6Lh0ctoRYcwxaeOQhbznIkEYDUhbUslIL+IE+S4jXXf2uKx33wkXNAxe5Twijo8mAfUoRlKhUentqd8b2g5sQGtow4HHEU6sRVJbQOMG2tvodh0pUt0idxtjjSx7SNNRqWxWzDTgtrAyUQZZtEalj8E4xLFPAokZEqJvmZF0EsQlxYwsjEEsSITwDE1IX8kA+UQ4SWrNAl4pMoZeyNUJJEzp34kE+ULMfVd1+khOxWZtCf+r9WPp1Z2EBlEsSYBXi7yYQRnCpc9wTDnBks2VQJhTdVeIp0jZINVvGMoEa/PJ26JjV6xapfpSLTfrmR15cAEuwTWwwD1ogmfQAm2AwSf40fa1nPat63pBL65adS2bOQNroZ//Aq0qrg8=</latexit>

E[X2] = 12
1

6
+ 22

1

6
+ 32

1

6
+ 42

1

6
+ 52

1

6
=

91

6

<latexit sha1_base64="XsK+pBO3mKdsFDwvZkzxDJ60Fes="></latexit>

Var(X) = E[X2]� E[X]2

=
91

6
� (3.5)2 = 2.91



Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2025

<latexit sha1_base64="wrZI6b0fJ7Ah4kEG48XSGcc9dQ0=">AAACJnicbVDLSsNAFJ3UV62vqEs3g0UQhJC0tbopFEVwWcE+oE3LZDJph04yYWYilNCvceOvuHFREXHnpzh9LLT1wIXDOfdy7z1ezKhUtv1lZNbWNza3stu5nd29/QPz8KgheSIwqWPOuGh5SBJGI1JXVDHSigVBocdI0xveTv3mExGS8uhRjWLihqgf0YBipLTUMyt37Va34MIKLHYLsIN9rmAnEAinxXFaHsMLWPpXr0CnYF32zLxt2TPAVeIsSB4sUOuZk47PcRKSSGGGpGw7dqzcFAlFMSPjXCeRJEZ4iPqkrWmEQiLddPbmGJ5pxYcBF7oiBWfq74kUhVKOQk93hkgN5LI3Ff/z2okKrt2URnGiSITni4KEQcXhNDPoU0GwYiNNEBZU3wrxAOkwlE42p0Nwll9eJY2C5ZSt0kMpX71ZxJEFJ+AUnAMHXIEquAc1UAcYPINXMAHvxovxZnwYn/PWjLGYOQZ/YHz/AA33ods=</latexit>

E[X2] = 32 · 3
6
+ 42 · 3

6
= 12.5

Let X be the result of rolling this very strange six-sided die.
What is Var(X) now?

Example:	Variance	of	a	Weird	Die	Roll

<latexit sha1_base64="bNbWb0LNUOTPeZjtGhUXRlQP9n0="></latexit>

Var(X) = E[X2]� E[X]2

= 12.5� (3.5)2 = 0.25
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You	Get	So	Much	For	Free!
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Curious?	Proof	of	Variance	for	a	Binomial
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Happy	Family	of	Random	Variables

𝐸 𝑋 = 𝑝,	Var 𝑋 = 𝑝(1 − 𝑝) 𝐸 𝑋 =
1
𝑝
, Var 𝑋 =

1 − 𝑝
𝑝!

𝐸 𝑋 = 𝑛𝑝,	Var 𝑋 = 𝑛𝑝(1 − 𝑝) 𝐸 𝑋 =
𝑟
𝑝
, Var 𝑋 =

𝑟(1 − 𝑝)
𝑝!

X ~ Ber(p) 

Y ~ Bin(n, p) 

X ~ Geo(p) 

Y ~ NegBin(r, p) 

𝑃 𝑋 = 𝑘 = 1 − 𝑝 !"#𝑝

𝑃 𝑌 = 𝑘 = 𝑘 − 1
𝑟 − 1

1 − 𝑝 !"$𝑝$𝑃 𝑌 = 𝑘 =
𝑛
𝑘 𝑝! 1 − 𝑝 %"!

𝑃 𝑋 = 𝑥 = ,
𝑝 𝑥 = 1

1 − 𝑝 𝑥 = 0



Poisson
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Algorithmic	ride	sharing

10

🙋

🙋
🙋

🙋
🙋

What’s the probability of getting exactly 𝑘 requests in the next minute?

On average, 𝜆 = 5 requests per minute

🙋
🙋
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Algorithmic	ride	sharing,	approximately

At each second:
• Independent Bernoulli trial
• You get a request (1) or you don’t (0).

Let 𝑋 = # of requests in minute.
𝐸 𝑋 = 𝜆 = 5

11

Probability of 𝑘 requests from this area in the next 1 minute?
On average, 𝜆 = 5 requests per minute

0 0 1 0 1 … 0 0 0 0 1

1 2 3 4 5 60

𝑋	~	Bin 𝑛 = 60, 𝑝 = 5/60  

Break a minute down into 60 seconds:

𝑃 𝑋 = 𝑘 = 60
𝑘

5
60

-

1 −
5
60

./-

But	what	if	there	are	two	requests	
in	the	same	second?

Question: Why did we
choose 𝑝 = 5/60?
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Algorithmic	ride	sharing,	approximately

At each millisecond:
• Independent Bernoulli trial
• You get a request (1) or you don’t (0).

Let 𝑋 = # of requests in minute.
𝐸 𝑋 = 𝜆 = 5

12

Probability of 𝑘 requests from this area in the next 1 minute?
On average, 𝜆 = 5 requests per minute

Break a minute down into 60,000 milliseconds:

𝑃 𝑋 = 𝑘 = 60,000
𝑘

5
60,000

"
1 −

5
60,000

#$$$$%"

…

1 60,000

𝑋	~	Bin 𝑛 = 60000, 𝑝 = 5/60000  

But	what	if	there	are	two	requests	
in	the	same	millisecond?
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Algorithmic	ride	sharing,	approximately

For each time bucket:
• Independent Bernoulli trial
• You get a request (1) or you don’t (0).

Let 𝑋 = # of requests in minute.
𝐸 𝑋 = 𝜆 = 5

13

Probability of 𝑘 requests from this area in the next 1 minute?
On average, 𝜆 = 5 requests per minute

Break a minute down into infinitely small buckets:

𝑃 𝑋 = 𝑘 = lim
.→6

𝑛
𝑘

𝜆
𝑛

-

1 −
𝜆
𝑛

./-

Gnarly	math	incoming!

omg so small

1 ∞

𝑋	~	Bin 𝑛, 𝑝 = 𝜆/𝑛  
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Binomial	in	the	limit

14

𝑃 𝑋 = 𝑘 = lim
.→6

𝑛
𝑘

𝜆
𝑛

-

1 −
𝜆
𝑛

./-

= lim
3→5

𝑛!
𝑘!(𝑛 − 𝑘)!

𝜆6

𝑛6
1 − l

𝑛
3

1 − l
𝑛

6

lim
%→(

1 −
𝜆
𝑛

%

= 𝑒")

= lim
3→5

𝑛!
𝑛6(𝑛 − 𝑘)!

𝜆6

𝑘!

1 − l
𝑛

3

1 − l
𝑛

6

Expand

Rearrange

= lim
3→5

𝑛!
𝑛6(𝑛 − 𝑘)!

𝜆6

𝑘!
𝑒<=

1 − l
𝑛

6

Def natural 

exponent

= lim
3→5

𝑛 𝑛 − 1 ⋯ 𝑛 − 𝑘 + 1
𝑛6

𝑛 − 𝑘 !
𝑛 − 𝑘 !

𝜆6

𝑘!
𝑒<=

1 − l
𝑛

6
Expand

= lim
3→5

𝑛6

𝑛6
𝜆6

𝑘!
𝑒<=

1

Limit analysis

+ cancel
=
𝜆6

𝑘!
𝑒<=

Simplify
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Algorithmic	ride	sharing

15

🙋

🙋

🙋

🙋
🙋

What’s the probability of getting exactly 𝑘 requests in the next minute?

On average, 𝜆 = 5 requests per minute

𝑃 𝑋 = 𝑘 =
𝜆5

𝑘! 𝑒
67 Poisson 

distribution
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Consider an experiment that lasts a fixed interval of time.
def A Poisson random variable 𝑋	is the number of successes over the 

experiment duration, assuming the time that each success occurs is
 independent and the average # of requests over time is constant.

Examples:
• # earthquakes per year
• # server hits per second
• # of emails per day

Yes, expectation == variance 
for Poisson RV! 

Poisson	Random	Variable

16

𝑃 𝑋 = 𝑘 = 𝑒67
𝜆5

𝑘!𝑋~Poi(𝜆)
Support: {0,1, 2, … }

PMF

𝐸 𝑋 = 𝜆 
Var 𝑋 = 𝜆 Variance  

Expectation   
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Earthquakes
There are an average of 2.79 major earthquakes in the world each year, 
and major earthquakes occur independently.
What’s the probability there are exactly 3 major earthquakes next year?

17

𝑝 𝑘 = 𝑒%&
𝜆"

𝑘!

1. Define RVs

2. Solve

0

0.05

0.1

0.15

0.2

0.25

0.3

0 1 2 3 4 5 6 7 8 9 10
𝑃(
𝑋

 =
 𝑘

)

Number of earthquakes, 𝑘 

𝑋~Poi(𝜆)
𝐸 𝑋 = 𝜆 

𝑋: # major earthquakes in a year
𝑋	~	Po𝑖(𝜆 = 2.79)

Want 𝑃 𝑋 = 3

𝑃 𝑋 = 𝑘 = 𝑒<=
𝜆6

𝑘!

𝑃 𝑋 = 3 = 𝑒<>.@A
2.79B

3!
𝑃 𝑋 = 3 ≈ 0.2223

Key Takeaway: Poisson is 
great when you have a rate 

and you care about # of 
occurrences during a fixed 

time interval.



Exercises
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The hardest part of is almost always deciding what 
you’re modeling and what random variable to use.
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Kickboxing	with	RVs
How might you model the following?

1. # of Reels you receive in a day

2. # of children born to the same parents 
until a baby with green eyes is born

3. If stock ended up higher (1) or lower (0) in 
any given day

4. # of probability problems you complete 
until you get 5 correct (if randomly correct)

5. # of years between now and 2050, 
inclusive, with 6+ Atlantic hurricanes

19

E. NegBin 𝑟 = 5, 𝑝

Choose from:
A. Ber 𝑝
B. Bin 𝑛, 𝑝

A. Ber 𝑝 	or B. Bin 1, 𝑝

D. Geo 𝑝 	or E. NegBin 1, 𝑝

C. Poi 𝜆

B. Bin 𝑛 = 26, 𝑝 , where 
𝑝 = 𝑃 ≥ 6	hurricanes in a year
calculated from C. Poi 𝜆

C. Poi 𝜆
D. Geo 𝑝
E. NegBin 𝑟, 𝑝

These exercises are designed to build intuition. In a 
problem statement, you’ll be provided with more detail.
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Poisson	Random	Variable

In CS109, a Poisson RV 𝑋~Poi(𝜆) most often models
1. # of successes in a fixed interval of time, where successes are 

independent 𝜆 = 𝐸[𝑋], average success/interval

20

𝑃 𝑋 = 𝑘 = 𝑒67
𝜆5

𝑘!𝑋~Poi(𝜆)
Support: {0,1, 2, … }

PMF

𝐸 𝑋 = 𝜆 
Var 𝑋 = 𝜆 Variance  

Expectation   

Review
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Web	server	load
Consider requests to a web server in 1 second.
• A server averages 10 hits/second (and requests arrive independently)
• Let 𝑋	= # requests the server receives in a second

What is 𝑃 𝑋 < 5 ?

21

𝑋~Poi(𝜆)
𝑝 𝑘 = 𝑒%&

𝜆"

𝑘!

Define RVs Solve

𝐸 𝑋 = 𝜆 

𝑋: # server hits in a second
𝑋	~	Po𝑖(𝜆 = 10)

Want 𝑃 𝑋 < 5

𝑃 𝑋 < 5 = L
6CD

E

𝑃 𝑋 = 𝑘

𝑃 𝑋 < 5 = 𝑒<FDL
6CD

E
106

𝑘!
≈ 0.0293
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Lollipops	in	Class!
Students ask on average 15 questions per class. Each interrogator gets a lollipop!
Jerry only brought 10 lollipops!
What is the probability he has enough lollipops?
* Assume: (a) question rate is constant (b) questions don’t impact one another.

22

Let X be the number of questions asked in class.
<latexit sha1_base64="hN2sTqr/d5+kNAVjbua1M9Ql9vY=">AAACCHicbVC7SgNBFJ31GeNr1dLCwSDEJuyKxjRCwMYygnlAdgmzs7PJkNkHM3fFsKS08VdsLBSx9RPs/BsnyRaaeGDgcM493LnHSwRXYFnfxtLyyuraemGjuLm1vbNr7u23VJxKypo0FrHseEQxwSPWBA6CdRLJSOgJ1vaG1xO/fc+k4nF0B6OEuSHpRzzglICWeuZRBzuKh9gB9gBZI+bjsiN03Cf4CtsXpz2zZFWsKfAisXNSQjkaPfPL8WOahiwCKohSXdtKwM2IBE4FGxedVLGE0CHps66mEQmZcrPpIWN8ohUfB7HULwI8VX8nMhIqNQo9PRkSGKh5byL+53VTCGpuxqMkBRbR2aIgFRhiPGkF+1wyCmKkCaGS679iOiCSUNDdFXUJ9vzJi6R1VrGrlertealey+sooEN0jMrIRpeojm5QAzURRY/oGb2iN+PJeDHejY/Z6JKRZw7QHxifP3ovmFE=</latexit>

X ⇠ Poi(� = 15)
<latexit sha1_base64="9+uYxx+x5aL/hILqJEMNlBAduaE="></latexit>

P (X  10) =
10X

i=0

P (X = i)

=
�ie��

i!

=
15ie�15

i!

PMF of 
Poisson

λ = 15

<latexit sha1_base64="MeSzY6t04Q2XCIcs8UcqCT2vJ1k=">AAACGnicbVDLSgMxFM34rPU16tJNtAhuLDMitZtCwY3LCvYBnemQyWTa0MyDJCOUMN/hxl9x40IRd+LGvzFtZ6GtBwIn59x7k3v8lFEhLevbWFldW9/YLG2Vt3d29/bNg8OOSDKOSRsnLOE9HwnCaEzakkpGeiknKPIZ6frjm6nffSBc0CS+l5OUuBEaxjSkGEkteabdgI7IIk/RhpUPlG3lTsgRVg7TMwI0oGSgLopLnit6kntmxapaM8BlYhekAgq0PPPTCRKcRSSWmCEh+raVSlchLilmJC87mSApwmM0JH1NYxQR4arZajk800oAw4TrE0s4U393KBQJMYl8XRkhORKL3lT8z+tnMqy7isZpJkmM5w+FGYMygdOcYEA5wZJNNEGYU/1XiEdIRyN1mmUdgr248jLpXFbtWrV2d1Vp1os4SuAYnIJzYINr0AS3oAXaAINH8AxewZvxZLwY78bHvHTFKHqOwB8YXz9w0KEj</latexit>

=
10∑

i=0

ωie→ω

i!
<latexit sha1_base64="OTMFTipOl18oMFjxgMr3xZWZrUE=">AAACEHicbVC7SgNBFJ2Nrxhfq5Y2o0G0MeyKiWkCARvLCOYB2c0yO5lNhsw+mJkVwrCfYOOv2FgoYmtp5984eRSaeODC4Zx7ufceP2FUSMv6NnIrq2vrG/nNwtb2zu6euX/QEnHKMWnimMW84yNBGI1IU1LJSCfhBIU+I21/dDPx2w+ECxpH93KcEDdEg4gGFCOpJc88q0FHpKGnaM3Kesq2MifgCCu73KOkpy7scpYpepx5ZtEqWVPAZWLPSRHM0fDML6cf4zQkkcQMCdG1rUS6CnFJMSNZwUkFSRAeoQHpahqhkAhXTR/K4KlW+jCIua5Iwqn6e0KhUIhx6OvOEMmhWPQm4n9eN5VB1VU0SlJJIjxbFKQMyhhO0oF9ygmWbKwJwpzqWyEeIh2I1BkWdAj24svLpHVZsiulyt1VsV6dx5EHR+AEnAMbXIM6uAUN0AQYPIJn8ArejCfjxXg3PmatOWM+cwj+wPj8ATesnBE=</latexit>

=
10∑

i=0

15ie→15

i!

from scipy.stats import poisson
def main():
  lamb = int(input("Questions per class: "))
  num_lols = int(input("Number of lollipops: "))
  X = poisson(lamb)
  prob_enough = 0
  for i in range(0, num_lols + 1):
    pr_i_questions = X.pmf(i)
    prob_enough += pr_i_questions
  print(prob_enough)
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Function Description
X.pmf(k) P(X = k)
X.cdf(k) P(X ≤ k)
X.mean() E[X]
X.var() Var(X)
X.std() Std(X)

from scipy import stats # great package
X = stats.poisson(2.5)  # X ~ Poi(λ = 2.5)
print(X.pmf(2))         # P(X = 2)

Poisson	in	Python
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Poisson	Random	Variable

In CS109, a Poisson RV 𝑋~Poi(𝜆) most often models
1. # of successes in a fixed time interval, where successes are 

independent 𝜆 = 𝐸[𝑋], average success/interval
2. Approximation of 𝑌~Bin(𝑛, 𝑝) where 𝑛 is large and 𝑝 is small.

𝜆 = 𝐸 𝑌 = 𝑛𝑝 
Approximation works well even when trials not entirely independent. 

24

𝑃 𝑋 = 𝑘 = 𝑒67
𝜆5

𝑘!𝑋~Poi(𝜆)
Support: {0,1, 2, … }

PMF

𝐸 𝑋 = 𝜆 
Var 𝑋 = 𝜆 Variance  

Expectation   
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DNA

25

All the movies, images, 
emails and other digital 
data from more than 
600 smartphones 
(10,000 GB) can be 
stored in the faint pink 
smear of DNA at the end 
of this test tube.

What is the probability 
that a DNA strand is 
uncorrupted? 
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DNA
What is the probability that DNA storage stays uncorrupted?
• In DNA (and real networks), we store large strings.
• Let string length be long, e.g., 𝑛 ≈ 10E
• Probability of corruption of each base pair is very small, e.g., 𝑝 = 10<G
• Let 𝑋 = # of corruptions.

What is P(DNA storage is uncorrupted) = 𝑃 𝑋 = 0 ?
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1. Approach 1:
𝑋~Bin 𝑛 = 10;, 𝑝 = 10/<

𝑃 𝑋 = 𝑘 = 𝑛
𝑘 𝑝6 1 − 𝑝 3<6 	

 

	 = 10E
0

10<G⋅D 1 − 10<G FD!<D

≈ 0.990049829	

2. Approach 2:
𝑋~Poi 𝜆 = 10; ⋅ 10/< = 0.01

𝑃 𝑋 = 𝑘 = 𝑒<=
𝜆6

𝑘!
	= 𝑒<D.DF

0.01D

0!

                       = 𝑒<D.DF

        ≈ 0.990049834
unwieldy!

a good 
approximation!
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When	is	a	Poisson	approximation	appropriate?
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𝑃 𝑋 = 𝑘 = lim
.→6

𝑛
𝑘

𝜆
𝑛

-

1 −
𝜆
𝑛

./-

= lim
3→5

𝑛!
𝑛6(𝑛 − 𝑘)!

𝜆6

𝑘!
𝑒<=

1 − l
𝑛

6

Def natural 

exponent

= lim
3→5

𝑛 𝑛 − 1 ⋯ 𝑛 − 𝑘 + 1
𝑛6

𝑛 − 𝑘 !
𝑛 − 𝑘 !

𝜆6

𝑘!
𝑒<=

1 − l
𝑛

6
Expand

= lim
3→5

𝑛6

𝑛6
𝜆6

𝑘!
𝑒<=

1
Limit analysis

=
𝜆6

𝑘!
𝑒<=Simplify

= ⋯
Under which conditions will 
𝑋~Bin(𝑛, 𝑝) behave like 

Poi(𝜆), where 𝜆 = 𝑛𝑝?
A. Large 𝑛, large 𝑝
B. Small 𝑛, small 𝑝
C. Large 𝑛, small 𝑝
D. Small 𝑛, large 𝑝
E. Other
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Poisson	approximation

Poisson approximates Binomial 
when 𝑛 is large, 𝑝 is small, and 
𝜆 = 𝑛𝑝 is "moderate”.

Different interpretations of 
"moderate":
• 𝑛 > 20 and 𝑝 < 0.05
• 𝑛 > 100 and 𝑝 < 0.1

Poisson is Binomial in the limit:
• 𝜆 = 𝑛𝑝, where 𝑛 → ∞, 𝑝 → 0
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Poi(3)

𝑋~Poi(𝜆)
𝐸 𝑋 = 𝜆 

𝑌~Bin(𝑛, 𝑝)
𝐸 𝑌 = 𝑛𝑝 
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Consider an experiment that lasts a fixed interval of time.
def A Poisson random variable 𝑋	is the number of occurrences over the 

experiment duration.

Examples:
• # earthquakes per year
• # server hits per second
• # of emails per day

Time to show intuition for why 
expectation == variance!

Poisson	Random	Variable
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𝑃 𝑋 = 𝑘 = 𝑒67
𝜆5

𝑘!𝑋~Poi(𝜆)
Support: {0,1, 2, … } Variance  

Expectation   

PMF

𝐸 𝑋 = 𝜆 
Var 𝑋 = 𝜆 
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Properties	of	Poi(𝜆)	with	the	Poisson	paradigm
Recall the Binomial:

Consider 𝑋~Poi(𝜆), where 𝜆 = 𝑛𝑝 (𝑛 → ∞, 𝑝 → 0):

   Proof:
𝐸 𝑋 = 𝑛𝑝 = 𝜆

Var 𝑋 = 𝑛𝑝 1 − 𝑝 → 𝜆 1 − 0 = 𝜆
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𝑌~Bin(𝑛, 𝑝) Variance  
Expectation   𝐸 𝑌 = 𝑛𝑝 

Var 𝑌 = 𝑛𝑝(1 − 𝑝) 

Expectation   𝐸 𝑋 = 𝜆 
Var 𝑋 = 𝜆 

𝑋~Poi(𝜆)
Variance  
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Can	these	Binomial	RVs	be	approximated?
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Poisson approximates Binomial 
when 𝑛 is large, 𝑝 is small, and 
𝜆 = 𝑛𝑝 is "moderate".

Different interpretations of 
"moderate":
• 𝑛 > 20 and 𝑝 < 0.05
• 𝑛 > 100 and 𝑝 < 0.1

Poisson is Binomial in the limit:
• 𝜆 = 𝑛𝑝, where 𝑛 → ∞, 𝑝 → 0
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Can	these	Binomial	RVs	be	approximated?
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Poisson approximates Binomial 
when 𝑛 is large, 𝑝 is small, and 
𝜆 = 𝑛𝑝 is "moderate".

Different interpretations of 
“moderate”:
• 𝑛 > 20 and 𝑝 < 0.05
• 𝑛 > 100 and 𝑝 < 0.1

Poisson is Binomial in the limit:
• 𝜆 = 𝑛𝑝, where 𝑛 → ∞, 𝑝 → 0


