
Piech, CS109, Stanford University

CS109: Probability for 

Computer Scientists



Gather around and let me tell you a story
that we all should know



But first… 
who am I?



Piech, Stanford University @ ALX

Professor Chris Piech

Code in Place: the 
course with the most 
teachers



Piech, Stanford University @ ALXGrew up in Nairobi, Kuala Lumpur before Stanford!

From Three Places!
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I took the first CS109 back when I looked like this Been teaching it since 2014 

Long History in CS109
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Computer Science Department

Stanford University

Stanford AI

Piech Lab
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Professor Chris Piech

Invented DKT, the 

algorithm used in 

Duolingo’s Bird 

Brain

Co-Invented 

Generative Grading, 

used in Code.org, 

featured in the New 

York Times

Co-Created 

Stanford Acuity 

Test, 

Most Accurate 

Eye Exam!



Computational Education (and medicine too)
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Play to Grade

Best of STEM award for AI Tutor with Code.org



Research by CS109 
Students
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Fair AI with Adversarial Network

Math question: Can you remove racism 
from a deep learning predictor?

With undergrads Christina Wadsworth and Francesca Vera

221 Citations
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Grades are Not Normal

Analyzed 4,000 Gradescope Courses

Noah Arthurs, CS109 Student

Math question: What is the generative story for 
grades in a typical classroom assignment?
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Soft Grades

Math question: Can you represent uncertainty 
around grades given in classes like the ones at 
Stanford? See also DPO for grading



Transcribed handwritten code

Undergraduate from CS109 Fall 23

Won Best Undergraduate Paper for L@S

Math question: Can you relate 

pixel position to intended 

indentation using probability?
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Faster Forest Training Using Multi-Armed Bandits

Math question: Can you speed up classic algorithms 
if you treat expensive computation as decisions 
under uncertainty?
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So many things to love in this world
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Most amazing family
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Fantastic Teaching Team
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Course mechanics
(this is a light version. Please read the handout 

for details).
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cs109.stanford.edu

Essential Information

cs106b.stanford.edu
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Are you in the right place?
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CS106B/X (important, coreq ok):
• Recursion
• Hash Tables
• Binary Trees
• Programming

CS103 (not necessary):
• Proof techniques (induction)
• Set theory
• Math maturity

Math 21 or equivalent (important, coreq ok)
• Differentiation
• Integration
• Basic facility with linear algebra (vectors)

What you really need:

Prerequisites
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Review session on Friday

Coding in CS109
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5 Units

3 Units

-or-

4 Units

Are you an

Undergrad?

Do you want

to take CS109 for

fewer units?

Start Here
Average about 10 hours / week for assignments

Yes

No

No

Yes

CS109 Units
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7 Assignments

Final
3 hour exam, Dec 9th, 8:30am

Participation
Section,  PEP

30%

30%

20%

Class Breakdown

Midterm
2 hour exam, Oct 28th, 7pm

20%
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Personal Exam Prep (PEP)

• 15 mins
• Twice in the quarter 
• 1:1 with a TA
• Week before each exam
• Participation graded
• Scheduled on Week 4
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Song of the Quarter

[coming on Wednesday]
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Is Class Online?

TLDR: Yes. Come to live class. It’s a good time (and good for you)
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Come to Class

Section assumes you 
are caught up to 
Monday’s lecture

Attending lecture 
strongly correlates 
with better grades

“I met my husband in 
your CS109 lectures”

- Student from 3 years 
ago

We have fun. 
Adventure is….
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Ask questions

31

“Working” office hours

start on Saturday

Q&A forum

All announcements

Email cs109@cs.stanford.edu

Chris has 1:1 CS109 office hours (not for psets)

Chris has 1:1 CS109 office hours
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Chris Wrote a Course Reader!
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ACE Companion Course

https://forms.gle/ayGGXCsXrh1tgaVp9

https://forms.gle/ayGGXCsXrh1tgaVp9
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There is always a better way!

- Improved curricula
- Under the hood of an LLM
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Story of Modern AI
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Four Prototypical Trajectories

Modern AI
or, How we learned to combine 
probability and programming
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Brief History
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1952 1955

Early Optimism 1950s
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“Machines will be capable, 
within twenty years, of doing 
any work a man can do.” 
–Herbert Simon, 1952

Early Optimism 1950s
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The world is too complex

Underwhelming Results 1950s to 1980s
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Something is going on in the world of AI
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1997 Deep Blue

2005 Stanley

2011 Watson

Big Milestones Part 1
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Almost perfect…

I was told speech was 30 years out
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The last remaining board game
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Protein Folding
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Directions From A to B
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Self Driving Cars
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And then in 2022, everything changed, again
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AI that (seems) to understand language
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DallE Images made by Freya (2 years old)
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What is going on?
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[suspense]
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Focus on one problem
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Computer Vision

58

Chihuahua or muffin?
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Can you do it?
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Chihuahua or Muffin?
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Chihuahua or Muffin?
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0 0 1 0 1 0 1 0 0 0 1 1 1 0 1
1 0 0 1 0 1 1 1 0 1 0 0 0 0 0
1 1 1 0 1 0 0 1 1 0 0 1 0 1 0
1 1 1 1 1 0 0 0 0 0 1 1 0 1 1
0 0 0 1 1 0 0 1 0 0 0 1 1 1 0
1 0 0 1 1 0 0 0 1 0 1 1 1 1 0
1 1 0 1 1 0 0 1 1 0 1 1 1 0 0
1 0 1 0 0 1 0 0 1 0 0 1 1 1 1
0 0 0 0 1 0 1 0 1 1 0 0 1 1 1
0 1 1 0 0 0 0 0 1 1 1 1 1 1 0
0 0 1 0 1 1 1 0 0 0 1 0 0 0 0
0 1 1 1 0 1 0 0 1 0 0 0 0 0 1
1 1 0 0 0 0 0 0 0 0 1 0 0 1 1
0 0 0 0 0 0 0 0 1 1 1 1 0 0 1
0 0 1 1 1 0 1 0 1 1 0 0 0 1 0

What a computer sees

What a human sees

How about now?



Why is it easy for Humans?

About 30% of your cortex is used from vision
3% is used to process hearing







Make a Harry Potter Sorting Hat



Logistic Regression is like the Harry Pottery Sorting Hat
Classification

That is a picture 
of a one



Logistic Regression is like the Harry Pottery Sorting Hat
Classification

That is a picture 
of a zero



Classification

That is a picture 
of an zero

* It doesn’t have to be 
correct all of the time



0 0 1 0 1 0 1 0 0 0 1 1 1 0 1
1 0 0 1 0 1 1 1 0 1 0 0 0 0 0
1 1 1 0 1 0 0 1 1 0 0 1 0 1 0
1 1 1 1 1 0 0 0 0 0 1 1 0 1 1
0 0 0 1 1 0 0 1 0 0 0 1 1 1 0
1 0 0 1 1 0 0 0 1 0 1 1 1 1 0
1 1 0 1 1 0 0 1 1 0 1 1 1 0 0
1 0 1 0 0 1 0 0 1 0 0 1 1 1 1
0 0 0 0 1 0 1 0 1 1 0 0 1 1 1
0 1 1 0 0 0 0 0 1 1 1 1 1 1 0
0 0 1 0 1 1 1 0 0 0 1 0 0 0 0
0 1 1 1 0 1 0 0 1 0 0 0 0 0 1
1 1 0 0 0 0 0 0 0 0 1 0 0 1 1
0 0 0 0 0 0 0 0 1 1 1 1 0 0 1
0 0 1 1 1 0 1 0 1 1 0 0 0 1 0

How about now?

What a computer sees

What a human sees



Very hard to Program

class DigitDetector:

def detect(raw_image):
# Return a 0 or 1 based on the pixels of the image

# TODO

??
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Perhaps there is an insight?



Piech, ALU @ Stanford University

Two Great Ideas

1. Artificial Neurons

2. Learn by Example
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Two Great Ideas

1. Artificial Neurons

2. Learn by Example
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1. Artificial Neurons



Piech

Neuron



Piech

Neuron



Piech

Neuron



Piech

Neuron



Piech

Neuron



Piech

Some Inputs are More Important



Piech

Artificial Neuron

+
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Inputs
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Inputs
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Inputs
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Weights
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Weights
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+

Weights



Piech

+

Weighted Sum

double weightedSum = 0;
weightedSum += input0 * weight0;
weightedSum += input1 * weight1;
weightedSum += input2 * weight2;
weightedSum += input3 * weight3;



Piech

+

Filter and Output

Creates a probability prediction



Piech

• A neuron

• Your brain

Actually, it’s probably someone else’s brain

Biological Basis for Neural Networks

+

???



Piech

+

+

+

+

Put Many Together
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Put Many Together
Input Neurons Hidden Neurons Output Neurons
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Making a Prediction

…

Input Neurons Hidden Neurons Output Neurons



Piech

…

Input Neurons

Making a Prediction
Hidden Neurons Output Neurons
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…

Making a Prediction
Input Neurons Hidden Neurons Output Neurons



Piech

…

Making a Prediction
Input Neurons Hidden Neurons Output Neurons

I think that is a 
picture of a 

one!



Piech

Demonstration

https://adamharley.com/nn_vis/cnn/2d.html



Piech

Interpret the Output as Prediction



Piech

+

Great Idea: Artificial Neurons



Piech

Where do Artificial 
Neural Networks 

get their 
intelligence from?



Piech

Neural Networks get their 
intelligence from their 
sliders (parameters)



Piech

Two Great Ideas

1. Artificial Neurons

2. Learn by Example
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Two Great Ideas

1. Artificial Neurons

2. Learn by Example



Piech

2. Learn From Experience



Piech

Learn by Example



Piech

+



Piech

+



Piech

+

I think that is a 
picture of a One!

What do you 
mean it’s actually 

a Zero?

I’ll adjust my sliders so 
that I do a better job 

in the future
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+

I think that is a 
picture of a One!

What do you 
mean it’s actually 

a Zero?

I’ll adjust my sliders so 
that I do a better job 

in the future
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+



Piech

+



Piech

+

I think that is a 
picture of a One!

Wahoo I got it 
right!



Piech

+



Piech

+



Piech

+

I think that is a picture of a 
Zero!

But it is 
actually a Zero

I’ll adjust my sliders so 
that I do a better job 

in the future



Piech

+

I think that is a picture of a 
Zero!

But it is 
actually a Zero

I’ll adjust my sliders so 
that I do a better job 

in the future
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Walk uphill and you will find a local maxima 

(if your step size is small enough)

Gradient Descent
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Gradient of Probability
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Where you will be by the end of class
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Heart Ancestry

Netflix

CS109: Theory Class focused on Applications
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A machine learning algorithm 
performs better than the 
best dermatologists.

Developed recently, at 
Stanford. 

Esteva et al., Nature 2017.

Esteva, Andre, et al. "Dermatologist-level classification of skin cancer with deep 

neural networks." Nature 542.7639 (2017): 115-118.

Where is this Useful?
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What about Generative AI?



Piech, CS109, Stanford UniversityDalle2. Prompt “a large lecture class at stanford learning probability for computer scientists in the style of vangough”

Who Invented Generative AI for Images?

Deep Unsupervised Learning using Nonequilibrium 
Thermodynamics by Jascha Sohl Dickstein
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Will teach this at the end 
of the quarter
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AI has constantly been revolutionized by people 
who understood probability theory.
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End of Story
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Except it isn’t the end of the story…
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Probability is more than just machine learning
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Abundance of important problems
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Many Open Problems

Why is beam search (a probabilistic algorithm that generates text) for 
LLMs (think GPT4) more effective with a small beam size?
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Many Open Problems

Why is beam search (a probabilistic algorithm that generates text) for 
LLMs (think GPT4) more effective with a small beam size?

The boy went to the school playground yesterday
0.3

0.8

0.2

High beam size: Most likely sentence given the context
Small beam size: Greedy next word selection
Medium beam size: ???
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Hash Fn

Eg Raytracing Eg HashMaps

Algorithms and Probability
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Understanding the world and building tools
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Recommender Systems
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Philosophy and Ethics
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Most CS PhD students list their highest desiderata upon 
graduation as: 

“Better understanding of probability”

Most Desired Skill by PhD Students
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Learn Real Skills in CS109
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Spring 2017

Patient sees a series of 
letters of different font 
size, and for each, answers 
correct or incorrect
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Learn Real Skills in CS109

A patient has answered 20 “letter sizes” and got a few 
correct. What is your belief in how well they can see? 
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Now state of the art for eye exam theory
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Learn Real Skills in CS109
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What is on a typical final?

https://chrispiech.github.io/probabilityForComputerScientists/en/examples/algorithmic_art/

https://chrispiech.github.io/prob
abilityForComputerScientists/en
/examples/algorithmic_art/

1. Algorithmic Art
2. Lucky Events
3. Supply Chain Decision Making
4. P-Hacking
5. Chess.com Puzzle Ability
6. ML Calibration

https://chrispiech.github.io/probabilityForComputerScientists/en/examples/algorithmic_art/
https://chrispiech.github.io/probabilityForComputerScientists/en/examples/algorithmic_art/
https://chrispiech.github.io/probabilityForComputerScientists/en/examples/algorithmic_art/
https://chrispiech.github.io/probabilityForComputerScientists/en/examples/algorithmic_art/
https://chrispiech.github.io/probabilityForComputerScientists/en/examples/algorithmic_art/
https://chrispiech.github.io/probabilityForComputerScientists/en/examples/algorithmic_art/
https://chrispiech.github.io/probabilityForComputerScientists/en/examples/algorithmic_art/
https://chrispiech.github.io/probabilityForComputerScientists/en/examples/algorithmic_art/
https://chrispiech.github.io/probabilityForComputerScientists/en/examples/algorithmic_art/
https://chrispiech.github.io/probabilityForComputerScientists/en/examples/algorithmic_art/
https://chrispiech.github.io/probabilityForComputerScientists/en/examples/algorithmic_art/
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Foundation for your future
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But its not always intuitive
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A patient has a 

positive Zika test.
What is the probability they have zika?

• 0.8% of people have zika

• Test has 90% positive rate for people with zika

• Test has 7% positive rate for people without zika

The right answer is 9%

But Its not Always Intuitive
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Probability = Important + Needs Study 

Delayed gratification
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Teach you how to write programs 
that most people are not able to write. 

CS109 View of Probability
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Teach you the theory you need to do the math that 
most people are not able to do.

CS109 View of Probability
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CS109

Probability Fundamentals

Single Random 
Variables

Probabilistic Models

Uncertainty Theory

AI



Piech, CS109, Stanford University

Why learn in the time of ChatGPT?



Piech, CS109, Stanford University

Lets dive in…
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2 min pedagogic pause.



• Sample space, S, is set of all possible outcomes 

of an experiment

▪ Coin flip: S = {Head, Tails}

▪ Flipping two coins: S = {[H, H], [H, T], [T, H], [T, T]}

▪ Roll of 6-sided die: S = {1, 2, 3, 4, 5, 6}

▪ # emails in a day: S = {x | x  Z, x ≥ 0}  {non-neg. ints}

▪ YouTube hrs. in day: S = {x | x  R, 0  x  24}

Sample Space



• Event, E, is some subset of S {E  S}

▪ Coin flip is heads: E = {Head}

▪ ≥ 1 head on 2 coin flips: E = {[H, H], [H, T], [T, H]}

▪ Roll of die is 3 or less: E = {1, 2, 3}

▪ # emails in a day  20: E = {x | x  Z, 0  x  20}

▪ Wasted day {≥ 5 YT hrs.}: E = {x | x  R, 5  x  24}

Note: When Ross uses:  , he really means:  

Event Space



Event Space



What is a probability?



[suspense]



Number between 0 and 1



* Our belief that an event E occurs

A number to which we ascribe meaning



* Our belief that an event E occurs

A number to which we ascribe meaning



What is a Probability?

The event we 
care about

Out of (close to) infinite 
trials

How many times does it 
occur



Hit: 0

Thrown: 0

P(E) ≈  0.00

The “event” E

is that you hit 

the target

n is the number 

of trails

What is a Probability?



Hit: 0

Thrown: 1

P(E) ≈  0.00

The “event” E

is that you hit 

the target

n is the number 

of trails

What is a Probability?



Hit: 1

Thrown: 2

P(E) ≈  0.50

The “event” E

is that you hit 

the target

n is the number 

of trails

What is a Probability?



Hit: 2

Thrown: 3

P(E) ≈  0.75

The “event” E

is that you hit 

the target

n is the number 

of trails

What is a Probability?



Hit: 11

Thrown: 24

P(E) ≈  0.46

The “event” E

is that you hit 

the target

n is the number 

of trails

What is a Probability?



What is a Probability (in a Dataset)?

Trial Value
1 Rainy
2 Sunny
3 Rainy
4 Cloudy
5 Rainy
6 Sunny
7 Sunny
8 Sunny

…
10000 Cloudy

Let E be the event that it is SunnyDataset of weather
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Equally Likely Outcomes

Some sample spaces have equally likely outcomes.

• Coin flip: S = {Head, Tails}

• Flipping two coins: S = {[H, H], [H, T], [T, H], [T, T]}

• Roll of 6-sided die: S = {1, 2, 3, 4, 5, 6}

If we have equally likely outcomes, then P(Each outcome)

Therefore

171

{by Axiom 3}



• Play lottery.  

▪ What is P(Win)?

• S = {Lose, Win}

• E = {Win}

• P(Win) = |E|/|S| = 1/2 = 50%

Not Everything is Equally Likely



Probability from Analytic Solutions



The Axioms



Recall: S = all possible outcomes. E = the event.

• Axiom 1: 0  P(E)  1

• Axiom 2: P(S) = 1

• Axiom 3: If events E and F are mutually exclusive:

Axioms of Probability

Kolmogorov

Harrison Ford



If events are mutually exclusive, probability of OR is simple:

7/50 4/50

Mutually Exclusive Events



If events are mutually exclusive, probability of OR is simple:

7/50 4/507/50 4/50

Mutually Exclusive Events



X1 X2

X3

Probability of "or"



If events are mutually 

exclusive probability of 

OR is easy!



P(Ec) = 1 – P(E)?

P(E or Ec) = P(E) + P(Ec) Axiom 3. Since E and Ec 

are mutually exclusive

P(S) = P(E) + P(Ec) 
Since everything 

must either be in E

or Ec 

1 = P(E) + P(Ec) 

P(Ec) = 1 – P(E) 

Axiom 2

Rearrange



Many times it is easier to 

calculate              .

P(Ec) = 1 – P(E) 

Provable Identity #1: 



Sources of Probability: 

A dice story
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Sum of Two Die = 7?

183

Value 

dice 1 Value 

dice 2

Each outcome

[1,1] [1,2] [1,3] [1,4] [1,5] [1,6]

[2,1] [2,2] [2,3] [2,4] [2,5] [2,6]

[3,1] [3,2] [3,3] [3,4] [3,5] [3,6]

[4,1] [4,2] [4,3] [4,4] [4,5] [4,6]

[5,1] [5,2] [5,3] [5,4] [5,5] [5,6]

[6,1] [6,2] [6,3] [6,4] [6,5] [6,6]

S = {

}

Roll two 6-sidex dice. What is probability the sum = 7?

Let E be the event that the sum is 7
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Sum of Two Die = 7?

184

[1,1] [1,2] [1,3] [1,4] [1,5] [1,6]

[2,1] [2,2] [2,3] [2,4] [2,5] [2,6]

[3,1] [3,2] [3,3] [3,4] [3,5] [3,6]

[4,1] [4,2] [4,3] [4,4] [4,5] [4,6]

[5,1] [5,2] [5,3] [5,4] [5,5] [5,6]

[6,1] [6,2] [6,3] [6,4] [6,5] [6,6]

S = {

}

Roll two 6-sidex dice. What is probability the sum = 7?

Let E be the event that the sum is 7

E = in blue

Value 

dice 1 Value 

dice 2

Each outcome
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Sum of Two Die = 7?
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Sum of Two Die = 2?

186

[1,1] [1,2] [1,3] [1,4] [1,5] [1,6]

[2,1] [2,2] [2,3] [2,4] [2,5] [2,6]

[3,1] [3,2] [3,3] [3,4] [3,5] [3,6]

[4,1] [4,2] [4,3] [4,4] [4,5] [4,6]

[5,1] [5,2] [5,3] [5,4] [5,5] [5,6]

[6,1] [6,2] [6,3] [6,4] [6,5] [6,6]

S = {

}

E =

Value 

dice 1 Value 

dice 2

Each outcome
Roll two 6-sidex dice. What is probability the sum = 2?

Let E be the event that the sum is 2
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Sum of Two Die = 2?

187

[1,1] [1,2] [1,3] [1,4] [1,5] [1,6]

[2,1] [2,2] [2,3] [2,4] [2,5] [2,6]

[3,1] [3,2] [3,3] [3,4] [3,5] [3,6]

[4,1] [4,2] [4,3] [4,4] [4,5] [4,6]

[5,1] [5,2] [5,3] [5,4] [5,5] [5,6]

[6,1] [6,2] [6,3] [6,4] [6,5] [6,6]

S = {

}

E = in red

Value 

dice 1 Value 

dice 2

Each outcome
Roll two 6-sidex dice. What is probability the sum = 2?

Let E be the event that the sum is 2



Other ways to make a Sample Space?

Value 

dice 1 Value 

dice 2

Each outcome
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Sum of Two Die: Three options for the sample space

189

Value 

dice 1

Value 

dice 2

Value 

dice 1 Value 

dice 2

Value of 

a dice Value of 

a dice

5 5 5 5

Think of the die as distinct Think of the die as indistinct Just look at the sum

10
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Sum of Two Die = 7? Bug: Die are Indistinct

190

2 3 4 5 6

7 8 9 10 11 12

S = {

}

E = in red

Each outcome
Roll two 6-sidex dice. What is probability the sum = 7?

Let E be the event that the sum is 7
Just look at the sum
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Sum of Two Die: Three options for the sample space
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Value 

dice 1

Value 

dice 2

Value 

dice 1 Value 

dice 2

Value of 

a dice Value of 

a dice

5 5 5 5

Think of the die as distinct Think of the die as indistinct Just look at the sum

10
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Sum of Two Die = 7? Bug: Die are Indistinct

192

{1,1} {1,2} {1,3} {1,4} {1,5} {1,6}

{2,2} {2,3} {2,4} {2,5} {2,6}

{3,3} {3,4} {3,5} {3,6}

{4,4} {4,5} {4,6}

{5,5} {5,6}

{6,6}

S = {

}

Roll two 6-sidex dice. What is P(sum = 7)?

E = in blue

Value 

dice 1 Value 

dice 2

Each outcome
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Value 

dice 1

Value 

dice 2

Value 

dice 1 Value 

dice 2

Value of 

a dice Value of 

a dice

5 5 5 5

Think of the die as distinct Think of the die as indistinct Just look at the sum

10
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Sum of Two of These Die = 7? 

I printed this last week
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I printed this last week

Sum of Two of These Die = 7? 



Does an LLM understand 

dice probability?
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New API

Llama-3.3-70B
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Challenge for Tomorrow

f"Dice simulator output. Sum of two random 6 sided dice: 
{outcome}"

If you used a prompt like this:

Could you test an LLMs understanding of probability?

Llama-3.3-70B
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Challenge for Tomorrow

Llama-3.3-70B

f"Dice simulator output. Sum of two random 6 sided dice: 
{outcome}"

If you used a prompt like this:

Could you test an LLMs understanding of probability?

2

7

12

…

Outcome string_pr

…
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