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Due Date: Monday, Nov 17, 10:00 PM Pacific Standard Time (in 7 days).
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Earlier the start, the better, for PSet #6
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Logistic Regression: Code

Implement Logistic Regression for binary input/output data. Specifically, you
should implement the gradient ascent algorithm described in class.

Train your algorithm on the data file simple-train.csv. Use learning rate =
0.0001 and 1,000 training steps. Test your algorithm on the data file simple-
test.csv. You should be able to achieve 100% classification accuracy on the
testing data.

You will need to implement your code off of the pset app. When you are done,
include your logistic regression code here and report the value of the weight
associated with x1 to 5 decimal places.

T

0

P(Y = 11X =x) = o( ) 02:)

Loading Data

Dataset: simple.zip

In this dataset, there are two input features, and the output class value is
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#" Answer Editor @ Solution

Numeric Answer: Enter your answer Check Answer

Python:

1 mem

2 Paste your logistic regression code here. Note that you shouldn't

3 expect to run the code here. Rather, you're just sharing your implementation
4 so we can review it, but you're expected to run this classifier outside of the
5 problem set app.
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Earlier the start, the better, for PSet #6
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MLE of the Wind MLE of Negative Binomial MLE of Truncated Normal

Climate sensitivity suggests that there is a fierce urgency to developing clean
energy solutions. Wind is a powerful yet unpredictable source of clean energy
and thus requires probability theory. The speed of the wind at a windfarm is a
random variable that varies as a Rayliegh Distribution. A Rayliegh distribution
is parameterized by a single scale parameter # and has the following
probability density function.

fx(@) :{ g 220

0 else

The Negative Binomial random variable is a generalization of the Geometric
random variable and counts the ber of experi until r st

where each experiment is independent with probability of success p. The PMF
is

P(X =) = (=D (L-p .

A normal distribution can allow negative values. A positive trucated normal is a
version of the normal distribution that only supports values of z that are
greater than 0. If X ~ PosTruncNorm(y) then it has the following PDF:

fX=2)= ”:'r’::(“)- forz > 0.

Given that 7 = 5 and 100 samples of X, use MLE to estimate the parameter p. o i
Where @ is the Cumulative Distribution Function for the Standard Normal.

Xi="[9, 23,19, 10,21, 27, 6, 10, 12, 16, 10, 20, 18,
12; 13,19, 7, 235 17, 23, 7, 11;719; 15,/°16; 14
2051923, 9,:18,°-10,:10, 11,°14 219,513 7 7,45

You have 200 i.i.d. samples from a PosTruncNorm:

We wish to model the wind speed on a wind farm. To this end we collect N

independent measurements of wind speeds wy, wa, - -+ , wy. 17, 10,:19, 14, 10, 14, 16, 17, 15, 19, 14, 17, t

76, 2.48, 1.53, 1.21, 0.34, 0.34, 0.13, 1.97, 1.22, 1.47,
165811517822 812 5810 F/0 8228115868 4581 258 175

Your Task: Derive an equation for the maximum likelihood estimate of 6 if we 15, 15, 7, 23, 9, 12, 17, 21, 10, 17, 18, 7, 15 gi. ;;?» ;z:, g;;’ ::523, 22?» gi-:, igi, 2»?7,00]-.?1,
are modeling the wind speed as coming from a Rayleigh distribution. Make 2351 8,116, 12, 18,0¢;, 25 811,516,955 11 17130 30,,1:28, 23’ 0'37' 9'1 3 2'47’ 2‘64’ 1.76, 0.63, 0'22’ 1'41 osé
i ion i ; ; 14, 10, 11, 15, 11, 11, 14, 16, 18 090500 3,0 L A58 eDALR070,.010:53,0 0:02,0 1o41,00.89,
sure to include the equation in your answer. Then use the equation to estimate 2 - 27, 1.00, 0.08, 2.19, 0.54, 1.36, 0.65, 1.05, 1.10, 0.40,
6 for observed 10 speeds: 69, 1.65, 2.39, 2.11, 1.21, 2.26, 0.2, 0.42, 0.11, 0.67,
79, 0.57, 1.83, 0.73, 0.59, 1.09, 0.31, 1.74, 0.17, 3.03,
64, 0.43, 0.01, 1.78, 1.46, 1.52, 1.64, 0.17, 0.73, 0.26,
[7.55; :8.15; 891, 1.1, -6.77, 3.03, 8.43,.5.56,3.26, 2.55] 96, 1.27, .68, 0.15, 0.64, 0.67, 1.52, 1.3, 2.07, 0.95,
27, 1.48, 1.61, 1.13, 1.64, 1.0, 1.05, 0.87, 0.06, 0.24,

Give your answer to three decimal places. 1.3, 0.65, 1.03, 2.18, 0.53, 0.83, 1.6, 0.49, 0.18,

6, 0.35, 2.31, 1.76, 1.29, 2.0, 1.74, 0.4, 2.1, 1.09,
75, 2.11, 0.66, 0.25, 0.48, 0.87, 1.79, 1.95, 0.02, 1.03,
85, 0.47, 0.27, 0.69, 2.41, 0.67, 1.05, 1.46, 0.74, 2.73,
6, 0.53, 1.0, 0.62, 0.59, 0.09, 1.24, 1.01, 0.12, 0.58,
18, 0.51, 0.32, 0.99, 2.99, 0.51, 1.38, 1.61, 0.5, 1.52,
75, 1.29, 1.29, 1.08, 0.21, 1.85, 0.66, 0.4, 0.1, 1.2,
39, 0.04, 1.03, 0.48, 1.32, 0.38, 1.42, 0.79, 2.36, 0.3,
7, 0.25, 2.28, 2.02, 0.54, 1.35, 1.79, 1.12, 1.07, 0.51,
.21, 2.12, 2.14, 1.29, 0.7, 0.72, 1.51, 2.12, 2.07, 1.67

SO ONNOHROSOSORRONSOHRLSES
S
N

Let z; be the ith value.
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Previous Question Next Question

Previous Question Next Question

Previous Question Next Question
https://cs109psets.netlify.app/fall25/pset6/mle_wind
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Earlier the start, the better, for PSet #6
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Wordle #* Answer Editor @ Solution

Numeric Answer: Enter your answer Check Answer
The goal of the game Wordle is to guess a five-letter secret word in as few Python: e
tries as possible. Let's say we are playing a game of Wordle and we have 1 Iimport math
narrowed down the possible secret words to these seven: bring, girls, storm, 2 import numpy as np
tears, rates, grind, reign. Which word should we guess next? 3

4 def main():

5 # remaining possible words -—> their probabilities

6 word_pmf = {

7 "bring": 0.365,

8 "girls": 0.296,

9 "storm": 0.135,

10 "tears": 0.074,

11 "rates": 0.061,

12 "grind": 0.068,

13 "reign": 0.001

14 }

15

16 # after you guess "girls", you could get any

17 # of the following feedback. Each feedback

18 # string maps to a list of all possible

19 # words consistent with that feedback.

20 feedback_map = {

"YYY--": ["bring", "reign"],
nweccoon. [T PN TR |

We want to be strategic when deciding which word to guess! One fantastic
way to choose the best next guess is to select the guess which, in expectation,
leads to a posterior belief with the lowest uncertainty (entropy). In this case,
the best guess is "girls".

Your Goal: Calculate the expected entropy after we guess "girls". Report
your answer to five decimal places.

Probabilities of Possible Words

Not all words are equally likely to be the secret word. For our seven remaining
possible words, here are their corresponding probabilities of being the secret
word before we make our next guess (note that this is a valid PMF, as the

Previous Question Next Question

Stanford University ¢
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Background: Sigmoid Function

+ x:-13.6444444  y:1.186567x10°
"I" ’ 1
@Z) : 0‘8 |
1 4+ e %
. 0.64
Caution:

different use
of sigma than
normal std

12 -10 -8 6

The sigmoid function squashes z to be a number between O and 1

Stanford University




Background: Key Notation

O.(Z) — 1 Sigmoid function
1+e*
n
T Weighted sum
9 X = E 1925132 (aka dot product)
1=1

= 0121 + 020 + - - -+ 0,2,

1

T Sigmoid function of
o (9 X) — T weighted sum
14 e 0%

Stanford University



Background: Chain Rule

Who knew calculus would be so useful?

Of(x) 0Of(z) 0z

Ox 0z  Ox

Aka decomposition of composed functions

Stanford University



Machine Learning
(aka Applied Probability)



Machine Learning in CS109

Great Idea Neural Networks
4
[
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MLE Idea: Chose params that make the data look likely

‘ Data=[6.3,5.5,5.4,7.1,4.6,6.7,53,48,5.6,3.4,54,3.4,48,7.9,4.6,7.0,2.9, 6.4, 6.0 , 4.3] ’

Estimate the Parameters

Parameter p: 5.6 Parameter o:| 1.4 2

Likelihood

Likelihood: 1.9542923784106326e-15
Log Likelihood: -301.9
Best Seen: -301.9

PDF Graph
0.45
0.40
0.35
0.30
0.25
0.20
0.15
0.10
0.05

0
S S O LS \

S L & D \)
TIFTIFTITFFIFIFLTITFLTFTF PP
NS AT 9 R EENEENRNZNCEIN SN N NN N I

Values that X can take on

Probability
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Likelihood Definition

Wikipedia:
4 )
Likelihood function

Article Talk

From Wikipedia, the free encyclopedia

The likelihood function (often simply called the likelihood) is the joint probability (or probability density) of
observed data viewed as a function of the parameters of a statistical model.['] [2] [3]

NS /

A generalized term for “PDF / PMF / Joint”
of data as a function of parameters

Stanford University 17




That maximize likelihood

Maximum Likelihood y

éMLE — argimax f(x(l), c e ,x(”)|9)
0
< Chose the params

L(0)

independence.

n
H f(ﬂ?% ‘9) Define likelihood, use
1=1

LL(0#) = Z log f(x;|@) Define the loglikelihood

1=1

HMLE — argmax LL(H) Use LL to chose params
6



MLE for a Pareto

observations = [1.677, 3.812, 1.463, 2.641, 1.256, 1.678, 1.157, def estimate_alphaCobservations):

1.146, 1.323, 1.029, 1.238, 1.018, 1.171, 1.123, 1.074, 1.652, orint('your code here')
1.873, 1.314, 1.309, 3.325, 1.045, 2.271, 1.305, 1.277, 1.114,
1.391, 3.728, 1.405, 1.054, 2.789, 1.019, 1.218, 1.033, 1.362,
1.058, 2.037, 1.171, 1.457, 1.518, 1.117, 1.153, 2.257, 1.022,
1.839, 1.706, 1.139, 1.501, 1.238, 2.53 , 1.414, 1.064, 1.097,
1.261, 1.784, 1.196, 1.169, 2.101, 1.132, 1.193, 1.239, 1.518,
2.764, 1.053, 1.267, 1.015, 1.789, 1.099, 1.25 , 1.253, 1.418,
1.494, 1.015, 1.459, 2.175, 2.044, 1.551, 4.095, 1.396, 1.262,
1.351, 1.121, 1.196, 1.391, 1.305, 1.141, 1.157, 1.155, 1.103,
1.048, 1.918, 1.889, 1.068, 1.811, 1.198, 1.361, 1.261, 4.093,
2.925, 1.133, 1.573]

We know sand 1s distributed as a pareto with PDF

/A
Omle —
Zi log x;

Stanford University 19




MLE for a Pareto

Consider LI.D. random variables X, X, ..., X
= X, ~ Pareto(a)). Use Maximum Likelihood to estimate o.

n

1. What is the likelihood of all the data

2. What is the log-likelihood all the data

3. Find the value of a which maximizes log likelihood



MLE for a Pareto

Consider L.I.D. random variables X, X, ..., X
= X, ~ Pareto(a)). Use Maximum Likelihood to estimate o.

= [ikelihood:

L(a) = H

n

o
a+1
Ly

2. What is the log-likelihood all the data

3. Find the value of a which maximizes log likelihood



MLE for a Pareto

Consider L.I.D. random variables X, X, ..., X
= X, ~ Pareto(a)). Use Maximum Likelihood to estimate o.

= [ikelihood:

- 8%
L(&) — H a—+1
i—1 Li

n

= Log-likelihood:

LL(a) = Zloga — (a+1)logx; =nloga — (a+1) Zlogwi
i=1 i=1

3. Find the value of a which maximizes log likelihood




MLE for a Pareto

Consider L.I.D. random variables X, X, ..., X
= X, ~ Pareto(a)). Use Maximum Likelihood to estimate o.

= Likelihood:
112
=1 X i

= Log-likelihood:

n

LL(a) = Zloga — (a+1)logx; =nloga — (a+1) Zlogwi
i=1 i=1

= Chose a to be the argmax of LL:

(‘)LL Argmax Option #1: set the
- — = Z log z; derivative to 0, and solve

for alpha
Stanford University







Gradient Ascent

== :’-: "‘

p(samples|d)

H\\ \‘ ==
“\‘\\\\“ 'v////

WSS,
“\'}}'\/ 4\\ /I,,’

I
/. l,'/ \ \,’

\\‘t\
: Al
A f‘»’:}\\\i‘* '

Especially good if

function is convex

......

Walk uphill and you will find a local maxima
(if your step size is small enough)

Stanford University



Gradient Ascent

Repeat many times

OLL(O ')
39j01d

IL — Step size constant

This is some profound life philosophy

new __ p old

Walk uphill and you will find a local maxima

if your step size is small enough
(if'y P gh) Stanford University




Gradient Ascent

7~

LInitialize: 0, = random for all 0 < j < m

\

4 )
Repeat many times:

4 N

Calculate all gradient[j]’s based on data

- J

[ 6; += m * gradient[j] for all 0 < j < m J

- _#ord University




MLE of Erlang

[3.002, 0.983, 2.186, 1.624, 3.997, 1.777,
2.809, 0.42, 0.515, 1.582, 0.948, 0.458, 1.
066, 0.8, 2.398, 0.794, 2.561, 2.61, 0.
595, 3.897, 1.852, 1.182, 3.043, 0.905, 1.
45, 0.405, 0.445, 2.103, 1.425, 3.12, 0.

973, 1.056, 3.715, 2.952, 1.817, 2.686, 4.
173, 0.358, 2.185, 2.581, 7.134, 0.206, 2.
049, 0.896, 2.095, 4.39, 2.199, 3.434, 5.
696, 0.819, 0.416, 1.571, 1.337, 2.79, 2.
701, 3.061, 4.677, 0.671, 1.594, 3.586, 2.
708, 1.417, 1.799, 1.137, 1.771, 2.12, O.

93, 6.835, 3.213, 2.541, 2.505, 1.257, 1.
99, 1.5, 0.014, 3.856, 0.979, 2.413, 2.
596, 1.653, 0.881, 4.457, 0.717, 3.305, 2.
456, 3.462, 1.737, 0.968, 0.528, 0.18, 1.
626, 2.224, 1.466, 1.6, 1.572, 0.12, 2.86,
1.062, 2.139, 1.217]

)\kmk—le—)\x

Count

40 -

30 A

20 A

104

1000 2000

Time to finish Medical

3000

)\kxk—le—)\a:

(k)

4000

5000

Diagnosis in Seconds

6000

7000

Stanford University 2s



End Review



Warmup



MLE for Bernoulli

X ~ Bern(p)

Stanford University 31



Don’t we already have the Beta?

Yes! But this example is critical for developing
towards deep learning.



Maximum Likelihood with Bernoulli

Consider LI.D. random variables X, X,, ..., X,
= X; ~Bern(p) Use Maximum Likelihood to estimate p

" Probability mass function can be written as: D if z; =1

f(ﬂ?ﬂﬁ): 1—p ifz; =0

L THIS IS FINE.

Stanford University 33




Differentiable PMF for Bernoulli

Consider L.I.D. random variables X, X, ..., X
= X, ~Ber(p)

= Probability mass function, f(X; = z;|P = p)

n

PMF of Bernoulli PMF of Bernoulli (p = 0.2)
\,
l1-p —~— 0.8
061
D ’ 041
0.2}

fzilp) =p™i (1 —p)' ™
f(z;lp=0.2) =0.2%(1 — 0.2)1_%,

Stanford University




Bernoulli PMF

X ~ Ber(p)

f(X =z|p) =p"(1—p)' "

Stanford University




Maximum Likelihood with Bernoulli

Consider L.I.D. random variables X, X,, ..., X
= X; ~Bern(p) Use Maximum Likelihood to estimate p

n

1. What is the likelihood of one X;

2. What is the likelihood of all the data

3. What is the log-likelihood all the data

4. Find the value of p which maximizes log likelihood




Maximum Likelihood with Bernoulli

Consider L.I.D. random variables X, X,, ..., X
= X; ~Bern(p) Use Maximum Likelihood to estimate p

n

= Probability mass function can be written as:  f(Zi[p) = p** (1 — p)t

2. What is the likelihood of all the data

3. What is the log-likelihood all the data

4. Find the value of p which maximizes log likelihood




Maximum Likelihood with Bernoulli

Consider L.I.D. random variables X, X,, ..., X
= X; ~Bern(p) Use Maximum Likelihood to estimate p

n

= Probability mass function can be written as:  f(Zi[p) = p** (1 — p)t

= Likelihood: L(p) = H f(zilp) = Hpi"-i (1 —p)t—=
i=1 i=1

3. What is the log-likelihood all the data

4. Find the value of p which maximizes log likelihood




Maximum Likelihood with Bernoulli

Consider LI.D. random variables X, X,, ..., X,

= X; ~Bern(p) Use Maximum Likelihood to estimate p

= Probability mass function can be written as:  f (zilp) = p™ (1 —p)' ™

= Likelihood: L(p) = H f(z;|p) = Hpﬂi (1—p)t==
i=1

=1

= Log-likelihood:

LL(p) = Z'Ti logp + (1 — z;) log(1 — p)

1=1

4. Find the value of p which maximizes log likelihood




Take Derivative:  LL(p) =) _zilogp+ (1 — z;)log(l - p)

1=1

OLL(p) 0 < Take th _—
_ Y z;logp + (1 — z;) log(1 — ake the derivative wrt p
= o ; gp + (1 — i) log(1 - p)
_ Z 6% [ﬂﬂi logp+ (1 — z;)log(1 — p)] Derivative of a sum!
i=1

(s

(o 5, o
Z apﬂ’a lﬂgp)+ 6‘p(1 z;) log(1 — p) Derivative of a sum

i=1
T T
= Z =41 — z;)log(1 — p) Derivative of log p
i—1 P op
T
_ Ti l —x; Derivative of log (1-p)
o P 1-p

Stanford University




SLL(p x; 1—:.3t
Set to Zero: Z; -
— l—=x g
i — I ) :
O—_ E— 1—p Let Z:r:i-=y To make life easier
1=1 ]
o - xI; il—:l?i ! T !
1_:1;5 pt 1—p And Zl—mi=21—z:ﬂi=n—y
i=1 i=1 i=1
_y_n-y \_
P 1-p
n-y _y 1
l—p P ﬁ=ay
p(n —y) =y(1 - p) |
pn — by =y — By = 2T
pn=y =

Stanford University




Isn’t that the same as
unbiased estimator?



Yes. For Bernoulli.



MLE of Bernoulli is the sample mean

Stanford University 44



MLE vs Beta

The medicine is tried on 20 patients. It “works” for 14 and “doesn’t work” for 6. What is

your new belief that the drug works?

In other words | have 20 IID samples from a Bernoulli. Estimate p. The data is

1,4,11,14,114,14,14,14,4,1,1,1,0,0,0,0,0,0]

MLE estimate: 51-

14 N

~ — = 0.7
P50

Probability Density

1.5+

1.0

0.5+

0.0

3.0+

2.5

2.0+

Beta estimate:

Posterior

o

T 1 | T T T T T T 1
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 Ol'd University 45



Think about the difference
between a point estimate
and a distribution

Beta PDF




Param Estimation With a Prior == Inference

observations = [1.677, 3.812, 1.463, 2.641, 1.256, 1.678, 1.157, def estimate_alphaCobservations):

1.146, 1.323, 1.029, 1.238, 1.018, 1.171, 1.123, 1.074, 1.652, orint('your code here"
1.873, 1.314, 1.309, 3.325, 1.045, 2.271, 1.305, 1.277, 1.114,
1.391, 3.728, 1.405, 1.054, 2.789, 1.019, 1.218, 1.033, 1.362,
1.058, 2.037, 1.171, 1.457, 1.518, 1.117, 1.153, 2.257, 1.022,
1.839, 1.706, 1.139, 1.501, 1.238, 2.53 , 1.414, 1.064, 1.097,
1.261, 1.784, 1.196, 1.169, 2.101, 1.132, 1.193, 1.239, 1.518,
2.764, 1.053, 1.267, 1.015, 1.789, 1.099, 1.25 , 1.253, 1.418,
1.494, 1.015, 1.459, 2.175, 2.044, 1.551, 4.095, 1.396, 1.262,
1.351, 1.121, 1.196, 1.391, 1.305, 1.141, 1.157, 1.155, 1.103,
1.048, 1.918, 1.889, 1.068, 1.811, 1.198, 1.361, 1.261, 4.093,
2.925, 1.133, 1.573]

We know sand 1s distributed as a pareto with PDF

g

__ =

prior: o« ~ N(u = 2.5,0° = 3)

— Stanford University 47




Maximum A Posterior1 (MAP)

Infer the posterior belief in params f\

4.0
3.5
3.0

B
W

[a—
wn

Probability Density
o
)

o =
wn O

Return the argmax
(aka the mode)

QT Y V7T Q

O e T I A TS S ST SO R TP  JR~
NN N PR T EFTNTNIE S

Values that X can take on



You need to know MLE and Inference.
MAP is something you should recognize!



It Is time....



Today a very special MLE problem



Classification



Example Datasets

Ancestry

Netflix

NETELIX

Stanford University




Training Data

Training Data: assignments all random variables Xand Y

Assume IID data: n trainjp,
Pointg

(xM, W), (x,y3), L (x)y)

m = |X(i)‘

Each datapoint has m features and a single output

Stanford University




Single Feature Value

Movie 1 Movie 2 Movie m

User 1 1 0 1 1
User 2 1 1 0 0
User n 0 0 1 1

(x(i),y(i)) such that 1 <7< n

Stanford University




Single Feature Value

Movie 1 Movie 2 Movie m

@ RAJKUMAR HRAM i

Idiots
1
O }
User n 0 0 1 1

(x(i),y(i)) such that 1 <7 <n

Stanford University




Single Feature Value

Movie 1 Movie 2 Movie m

@ RAJKUMAR HRAM i

Idiots
User 1 1 0 1 1
User 2 1 1 0 0 1
User n 0 0 1 1

, y(z)) such that 1 << n Stanford University




Single Feature Value

Movie 1 Movie 2 Movie m

@ RAJKUMAR HRAM i

Idiots
1
0
User n 0 0 1 1

(X(z) ) such that 1 < 2 <n Stanford University




Single Feature Value

Movie 1 Movie 2 Movie m

@ RAJKUMAR HRAM i

idiots
1
O }
User n 0 0 1 1
In general: X(.Z) In this case: X,,(,,%) Stanford University

]



Healthy Heart Classifier

ROI 1 ROI 2 ROI m Output

n

Heart 1 0 1 1 0
Heart 2 1 1 1 0
Heart n 0 0 0 1

Stanford University



Healthy Heart Classifier

ROI 1 ROI 2 ROI m Output

Heart n 0 0 0 1

Stanford University




Healthy Heart Classifier

ROI 1 ROI 2 ROI m Output

Heart n 0 0 0 1

Stanford University




Healthy Heart Classifier

ROI 1 ROI 2 ROI m Output

n

Heart 1 0 1
Heart 2 1 1
Heart n 0 0 0 1

Stanford University




Healthy Heart Classifier

ROI 1 ROI 2 ROI m Output

Heart 1 0 1 0
Heart 2 1 1 1 0
Heart n 0 0 0 1

Stanford University




Ancestry Classifier

SNP 1 SNP 2 SNP m Output

555555555555555555555555555

User 1 1 0 1 0
User 2 0 0 1 1
User n 1 1 0 1

Stanford University




Aside Predicting Real Numbers is Regression

Opposing team Points in last At Home? Output

ELO game

ARRIO%
H Po?r?t‘s
Game 1 84 105 1 120
Game 2 90 102 0 95
Game n 74 120 0 115

Stanford University




Ancestry Classifier

SNP 1 SNP 2 SNP m Output

555555555555555555555555555

User 1 1 0 1 0
User 2 0 0 1 1
User n 1 1 0 1

Stanford University




Still Classification

SNP 1 SNP 2 SNP m

555555555555555555555555555

User 1 15 0 2
User 2 0 0 1
User n 7 20 0

Stanford University



Classification



Healthy Heart Classifier

ROI 1 ROI 2 ROI m Output

n

Heart 1 0 1 1 0
Heart 2 1 1 1 0
Heart n 0 0 0 1

Stanford University



Classification is Building a Harry Potter Hat

N
|
-

Stanford University




Machine Learning for Classification

(inputs)

™y

N\

Y

(prediction)

(model)

Stanford University




Machine Learning for Classification

(inputs)

™y

N\

Y

(prediction)

(model)

Stanford University




Logistic Regression



Chapter 1: Big Picture



From Naive Bayes to Logistic Regression

In classification we care about P(Y = 1|X = x)

Lets build a machine

that can you can put
x into, which then

spits out

P(Y =1|X = x)

Stanford University




Logistic Regression Assumption

Could we compute P(Y = 1|X = x) via a machine?
Welcome our friend: logistic regression!

= 1|x)

0.81

E

Stanford University




Logistic Regression Assumption

Could we compute P(Y = 1|X = x) via a machine?
Welcome our friend: logistic regression!

P(Y = 1|x)

0.81

Stanford University




Logistic Regression Assumption

Stanford University




Logistic Regression

Stanford University




Logistic Regression
N

—— G

|

Stanford University




Logistic Regression Cartoon

Stanford University




Inputs x =10, 1, 1]

ob

Qﬁ

= 1|x)

PY = 1X =x) =o( Y bia:)

Stanford University




Inputs

diots

Stanford University




Inputs + Output

Stanford University




Inputs

ob

Qﬁ

= 1|x)

PY = 1X =x) =o( Y bia:)

Stanford University
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Weighed Sum

Stanford University




Squashing Function

Stanford University




Prediction

Stanford University




Parameters Affect Prediction

Stanford University




Parameters Affect Prediction

Stanford University




Parameters Affect Prediction

Stanford University




Different Predictions for Different Inputs

Stanford University




Different Predictions for Different Inputs

Stanford University




Different Predictions for Different Inputs

Stanford University




Handling the Intercept

Model conditional likelihood P(Y =1|X = x)
with logistic function:

P(Y = 1|X) = O'(Z) where z = 00 -+ Z@ZZBZ
1=1

- For simplicity define ;, =1 so z2=60"x

° SinCeP(Y:0|X=X)‘|‘P(Y:1|X=X):11 Recall:
Sigmoid function
PY =1|X =x) = 0(6'x)
o) = —

PY=0X=x)=1-0(8"x) lte

Stanford University




Big Assumption

Logistic Regression Assumption:

P(Y =1|X =x) = o(6'x)




The Sigmoid Function

1
/= l+e* //

/

/

V.

/ Want to distinguish y = 1 (blue)

/ points from y = 0 (red) points

e

.0 mm{ﬁmmm z

S5 4 3 -2 A1 0 1 2 3 4 5

Note: inflection pointat z= 0. f(0)=0.5

Stanford University



What is iIn a Name

Regression Algorithms Classification Algorithms

d

Decision Tree Classifier ‘

Logistic Regression

\

Awesome classifier, terrible
name

Linear Regression

If Chris could rename it he would call it: Sigmoidal Classification
Stanford University




What makes for a “smart”
logistic regression algorithm?



Logistic regression gets its
intelligence from its
thetas (aka its parameters)




How Do We Learn Parameters?

Let’s say that:

x = [1,0,1,1]
y=1
-
D look likel
P(Y:1‘X:X):O—(Zezxz)zo4 ata looks unlikely
7 Stanford University




How Do We Learn Parameters?

Let’s say that:
x =[1,0,1,1]

y=1

Data looks unlikely

Stanford University




How Do We Learn Parameters?

Let’s say that:
x =[1,0,1,1]

y=1

Data is much more

PY =1 X=x) = O'(Z Hiacz-) = 0.9 likely!

Stanford University




Maximum Likelihood Estimation

Chose your parameter estimates

Parameter p: 5 Parameter o: | 1.1] %

Likelihood of the data given your params

Likelihood: 5.204152095194613e-16
Log Likelihood: -314.1
Best Seen: -311.2

Your Gaussian
- X ~N(p=5,0=1.1)

0.45
0.40
0.35 L~

0.30 / \
0.25
0.20 \

0.15 \
0.10 / N
0.05 N

0 / \._;
Q D Q Q N N Q QN O Q L D Q Q N NV Q D O
S S Q S S Q S Q Q N NN N S Q
SES NGNS qf’n; SN EIN PR IS S aS AT S 006Q of’

Probability

Values that X can take on

Stanford University




Pedagogy: show you the big picture,
then we can derive it!



Math for Logistic Regression

@ Make logistic regression assumption

P(Y =1|X =x) = 0(6'x)
PY=0X=x)=1-0(6"x)

@ Calculate the log likelihood for all data

LL(0) = Z y D log o(0TxD) + (1 — ) 1og[l — (AT x V)]
i=0

@ Get derivative of log likelihood with respect to thetas

(’ﬂ;L(H) _ Z [y(z') B O(HTX(Z'))} x§i)
0, -
- Stanford University




Gradient Ascent

O:Q“ \\\\\\\\ s
\v /I

’ 1/ ' ""

Logistic regression LL
\\\\\\\"w//,’/ '0‘ '~~ function is convex

VS

Walk uphill and you will find a local maxima
(if your step size is small enough)

Stanford University



Gradient Ascent Step

OLL(0) _ i [y(z') . U(QTX(Z'))} x§i)

00 —
OLL(6 °9) .
new __ p old Do this
Hj - 9j T O old for all
J thetas!
R [y@) _ O(QTX@))} 29
1=0

Stanford University



What does this look like in code?

OLL(6 ©4)

new __ pn old
0,7 =07+ 89jold

- ejOId +7- Z [y(i) _ U(ng(i))} xg_’i)
i=0




Real Code!l!!

[Initialize: 6, =0 for all 0 < j < m

-

4 )
Repeat many times:

-

gradient[j] = 0 for all O S 5 < m

For each training example (x, y):

For each parameter j:

1
gradient[j]—%zzwj(y-—:1%_6_9TX)

.

{6% += N * gradient[j] for all 0 < j < m:J
- J




Step by Step



Logistic Regression Training

[Initialize: 6, =0 for all 0 < j < m

-
Calculate all Oj




Logistic Regression Training

[Initialize: 0. = 0 for all 0 £ j < m

J

-

-

"

N
Repeat many times:
gradient[j] = 0 for all O S < m
Calculate all gradient[j]’s based on data
{Hj += N * gradient[j] for all 0 < j <
J




Logistic Regression Training

[Initialize: 6, =0 for all 0 < j < m

-

4 )
Repeat many times:

-

gradient[j] = 0 for all O S 5 < m

For each training example (x, y):

For each parameter j:

Update gradient[j] for current training
example (x, y)

.

{6% += N * gradient[j] for all 0 < j < m:J
- J




Logistic Regression Training

[Initialize: 6, =0 for all 0 < j < m

-

4 )
Repeat many times:

-

gradient[j] = 0 for all O S 5 < m

For each training example (x, y):

For each parameter j:

1
gradient[j]—%zzwj(y-—:1%_6_9TX)

.

{6% += N * gradient[j] for all 0 < j < m:J
- J




Training

L3 03 Dataset likelihood:

Likelihood

Tralmng 1terations Stanford University




Training

L3 03 Dataset likelihood:

Likelihood

Tralmng 1terations Stanford University




Training

L3 03 Dataset likelihood:

Likelihood

Tralmng 1terations Stanford University




Training

L3 03 Dataset likelihood:

Likelihood

Tralmng 1terations Stanford University




Training

L3 03 Dataset likelihood:

Likelihood

Tralmng 1terations Stanford University




Training

L3 03 Dataset likelihood:

Likelihood

Tralmng 1terations Stanford University




Don’t forget:

x; is j-th input variable
and xO - 1

Allows for 6, to be an
Intercept.



Prediction

P(Y =1|X =x) = 0(6'x)

Stanford University




Prediction

P(Y =1|X =x) = 0(6'x)

Stanford University




Prediction

P(Y =1|X =x) = 0(6'x)

Stanford University




Prediction

P(Y =1|X =x) = 0(6'x)

Stanford University




Prediction

P(Y =1|X =x) = 0(6'x)

Stanford University




Live Demo!!

petal sepal petal sepal

Stanford University




Chapter 2: How Come?



Logistic Regression

@ Make logistic regression assumption

P(Y =1|X =x) = 0(6'x)
PY=0X=x)=1-0(6"x)

@ Calculate the log probability for all data

LL(0) = Z y D log o(0TxD) + (1 — ) 1og[l — (AT x V)]
i=0

@ Get derivative of log probability with respect to thetas

PO S [0 — o (07x)] 2!
o, &
1= 1 Stanford University




How did we get that LL function?



Recall: PMF of Bernoulli

Y ~ Bern(p)

Probability mass function: P(Y = y)

PMF of Bernoulli

1-p \

PMF of Bernoulli (p = 0.2)

\-
0.8

0.6+
0.4+

0.2+

P(Y =y) =0.2Y(0.8)' ¥

Stanford University



Recall: T
Y ~ Bern(p) P(Y =1|X =x) =0(0" x)

P(Y =y)=pY(1 —p)'™¥ PY =0|X =x)=1-0(6"x)

Ask Chris:
3ot Why not
\ - . . _ O x — g
1 L) =[] Py = 4@ x = x) P(Y =y, X =)
1=1
- : i : (1—9(”)
= H O'(QTX(Z))y( o1 J(HTX(”)}
1=1
‘\(\e\o%

LL(O) =) yPlogo(0"x) + (1 —yP)log[l — o(8"x")]

1= 1 Stanford University




How did we get that gradient?



Sigmoid has a Beautiful Slope

True fact about sigmoid
functions

9,
5,0(2) = 0(2)[1 —o(2)

Stanford University




Sigmoid has a Beautiful Slope

0 T 4 =o0(2)[1 —o(z
6Tojg(e 2)? 5,0(2) = 0(2)[1 —o(2)]

where 2z = 01 ¢

0 T\ _ 0 0z Chain rule!
99,710 ) = 5,72 5.

i0(«9Tx) =o(0"2)[1 — o (0" )]z, Plug and chug
00

Sigmoid, you should be a ski hill Stanford University




Sigmoid has a Beautiful Slope

Stanford University




[pedagogical pause]



ARE YOU READY"??7



| think I’'m Ready...

OLL(0)
00,

Where

LL(#) = Z y W log o (0% + (1 — ) 1og[l — (0T xD)]

1=1

Stanford University







"

Sranfor®



Think About Only One Training Instance

LLB) =) yPlogg” + (1 —y™)logll — 5]
1=1

We only need to calculate the gradient for one
training example!

s, . 0 .
%;f(x,z) :;%][(xvz)

We will pretend we only have one example

LL(0) =ylogy + (1 —y)log[l — 9]

We can sum up the gradients of each example to get the
correct answer

Stanford University




First, imagine only one example

LL(0) =ylogy + (1 —y)log[l — 7]

Where i = O(HTX)

8LL(‘9) _ 8LL(9) (‘9@ CHAIN RULZ!
00, 0y 00,
— 8LL((9) Already did that one

(1 — 4)x
o7 y( ?J)J

— |:g . 1 — y}:&(l L Z))% Derive this one

— (y — y)g;j Simplify
Stanford University




Now, all the data

LLO) = > yPlog gt + (1 —y')log[l — 51"
1=0
g = U(ng(i))

Derivative of sum...

OLL(®) _ N~ O 59105 + (1 - y9) logl1 — 7]
00 ; — 0,
_ [y(z) B g(z)]xgz) See last slide
1=0
_ [y(z) o U(HTX(Z))]ZU§Z) Some per(]);otlzc.ilon’t like
1=0

Stanford University



Now, all the data

OLL(0)
00,

—Z[y“ o(67x)]a!”

Stanford University




Logistic Regression

@ Make logistic regression assumption

P(Y =1|X =x) = 0(6'x)
PY=0X=x)=1-0(6"x)

@ Calculate the log probability for all data

LL(0) = Z y D log o(0TxD) + (1 — ) 1og[l — (AT x V)]
i=1

@ Get derivative of log probability with respect to thetas

PO S [0 — o (07x)] 2!
o, &
1= 1 Stanford University




The Hard Way

LL(#) = ylogo(0'x) + (1 — y)log[l — o (0" x)]

OLL(O) 0 , 0 ;
— (1 —y)log|l — (60
55 = gV 10807 + 5-(1—y)logll —o(07x
o y l—-y | 0 T
= o) 1—o(oTe)] 96,70 Y

Y l—-y ] 0 T
_ _ o

o0Tz)  T—o(@Ts)| 96,70 @
y — o(012)

= [o@Tan —o(eray 7 P o0 Bl

= [y —o(0"z)] z;

Stanford University




Phew!



Chapter 3: Philosophy
(if time)



Stanford University




Neuron

T =Dendrites

i
i ’

Stanford University




Neuron

T =Dendrites

Stanford University




Neuron

T =Dendrites

Stanford University




Neuron

T =Dendrites

Stanford University




Some inputs are more important

T~=Dendrites

Myelin
sheath
II..I"'
f
Termiral button—sg .11

Stanford University




Artificial Neurons

Stanford University




Biological Basis for Neural Networks

A neuron

Your brain

* Actually, it’s probably someone else’s brain

Stanford University



(aka Neural Networks)

Deep learning is (at its
core) many logistic
regression pieces stacked
on top of each other.

Stanford University







Alpha GO




Revolution in Al




Computers Making Art
= f




Stanford University 166




Basically just many logistic regression cells
And lots of chain rule...
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