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When to Use?

@ Need to prove a claim P(n) holds Vn € N - Hard
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Induction

When to Use?

@ Need to prove a claim P(n) holds Vn € N - Hard

o Easier to generalise if P(n) holds for some n
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Typical Structure (weak induction)

Want to show Vn € N, P(n)
@ Base Case: Show that P(n) holds for n = 1.
@ Inductive Hypothesis: Assume P(n) for n = k.
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Induction

Typical Structure (weak induction)

Want to show Vn € N, P(n)
@ Base Case: Show that P(n) holds for n = 1.
@ Inductive Hypothesis: Assume P(n) for n = k.
@ Inductive Step: If P(k) holds, so does P(k + 1)
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Induction

Typical Structure (weak induction)

Want to show Vn € N, P(n)
@ Base Case: Show that P(n) holds for n = 1.
@ Inductive Hypothesis: Assume P(n) for n = k.
@ Inductive Step: If P(k) holds, so does P(k + 1)

@ Conclusion: For any i € N, start with proof for P(1), keep using
inductive step till you generate proof for P(/)
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Sum of Numbers

Goal: Show that 1 +2+---+n= ”(”2+1)
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Induction

Sum of Numbers

Goal: Show that 1 +2+---+n= ”(”2+1)

@ Base Case: Show that P(n) holds for n=1. 1 = @
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Induction

Sum of Numbers

Goal: Show that 1 +2+---+n= ”(”2+1)

© Base Case: Show that P(n) holds for n=1. 1 = @
@ Inductive Hypothesis: Assume P(n) for n = k.

k(k +1)
2

14244+ k=
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Induction

Sum of Numbers

Goal: Show that 1 +2+---+n= ”(”2+1)

© Base Case: Show that P(n) holds for n=1. 1 = @
@ Inductive Hypothesis: Assume P(n) for n = k.

k(k +1)
2

14244+ k=

© Inductive Step: If P(k) holds, so does P(k + 1)

k(k +1)
2

1424 +k=

= 1+2+---+k+(k+1)= k(k;1)+(k+1):(k+1)<5+1)

_ (k+1)(k +2) _ (k+1)((k+1)+1)
2 2
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Induction

Sum of Numbers

Goal: Show that 1 +2+---+n= ”(”2+1)

© Base Case: Show that P(n) holds for n=1. 1 = @
@ Inductive Hypothesis: Assume P(n) for n = k.

k(k +1)
2

14244+ k=

© Inductive Step: If P(k) holds, so does P(k + 1)

k(k +1)
2
= 1+2+---+k+(k+1)= k(k;1)+(k+1):(k+1)<5+1)

_ (k+1)(k +2) _ (k+1)((k+1)+1)
2 2

1424 +k=

@ Conclusion: For any i € N, start with proof for P(1), keep using

inductive step till you generate proof for P(i)

Saumya Goyal (CS161, Stanford University) Induction + log review 13 April 2023 5/25



Induction

Odd numbers are even

Goal: Show that all odd numbers are even: Vn € Ng,Jde € N,2n+1 = 2e
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Induction

Odd numbers are even

Goal: Show that all odd numbers are even: Vn € Ng,Jde € N,2n+1 = 2e
© Inductive Hypothesis: Assume P(n) for n = k.

Jex € N, 2k + 1 = 2¢
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Induction

Odd numbers are even

Goal: Show that all odd numbers are even: Vn € Ng,Jde € N,2n+1 = 2e
© Inductive Hypothesis: Assume P(n) for n = k.

Jex € N, 2k + 1 = 2¢

@ Inductive Step: If P(k) holds, so does P(k + 1)

2k + 1 = 2¢
= 2k+14+2=2¢ +2
— 2(k+1)+1=2(e +1)

Saumya Goyal (CS161, Stanford University) Induction + log review 13 April 2023 6/25



Induction

Odd numbers are even

Goal: Show that all odd numbers are even: Vn € Ng,Jde € N,2n+1 = 2e
© Inductive Hypothesis: Assume P(n) for n = k.

Jex € N, 2k + 1 = 2¢

@ Inductive Step: If P(k) holds, so does P(k + 1)

2k + 1 = 2¢
= 2k+14+2=2¢ +2
— 2(k+1)+1=2(e +1)

© Conclusion: Wait what?
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Induction on Structure

Example with trees

@ Goal: Show that a tree has fewer edges than vertices
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@ Goal: Show that a tree has fewer edges than vertices

e No n to induct on! :(
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Induction on Structure

Example with trees

@ Goal: Show that a tree has fewer edges than vertices
e No n to induct on! :(

@ Say the number of vertices = n
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Induction on Structure

Example with Trees

Goal: Vn, show that a tree on n vertices has < n — 1 edges

© Base Case: Tree on 1 vertex has < 0 edges.
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Induction on Structure

Example with Trees

Goal: Vn, show that a tree on n vertices has < n — 1 edges
© Base Case: Tree on 1 vertex has < 0 edges.

@ Inductive Hypothesis: Assume tree on k vertices has < k — 1 edges
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Induction on Structure

Example with Trees

Goal: Vn, show that a tree on n vertices has < n — 1 edges
© Base Case: Tree on 1 vertex has < 0 edges.
@ Inductive Hypothesis: Assume tree on k vertices has < k — 1 edges

© Inductive Step:
® A tree must have a leaf (why?)
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Induction on Structure

Example with Trees

Goal: Vn, show that a tree on n vertices has < n — 1 edges
© Base Case: Tree on 1 vertex has < 0 edges.
@ Inductive Hypothesis: Assume tree on k vertices has < k — 1 edges

© Inductive Step:

® A tree must have a leaf (why?)
@ Remove this leaf — exactly 1 edge removed!
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Induction on Structure

Example with Trees

Goal: Vn, show that a tree on n vertices has < n — 1 edges
© Base Case: Tree on 1 vertex has < 0 edges.
@ Inductive Hypothesis: Assume tree on k vertices has < k — 1 edges

© Inductive Step:

® A tree must have a leaf (why?)
@ Remove this leaf — exactly 1 edge removed!
©® Now a tree with k vertices, with < k — 1 edges!
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Strong Induction

When to Use?

@ Need to prove a claim P(n) holds Vn € N - Hard
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Strong Induction

When to Use?

@ Need to prove a claim P(n) holds Vn € N - Hard
o Easier to generalise if P(n) holds for all n < k
e ie, assuming it holds for just one n isn't sufficient
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Strong Induction

Typical Structure (strong induction)

Want to show Vn € N, P(n)
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Typical Structure (strong induction)

Want to show Vn € N, P(n)
@ Base Case: Show that P(n) holds for n = 1.
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Strong Induction

Typical Structure (strong induction)

Want to show Vn € N, P(n)
@ Base Case: Show that P(n) holds for n = 1.
@ Inductive Hypothesis: Assume P(n) for n < k.
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Strong Induction

Typical Structure (strong induction)

Want to show Vn € N, P(n)
@ Base Case: Show that P(n) holds for n = 1.
@ Inductive Hypothesis: Assume P(n) for n < k.
@ Inductive Step: If Vn < kP(n) holds, so does P(k + 1)
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Strong Induction

Typical Structure (strong induction)

Want to show Vn € N, P(n)
@ Base Case: Show that P(n) holds for n = 1.
@ Inductive Hypothesis: Assume P(n) for n < k.
@ Inductive Step: If Vn < kP(n) holds, so does P(k + 1)

@ Conclusion: For any i € N, start with proof for P(1), keep using
inductive step till you generate proof for P(/)
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Strong Induction

Euler's Pennies

Given 4 and 5¢ coins, show that you can create any amount > 12¢.
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Strong Induction

Euler's Pennies

Given 4 and 5¢ coins, show that you can create any amount > 12¢.
Goal: Vn>12,da,b > 0n=4a+5b
@ Base Case: Show that P(n) holds for n = 1.
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Strong Induction

Euler's Pennies

Given 4 and 5¢ coins, show that you can create any amount > 12¢.
Goal: Vn>12,da,b > 0n=4a+5b

@ Base Case: Show that P(n) holds for n = 1.
e Only want to show for n > 12!
How to decide base case?
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Strong Induction

Euler's Pennies

Given 4 and 5¢ coins, show that you can create any amount > 12¢.
Goal: Vn>12,da,b > 0n=4a+5b

@ Base Case: Show that P(n) holds for n = 1.
e Only want to show for n > 12!
How to decide base case?

If n > 16, then | could use one of my 4¢ coins to reduce to simpler
problem!
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Strong Induction

Euler's Pennies

Goal: Yn>12,da,b > 0n=4a+5b
© Base Case: Show that P(n) holds for 12 < n < 15.
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Strong Induction

Euler's Pennies

Goal: Yn>12,da,b > 0n=4a+5b
© Base Case: Show that P(n) holds for 12 < n < 15.

0 12=44+4+4+4
e 13=4+4+45
e 14=4+5+5
e 15=5+5+45
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Strong Induction

Euler's Pennies

Goal: Yn>12,da,b > 0n=4a+5b
© Base Case: Show that P(n) holds for 12 < n < 15.
@ Inductive Hypothesis: Assume P(n) for 12 < n < k.
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Strong Induction

Euler's Pennies

Goal: Vn>12,da,b>0n=4a+5b
© Base Case: Show that P(n) holds for 12 < n < 15.
@ Inductive Hypothesis: Assume P(n) for 12 < n < k.
@ Inductive Step: If k > 15,k +1 =4+ (k —3).
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Strong Induction

Euler's Pennies

Goal: Vn>12,da,b>0n=4a+5b
© Base Case: Show that P(n) holds for 12 < n < 15.
@ Inductive Hypothesis: Assume P(n) for 12 < n < k.
@ Inductive Step: If k > 15,k +1 =4+ (k —3).

Is the assumption that k > 15 needed? Does the inductive hypothesis
work for k — 3 if k < 157
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Logarithms

Definition

log, b is a number ¢ such that b = a°“. )
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Definition

log, b is a number ¢ such that b = a°“. )

Pronounced "log of b to the base a".
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Logarithms

Definition

log, b is a number ¢ such that b = a°“. )

Pronounced "log of b to the base a".
Examples:

@ log,8=3
@ log;; 1000 =3
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Logarithms

Definition

log, b is a number ¢ such that b = a°“. )

Pronounced "log of b to the base a".

Examples:
@ log,8=3
@ log;; 1000 =3
@ log42=05
@ log,0.25 = -1
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Logarithms

Definition

log, b is a number ¢ such that b = a°“. )

Pronounced "log of b to the base a".
Examples:

@ log,8=3

log;0 1000 = 3

log,2 =0.5

log, 0.25 = —1

e ~ 2.718 is a common log base: log, 2 ~ 0.693
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Logarithms

Definition

log, b is a number ¢ such that b = a°“. )

Pronounced "log of b to the base a".

Examples:
@ log,8=3
@ log;; 1000 =3
@ log42=05
@ log,0.25 = -1

@ e~ 2.718 is a common log base: log, 2 ~ 0.693
Logarithms to the base e or often denoted by the symbol 'In’. log,2 = In2.
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Logarithms

Definition

log, b is a number ¢ such that b = a°“. )
Pronounced "log of b to the base a".
Examples:
@ log,8=3
@ log;; 1000 =3
@ log42=05
@ log,0.25 = -1

@ e~ 2.718 is a common log base: log, 2 ~ 0.693

Logarithms to the base e or often denoted by the symbol 'In’. log,2 = In2.
In this course, unless explicitly mentioned, the base is 2. log8 = 3.
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Logarithms

Properties

Let's start with a few simple properties:
Qal=a = log,a=1
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Let's start with a few simple properties:
Qal=a = log,a=1
Q@ %=1 = log,1=0
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Logarithms

Properties

Let's start with a few simple properties:
Q=2 = log,a=1
Q@ %=1 = log,1=0
Q al=1/a = log,(1/a) = -1
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Logarithms

Properties

Q logmn =7
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Logarithms

Properties

Q logmn =7

Remember from exponents,

g = Y

= log, (a¥@") = log, (™) = x + y = log, a* + log, a”
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Logarithms

Properties

Q logmn =7

Remember from exponents,

g = Y

= log, (a¥@") = log, (™) = x + y = log, a* + log, a”

(Let 2 = m,a” = n)

= log, mn = log, m+ log, n
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Logarithms

Properties

Q logmn =logm+logn
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Logarithms

Properties

Q logmn =logm+logn
@ log(m/n) =logm — log n
Why?
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Logarithms

Properties

Q logmn =logm+logn

@ log(m/n) =logm — log n
Why?
Use the fact that a=¥ = 1/a” to convince yourself of this following a
similar proof as the product case.
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Logarithms

Properties

Q logm”™ = nlogm
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Logarithms

Properties

Q logm”™ = nlogm

= log, (a¥)" = log, a"

= xn = nlog, a*
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Logarithms

Properties

Q logm”™ = nlogm

(aX)n — axn
= log, (a¥)" = log, a"

= xn = nlog, a*
(Let a* = m)

— log, m" = nlog, m
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Logarithms

Properties

@ log, m=log, m/log, b
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Logarithms

Properties

@ log, m=log, m/log, b

Let's start by assuming log, m = x and log_, b =y.
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Logarithms

Properties

@ log, m=log, m/log, b

Let's start by assuming log, m = x and log_, b =y.
Then, m=a",b=a" = m = al/Yl = (a¥)/v.
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Logarithms

Properties

@ log, m=log, m/log, b

Let's start by assuming log, m = x and log_, b =y.
Then, m=a",b=a" = m = al/Yl = (a¥)/v.
So, m = b*/Y = log, m = log, m/log, b
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Logarithms

Properties

Q logy,m=1/log,, b
Try to show this yourself, perhaps using the previous property?

Saumya Goyal (CS161, Stanford University) Induction + log review 13 April 2023 23 /25



Logarithms

Properties

o glogpc — (logpa
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Logarithms

Properties

o glogpc — (logpa

As an exercise, let's try to use a bunch of previous properties to show this...
log,a=1/log, b

Why?
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Logarithms

Properties

o glogpc — (logpa

As an exercise, let's try to use a bunch of previous properties to show this...
log,a=1/log, b
Why?Property 8!
— log, clog,a =log,c/log,b=log,c

Why?
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Logarithms

Properties

o glogpc — (logpa

As an exercise, let's try to use a bunch of previous properties to show this...

log,a=1/log, b
Why?Property 8!
— log, clog,a =log,c/log,b=log,c
Why?Property 7!

log, clog,, a = log, c'°8»?

Why?
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Logarithms

Properties

o glogpc — (logpa

As an exercise, let's try to use a bunch of previous properties to show this...

log,a=1/log, b
Why?Property 8!
— log, clog,a =log,c/log,b=log,c
Why?Property 7!
log, clog,, a = log, c'°8»?
Why?Property 6!
— log, c'°®? = log, ¢ = (!°8»7 = glogs©
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Logarithms

Summary of Properties

al=a = log,a=1

=1= log,1=0
al=1/a = log,(1/a) = -1
log mn = log m+ log n
log(m/n) = log m — log n

log m" = nlog m

log, m = log, m/ log, b

log, m=1/log,, b

glogrc — (logya

©O000000O0CO
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