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* CSP Problem Modeling



Definition: Factor Graph

Variables:

X = (Xl,...,Xn),Where X € Domain,
Factors:

Jisewes [ With each £1(X) >0




Definition: Constraint Satisfaction Problem (CSP)
A CSP is a factor graph where all factors are constraints:
for all j= l,...,m

The constraint is satisfied iff f](x) =1

Definition: Consistent Assighments

An assignment x if Weight(x)= 1(i.e., all constraints are
satisfied.)




Event Scheduling

Setup:

 Have E events and 7 time slots

* Each event e must be put in exactly one time slot
* Each time slot 7 can have at most one event

Event e only allowed at time slot e if (¢, ) in A

Event e Time slot ¢

1 1
2

2
3 ® 3
4
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Event Scheduling

Formulation 1a:
* Variables for each evente, X e {l,...,T}
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Formulation 1a:
* Variables for each evente, X e {l,...,T}
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Event Scheduling

Formulation 1a:
* Variables for each evente, X e {l,...,T}

e Constraints (only one event per time slot): for each pair of
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Event Scheduling

Formulation 1a:

Variables for each evente, X e {l,...,T}

Constraints (only one event per time slot): for each pair of
events ¢ = ¢!, enforce (X, #X,]
Constraints (only schedule allowed times): for each event ¢,

enforce [(e,Xe) e A]

Event e Time slot ¢ {X,:1,X,:1,X,:3}
1 [ Bad!(X,=X,)
2

{X,:1,X,:4,X,:3}

~ W

3
Bad! ((2,4) notin A)



Event Scheduling

Formulation 1a:
* Variables for each evente, X e {l,...,T}

e Constraints (only schedule allowed times): for each event e,

enforce [(e,Xe) e A]

Event e Time slot ¢
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Event Scheduling

Formulation 1b:
* Variables for each evente, X, ... X,

Event e Time slot ¢
1 1
2

W
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Event Scheduling

Formulation 1b:
* Variables for each evente, X, ... X,

Domain, = {t:(i,t) € A}
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Event Scheduling

Formulation 1b:
* Variables for each evente, X, ... X,

Domain, = {t:(i,t) € A}

e Constraints (only one event per time slot): for each pair of
events , + ,', enforce (X #X ]

Event e Time slot ¢
1 1
2

2
3 * 3
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Event Scheduling

Formulation 2a:
* Variables for each timesslot: Y ¢ {,..., E} U {J}

Event e Time slot ¢

W
[
~ W [\ —_
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Event Scheduling

Formulation 2a:

* Variables for each timesslot: Y ¢ {,..., E} U {J}
e Constraints (each event is scheduled exactly once): for each
event ¢, enforce [ Y = ¢ for exactly one 7]

Event e Time slot ¢

(V)
[
AN W (\O)



Event Scheduling

Formulation 2a:
* Variables for each time slot t: Y ed{l,...E}u{d}
e Constraints (each event is scheduled exactly once): for each

event e, enforce [¥ = ¢ for exactly one ¢]
e Constraints (only schedule allowed times): for each time slot ¢,

enforce (Y =Cor(Y,t) e A]

Event e Time slot ¢
1 1
2

2
3 * 3
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Event Scheduling

Formulation 2a:
* Variables for each timesslot: Y ¢ {,..., E} U {J}

e Constraints (only schedule allowed times): for each time slot ¢,
enforce (Y =Cor(Y,t) e A]

Event e Time slot ¢
1 1
2
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Event Scheduling

Formulation 2a:
 Variables for each time slot t: Yl,..., YT

Event e Time slot 7
1 1
2

(V)
[
N W (N
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Event Scheduling

Formulation 2a:
 Variables for each time slot t: Yl,..., YT

Domain, = {e:(e,i) € A} U {J}

Event e Time slot ¢
1 1
2
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Event Scheduling

Formulation 2a:
 Variables for each time slot t: Yl,..., YT

Domain, = {e:(e,i) € A} U {J}

e Constraints (each event is scheduled exactly once): for each
event e, enforce [Y = ¢ for exactly one ¢]

Event e Time slot ¢

1 1
2 2
3 ® 3

4




* N-ary Constraints



N-ary Constraints

* From event scheduling:

— Constraints (each event is scheduled exactly
once): for each event ¢, enforce

| Y = e for exactly one ¢]

J.




N-ary Constraints

Key Idea: Auxiliary Variables

Auxiliary Variables hold intermediate computation.
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N-ary Constraints

Key Idea: Auxiliary Variables

Auxiliary Variables hold intermediate computation.

Represent “for exactly one” as counting the number of values
equal to e and constraining that count to be equal to one.
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N-ary Constraints

Key Idea: Auxiliary Variables

Auxiliary Variables hold intermediate computation.

Represent “for exactly one” as counting the number of values
equal to e and constraining that count to be equal to one.

Factors: -.....

Initialization:[A0=O] Y, 3121
A 0
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N-ary Constraints

Key Idea: Auxiliary Variables

Auxiliary Variables hold intermediate computation.

Represent “for exactly one” as counting the number of values
equal to e and constraining that count to be equal to one.

Factors: -.....

Initialization: [A0=O] Y, 31 21
Processing: [A. = A, + 1[Y. = e]] A0
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N-ary Constraints

Key Idea: Auxiliary Variables

Auxiliary Variables hold intermediate computation.

Represent “for exactly one” as counting the number of values
equal to e and constraining that count to be equal to one.

Factors: -.....

Initialization: [A0=O] Y, 31 21
Processing: [A, = min(A  + 1[Y =¢], 2)] A 0
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N-ary Constraints

Key Idea: Auxiliary Variables

Auxiliary Variables hold intermediate computation.

Represent “for exactly one” as counting the number of values
equal to e and constraining that count to be equal to one.

Factors: -.....

Initialization: [A0=O] Y, 31 21
Processing: [Al. = min(Al._] + 1[Yi =e], 2)] A 00
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N-ary Constraints

Key Idea: Auxiliary Variables

Auxiliary Variables hold intermediate computation.

Represent “for exactly one” as counting the number of values
equal to e and constraining that count to be equal to one.

Factors: -.....

Initialization: [A0=O] Y, 31 21
Processing: [A, = min(A_, + 1[Y, = e], 2)] A 00 1
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N-ary Constraints

Key Idea: Auxiliary Variables

Auxiliary Variables hold intermediate computation.

Represent “for exactly one” as counting the number of values
equal to e and constraining that count to be equal to one.

Factors: -.....

Initialization: [A0=O] Y, 31 21
Processing: [A, = min(A_, + 1[Y, = e], 2)] A 00 1 1
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N-ary Constraints

Key Idea: Auxiliary Variables

Auxiliary Variables hold intermediate computation.

Represent “for exactly one” as counting the number of values
equal to e and constraining that count to be equal to one.

Factors: -.....

Initialization: [A0=O] Y, 31 21
Processing: [A, = min(A_, + 1[Y, = e], 2)] A 00112
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N-ary Constraints

Key Idea: Auxiliary Variables

Auxiliary Variables hold intermediate computation.

Represent “for exactly one” as counting the number of values
equal to e and constraining that count to be equal to one.

Factors: -.....

Initialization: [A0=O] Y, 31 21
Processing: [A, = min(A_, + 1[Y, = e], 2)] A 00112
Final Output: l[AT= 1]
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N-ary Constraints

Key Idea: Auxiliary Variables

Auxiliary Variables hold intermediate computation.

Represent “for exactly one” as counting the number of values
equal to e and constraining that count to be equal to one.

Factors: -.....

Initialization: [A0=O] Y, 31 21
Processing: [A, = min(A_, + 1[Y, = e], 2)] A 00112
Final Output: l[AT= 1]

Still have factors with three variables...

38




N-ary Constraints

Key idea: Combine A. ,and A.into one variable B,



N-ary Constraints

Key idea: Combine A. ,and A.into one variable B,



N-ary Constraints

Key idea: Combine A. ,and A.into one variable B,

10, 7]

]
€ = | O ] ] ]
ORORORO
3 1 2 1

Factors:
Initialization: [B][O] = (0]



N-ary Constraints

Key idea: Combine A. ,and A.into one variable B,

[0 0] [0 1] [1 1]

[12
Factors:

Initialization: [B][O] = 0]
Processing: [Bl.[l] = min(Bl.[O] + 1[Yl. =e], 2)]



N-ary Constraints

Key idea: Combine A. ,and A.into one variable B,

[0 0] [0 1] [1 1]

[12
Factors:

Initialization: [B][O] = 0]
Processing: [Bl.[l] = min(Bl.[O] + 1[Yl. =e], 2)]
Final Output: l[BT[l] = 1]



N-ary Constraints

Key idea: Combine A. ,and A.into one variable B,

[0 0] [0 1] [1 1]

[12
Factors:

Initialization: [B][O] = 0]

Processing: [Bl.[l] = min(Bl.[O] + 1[Yl. =e], 2)]
Final Output: l[BT[l] = 1]

Consistency: [Bl._][l] = Bi[O]]



e Elimination Example



Person Tracking Example
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9, 0, 0;

* Variables X : Location of object at position i
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Person Tracking Example
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* Variables X : Location of object at position i
* Transition Factors 7(x, x, ,): object positions can’t change

too much

* Observation Factors o (x,) : noisy information compatible

with position



Person Tracking Example

o

1

o
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o
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* Variables X : Location of object at position i
* Transition Factors 7(x, x, ,): object positions can’t change

too much

* Observation Factors o (x,) : noisy information compatible

with position

def t(x, y):
if X == y: return 2

if abs(x —y) == 1: return 1

return O



Person Tracking Example

o

1

o

2

o

3

* Variables X : Location of object at position i
* Transition Factors 7(x, x, ,): object positions can’t change

too much

* Observation Factors o (x,) : noisy information compatible

with position

def t(x, y):
if X == y: return 2

if abs(x —y) == 1: return 1

return O

def o1(x): return t(x, 0)
def 02(x): return t(x, 2)
def 03(x): return t(x, 2)



Variable Elimination

Definition: Elimination

* To eliminate a variable X, consider all factors f, ..

depend on X
* Remove X.andf, ..., [,

* Add f,,,(x)=max] [ £,(x)

., [,, that

51




e Eliminate X]




* Eliminate X,
* Factors that depend on X :
* 0, t]




* Eliminate X,
* Factors that depend on X :
* 0, t]

* Add fnew(x):maxﬁfj(x)




Eliminate X,
Factors that depend on X ;:
* 0, t]

Add [ (x)= maxﬁfj(x)

g (x,)= max o,(x,) £(x,x,)
x€{0,1,2}




Eliminate X,
Factors that depend on X ;:
* 0, t]

k
+ Add f, (x)=max | [ £,(x) 9
B
. (%)= x123§2}01(x1)'t1(x19x2) 8,
xZ xl ol(xl) tl(xl’ xZ) ol(xl) tl (xl’ xZ) gl (xZ)
0 0
0 1
0 2
1 0
1 1
| 2
2 0
2 1
2 2




Eliminate X]

Factors that depend on X ;:

* oyl
. 0
« Add fnew(x):mxaxH /:(x) 1
B

. g1(x2):x123§2}01(x1)'t1(x1»x2) 11
x, | x, | o(x) t(x,x, 0,(x)t,(x,x, g,(x,)
0 0 2
0 1 1
0 2 0
| 0 2
1 1 1
1 2 0
2 0 2
2 1 1
2 2 0




Eliminate X,
Factors that depend on X ;:
* 0, t]

k
* Add f (x)= mxafoj(x) 0,
B
. (%)= x123§2}01(x1)'t1(x19x2) 8,
x, | x, | o/x,) t(x,x,) 0,(x,)t,(x, x, g,(x,)
0 0 2 2
0 1 1 1
0 2 0 0
1 0 2 1
1 1 1 2
1 2 0 1
2 0 2 0
2 1 1 1
2 2 0 2




Eliminate X,
Factors that depend on X ;:
* 0, t]

k
* Add f (x)= mxafoj(x) 0,
B
. (%)= x123§2}01(x1)'t1(x19x2) 8,
x, | x, | o/x,) t(x,x,) 0,(x,)t,(x, x, g,(x,)
0 0 2 2 4
0 1 1 1 1
0 2 0 0 0
1 0 2 1 2
1 1 1 2 2
1 2 0 1 0
2 0 2 0 0
2 1 1 1 1
2 2 0 2 0




Eliminate X]

* Factors that depend on X : !
" opl
A 0
* Add f (x)= mxaxH /:(x) 1
Cg

.« g(x,)= x123§2}01(x1)'t1(x19x2) 8§,
x2 xl ol(xl) tl(xl’ x2) ol(xl) tl(xl’ x2 g I(xZ)
01| o0 2 2 4 4: {x,:0}
0 1 1 1 |
0 2 0 0 0
1|0 2 1 2 2: {x,: I}
| 1 1 2 2
| 2 0 1 0
2 | 0 2 0 0 1: {x,: 1)
2 1 1 1 |
2 2 0 2 0




e Eliminate X2




* Eliminate X,
* Factors that depend on X:

’ Oy tZ’ 8




* Eliminate X,
* Factors that depend on X:

’ Oy tZ’ 8

* Add fnew(x):maxﬁfj(x)




Eliminate X,
Factors that depend on X ;:

’ Oy tZ’ 8

Add [ (x)= maxﬁfj(x)

2,(x;)= H}gl{(z}gl (x,):0,(x,) 1,(x,,x;)
Xze 1,




Eliminate X, 8
Factors that depend on X ;:
* 01y,

‘ 9,
* Add fnew(x):mafoj(x)
X; =
W ACSER W ACHEACHRACIY e
X; | X, g,(x,) 0,(x,) | t,(x,x;) | 8,(x,)0,(x,)t,(x, x,) g,(x;)

\ORE I\ O B I e K= =k e

O | =[O | = OO =]O




Eliminate X2

Factors that depend on X ;:

’ Oy tZ’ 8

Add [ (x)= maxﬁfj(x)

g,(x;)= max g(x,) 0,(x,) t,(x,,x;)

x,€{0,1,2}

=
w

Y5

g,(x,)

02(x2)

(x, X))

g,(x)) 0,(x,) ,(x, X,

g,(x,;)

4: {x,:0)

2: {x,: 1}

1 {x s 1)

4: {x,:0)

2: {x,: 1)

1 {0 1}

4: {x,:0)

2: {x,: 1)

\ORE I\ O B I e K= =k e

O | =[O | = OO =]O

1 {x,c 1)




Eliminate X2

Factors that depend on X ;:

° 0,1, g
27727 0] i 02

* Add f_(x)= mxaxH /:(x)

c &(0)= max g(x,)0,(x;) 1%, ;) £
*3 Y g1(x2) 02(x2) tz(xz’ x3) g1(x2) 02(x2) tz(xz’ x3) gz(x3)
0 0 4: {x,:0} 0
0 1 2: {x,: 1} 1
0 2 1: {x,: 1} 2
1 0 4: {x,:0} 0
1 1 2: {x,: 1} 1
1 2 1: {x,: I} 2
2 | 0 4: {x,:0} 0
2 1 2: {x,: 1} 1
2 2 1: {x,: 1} 2




Eliminate X2

Factors that depend on X ;:

*o0,1,8
2772791 i 02

* Add f_(x)= mxaxH /:(x)

c &(0)= max g(x,)0,(x;) 1%, ;) %2
*3 Y g1(x2) 02(x2) tz(xz’ x3) g1(x2) 02(x2) tz(xz’ x3) gz(x3)
0 0 4: {x,:0} 0 2
0 1 2: {x,: 1} 1 1
0 2 1: {x,: I} 2 0
1 0 4: {x,:0} 0 1
1 1 2: {x,: 1} 1 2
1 2 1: {x,: I} 2 1
2 0 4: {x,:0} 0 0
2 1 2: {x,: 1} 1 1
2 2 1: {x,: 1} 2 2




Eliminate X2

Factors that depend on X ;:

) 02’ tZ’ g] 0
k 2

* Add f_(x)= mxaxH /:(x)

c &(0)= max g(x,)0,(x;) 1%, ;) %2
*3 Y g1(x2) 02(x2) tz(xz’ x3) g1(x2) 02(x2) tz(xz’ x3) gz(x3)
0 0 4: {x,:0} 0 2 0
0 1 2: {x,: 1} 1 1 2
0 2 1: {x,: I} 2 0 2
1 0 4: {x,:0} 0 1 4
1 1 2: {x,: 1} 1 2 4
1 2 1: {x,: I} 2 1 2
2 0 4: {x,:0} 0 0 0
2 1 2: {x,: 1} 1 1 2
2 2 1: {x,: 1} 2 2 4




Eliminate X2

Factors that depend on X ;:

* 01,8,
‘ 9,
+ Add f,,(x)=max] [ £(x)
i =1
_ 8
o 2(x;)= max g(x,) 0,(x,)-1,(x,,x;) 2
% {0,1,2}
0 0 4. {x].'O} 0 2 0 2: {x] -, X, 2}
o | 1| 2@:n 1 I 2
o [ 2| g1 2 0 2
Lo [ 40 0 I 4 4 {x, s 1ox, 0 1)
R I > 4
L2 | nen > I >
2 [ 0 | 4 {x0} 0 0 0 4: {x, 0 1, x,: 2)
2 | 1| 2D 1 1 2
2 | 2 | @D P 2 4




e We are left with:

ma .
. e{o,f,(z} 2,(x;)- 05(x;)




e We are left with: g, _@

max g,(x;)-0;(x;)

x;€{0,1,2}

X g,(x;) 0,(x,) g,(x;) 0 (x,) Optimal Weight

w

o [ = | O




e We are left with: g, _@

max g,(x;)-0;(x;)

x;€{0,1,2}

X, g,(x;) 0,(x,) g,(x;) 0 (x,) Optimal Weight
0 2:4{x,: 1, x,:2} 0

1 d:{x,: 1, x,: 1} |

2 4:{x,: 1, x,:2} 2




e We are left with: g, _@

max g,(x;)-0;(x;)

x;€{0,1,2}

X, g,(x;) 0,(x,) g,(x;) 0 (x,) Optimal Weight
0 2:{x,: 1, x,: 2} 0 2

1 d:{x,: 1, x,: 1} | 4

2 4:{x,: 1, x,:2} 2




e We are left with: g, _@

max g,(x;)-0;(x;) %
x;€{0,1,2}
X, g,(x;) 0,(x,) g,(x;) 0 (x,) Optimal Weight
0 2:{x,: 1, x,: 2} 0 2 8: {x,: 1, x,:2,x,:2}
1 d:{x,: 1, x,: 1} | 4
2 4:{x,: 1, x,:2} 2
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