
CS250/EE386 - LECTURE IO-LISTDECODING !

TODAY'S ANT FACT

ENDA Some ants are farmers! They farm aphids
, herding

them to tusty plants, protecting them from predators,

⑳ RECAP On SHANNON'STHM
and bringing them into their nests at

night
and in

the winter. In return
,
the ants get to "milk" the

d LISTDECODING aphids : by stroking an aphid
with its antennae

,
an ent

e LIST DECODING CAPACITY can get the aphid to secrete a tasty sugary symp,

f JOHNSON BOUND
which the ants eat.

Die

g The Story So Far : last time we had this graph
.

R &

·here if

the errors are worst-case.

Somewhere in here &

if we want to do it efficientlyfrom

Worst-caseerrors.

That is
,
if I want to handle random errors

,

I can handle WAYMORE

than if the errors were adversarial.

Mary Wootters
delta/2



As

ge
o

,

the
picture

looks similar :

R14

:Weonly statedShannona
(the"gary symmetric channel")

*↳ema

alsoholds for the gSCp

with 1-Hg(p) instead

of 1 -1 z(p).
errors live

here (i)(
·mmm-

we havethis really biggap
for low-ratecodes.

Almost 100% of randomerrors is cool
,
but 50%

adversarialerrors is not coul.

WHY IS THERE SUCH A BIG DIFFERENCE ?

Here is a geometric explanation
:

D- suppose e is the "correct" codeword
,

and there is >8/2 error.

l
Z

· If theerrors are adversarial
,

the adversary

·
might choose y ,

which would confuseus.

· However, if the errors are random, then z is

just as likely as y , and in fact still is the

closest codeword to z .

So thatwouldbe fire!

-

The intuition is that wecan come
up
with cocks

So that these"in between" spaces
have a

l



Question for today :

How can we take advantage of this intuition in the worst-case model
?

dTag
d

· Suppose we received y , and we know there was a p-fraction
of adversarial errors.

· Then

y may
have

originated from any codeword in the
shaded circle : either c or c.

·

If we have the intuition (frombefore) that "most ofthe mass is
in the in-between spaces" then there should not be that many
codewards in the shaded circle :

mostly
it
just captures empty space.

This discussion motivates LIST DECODING

We
may

not know which of C, was the right answer,
but at

least we have a pretty
short list.



d LIST DECODING

·
Code CisStop

i Vy

,
So if C is (p , L)-list-decodable and

there
area p-fraction of

adversarial errors
,
we can narrowdown the possibilities to L

possible messages .

=⑪#E
Fig 1. Not themost compellingapplicationof

list decoding
.

Why might this be a good thing
?

· In communication
,
if Bob can

get some
side information and /or use

some

crypto assumptions,
he can narrow the list down.

· We see
many

other applications later.
·

Nonetheless
,
this is obviously only interesting in

L is small
.

So the question is
:

AAT ISTHEBEST TRADEOFF BETWEEN RIPL?I



e LIST-DECODING CAPACITYTHEOREM

(list-decoding Capacity) Let
g
> 2
, 0-p-1-Yg ,

30. Then :

(1) If R = 1-H)-e , there existsa familyof gary
codes that

are (p , Ola)) - List- Decodable/(2) If R< 1-Hg(p) + E, then every (p , h) -list-decodablecode

of lengthn has grin

This should look
very

familiar. Just like Shannon's thm for the BSC!

I

goof. (sketch)

(1) Usearandom code ! Let Enc : [ -[" be completely random.

# A. &R
,

(Al-L+ ]
,

and

pickye
Sh

T
PS ENC(A) = By(y ,p)3

=

Jonn)(( 2
-n(-Hy(p))(L+1)

Now union bound :

P25A
., Jy sit- ENC(1)-By(y ,p)3(3) . g :

g

-n(1 -Hy(p)) . (L+ 1)

> gk(L
++ n-n(1-HyplCl

n[(R + 1-Hg(p)]-(L+ 1) + 1]ChooseR=

Hql--
,

=

g

n(1- 2(L+1)
=

G
=

g

- -(n)
if Lz//a

.

Sothen C= Im(ENC) is (p,L) listdecodable whp
. ctd

.



pf. (td.
&

We need to show

I
St . 121 Bylpy1/ is large

ELEA
: Pick arandom

y

For a fixed ce2
, we

have

PSc By(p(y)]<n)
-(1-H#-So the expected numberof codewords in aball is

Y C

< (2) -

g

- n(1 - Hy(p)

k -n(1- Hq(p)
assm.

onR-
g

->

gn(1-Hy(ps
+ -n(1-Hg)

=

gen
which is what we claimed.

#

Thus
,

LIST-DECODING givesus a
worst-case

way
to achieve R= 1 - Hg(p) !

But as usual we have some questions.

1

. Efficient Algorithms ?

2. Explicit Constructions
?

3
. Small alphabet sizes ?



ASIDE 1:

ALGORITAMIC LIST -DECODING

-
There's been lots of

progress,
but still there are

many open questions
.

-

Gurswami-Rudra
Folded RS codes

,
list-dec

.
tocapacity

(Bigalphabets, big lists (

~195im [Johnson Guruswami-Sudan
:

Bound eficientlylist-decoas smaller lists

faster
algs

By nowwe can get
:

·

Explicit constructions over constant-sized alphabets and constantlist sizes

and efficient algorithms. [Kopparly, Runzewi, Saraf, W . 2019]I[Gur , Ronzewi, 2021](seealso [Goyal, Harsha, Kumar, Shankar'23]
[Chen

, Zhang'257 for recent exciting

Still Open :
results over large alphabet sizes)

/end(ASIDE)

I·

The "correct" constant-sized lists (1/a)Sisse! Chen
, Zhang

125]

·

Binary
codes- we don't evenhave explicit constructions

!



ASIDE2 : A morerefined capacity thm : The GENERALIZED SINGLETON BOUND.

The list-decoding capacity theorem works as I gets large.

Whatabout small finite L
,
like Zor 3?

The followingthm generalizes the Singleton
bound for

any
L:

Thm (Generalized Singleton Bound : (Shangguan-Tamo 2023)

·

If C&&V is (p, L)-list-decodable, 1CkL
- gh-L
&pr)

· Further
,
ifCis linear over #gws L , then 121 = gh-LEpr)

-

In either case
,
the theorem

says
that a (p, L)-list-decodable code

has rate

R = 1 - ( + 1) -

p
+ o(t)
u

as n->0

In particular, this implies that L
= 0("a) is the best we can do

if we want rate R= 1-p-0(a) [for
constant

3
,
which matchesthe

possibility part of
the list-decoding capacity thm

when
g
is large.

Back tothemain
story

!

Let's start trying
to answer Questions 1 and 2.

First
try

:

We have codes with good distance!

Isn't that enough
?



f JOHNSON BOUND

Suppose wehave a code with good pairwise
distance. That should

say

SOMETHING about list-decoding, right ?

THM (JOHNSON BOUND

Let Jg(s)
= 11-g) (1-NT9% - + 1)

Let C = [" (w/ 151 = g) be a code with relative distanceS.#2,
Mantis (p , g

. 8 . 12) - List-
Decop

Thereare
many different versionsof

the Johnson bound.

You'l l
prove

one on
your
homework

For a few more
,
check out "EXTENSIONS to the JOHNSON BOUND" (Guruswami,Sudan , 2001)

which is posted on thewebsite.

In class
,
let's just try to

understand the statement. That Jg(s) term is GROSS !

Let's start with

g=
2. How does the JB

compare
to capacity ?

LIST-DECODING CARACITY TAM JOHNSON BOUND
-

If p < 32(f) = z)1 -N2')
VS

. Then
any

code of distance S isFin#is (p , 2)-list-decodable for (p, L) - list decodable for reasonable
reasonableL



In order to
compare

these we need some

way
to
compare

Rand S.

Since this is a positive result [Jacodet .. ) , let's use theGV bound.

So for
any

G
,
we know there I a codeof rate(f)

anddist. S.

With this
,
we have : aka f = Hz (1- R)

LIST-DECODING CARACITY TAM JOHNSON BOUND
-

mi
If p < 32(f) = z)1 -N2')

VS
. Then

any
code of distance S isI

reasonableL

#is (p , 2)-list-decodable for (p, L) - list decodable for reasonable

↳

Pethat is (p, L)-list-decodable.

&
Solving for p gives : Rc1Hz (2p(l-p)

We can plot these two trade-offs :

R

1

So theJohnsonBound is WORSE than

BUT itdoes let us get p -"2USDIS CAPACITY
He List-decoding capacitytom.

with positive rate.

~

Johnson Bound

it 1



And now we can do the same exercisefor large
g.

When
gis really big , Jg(f)

= 11-g)(1-)
= 1 -#

Moreover
, 1-Hg(p)n 1-p

.

Again, we need some way
to convert S to R so let's usethe SINGLETON BOUND

and set R= 1-8 in the Johnson Bound.

DECODINGCARACITY THM JOHNSON BOUND

If R <1 - P

ish
If p < Jc()S1-

I
reasonableL

VS
.#no

By
codeof

miis (p , 2)-list-decodable for TenanycodofdistanceSs asonable
!

↳
If
p
<1 - VR (aka

,
R((1-p() ,

there exists a code of rate R that is#(p , L)-list-decodable for reasonableL
Now

,
the picture looks like :

R
IN BOTH CASES (g=2, g- 3),
the Johnson bound establishes

that codeswith good distance

CAN be list decoded up
to

1-
g

(insteadof
,
which is~

where unique decoding breaks) .

iny
However
, the trade-off thatea

isn't quite as good as list-decoding

capacity.



QUESTIONSI PONDER

D What does the Johnson bound
say

about RS codes ?

J

a non-vacuous
statement ofthe form

e Is it possible to prove that any
code with goodenough

distance acheives list
decoding capacity

?

f Todaywe
waved our hands about the connection between

list-decoding
and the Shannon model

.

Can
you
make

this connection less hand-wavey
?


