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AGenon Tobay!s ANT FAcT
@ RQCQP Theweis a f&‘ou(] Fi»jus, foundlis Hopical
@ Aside: How had i dacoding RS codes? e bl itk ad frs
(2) Sudan Al%or\"rhm '{ifolfla:jbm “ m% ;@ZW/@
' . climb fo an qpprpoate roig t bt
@ G]M(MSWB,MI— Sudan N%OOHAM' dnto a Susf, and wait b die. When

Wg dO, Wﬂmgus enyls ﬂom their
Corpse and sends its Spores down.
[o «’n({ed‘ More. ants P ruesome!
COReAP ' "
ookt Wit | (st

Las’r fime, we saw  LIST- DECODING : .&ﬂ Z E ;A&,

%F Acwde CeZlis (p,L)-LST-DeCoMRE VyeZ,
\{cec ; g(c,\{\s‘) }\ < L

The  LIST-DECODING CAPACITY THM  says finat Hore 3 codbs et are
(P) Ve ) Hist-dacodable. Lot code R=l-l—lz((>)—€) R ?51_%,

- That's e Sama ’V‘dewoq as bor vandom enorg!
-« Moveover, notie trat P G geras b\'%as 1_%‘5 & we cdemand wnijue,
dacoding, e Hottin bound says we can'thope Yo do el Han =% win R0

Our NexT Quesnon:  Pow list-dacoddde. are codes we kvow and \ove?
Tor exampla, “Read-olomon Codies?




Lagt fime we saw e Josnson Bound  whidn SN that codes with %om( distunce
e (LQL@/)H\( list - decodable..

+ Tor RS codes, e Johmson bound says tst an RS code of rute. Rislist-dacaabe
up fo distance Pa L=,

« Nohca Hcd l(s!-—c(acoc/md mPacr'rLH is }): Hz_'[i—R) S41-R [ /a? g
So P=1f/? is less ?006/ an it could be.

() Bsine: How Pard s it o deccd RS codes?

More precisely, qiven we
S(w, ) (s minimized.

That's n?+o\ .
e DT %0
PVT(‘“J fnd ce R&Q( o ) so dnat

How hard fiis dapends o ot on Yo asssumptions we. can make about
Toc exrnle, € Jest Slw)<c BB 4pen Welch-Bertekamp

min  S(w,e),
Cell . . . . :
S will do thig in polkd(\ovma\ five.  How doout i€ &lew) is \an«cc?
EAL\'\M 0£ \ } \ |
{¥Yors 'P 1 | T |
) I-R 1-{K 1-R 1
2
$#C s.t. "
List-daceding At most one . B%'Hfuz. Johnsov SCew) < BS 277 Defnilely ¢ fiadl
Stutus codeward ¢ witih Bound, fare oce ﬁrs:w dmmPs of RS codks mavua msca
Alew) <p <polgr) codeols | s epomanhad. Grawess, | St Sand¢p o
C wi A(c.w)sP 0(4). [n A WY pinthisvange.
13 ot well “wndurshod. | (@lcof list.dac.ccp. tam)
. We con @ TOAY! Wewill see Also 227, But fiure S i
&?:dh&d it e(f?q'c:wt: ni/L«a) fraw fo find all fuase 0ve some p's in here g&i%miu%k N[;)-mls
dosest codgesrd ? \:)Vddc-wP spola(ﬂ) cedatords \?I\:K?ét dmjncj HiLDuP s o ! )
Ser it |ty it | SRS | (e
¢ exists. We can Search o Sad

e Closest.



@ SUoAN  ALGURITHM

The Sudan I\\c& (s @ wanmup b the Guraswam - Juoan a\%, which wil e able. o cﬁb{‘mﬂ¥
|ist- docode. RS codes up to tee Jomson bound, p= 1-VR.

@ RIVARIATE POLYNOMIALS
A bivariate Pol“nomial QX,Y) & ‘FE(\ D(.Y] IS

QY = & ag XY, whie my =g (@)
‘i=0,...)W\z mY = c(an (&)
):O)“‘JMY

Notea tat we canalo ik about (Q as an elumant 0{ ()l%[)(]) [\(]:
QUIXY) = 2., Q@Y

J 20,y MY
The coefficients live. in ﬂE[X]

?OIUHMQQS in GELD(]) [Y] LQE\OWQ o 'ojt (ke & “noawmald” Fol(]nomial .'AY,
FoR exameLe:  Consider QOY) = Y1,
ﬂ'u/\ (Q(i):o , whida inplies nat (\(-1) \ \(Z—i

Sinilacly,, considee QUAY)= Y- fx)’
Than QUGHON-0,  wiidh implies that  (Y-£60)) \ Qx)

|
T Lee QUy) e F LG, wd o ¥c—¥ﬂ£><1 Then

QX %q\/so & (-0 | ay)

N “divides.” aka, QUXY)= (Y- F(K)\'&(X'Y)
for soma Qe “:[X.\(:(-

HONLN@C we can find such {3‘3 e({‘cx‘enﬂ%, and e are
at Wogt dq\((cz) such .

2" weans (s dantvally O
3k, all e coefficients :wz o.




(28) Recaw we Berteiane-Weicw AlGorimm:

n.
G\'VM ’3 £ ('\&U -y «3“) € H‘E i Recall, E(X) was Suppo sed b e e ERROR LOCATOR PoLy,
Elx) -—'._z;ch-«.- ), sothat  Elw:)- i) = Bl )y Ve

1. Fﬂd IOW—O(ZJV‘QE Pogynommls E( X ), B{X) 5.t E{“")'ij = B("(() V“zll_,,\
2. Reume fX)= BOO/E(X)

We can recast this in lenms of bivanafe Po/zs:

1. Find (Q(X‘Y) (Yg?&k)):bg(xw—w\ s.é. (Q(%‘.‘J,‘FO Vil n
2. had a poly fix) st QX AX) =0, évdrel\xmjﬁ.

Vi
(Qusiatnat £00= BVt will wak ia tie @ we were syposed lofod ),

Well use te s famazde G SIOMN'S ALGORIIA. fr fih-ddiv

PROBLEM . Qiven 4d=('g,,_)3“\ , &, and t, [ind all PolaﬂwmaQs Felﬁ[ﬂ S
- oleg(f) < 3

. pld(')‘yt‘ bor at last ¢ o/ﬂtu(( 5

What ts can we ﬁa]\d/o,? We'll sea. leder!

@) Finadly, UDAN'S MG,
In this contet, Berlekemp-Welch is:

V\Mtﬂt’)(&CHté should Hhis mean?

¥
PS5, T ¢ (fow-oecte)plgrmil R ot Q)= ¥

RW’(:‘NDNQ 2. Hdur Q(X\\() ‘(‘o Q\'r\c[ Ful'dnamiaﬁs F(’O St (Q(X,‘P(X))EO
MeP
Rebum ol suda Q's.

We can do  SteP4 &5 long as we have move. vangbles (coefs of @) Hran anshunts.
« o make sure tat SEPZ is comedt,  we'll fave ioagueﬁaat whenaver .e[o(g)=yg Lr =t values zrf t,
Hen Q( )(n 1,',(3() )20, The bucttrat-tue list 1s small will Follow ﬁom‘fm 74)«} fd @ is IUW‘C%,



This élﬁodﬂnm bas(calhé works, and is culled  SUDAN'S AUGOR THM.

THM \f t>2(nk , Tan we can solve He list -o[lcod(nét P(U\o(ﬂm. in l)ol(]nomial Ky

Beﬁmw}wm—/w_ THM, wse can ast hﬂowa,u«/%/': Js.

(_ #aqrements behuesn £ ancl y) =t > 2/

A({.3)= n-t < n-2{nk’

o Hnis works wp o adius Pé “V:t - 1-alg.

Remamber it we were Wh’na Rr 1~&, sothis isn't %u(le_ “%L\/C—
out we'll et Hure!

Now we'll prove e THM, 8nd Rnish Specfé'diﬂ% MQla. alun%JrVuway

9(’/ slgontim:

UEPL (TnterPoLanon). Choose 1=W )
Tid QU st digr (@) <L and dlig, (@)<™,
<o that @(o{c,t&ho =11

To do Hhis, we need:
(&(oeﬁ% in Q ) > (#conﬂmir&s)
) Y
(Q+1)(‘;\:+i>0(lm n of Hese,

and inded we have UUD(%H\ = n4p+lid > \

QTEP 2 on NEXT PAGE™
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STEP2. (Roor-Finding SEp)  Retum all ]0(\(\ sk QX 60

NDLQ'(V\O.{'V\B caV\CLO{WS e(&cim{ ,an&’d/tasisz_ oeour li&‘ Wi“bZC& YV\OSL‘
CMSY(@) ="y = VVM =14, a anstnt.

Now we need o erzdmwk% is Slep is a %00(] idea.

S\Apposc dzd(f)< R and that ‘F(O(()‘H,’ br>t wls of's.
We need Yo Show that we will vehe £, So we nad fo shaw Q(X.flx)) =O.

Lee  RX)= QX 1),
Than dig(R) = coye (@) + colf)- ks, @) < L+ £ =9

IL,“/\(%\'SWWJ
Bt Rlw)= Q«, flw)) = Qi y1)= O i,
for af Least ¢ values of 7. gt

So R fas 0&(7/92, < QUnk’ byt t>20E ToUts, ﬁm& R{X)ondsdas{mf.

@ QueuswAn ~SioaN Ag,
Now wel fix Hhis up sothat wean admllg 8M np %o P= - \[R—‘, muh'mahjom\lson Bouny,

Two ChANGeS:
1. We will (M\(dz Q\QV\/ We measure LW - DEGREE "
2. Wewill (equire sa:vud/\ing a\oi’cs\vmctxr P € .\3:\ =0; well ak fpr Q
fo vanishh witta high MuLT PLICTYY.



CHANGE 1.

( o
Der. The (HL)—o(aqm of X s &Ja\j
Tae (48 -degree of QUFY) istramax (o) -degre
o(lcm% wonomicd in Q.

Justthis d/nV\c&LiS ewou%b\ o malke SOME progpess:

TH & \f t> Enz ) M we can solve Hhe list —olﬂcodmg_ pblem. in l)oldnomial fng.

IS

S\"‘L

o Seme élcé, but now damand e (ﬁ%-dﬂ\‘m "‘ZQ is < JZﬁn

StEP4.  INTereoLikmoN Tumsoub (Fun EXERASE!) Yare Qe > Di/u coeffs in o poly
Fnd QYY) s.t. W U R)-dg <D o
(44)-dagis < {2k, (evaddols) >  (Zkn) =w = (trcorshains)
and we can tnd Q . 28

Step 2. Roor- funing. Now we Quve &3(&\ = &S(Q(K.QK\)) < (\|m~&% f Q=
(Sameas before) W tha arqument goes mugv s before with & su%woa bedfer bound.

But wewant A-J& ! Net (-2 !

CHANGE 2.

|
Per. QX Y) bhas « rook of Yvu&h‘()h‘c(l\é ¢ at (ab) £
T QXea,Yeb) fesno WSoPHquajm <r,

EXamI'Q: &(X\\() ¥ (X—i)z (Y~1\ ﬁasamoé op mu/ﬁp/u’a’ﬁy 3 at (1,1)/
' because. QUYL YE1) = X2 whidh fas no fems o o dogree < 3.




Gueuswami-SUoAN ALGORITHM.

Choose @ paramader -
leppos& v 3\| ln (44 )

1. InterPolATION STEP 1
Y’\'—r\cl ut:ol“nomiél @(X(Y) UO(H/\ (1,&)-&9&(‘& B ZJ ﬁn- (‘-(Y‘Jr i)
So that @(0(;.135 ) = O with Wlulh‘?[fc(*} v for 1=\

2. RoorFinDiNG STEP,
Retum ot £ 50 that  Q(X,F00)) =O.
[Noke tnat thare are < dog (@) DA & ™7 of Hoase. ]

ANALYSIS
Again we nead ko show dnet 4. s 'Poss‘\\obz and tat 2. isa%oodidqe.

1. Fun BxERUSE: Thevundee o constiats ja - Qe y)=0 wf awalt. " iy Y‘(r;_i)-
Yi
Sotnat's MORE constaints than bef'm,w\«fd/\ seemms likee 3 badf(Mim&.m
well sea \ater uf@\cé it's achxall% %wd.

T humber ! Varigles i stll > Dy, 50 wee nead
D > akn (51 ) = karlen)
whidhis TRUE by wor choice o' D
2. Lt ROV = QUXAK0) as befre

Then ok onlé des RK) ave >t voobs Laskefied i Fus >t rods
whida © EACH have VY\lAKﬁPlfci’t\‘ (.

Jushificabion on nack P@az



- ke, RO hes oot
cLam .\ Py, ten O | ROC).  obmttiplialy ot each o
= 1 pleity \

PE Leb's C\m\>’<\/ui Su\oscﬁe\s @)r rokvoned %an%lr\(.
Recall hat since Q s oot of muﬂlr{‘)\{c(’r\( ~at (o(,na) ,
Q (X, \ﬁﬂ\ fhas o fems of towdaﬂm <,

Now, considar ’I;(X\: {Z(X*‘&)ﬂ?{, \[\/Q@\ENQ_,

Riea)= @O, flke)) = @ ko, o0 +y)
—

This is o sum 010 modomials
'X_c- f(K)d wlwe cdr

Now, since Q(o(\:g, E(O\ g O) SO C e\gs o angtant m.
Thus, those vwonomials X ?(X\d are all divisible b;j XC+dJ
and Qence areall divisible ba X

Ten ¥ \ ROK+o) . which twaans ()(—Qr\ R(X)/
8s dasired.

Now %\‘ve,/\ s claim,  Aue fuck thad \C(b((\:lai }Gr af lask- € C\l'@am/\{- s
means that R(X) fas t:r voots, (,otmh‘na mulfiplicrhes.

NG
Nince dﬁa(@) é'D) "Q R IS Nonzero we musk have ‘(I)T\:\:kgmof&ﬁ&
e Y\\Ambarof
<
b D Conshaints] Now
Yealie) - ¢ < \l kn r(rH) We cl;dc -t ofs inslead
m < \knrtrel) a o v

Thafsnot e, so R 20 | and Pmo@ (oncludes 8s bz(vre.



This prves e gououom% ‘hoorew :

Tum If t> m\ thon we cun sdvimlfsk-cﬁzcodi/\ck problewm

N Polnt(\n) hme, with” Iist size. v =

Onee &ain, we cellculate nat this waoas we con fuke p= % = | - \S\Qu«-‘@-\)
So we conclucle

|

THM. ool >0, RS codes of ke Roave (VR 5 4R )
List-decodable | and e Guruswomi - Sudan algotnn
can do tne sk —do.ﬁc:dm% in ime polyn,r).

s, we can vachet up " as l@%@ as we |ike (Scu\, rsPo\ﬂ(M) and gpprogel
the Jonnson bound witho Polunom(a\ - R alaon”rhms. HOORANY /

T m_orﬂ O\C {ha S\'\arLa:
WE CANV EFFICIENTYY LsT-DECobE RS COnES up o Hia "JoHNsoN Bound

s, e, {Aleksovick, 2005 ]

NOTE. \

As presented e Guruswami- Sudan a\%ondd/\m s indine On®), lout P@(L
have opﬁmigd o hack out of & ond W con e macle to0 un in tie O(n lua(vn).

QUESTIONS T PONDER- diiar

onatier llog(n)
fuchor i:\m

@ What breaks in e GS e\%c)r\jmyv& \DQ\/L)ﬂd " Johmson bow\ol?

@) (i Léfou& come W With & Mlood" list of closa—heiw RS adawotds
bq\{onc( W Tohnson bound ?

@ What W T modi%ﬂmwns’wmh so tnad nstead ch \\j;(o(c\——ﬂi " Mw
Pl {“jc;‘j{; Yi 3



