
CS250/EE387- LECMRE 14-LOCALITY !

ANDLOCALLY CORRECTABLE CODES

TODAY'S ANT FACT
A species of Malaysian ant has a defense mechanism

② RM CODES as LCCs where workers can perform an actof suicidal altruism

③ HIGH-RATELCCs Esketch] by essentially causing their own head to explode

in a shower of venom.
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Today we will talk about LOCALLY DECODABLE CODES
.

The basic setup is :

x
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If Bob only wants one symbol of Alice's message (or her codeword) ,

then he COULD decode the whole thing and figure out Xi

But that seems wasteful ...

The idea of LOCAL DECODING is to allow Bob to figure out Xi
in SUBLINEAR TIME. In particular, he won't even have enough
time to look at all of 5 !



D LOCALLY CORRECTABLE CODES
.

Let us try to formalize this goal :

N Ca (SQ-LOCALLY CORRECTABLE CODE (LCC) if thereis a

an algorithm A so that the following holds :
&

THE

[for all we " so that IceCst . X(cw) = Sn, and Fie[n] ,

A(w)(i) makes at most Q queries to Wand returns Ci.
tinput is i[

has oracleaccess to w

Does this makesense? NO.

Sure
,
it parses ,

but if Q = o(n)then this is a vacuous definition.
CARTOON :
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That is
,
if the queries are deterministic, and &Sn ,

then the adversary
can COMPLETELY mess up the algorithm's view.



Instead
,
we will need to RANDOMIZE the queries if we want to deal

with an adversary.

DEF. Cagisa (d ,
P

, 2)-LOCALLY CORRECTABLE CODE (LCC) if there is

a randomized algorithm A so that the following holds :

-

Tom , me
&tinput is i

has oracleaccess to w

I= G with probability at least 2-.
OTHER NOTIONSof LOCALITY :

· If you only want10 recover a MESSAGE SYMBOL X : instead of a CODENORD SYMBOL Ci,

it's called a LOCALLY DECODABLE CODE.

· If there's no adversary and you just want to beable to recover any symbol in SOME
local way (not including that symbol) it's a LOCALLY REPAIRABLE CODE . (ECODE)

· Also : REGENERATING CODES
,

LOCALLY TESTABLE CODES
,
RELAXEDLCCS,

MAXIMALLY RECOVERABLE CODES,
--

-
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Today we'll see how RM codes fit in
, starting at Q =2 and

ending at Q =n?

& RMcodes as LCCs
.

First let's recall the def
.

of REED-MULLERCODES :

Recall thatFg[Xis-,
Xm] is the space of m-variate polynomials over #g

.
The Hotal) DEGREE of a monomial XX...X is Zij
The DEGREE of feFgEXis--> Xm] is the largest degree of any

monomial in fo

-ThMove dey(t) = -3)E

REMARNotenotWemayassume
that each Xi has degre,a-

We saw BINARY RM CODES back in Lecture 6 when we were trying to figure
out how to get good binary codes.



Let's start with RM2 (m , 1) : that is
,
codewords are just

the evaluations of LINEAR polynomials This is also called

f(X
,,X2, ...,

Xm) = [i :Xi The HADAMARD CODE
.

You saw it on your HW
.

NOTE : Technically for RM2 (m , 1) we should also have a
onstant

term here
,
but

it will be convenient for us to ignore it ...

Consider the following algorithm for locally decoding the Hadamard code:

&

Ban
for some

forChoose BEFFz at random.
-

M2(m, 1) is a (5 ,
2

, 1-25)-LCC for any14.

asso that f has↑
*de

45g(p)= f(p)) = P(g(B+2)+ f(p+)] - 8
,

since Band x+B are bothuniformly random.

(Notice that they are NOT jointly
uniform

,
but each marginal is

uniform).



GREAT ! Now we
have

a 2-query (C). But the rate is not great : M/22

QUESTIONS :

① Can we do better for Q-2 ?
NO

.
See [Kerenedis +Wolf]

② What if O = (1) ?

YES ! Coming up next.

⑬ Q = log(n)

We'd like to use the same idea
,
but there's a problem.

Hourstrategy ishopethatologguerescompletelyavoia
about 5. logins errors in our logins queries.

The idea will be to make our queries themselves somewhat robust to error.

For motivation
,
consider RMg (2,

r).

That is
,
the codewords of RMg(2,r) are evaluations of bivariate polynomials

f(X
, Y)= Cij Xi Y:

GOAL : Recovera single symbol (say ,
f(x, )) given query access /0 g

:#- #g with N(g . f)-S.



We can think of codewords as gxg

grids of evaluation points.2)pott

↑

Suppose I want to recover fl0 ,
0).

<of
As before

,
we want to find a bunch of LOCAL, UNEAR relationships

involving flo ,
0).

#15
This row is (f(0 ,0)

,
f(Q

,0 , ...,
f(0

,2)
=:( g(0) , g() , ..., g(ya)

where g(Y) : = f(0
,
Y)=Fo

=[

Similarly ,
this column is (E) where h(X=

Hey ,
those are univariate polynomials ! Jaka

,
RScodewords).

Moreover
,
the restriction of f to ANY line is an RS codeword !

ai , bit Fg .Consider
= some degree =r polynomial in Z.



The lines through f(0 ,
0) have the properties we want:

· There are not too many Cunlyg) pointsper line.

· Any two lines through f(0 ,0) don't intersect anywhere else.

andhe
everything.

~minitsthrougho
Disson

F↳
Confusingbutmore

& Lessaccurate but hopefully moreclear.

accurate

This inspiresan algorithm :

ALG
.

(Let reg and suppose f<11-4/g))

Input : Query access log : #g-> ffg St
. Alg, f) < S .g forsome feRMg (2 ,

r).
and an index (x

,p)-IFg
Output: A guess for f(x

, p) .

Choose (0,g 1910 , 013 at random
,

let L(E) = (0. z + x
,

z +

B).ENQuery g(((x)) forall#g and let(z) : = g(((z)).
&

halfthe distance

of the RS code.

Use RS decoding 10 find an he Fg[z] , deg(h) = r
,
so that B(h, )<

RETURN h(0).



·PS Henorsonaline(E)
NOTE : If S < * (1 - Yg) = [dist)RMg(2 , -1) ,

then the failure probability
above is interesting ,

otherwise it reads "with prob. O
.

"

For example :

·RMNN
We can do EXACTLY the same thing with My 2.

GE-but-CONSTANTm :

Then we get C
=

g
= N*m

,
since N =

gm.

However
,

as my then therated. Recall R = (tm)/gm (0 asm + 0.

But this does give us a constant-rate codew/ @= N"00 (say).

ELARGERM :

&
This simple construction is the

Choose m = g/log(y) state-of-the art for login)
Then N = g910913 = 29 so. C =

g
= log (N) queries .

Can
you do better

???

But the rate is even worse
,

and in fact ques lo O like "poly(n).



So far
,

we have seen how to use RM codes to get :

Inlasafunction of 2) Code

2 n = 0(2") RMz (m , 1)

log(n) n = poly(k) RMg (m , r) for m = Glog(y) , gor1u n= G
,
(k) RMg(m , r) for m = "a

, opr
in n= 8k RMg (2 , 8/2)

All of these have pretty low rate . Could we get an LCC with rate -> 1 ?

For 0-n> (and even a bit smaller)
,

the answer is YES.

There are several constructions. Here's a sketch of one based on RM codes.

② HIGH-RATE LCCs
.

The thing we needed from RM codes are that restrictions to lines are low-dep polys.

·
Publi

Su
T

To make the rate better
,

we might try

2 = G(f(x) ,
. .

., f(xgm)) : f= #g[X] , AND deg(fIL(Ell) -or Flines L]



This would be a win as long as 1215 /RMg(m , r))
,
aka

,
as long

as there are high-degree polynomials whose restrictions to lines are

low-degree

Gestion.Iestherexistauynomialfi
of degreeUsot
,is

&
this means = g(z) w/deg(z)= r s .

t
. g(x) = f(L(x)

#xEfg

ANSWER. Over R or D : NO
.

(fun exercise !)
-

Over #p ,
for primep : NO

.
(See (Rubinfeld-Sudan'967)/Over #g ,

and g >zr : No
. (""")

Over Ag ,

and garlte) : YES
,

and there are LOTS of them.

[Guo, Kopparty ,
Sudan' 13]

EXAMPLEConsider
fIXY) =X overt

Any restriction of f to a live is equivalent to a polynomial of deg = 3 =

g-1. (Not too helpfull.Em/2

= (x2[2+ 5-3z2 + 02:2 + 22. [24 = 2 in F4]



That's just one example ,
but it turns out there are actually LOTS , enough

so that

C = G(f(x) ,
. .

., f(xgm)) : f= #g[X] , AND deg(fIL(Ell) -or Flines L]
has (21 = g(1-e)

. (q)
,

aka RATE(e) : 1-E.

C is called a "LIFTED CODE .

"

Im (Guo
, Kopporty,

Sudan)

Fmc0
, g= 2t

,

#Exo
,
73'0 cit . theseThe clients h

14 .

%S = Ef : #g
*

-> #g 1 fascegrel-3g restriction,a

-DSand UOst treexista famila
(One can do a bit better than this : an [Kopparty , Meir,

Ron-Zewi
,
Saraf

, 2015]
.)



RECAP : · RM codes have nice local structure
· They are LCCs with Q-2

, log(), n"go although the rate gets bad.

· To get rate 1-3 With Q = n "0
,

we can "lift" RM codes.

· In general , there are TONS ofopen questions about LCCs !

QUESTIONS TO PONDER

① Can you show that I must be at least u2t* for 3-query LCC's?

② Can you beat RM cocks furQ= log(n)?

⑤ Can you do anything with the Hadamard code when Sp ?


