
# few more bounds ...

CS250/EE387 - LECTURE 4- and REED-SOLOMON

CODES

!!!it
ENDA TODAY'SANT FACT

d Plotkin +

Singleton bounds Ant
queens

can live for up
t 30

years!I
e Reed Solomon Codes ! Gosh darn kid...

f Dual View of RS Codes

+ more algebra! "I ·

⑳ Recall from last time :

We took some limits
,
leth

get big ,

and ended
up
with Midsomwo

MEQUESTIONS. e
³

S (Relative distance

QUESTION Are there families of codes thatbeatthe GVbound?

for binary codes

-

-S ->

Answer 1: Yes
.

For
g

49
,

ANSWER 2 :???
-

"AlgebraicGeometry Codes
" For binary codes

,
we don't know.

beatthe GV bound. OPEN PROBLEM !

&QUESTIONCanwe findxplicitconstructionsGrbound ?L of T/
-

ANSWER 1
.

For largealphabets- yes. ANSWER2 .???
-

(We'll see soon) For
binary codes, recent work

of [Ta-Suma 2017] gives something
close in a

very particularparameter

regime ...

but in general, OPEN PROBLEM !



d Singleton's Plotkin bounds

Let's try to narrow down that"region
a little bit.

SingletonBound] If 2 is an (nik
,digcode ,

thenken-d+ 1/

-

call this y(c) En
-d+ getrid of these

·
Thus

, IC1gh-dH = ghegnd
+

= k = n-d+ 1
.

·

bothit
-

S

·

nummi

12t SINGLETON

g
= 2

9321
lad



The GV bound only works
up
to dine1-4g . A can

wegetanythinas
Is this

necessary
? Turnsout

,
YES

,
at least asymptotically

.

THM [PLOTKIN BOUND]
-

Let 2 be a (n ,
k

, d)g code.

(a) If d= (1 -

Yg)
. n

,
then 121 = 2 .

gn#N(b) If da(1-4g)
.

n
,
then ICIgin

Notice that either (a) or (b) imply RsO as n->
0
.

Thus
,

in order to have a constant-rate code
,

we should haved (1-"g)
. n.

We'll umit the proof of the Plotkin bound in class - Check out

ESSENTIAL CODING THEORY $4 .4 for a proof.

R.

#emafamily
of

codesofratRanddistanc
a

a
Proof
. (AssumingthePlotkin bound)

-

±
managest

somatic
.

Fo my

dam)
g

- 1

n - n'

-

Cx = (((n - m + 1
.... (n)/ce 2 with (9-s(n -m) = X 3

= the set of ENDS of codewords that BEGIN with X.

Now Cx has distance = &*, block length
n < d/1-Yg

Applying thePlotkin bound, 1xkq Here
,

we ne the fact that

* Note : Technical lyit's possiblethat 12x11 ,
in gdy

is

anintegr
,

,

which case distance isn't defined- but in that case ICxl = gd anyway
.

Ctd...



proof ctul.

But then

(C) = [xem((x) = gh-n ogd Here we are usingthat

histhe largest integer
<
a

-
> gln-d+1) d In particular,

-1G

= expy(n
-

+ o(n)L= expg(n(1 - S() + o(1))
,

So R = 1-()S + o (1)
,

as desired. #

Did wemake
progress

? Yes ! We narrowed down the yellow region
a bit.

R

1-

For
g

=2 : under

·
HAMMING
I

³
S

1/2

IEXERCISE: What happens to this picture as g
-> o?



e REED-SOLOMON CODES

Notice that for
any fixed g

,
the Plotkin bound is strictly better than

the Singleton bound. -f

AND YET
, today we are going

to seeReed-SolomonCodes
, Plotkin

which EXACTLY ACHIEVEthe SINGLETON BOUND.

*single

Elig
(The trick : the alphabet size will be growing

with n)

We can define polynomials over finite fields, just likewe can over R.

Note: depending on
your background,

it's totally
normal to use capital X

f(x)

=a[of the polynomial. as a variable or it's totally
thinkof as takingvaluesin Ag

weird. If it's the latter
,

The set of all univariate polynomials get
over it.

w/ coefs in Fg is denoted #g[X].

nonzernomial
for degree d over Aghastemosta roots.

·



EXAMPLES Over #3
,

-

f(x) = X
*

- 1 has two roots. [f(2) = f(1) =0]

f(X) = X2 + 2X + 1 has one root
.
[f(2) = 2+ 2.2+ 1

= 9"=0]If(x) = X + 1 has zero roots
.

[f(0) = 1
,
f(1) = 2

,
f(2) = "S" = 2]

Notice that X2 + 1 DOES have aroot over #
,

sothe field matters.

DEF .

A VANDERMONDEMATRIX has the form

[some. AV =

I
Xz

[Note : I also use"Vandemonde"

to referto the transpose
1 anXm ...

-

ofa matrixof this form.

mmmereProf
1

.

Va =

(
[ An. di

Since f is a nonzero polynomial of degree En-1
,

it doesn't haven roots
,

so VaO

for all nonzeroEFg Hence
,
Ker(V) = 0 ,

so V is invertible.

~
The LHS is alterating , meaning
that if

you switch
ai and Xj,

#of2 .
det(V)
=[sguo- = k- the

sign flips. So(xj
-

xi)

kijen divides it for all itj , and

then
counting degrees says

that

Since LiFC; FiFj , the RHS has no zero factors and
has to be

everything.

I
-

is conne
.
Minasterfortthated aptofapto



f
contiguous

ysquaresubmatixofVandende masinvertibanim

i
square

submatrix looks

like
These facts about Vandermondematrices will be useful.

First
, they imply :

1

·

Moreover
,

theproof implies thatwe can find f. eiienACMally,VEin can
doan FfT-likething

#

IAll functionsfiel tomultibyVance
a

-wereareonly gp,Sowe can
interpolate

a Lunge

a
Second proof: thereare

go such functions and also go such polynomials]



It
musthavesome

representationas a degree pr

aANSWER: X8 = X
.

This is becausef

↳
Now we are finally ready to define.... Usefu fact! Let's

- T
-

call it (*) .

DEF.
(REED-SOLOMON CODES) Wewon't prove

it

but wewill use it

A

bunch
t

is not hard to prove
:

·

RS(n
, k)

.

Not : This definition impliesa natural
encoding map

for RS codes :

-

-
(Axis

.... full ,
where fi(X) =

Not

Xt[We'vebeen 1-indexing
buthere it is convenient

to zero-indexJ.

This isn't the ONLY encoding map ,
but it's the one we will think about

formost of the class.

-RSnkisreacodean thegeneratormateeunding
to 21

, xzs
---

,
In

IStaring .

(If X has the coefficientsof f
,

then Vf =(f)
Notice : Since V has rankk

,
this implies that dim(RS(n , k)) = k)



TheDistance of RSg(nik) is d = n
.

-k +1 /

- iss
,
since anydegree k-1 polynomial

has at most k-1 roots.

Equivalent proof: the followsfrom the factthat

Scodes exactlymeetthe every
Examinof thegenemormatixisfana

forany

nand
we like !

AlinarInkdcodewithhaha meeting theSingleta~

So
,
RS codes are MDS

·

Notice that MDS-ness is equivalent to
the

property
: "every kxksubmatrixof the generator

matrix is full rank,
,

"

which we just saw wastrue for RScodes .

-

In particular, if CisMDS,
then

epitopeNoticethat
I
must be growing

in order to
get

n-k erasures

an MDS code (by the Plotkin bound). How by

a
does

g
have to be? OPEN QUESTION!

(Note: itwas settled for prime fields in 2012 by Ball)
.

~ examplethatle
: G
= OSMDS if g2h

,

and n =

g
+ 2

&

CMDSCONJECTURE").
If Reg,

then
negt , unless (q= 2" and k=3) or k=g,

in which case

neg
aka

, RS codes basically havethe smallest alphabet size w/ n=

g.



f DUAL VIEW of RS CODES

What is the parity-check matrixofan RS code?

We'll need a bit more algebra.

Tisthemultplicative group of
nonzeroelements in Ag.

Aka
, #g

* =

#g1503 as a set
,

and I can define multiplication and

division everywherein Ag*

-Exammdequippedand
-

±

Iscome sont

=is pinteelemenof
a

a4 is NOT a primitive element
,
since 42= 1

,
43= 1

,

44= 1
,
45

...

and we'll never

generate
2 or 3 as a

power of
4
.

-

FUN EXERCISE :

If
you

haven't seen this before
, play

around w/ this and other examples.
What elements of #p are primitive ? If an element isn't primitive, what can

you say
about its ORBIT EY"

: 1 = 1
,
2

,
3
,

... 3 ?



kemmFor
any Ondag

Proof. [2
=

xeg

&#epimimFor
any

X#1
,

(1- x) . )[j= Xi) = 1 -

xY

and so [xi =

I

-for

any
n

. Apply this with X=

29. 118-7
. ya = (0)8 =

yo,

using () again.

=
0

So (jd)8" = 1.
. KinceytEo).

Now we can answer our question about theparity-checkmatrix of RS codes.

PROP. Let u =

g-1 ,
and let o

be a primitive element of Eg
.

-

RSg)(8, U : 85 ..., yn
3)

,

u
, k)

#: Cli =

0 forj= 1
, 2 -

-
n- a))

where e(X) = [ .X".

#



suficesto show thatProof of PROP. -

---1 882
---

ya
I 1 --I

n -k 1 2224
H g2(n

-1I z 22 ... yk
:

82y4 ... y2(k
y

- g

1 yn
-

ky2(n
-4)

--

y(n
- 2)(n+1)
#

If- :

G
n=

g
- t

1yn ... y(n
-1(k1)

-

k

So let's just consider the (ij) entry of the product
. This is

-

L joi -gli
ja

1 zi ja j3i
..

y(n
- 13i I

#↳y
loj

= [lit

i
=[ (ye)(i

+j)

gin-1sj
I

[xEIFg

~

= (n - k)+ k = n =

g
-

19

Land itj)O since is0] #

Nonce : RSInk)
+

has for matrix IT which
again

looks a lot like
S

& Vandermondemany
genera

go RS(n ,
k)

+

is
again

(kindoff an RS code!

This particular derivation used the choiceof eval. pts heavily
.

However
,

a statement likethis is true in general.



& (g
*

)n

DEF
.

A GENERALIZED RS CODE GRSg( ,
n

, kin) is

Time): = G(x0f(x0) ,
x

,
f(4)

= -
xnf(xn)) (fz #g(x) , deg(f) k+3 .

/
#GRSq( ,

n
,

k i )+= GRSg(nn
Proof : Fun exercise! (We

may proveit in the in-class exercises).

QUESTIONS TO PONDER

D How would
you modify RS codes to makethem binary ?

e How would you
decode Rs codes from errors efficiently ?

Do
you
think it's possible

?


