
CS250/EE387 - LECTURE F - Efficientlydecodingaeratedcodes.

TODAY'S ANT FACT
*

AGENDA Some types of unts sleep in "power naps" ,
about a

⑪

minute long
.

Some ants take
up

to 250 of these

⑪ ZYABLOV BOUND power maps per day
! Siri,

setalamoSeconds.
C& set for-BRRINGG!

e EFFICIENTLY DECODING *
According to some places on the internet ... I couldn't find a good scientific source though ---

CONCATENATED CODES

Recall the GOAL from last lecture :

SObtainExefciently constructiblASYMNRALofor today

Today, we'll see how to use CONCATENATED CODES to achieve this goal .

CALL
:

MoutMin

The CONCATENATED CODE Cin Cont Win

-#



D EYABLOV BOUND

=

stained
Ocul-Hz(f) - E

That is calledtheZyablov
Bound.

ght
pf .

The construction will be :

-

· Cont = RS code with rate Rout
,

dist.
.

Sout = 1- Rouk

Cin = BInany
linear code onthe GV bound

,
with rate rs1-Halfin E

.

±
Westill need to

say
how

toThe concatenated code has : get
this...we'll get

there.

How to choose these parameters ?

RATE : Router
Given & and r = 1-Hz(f) - E

,

we want Sin Sout =S
,

and

DISTANCE: Sout · Sin = (1-Rout) He (1-r-e). r = 1-Hz(tin) - 5 .
So choose

±
at least#Sin E 10

, "2) so that

Hence R = Router = r . (1-ifort)
Sin = H2(l-r-3) and then

seforButa
choose Sout =

Gin . For that

to make sense we need Sin > &
,

and then we

get
to chooser.

but fortunately we restricted

r < 1-Hz(f) - E in the thi statement,

aka Sc Hill -r-E) = Sin

So that
gives

us the combinatorial bound.

Next
,
the algorithmic bit.

continued...



proof continued...

supposethe evaluation pts forthe RS code are #g*,
where

g
:2

So Kin = lg(g) ,

and Mont =

g-1

ALG1
. Search over all #2-linear codes of rate r and dimension kin

.

There are approximately 2
MinKin

= zkin/ = 2

Ig(g)/r
such codes

E³ finalblock length

g
=
Mont + 1

=
1

=

Englgl
So (gz(g)

= 0 (lg2(n) , so
that's 20(1gin)) = nOlly(n))

,

which is NOT

polynomial time .
"

ALG 2
.

In class
,
We will

giveanaly
to construct

binary
linear

codison the GV bound wy rater
,
dimkin in time

Or (kin)20(kin)
,

instead of 2 .

This will fix the above, and proves
the

theorem.

So we have acheived part of our

goal
. (Explicit coces-noalys yet).

\BEGINGASIDE3
The followingbit about theWozencraft ensemble is obus ,

not in the

videos. We
may

discuss it in class Feel free to skip it.

HOWEVER
,

this versionof "explicit" I can compute
it in

polynomial
timeI

may
be unsatisfying
.

/

WHAT If I WANTED "explicit" meaning
: "Givemeashort,useful description

"

formally, I'd like to deable to compute
any entry Gj

in

time
polylog(n).



IDEA : Insteadof
using

the
same

inner code at
every position

and
requiring

it to be
-

good,
we'll use a different inner code in each position .

We won't actually know
which of these inner codes isgood ,

but

we'll know that enough of them are good.

±Tembod ialinear
es

11-2)N values of i , Cin has distance at least H-2) .

This is called the WOZENCRAFTENSEMBLE

nsW

FUN EXERCISE : finish the proof !
treattheseas 2k bits.

Using
the Wozencraft ensemble ,

we can implement the idea above to
Obtain the JUSTESAN CODE.



DEF (JUSTESENCODE

Let k > O Cle will bethe dimension ofthe inner codes in the WogencraftEnsemble]

#
ust have to considerthepf. The rate is Rout/2

,

and it's a binary linearcode, so
we

Isketch) minimum not to compute the distance . Choose Consider any
codeward :

&
-

&

-11

-

· Atlast (1-Ront) = Le fruction of the chunks are the encodings[
J

of nonzero symbols.

· At most an E-fraction of chunks have "bad" inner codes
,

so at least an 22-3 = E-fruction of chunks are the

encodings of nonzero symbols with a "good"
inner code.

For each of those
,

since the inner code has distance I He'll e = (A)
,Lia constant fruction of the bits in each of a constant factionof blocks

are nonzero.

=> Each nonzero codeword has relativeweight larger
than some constant.

Thus the code is

asymptotically good
.



So the JUSTESEN CODE is "EXPLICIT" in the
way

we wanted.

The with block is given by (f(x)
,
xf(x)) = Fg"-1288·

That's pretty explicit
!

Fun EXERCISE
.

What isthe best rate/distance trade-offyou
can get w/ the

Justesen code?

F UN EXERCISE .
What happens to the Wozencraftensemble if you do
Xi (x

,

x . x
,

42 . x

, ...,
2x) ?

LENDEAsice3

This
space intentionally blank

S
H

e EffICIENT DECODING ALGS for CONCATENATED CODES

Now that we have explicit constructions of a symptotically good
cocles (and in particular efficient encoding alys) ,

whatabout efficient DECODING alys ?



FIRST TRY at decoding :

Xe[hortkinka

15
- Cont

Cli
6 ADD ERROR

~

C'es
, encodingof

< under Cin.

MinHout

de [in -111

Y
D Decode each of theseX blocks : that is

,
find the codeword de Cin

which is the closest to the received word.

e Convert the "corrected" chunks TJCin into ADE [out

f Decode Cont to get
the original message

.

anThe above works PROVIDED that the numberof errors eisi dontMaybewith4

-

·indigestan of catenated a
might fail
.

m



The proof shows that this might NOT bea good
idea

.

If the adversary JUST BAREL's messes
up

as
many

blocks as they can
,

this

decoder will
fail on (E) errors.

WHAT ARE WE LEAVINGON THE TABLE?

eeyobservation: When we decodethe inner code It -

Minnin

se Ein

Thecemmore than justEes
wealso know tfinall

SOME MOTIVATING EXAMPLES :

D Each block either has 0 or
div/2 errors

.

[This is the bad example from before).

-(1 ( 1(

- *Theseblocks have

correct each
Y
WKIY/XILY NY1 1

no errors and don't

block w/ (in

±
This block had some errors.

change
when we decodethem.

When we decode it
,

it's to something at least dink
away,because:

= din

g
C

-
...

------
I

#
this distance is alsoa dir/2

Thus
,

even though theD blocks are incorrect
,

we can defect that they

were incorrect.

So the thing we should do in this case is treat theD blocks as

ERASURES
.

We can handle twiceas

many
of those ! So our error tolerance is

actually about6/2 in this case
,
which is what wewanted.



e MOTIVATING EXAMPLE #2
.

The bad
guy

tries to fail our previous example

by adding error din to some blocks
, turning

them into other codewords.

din errors in -11111111

eachof e/dinI
Wi 11

blocks

correct each

block. They are C
all already codewords!W W I I I I 1

Nothing left to do.

Now we can't defect anything
! BUT

,

there are only e/dic corrupted blocks.

Again we save a factorof 2 and can correct
up
to e=d/2 errors.

We would like to interpolatebetween these two extremes.

an
We can efficiently decode RSc

(nk) from e errors and serasures.-

as long as 2e+s > n-K + 1 : Laka
,

thedistance of the RS code)
.

-

whereNow in
crasures (via lineat algebra).

This inspiresthe followingalgorithm.

ALGORITHM :
(NOT THE FINAL VERSION) .

Given W = (W1
,

We
, ..... Wont) E (Fin(Mon St

. A(W ,e)<indout
For each i = 1

, ...,
Mont : for some Ce Cinc Cout

Let wi = argmin (Aly ,will

ye
lin

(I
With probability min (wiwil,
L set

Bi
= 1Feas

kno cashal decoder on1

inElse :

L Set zi st . Ein (Bi) = W!



Why does this algorithmwork?

ta
=) + 2#Marenot)] do the
-

Proof

IskethLetWil
*
AtI I I 11 keal

/u/u/c(clctilit
#11 1 1 1 1 Knotl

Let! = 1 [Bi = 13 ±

³ + (vector of wtei) 7 + error

#i = 19BitandBith3 walIWi I (wout

³ lotsof soma hanges ³ ³not somany G
decode

changes
each block

WeI I 1 1 I IWant

(2x+Xi] 36b ↳
11

#21/B4/B5/B6/B/Profe flip a biased

Coin to either

(Noticethat the SUBCLAIM proves
the CLAIM
, ³ Cout's decoder

turn the codeword

back into a symbol
by linearityof expectation).
=/X? in [out

,
or

else I

-

M
= 2 - IE[Xi

+

]

(Proofof SUBSUBCLaim SUBSUBCLAIM
[ 2
-n

min (2 -Alwiwi) , din))
-

=
2
-in (2din-Zei)

= Zei/din
,

as desired
.³menu .

I



⑭m. If Citwi ,
2ei + min (A/Wiwil , die) = 2.dir

of: Suppose that IDlwi ,
will din

.
Then the

SUBSUBCLAIM reads :

Zeit 2Alwi ,
Wil Idin

ei + AlWi ,
wi (7 dim

A(Wi , (i) + Alwi
,
wi) din

which is true since

din = Alci ,wi) = Alwi
,
ci) + Alwi , wil

±
Since Ci

,
wit Cin

*

triangle inequality.Immunomand Ci wi

SUBSUBCLAIM reads :

Zei + din 2din aka ei fin

But this must be true because we are in the

setting
where

c+ W!

Indeed
, if ei <And ,

then the inner codes decoder would have

worked correctly and we would have ci=Wi ·



So the CLAIM implies that the algorithm works "in expectation.
"

We could
try

to turn this into a high probability result (repeat a bunchof times)
,

but instead we will actually be able to DERANDOMIZE it.

STEP 1
.

Wewill reduce the
necessary

randomness bya little bit.

CHOOSE OE [0 , 1] UNIFORMLY AT RANDOM
.

TI LElse :

That is
,

we never used the fact that our draws for
Bi were independent.

So let's make them not at all independent.

Our next step will be to search overall possible G's.
In fact

,
we only need to look at Mout + 2 valuesof O :

min(ww, 1) Os min(w,w
~

Ghout + 1

-
O & 1

E

#I do 1 *
winkets Lathe

values w in the same intervalmin (we w, 1)

behave the same.



This is called FORNEY's GENERALIZED

& MINIMUM DISTANCE DECODER.
-

ALGOMITM : FINALERSION
-

-

Given W = (Wa
,

We
, ..... Wont) E (Ag(out St

. A(we)
Din dont
-

2

COMPUTE THE MOUT +2 RELEVANT for some Ce Cinc Cout
VALUESOf O

,
Go

, ..., Q Hout &

For j = 0, ..., Mout +1
:

For each i = 1
, ...,

Mont :

Let wi = argmin (Aly ,wil)

ye
lin

If &; [ min )2A)wi ,wil 1) !

-
&

L
±

set
Bi

= 1

kin

Else :

L Set Bi st . Ein (yi)
= Wi# LemRun Cout's (error+ erasure) decoder on 1 ... Mout

LE] :

-

³RETURN X

The fact that this algorithm is correct follows from our earlier claim.

Since
IEC2

. (Hers) + (Herasures)] = Don't

there exists some Oc[0
,
13 so that 2)Herrs) + (Herasures) I dont

,

aka so that the alg . finds the
correct *

Thus
,
our algorithm above, which tries ALL values of O ,

must

find that
good value and

return the correct answer.



What is the running time of
this algorithm ?

Depends on the codes .
Let's choose our explicit construction

³

Recall we had Mout =

Goat-1,oux=RS code with rate Rout
,

dist
.

Sout = 1-Rout

and
Goat

= 2kir I Cin = BInany
linear code on the GV bound

,
with rate rs1-HalfinE .

T You showed/will show hour to

find this in time
poly (n) on

The expensivebits of the algare
: -Your

homework.

For Olwout) choices of O :

for c = 1
,

...,
Mout :

· Decode the inner code (length Min = O(kin) = O(log (nout)) (

1 by brite force Time O(Min(Cin1) = O(Mina 2bir =

poly in
-

· Run the RS decoder
.

/Time
polyin

So altogether the whole thing runs in polynomial time
.

We have proved

-

EXPLICIT BINARY LINEAR CODES

±evenbound in time
poly(n) .

AKA
,
we have achieved ourgoal

!

Houray !



To RECAP the
story of

Concatenated Codes :

-

We considered (RScode) o (Binary Linear Code ontheGV bound

- Because the inner code is so small
,

we can find a good one by
brute force in time

poly(n)

- We can be a little more clever with the Justesen Code
,
if we want

something asymptotically good
and STRONGLY explicit.

- (RS)o(Binary code on the GVbd) met the "Zyablov Bound", which was

defined as "the bound that these codesmeet
.

"

- We saw how to use Forney's GMD decoder to efficiently decode
these codes

up
to half the minimum distance.

QUESTIONSO PONDER :

d When does code concatenation
give

distance STRICTLY LARGER

than din : dont ?

e Do there exist concatenated codes on the GV bound ?

SPOILERALERT : YES
,

see (Thomesson 1983] .
(It's a randomized construction(

f Can we decode these efficiently
?

SPOILER ALERT: ALSO YES. Iuses list decoding ,
we

may
see it later.

d Can
you
do betterthan the Zyablor bound for EXPLICITCODES

with EffICIENTALGS ?


