
CS250/EE357-LECTURE9-BACK TO CONCATENATED CODES
and theRANDOM CHANNEL MODEL

TODAY'S ANT FACT

AGENDA I An ant queen
*

mates only once
, during her nuplual flight.

Once the queen estalishes her nest
,

she uses stored semen

from that encounter to fertilize her
eygs for the rest of

① RANDOM CHANNELMODEL

E SHANNON'STHM (statement (

herlife .

(
B CONCARENATED CODES ACHIEVE CAPACITY CBUT...) * Among and species that reproduce sexually ,

which is not all ofthem
.

D RANDOM CHANNEL MODEL

· So far
,

we have focused on the trade-off between RATE and DISTANCE
· We chose DISTANCE because itnicely captures WORST-CASE
error/erasure tolerance.

· Moreover
,
DISTANCE was nice for applications like compressed sensing and group testing.

· HOWEVER
,
the worst-case error model is pretty pessimistic. This motivates a

RANDOMIZED MODEL for errors.

Note The RANDOM (or STOCHASTICor SHANNON) model is extremely
-

well-studied and wewill largely ignore it in this class
.

See-EE 276 (InformationTheory) or EE388 (Modern Coding theory
for more on this very cool topic !



The model is this :

A MEMORYLESS CHANNEL W with input alphabet/ and outputalphabet Y is

specified by a probability distribution=W(y(x) = "the probabilitythat y came out of W giventhat went in
.

"

#
CHANNEL

, BSC(p).

PLE: N= 50
,
13

, y = 50
, 1

,
43,

I

#wpobbCHANNEL BEC(p).

These channels are "memoryless" becausethey act on one bit at a time,

independently.

Our picture of error correcting codes thus looks like :

l
encode

~
decode

xy ->cy- fey->Yey
message word "corrupted & hopefully↑

Acts on each
codeword equal to X ...

symbol of c independently.



DES.

Let 24 be an error correcting code with encoding map Enc :/my
-

and decoding map DEC :

y"-
> X*

Let W be a channel w/ input alphabet and outputalphabet y.
The FAILURE PROBABILIM of C on W is at mosty ifI-x =y,

Pw)DEc) W(Enc(x))) +X) = 4
S

This is a random

variable which represents
the output of the channel W
on the input Enc(X1.

Shannon showed that every channel has a CAPACIT
,

Ce [0, 1]
,

so that transmitting
at rate RsC reliably is impossible ,

but transmitting at rate RCC is possible.

This is what Shannon's Theorem says for the BSC :

THM (SHANNON'S CHANNEL CODING THM for the BSC).

V pe[0
,
ve) andallee (0, "-p) ,

the following holds for large enough n.

(1) For k = ((1 - H(p +e)) -

n),
#80

,
and Enc : Sai -5013"

,
Dec: [0

,
13 -50,

132 st. xe50
, 13Pence[#[DEc (BSP(Enc()) +y] = 2

-5
aka

,
if the rate is a smidge below 1-H(p),

the failureprob. can be really tiny.

(2) If kc [(1-Help) +2) . n 7 ,
then for all such ENC

,
DEC,

PBscpEDEc(BSCp(ENC(x)) +y]"2



I
-

mutual information

Moregenerally. Shannon'sthm says that the capacityof Wis C=Max-Verdists

The proof of Shannon's theorem is best done w/ information theory (see EE276) .

Here's a handwavy sketch of an argument to prove the BSC case directly :

* actually,
we'll have to

pf (sketch modify the random code a
-

(1) A random code works greatfor the achievability result.
bit by knowing out a few
bab codewords.

(2) for the impossibility result, consider dividing up 20
,
13" into a bunch of chunks,

Dx = Eye (0,13) DEC(y1 = x] .

)Freeto X.⑪
50, 134ITNow, consider what happens to EncEx) when it goes through the BSC :

.... =The corrupted version is· REALLY likely 10 end up
in this annulus

,
Sx

YSx
Thus

,
we better have that most of Sx is contained in Dx

,
or there would be

some big probability of failure.

SD50, 134
ctd.



pf sketch ctd.

But then we should have
,
for all X :

↳) ) = Vol(pn ,
n) = 2 H ↑

heremeasthan"

So then how
many Dx's could possibly fit in 50,132 ? At most 2/nHip =21-**-

So (2) 21-H,
So RE1-H(p) Corso].

So
,
to recover from a p-fraction of errors :

R &

·here. Now I have p,

here if
the errors are worst-case.

Somewhere in here &
if we want to do it efficiently from

Worst-case errors.

Natural question:What ifIwant to efficiently decode from randomerors?



B CONCATENATED CODES achieve CAPACITY

-

-or every p and every
ge (0

, 1-Hulp)) ,

and all large enough n,

there is a binary linear code 250 ,
13 with rate R1-Halp) - E,

so that :

O(Y(5)
(a) C can be constructed in time poly (n) + 2/1b) C can be encoded in time O(M2)

(c) There is a decoding alg DEC for C that runs in time

0(1/3)
poly(n) + n 2

and has failure probability at most 2--(zon) over BSC(p).

Thus
,
this cock "acheives capacity" on the BSC

,
in the sensethat the

rate can get arbitrarily close to 1-Hz(p).

anAs the rate gets close to HHzlp , the running time of these palgorithms blow up EXPONTIALLY in 119.

Whether or not this could be avoided (with efficient alys) was open for a long
time ... but then in 2009 Arikan introduced POLAR CODES Which

will do it. We might talk about polar codes later in class.2 And if not
,

it's a great project topic !

But for now let's prove lor ,
sketch the proof of) this theorem.

I turns out
,
we've already seen the answer! Concatenated codes !



PROOF SKETCH for the THEOREM:

Choose aparameter O TBD.

CODE CONSTRUCTION : Concatenated Codewith :

Code Dimension Blocklen. 12) Rate Decoding Time Other

l
* Both Cin and Coul

We'll see how to get these in a momentt.. will be linear

RATE is R = (1-Halp) - 8/2) . (1 -8/2) 1-Halpl-e.

DECODING ALG is the one that wasn't a good idea last week :

-

Given (y1. ..., Ynout) E(hin(out
FOR i = 1, ...., Mout :

um Cin's decoder to optain ye =Decir(yi) e Fakir Fogart#Decode y = (yi, .... Ynont) using DECout (Cout's decoder), and

RETURN (DECon+ (y')

Say DECin takes time Tin(u)
,
DECout takes timeToul (n).

Then the decoding time is

DECODINGTIME = O (Mont : Tin (kin) + Tout (nont)) =TED

ENCODING TIME = O(n2)
,

since the code is linear

CONSTRUCTION TIME : TBD



ERROR PROBABILITY :

Say that Cout has relative distance 8. Then

PE decoder fails 3 = PS >U. n blocks are incorrectly decodedby (in]

for a fixed block i, PS Cin decodes the ith block incorrectly 3 - VI2
.

#independent,BSC)) BSC)+1) BSC)+1) BSc)F)
So PS =y blocks are in error ]

= PSoutinfailS

= Put fc23]
#

This follows from a
·

CHERNOFF BOUND: -

> exp) - U · Hour /6 )

So the error probability is indeed exponentially small. FUN EXERCISE: A random

linear code of rate 1-H(p)-El2

But now.... What codes to use for Sin
,

Cout ??
probably) has fail prob . 2-O(in)

F sochoosekinExists a binary linear code
thatworks

.INNER CODE : Just like before
,

let's try ALL the binary linear codes.

CONSTRUCTUNTIME : 20(nin)
: there are2

Kinnin
codes to check

,
and it takes

time2kuzcomute the error probabilitto
Cthat

might be
transmitted [ PSylc3 : ISDECN(y) +C]

DECODING TIME : 20(kin) to try all the ye 50,13" in

codewards and find theclosest one.



OUTER CODE :

kin
TRY 1 : REED-SocoMON

. Actually,
NO ! Like we saw lastweek

,
this would require Mout = 2

but then the construction time would be 20(kin) = noglout,
and we get a guasipolynomial-time construction.

Before
,

we got around this by coming up witha slightly better

construction of Cin
,

that took time 20lkin) instead of
20(kin)

.

Here
,
we'll mess with theouter code instead.

TRY 2 : BINARY CODES on theZYABLOV BOUND

Meta-logic : We need an effciently encodable/decodable asymptotically good cock.

So fur
,

we have seen :

· RS CODESWe just said NOT this.

· Concatenated RS CODES *Betterbethis
.

So let Coat be an explicit binary code on the Zyablov bound .

I
/RS - CONSTRUCTION from LECTURE7
#11/ 3~yayalali

↓ forget about the blocks

---
This sluff

~
Each of this will have size OGCAS .

does not ↓ Make new blocks So it won'tdepend onn at all .

-111M that therelative

changeasS #rechnewblocksasymbol
Noticeancedoes not get

Worse
.
Whenwe dothis

Since the rateand distancedon't getworse
,
this code SDLL lies at or above the Zyablovbd.

To decode
, just run the red stuf) backwards and then use thedecoder from Lec

.7.
&



PARAMETERS :

· Choose Cont to be a binary code on the Eyablov bd (from Lecture 7).
· Choose Kin = O(lu)This is what we needed for the inner code

lo exist
.

· Make Cout-(FrJ" by chopping up Cont into chunks of size kin
.

· Now let's picky .
We have

Sout = (1-Rp)H"(1-v) Zyablor Bd
Trateof This was the

the RS code rate of Cin' on the

on prev, page. previous page - NOT (in

in our construction

and recall we want Sout = 20.

So choose RRs = 1-2 and rst. Hill-r) = No
-

Thismeans v = 1 - 0(ulg(b)
and that implies

Rout = Resor = (1-2) (1- O((g(0)) (
= 1- O(Wlgli)) .

Wewanted Rout 31-E2
,
which means that we should choose O sit .

2/z = 0((g)(y)) .

U = 0(23) works,
so let's do that.



With our choice of J = Se
,

let's go back and compute stuff.

Code Dimension Blocklen. 12) Rate Decoding Time Other

l
So :

DECODINGTIME = O (Mont : Tin (kin) + Tout (nont)) = poly(n) + no 20(1g(**(e)

FAILURE PROBABILI : EXP)-U . Mout/6) = exp)--))) = exp(=(c = n)) -

CONSTRUCTION TIME :
20(mm) + poly(Mout) = 20(54192(x)) + poly(n)

= 20(k(5) + poly(n).

and this gives all thethings we claimed.

QUESTIONStO PONDER :

①Which model (Shannon or Hamming) do you find more compelling?

② Flesh out the details of our proof of Shannon'sTum for the BSC .

③ Why do we ask for failure probability 2-in) ? Is "1000 okay?

& Can you make the (something) oRS approachwork for acheiving capacity on

the BSC ?


