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The “Queue” Markov chain

• Diagram:

• Transition matrix:
1- a

mini-n a O
µ

X

O n i-*ax

P

claim In the stationary dist IT,

Rfk. c- A , Xt+ , EB) -- II,fXtEB , XTHEA ]
PI . Say Xt -MIT, so Xt - IT.

Then :

PIXEEA ) - P ( Xt . ,eA , He A)tpfxt.FR/tEA)dPlXe.ieA)--lPCXt.iEA,XteAttPlXt.ieA,k.eB)
But Pf Xt EA ) - lP(Xt - i EA ) sincesame dist

.

•The Markov chain is finite iff it has finite support .

Queue model : ( Ttu < 1 )

• If length < n, someone joins w/ prob . x
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• What is the stationary distribution, in terms of a,µ ?

( ITP )j = Tj

for O <jen , this says
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Stationary Distribution

• Claim: If 𝑋!"# ∼ 𝜋, then Pr 𝑋!"# ∈ 𝐴, 𝑋! ∈ 𝐵 = Pr 𝑋!"# ∈ 𝐵, 𝑋! ∈ 𝐴
• Informally: The amount of mass going from A to B needs to be the same as going 

from B to A, or else it can’t be a stationary distribution.

• Formally:

• Pr 𝑋!"# ∈ 𝐴 = Pr 𝑋!"# ∈ 𝐴, 𝑋! ∈ 𝐴 + Pr 𝑋!"# ∈ 𝐴, 𝑋! ∈ 𝐵

• Pr 𝑋! ∈ 𝐴 = Pr 𝑋!"# ∈ 𝐴, 𝑋! ∈ 𝐴 + Pr 𝑋!"# ∈ 𝐵, 𝑋! ∈ 𝐴

• 𝑋! ∼ 𝜋, since 𝜋 is stationary, so Pr 𝑋!"# ∈ 𝐴 = Pr 𝑋! ∈ 𝐴 .
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If 𝜇 ≠ 𝜆
(if 𝜇 = 𝜆, this is uniform).



Expected amount of time until the queue is 
empty again?
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As n gets big…

→ TIO = gift
TTi) = (Y
II.of

=
(Ii ( Ma - L )
Tiant

What is the expected time , starting w/ an empty queue,
until the queue is empty again ?

Fundthmof Mc ⇒ LEFT!moline) = ftp.j.IO I
'

=
l%Y
1%7 - I

→ TIO = gift
TTi) = (Y
II.of

=
(Ii ( Ma - L )
Tiant

What is the expected time , starting w/ an empty queue,
until the queue is empty again ?

Fundthmof Mc ⇒ LEFT!moline) = ftp.j.IO I
'

=
l%Y
1%7 - I

• If 𝜇 = 𝜆 > 0, this is 𝑛 + 1.
• If 𝜇 > 𝜆, this tends to !

!"#
(aka, some constant…)

• If 𝜇 < 𝜆, this goes to infinity exponentially quickly in 𝑛.
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•The Markov chain is finite iff it has finite support .

Queue model : ( Ttu < 1 )

• If length < n, someone joins w/ prob . x
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Show that 𝜋 is the stationary distribution
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When can we apply the fundamental thm of Markov chains?
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•The Markov chain is finite iff it has finite support .

Queue model : ( Ttu < 1 )

• If length < n, someone joins w/ prob . x

• If length so , someone is served w/ probµ
u

n
u n u

c- A ← ← a

⇐ 0¥ '⇒
'

*
' "

⇒
"

⇒
n Fa

tf ¥, Q
- x- in

• What is the stationary distribution, in terms of a,µ ?

( ITP )j = Tj

for O <jen , this says

ITCj ) ft- a -µ) tTtj- i) x tIT IjnIM = ITG-I

Say that 𝜋 𝑥, 𝑦 > 0.  Then 𝜋 𝑥 𝑦 𝜋 𝑦 𝑥 > 0, and 
that’s the probability of taking the self-loop at (𝑥, 𝑦)



In the context of Markov Chain Monte Carlo
• Assuming that 𝜋 is such that this Markov chain is aperiodic, 

irreducible, and finite, this gives us a way to (approximately) sample
from a multivariate distribution.
• Suppose that 𝜋 𝑋 𝑌 = 𝑦) and 𝜋 𝑌 𝑋 = 𝑥) are easy to sample from.
• Then we can easy run this chain.
• It converges to 𝜋(𝑋, 𝑌)

• Note: Often it is much easier to sample from univariate distributions 
than multivariate distributions.
• We only did this for two variables, but the same thing works for more than 

two variables.

• This is called “Gibbs Sampling”



Recap

• Today: Two exercises about stationary distributions.
• Next time: How fast do Markov chains approach their stationary

distributions?


