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Vertex&exposure&martingale
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consider the Doob martingale IE [A l X , ,
Xz
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Xi ] I ⇐ I

Intuitively , changing one vertex can't change JUG ) by more than 1 ,
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Applying(Azuma-Hoeffding

Let A Gn
, p )

consider the Doob martingale IE [A l X , ,
Xz
, . . . i ] - Zi(

vertex exposure

Xi = neighborhood
of vertex i

claim HE [Al Xi . . . .. Xi. . ] - IECAIX .
. . . . .

Xi ] I ⇐ I

Intuitively , changing one vertex can't change JUG ) by more than 1 ,

Let A Gn
, p )

consider the Doob martingale IE [A l X , ,
Xz
, . . . i ] - Zi(

vertex exposure

Xi = neighborhood
of vertex i

claim HE [Al Xi . . . .. Xi. . ] - IECAIX .
. . . . .

Xi ] I ⇐ I

Intuitively , changing one vertex can't change JUG ) by more than 1 ,
since you'd only change the color of that vertex .

More formally , for any choice x , . . . . , xn for X , ,
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Azuma-Hoeffding
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,
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Edge%exposure%martingale

If we used the EDGE EXPOSURE martingale instead , we still naively
would have I Zi - Zi

-i
l E 1

(one edge can change y(G ) by 1 )

but now we get

PHA - EAL - crn ) ⇐ 2 exp f -fY÷i )
= 2 exp ( - Olen ) )
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Much worse !

GAMBLING GAME :

• At time t
, you can bet at amount in [

o
, B]

• flip a fair coin '. You areallowed to

- heads
, you win your bet

be in debt .

- tails
, you lose your bet

NITE
.

This is NIT a Markov chain, since how much you
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.

This is NIT a Markov chain, since how much you bet can depend on EVERYTHING so far.

Set up a Martingale so that Zt = amt of money at lime t -

Xi = coin flip at time t .

This is legit if your belting strategy is deterministic , since

• Ze is a fn of X , . . . .,
X t

• IE [Ze l X , , - , X e - i ] - ta (t betHis . . ,Xt-i) ) t '
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Azuma&Hoeffding

So if B is small
, you are VERY unlikely to win

more than Otr ) $ in B rounds
.

[and if the casino has very slightly rigged the coin , you
are very likely to lose

money . . .]

What if your belting strategy can be randomized ?

Azuma- Hoefling :

Pfl Zn - Zo l s ' I ⇐ 2 exp ( 3¥ )
L
zero

since I Zi - Zi - l l E B always .

If IZn I > c. Born ] ⇐ 2 exp( -CLI )
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What%if%the%strategy%is%randomized?

{ Ze } is no longer a Martingale wht { Xe ?
since Zt is NOT a function of Xi , . . ., Xt .

Define % = ( X e , how much youbet at line ttt )
Now {Ze ) is a martingale WHt { Ye } and the
same analysis holds .
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Recap

• We#got#some#practice#applying#Azuma4Hoeffding.
• General#trend:#
• If#you#are#looking#at#the#Doob#martingale#for#some#r.v. ! w/r/t#"#, "%, …
• and#! doesn’t#depend#too#much#on#any#one#of#the#"'(s
• then#Azuma4Hoeffding does#well


