Class 11

Practice with LLL



Quick Recap
derandomization via conditional expectation

* Probabilistic method:
* Let G = (V,E) be a graph.
e Let X be the number of edges that cross a random cut (S, S)
* E[X] = |E|/2
* There is a cut with more than |E|/2 edges crossing it!



Quick Recap
derandomization via conditional expectation

* Probabilistic method:
* Let G = (V,E) be a graph.
e Let X be the number of edges that cross a random cut (S, S)
* E[X] = |E|/2
* There is a cut with more than |E|/2 edges crossing it!

e How do we find it?

* First choose whether v; € S or not.
 Choose it so that [E[X | choice for v{] = |E|/2
* lterate!



Quick Recap
derandomization via conditional expectation

* Suppose you know that E| | is good
e Suppose you can build [ ] one choice at a time

* Then assuming that

E choices 1,2 ...,t — 1] is good,
there is a way to make tt" choice so that
E| | choices 1,2 ..., t ] is good.

* If you can find that way to make the t*" choice efficiently, you have an
algorithm!



Another example if you want more practice
(check out agenda from Class 10)

@ = VX Vx3)A(x, VXL V) A

* Say @ is a 3-CNF formula with n variables and m clauses, and 3
distinct variables in each clause.

* Show how to (efficiently) find a satisfying assignment so that at least
7/8 of the clauses are satisfied.
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Recap: 2" moment method and LLL

e Second Moment Method

ﬂD[ X :OK < \(;’;;X;a

* Lovasz Local Lemma (LLL)
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Questions?
2nd MM, LLL, Quiz, ...7?



Q1: n'th moment method

Let X be a real-valued random variable. Which of the
following is always true? Check all that apply.

E[(X—-E[X])?
Pr(X = 0] < “gxpe
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Q2: Applying the 2" moment method
E{X 1= 1

Suppose that X1, ..., X, are independent random

variables so that for all 2, X; is +1 with probability [E(:Xi:( -
1/4 and —1 with probability 3/4. Let X = ) " | X
. What does the second-moment method say about \/&(\(X \ = Z ri : \/,gf()(L \
X? -
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Q3:

* Color edges of K,, blue or red
* A is the event that clique formed by S is monochromatic, for |S|=4.
* WTS Pr[ng 4] =

What is the smallest you can take the parameter "p" to
be in the LLL?
%
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Q3:

* Color edges of K,, blue or red
* A is the event that clique formed by S is monochromatic, for |S|=4.

* WTS Pr[ng 4] =
Q3.3
2 Points

Q\?\: Og As 1 > O Suppose that you got a statement of the form

Pr[ﬂs A_s] > (), under the assumption that n < ny

% ﬂ Qo[o(\'f\a w/ no moaoc,\JN‘D(Ych\'g, K/_(, iA K./\ for some constant 1.

<
6( N o What would this statement imply for F4, the fourth

IG ,‘Ka‘, < MNoy ‘“MHME ]\M 66(1 Ramsey number?

® It would give a lower bound on Rj.
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Plan for today

* More practice with LLL
* Application to k-SAT
* (Closure on the example set up in the minilecture video!)

* Yet more practice with the LLL
* An example where the “mutually independent” definition is a bit more tricky!

 (If there’s extra time we can go back to derandomization via conditional
expectation)



Recall k-SAT

® =X VX, Vx3) AN(Xo VX3V X1)AN-+

 m variables, m clauses.
* For today, each clause has exactly k distinct variables.
* Goal: a statement of the form:

As long as each variable appears in no more than

clauses, then @ is satisfiable.



Let’s practice the LLL!

Group Work

Suppose that each variable z; is in at most ¢ clauses, for some parameter £ that will
depend on k£ and that you’ll work out in this problem. Apply the LLL to get a statement
like the following:

Suppose that each variable is in at most ¢ clauses of ¢. Then ¢ is satisfiable.

 mnvariables, m clauses.
For today, each clause has exactly k distinct variables.



Solutions

Suppor.  eadh vandole is . &
Then ¢ s safishabla.




Solutions

T Say each clouse has EXRCTLY £ Derals,
and eadh vanable appears in £ Qh—a/g Clauses.

Then ¢ s sah'sg'a\ob.. D

this is our t



Setting up the LLL

* What are the 4,7

* Whatis “p”?



Setting up the LLL

* What are the 4;?

* What is “p”?
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(\L = {’L“‘ clause. NOT s&h‘sgec,\ (S
What is the parameter “d”?



[\L = {’L“‘ Clause. NOT Sazﬁsgec/\ (S
What is the parameter “d”?
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Applying the LLL



Applying the LLL
\Ne naad d-P < ‘/411




Conclusion

Th\@_ Sé\{ eah clause has EXACTLY Q ,Q.'Lunls \
and each vanable aPpears in £ Qh—a/& Clauses .

Then &Q s Sah’sg'a\ob.. >

this is our t



Conclusion

Th\@_ Sé\{ eah clause has EXACTLY ﬁ ﬁiluuls \
and each vanable aPpears in £ Qh—a/& Clauses .

Then &Q s Sah’sg'a\ob.. R

this is our t

* For example, if kK = 10, then as long as each variable appears in at most

8
i—o = 25.6 clauses (aka, in < 25 clauses), then @ is ALWAYS satisfiable!!

 No matter how many variables or how many clauses!



Next up...

sometimes computing “d” isn’t so obvious

* Consider a set of m equations in n variables x4, ..., x,,:

Zag-l):zj =bY mod 17
j=1

ZGgZ)Ij =b5? mod 17
j=1

.

M)y =™  mod 17
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Group Work

With the setup above, prove that there exists an assignment to the variables such that
none of the equations are satisfied.

Hint: Recall that because 17 is prime, for any a € {1,...,16} and any b € {0,...,16},
the equation ax = b mod 17 has a unique solution for z € {0,...,16}.

Hant: It might be helpful to go back to the definition of mutual independence when arguing
about the value of d when applying the LLL.

Definition 1. Given events B and B,, ..., B, defined over some probability space, B is mutually

independent of events {B,,. .., By} if the probability of B does not change if we condition on any
subset of By, ..., By. Formally, for any subset J C {1,... k},

PI'[B] — PI‘[B' ﬂ,-,ej B;]




Setting up the LLL

* What are the 4;?

* Whatis “p”?

ag-l):cj = bV mod 17

Z ag.m)a:j = b mod 17

j=1



Setting up the LLL

* What are the 4;?
Ao~ emtbat egni & stised

* Whatis “p”?

W[AL] = FE ZJY;\ q\(';)%\') = %" mod (7] z::a§1)szb<” mod 17
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A; is the event that equation i is satisfied

What is the parameter “d”?

Zagl)xj = bV mod 17

J=1

Definition 1. Given events B and B,, . .., B defined over some probability space, B is mutually

independent of events { By, ..., By} if the probability of B does not change if we condition on any
subset of By, ..., B,. Formally, for any subset J C {1,... k},

Za§-2)zj =b? mod 17
j=1

Z ag.m)zj = 5" mod 17

J=1

PI'[B] - PI‘[Bl ﬂ,’e_j B,]



A; is the event that equation i is satisfied

What is the parameter “d”?
Fest tuz d < 4o 7 (SN varms peregn ;<4 ofhar equs por varigda ),
Theets o ﬂooCQ-I \We'd naad:
dxg < Yy
(Un)(5) < &

n < v /I% Y a’z;=b" mod 17
~ b - =1
@), — @
Definition 1. Given events B and B,, . .., B, defined over some probability space, B is mutually Za’ ;=07 mod17

independent of events { B,,. .., By} if the probability of B does not change if we condition on any
subset of By, ..., By. Formally, for any subset J C {1,... k},

(m) . = p(m) 1
Pr[B| = Pr[B| Nies Bil. a; 'T;=b mod 17



A; is the event that equation i is satisfied

What is the parameter “d”?
Newt by acluaﬁ%mqm tuke, d =4
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cos . e . Za(-2):zj =b? mod 17
Definition 1. Given events B and By, . .., B,. defined over some probability space, B is mutually ’

independent of events { By, . .., By} if the probability of B does not change if we condition on any
subset of By, ..., By.. Formally, for any subset J C {1,..., k},

. .= (m)
Pr[B| = Pr[B| Nies Bil. a; 'T;=b mod 17



Conclusion pd= 4 <1

* There exists an assignment so that none of these are satisfied!

. n
ccclh X Y a6z =b" mod 17
agpears in <Y eqns. I
Zagz):rj = 5% mod 17
j=1

m) . =™ mod 17



Recap

* More practice with the LLL!

 We saw how the LLL applies to k-SAT — this will come up again in the
minilectures for next time on the Algorithmic LLL.

* The definition of “mutually independent” can be a bit subtle.



If there’s more time...

* Derandomization via conditional expectation!

1. Let ¢ be a 3-CNF formula with n variables and m clauses, and 3 distinct variables

in each clause. Use the method of derandomization via conditional expectation to
give an efficient (polynomial in n, m) deterministic algorithm to find an assignment
to ¢ so that at least a 7/8-fraction of the clauses are satisfied.

Recall that the expected number of clauses

- . .7
satisfied by a random assignment is S m



General strategy

Choose. Vedlues  (True / fuse) e Yy, %, L,y K one o adinae.
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Why can we make a good choice?



Why can we make a good choice?
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How do we make this choice efficiently?

: thoi c
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How do we make this choice efficiently?
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How do we make this choice efficiently?

. 7
Want to know when this is larger than ?m

e
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This is 1 i@ﬂm choia 9\m qlrmd% mede C tvue.
Ofwwanise it's 1= 4705 | whore Re30,1,2,33 is the

# of (rea vonables feft in C.




How do we make this choice efficiently?

Want to know when this is larger than %n

/
Sa; ol c (,hoiuw.cw
E[i |k ome] - 7, Rome] 2% one

XIJ =) Xe-|
Clauses

_ _—— J

This is 1 iH/m choica me qlrmd% mede C tvue.
Ofwwanise it's 1= 4705 | whore Re30,1,2,33 is the

# of (rea vonables feft in C.

I\(\ M’w\sﬁ we cun comP\AJre‘H!\is e@‘c(enﬂ\/,
Time O(m) !



