
Class 11
Practice with LLL



Quick Recap
derandomization via conditional expectation
• Probabilistic method:
• Let ! = ($, &) be a graph.
• Let ( be the number of edges that cross a random cut (), ̅))
• + X = & /2
• There is a cut with more than |E|/2 edges crossing it!



Quick Recap
derandomization via conditional expectation
• Probabilistic method:
• Let ! = ($, &) be a graph.
• Let ( be the number of edges that cross a random cut (), ̅))
• + ( = & /2
• There is a cut with more than |E|/2 edges crossing it!

• How do we find it?
• First choose whether /! ∈ ) or not. 
• Choose it so that + ( | choice for /! ≥ & /2
• Iterate!



Quick Recap
derandomiza1on via condi1onal expecta1on
• Suppose you know that ![something] is good

• Suppose you can build [something] one choice at a time

• Then assuming that
! something choices 1,2 … , 2 − 1 ] is good,

there is a way to make tth choice so that
![something | choices 1,2 … , 2 ] is good.

• If you can find that way to make the tth choice efficiently, you have an 
algorithm!



Another example if you want more practice
(check out agenda from Class 10)

• Say ! is a 3-CNF formula with " variables and # clauses, and 3 
distinct variables in each clause.
• Show how to (efficiently) find a satisfying assignment so that at least
7/8 of the clauses are satisfied.

! = #! ∨ #" ∨ ## ∧ #" ∨ #$ ∨ #! ∧ ⋯

If you finish today's material earlytry
this



Recap: 2nd moment method and LLL

• Second Moment Method

• Lovasz Local Lemma (LLL)

#)PC x=0] =
(Ax)

Say that A., A2, ... An are BVENTS so that: Then

·PLA;]<pF I
·creach , Present size sothat Aisimally np. (PIRETCOfrom EAr: rAS3 and 15.kd

· 4pd-10R ep1d+1) < 1



Questions? 
2nd MM, LLL, Quiz, …?



Q1: n’th moment method
⑧

<- the RHS could be

negative, eg x = 31 P-8 &

-I



Q2: Applying the 2nd moment method
1ECX]=1
lECx]=-1/2

Var(x) = 2.E, Var(Xi)

=no [ECX]-EK. T2]

=n[1-14] = 3
#(x =0) -> WrCYS - outthe



Q3:
• Color edges	of	1! blue	or red
• 4" is the event that clique formed by S is monochromatic, for |S|=4.
• WTS Pr ∩" 4" ≥ _____

=>
i(monodromatic Peoplein=

- "32

on
ki

these 's 4

on39 ofthees's



Q3:
• Color edges	of	1! blue	or red
• 4" is the event that clique formed by S is monochromatic, for |S|=4.
• WTS Pr ∩" 4" ≥ _____

PCIsAs]> 0
=> I coloring w/ no monochromatic K4inKn

for n = No

If R no, then there MUST bea
monochromatic Kp in Kno...

so Ru No



Plan for today

• More pracNce with LLL
• ApplicaBon to k-SAT
• (Closure on the example set up in the minilecture video!)

• Yet more pracNce with the LLL
• An example where the “mutually independent” definiBon is a bit more tricky!

• (If there’s extra Bme we can go back to derandomizaBon via condiBonal
expectaBon)



Recall !-SAT

• : variables, ; clauses.
• For today, each clause has exactly < distinct variables.
• Goal: a statement of the form:

As long as each variable appears in no more than ______ 
clauses, then ! is satisfiable.

! = #! ∨ #" ∨ ## ∧ #" ∨ #$ ∨ #! ∧ ⋯



Let’s practice the LLL!

• " variables, # clauses.
• For today, each clause has exactly $ distinct variables.



Solutions

Suppose each variable is in <-clauses of 4.
Then 4 is satisfiable.



Solutions

LLL for h - SAT Question Say each var appears in E X clauses
.

What's the biggest you can take X to be and
still conclude that y is satisfiable? Elin lams of k)

Hint LLL . Bad events are the event that y is NOTsat .

if
= ( x, VXZVXJ V - - - VX

, ) A (XaV XIV - - -Vxao) A - - .

I
• n variables

• k literals per clause X
, ,Xz , . . . . Xn

• m clauses

The Say each clause has EXACTLY k literals
,

and each variable appears in E 2k-4k Clauses
.

-
Then y is satisfiable .

this is our t



SeHng up the LLL

• What are the 4#?

• What is “9”?



SeHng up the LLL

• What are the 4#?

• What is “9”?

As eventthat clause is unsatisfied

PCAI] = F so pay



What is the parameter “d”?

Use Lovasg Local Lemma .

Let Xi
, Xz , . . ., Xn be TRUE or FALSE randomly (

"Ini form)

Ai = { ith clause NOT satisfied }

Pf Ai ] = 112k ← only one out of 2k ways
to NOT satisfy a clause .



What is the parameter “d”?

Use Lovasg Local Lemma .

Let Xi
, Xz , . . ., Xn be TRUE or FALSE randomly (

"Ini form)

Ai = { ith clause NOT satisfied }

Pf Ai ] = 112k ← only one out of 2k ways
to NOT satisfy a clause .

Fix izCm]

Let S. ECm] be the set of j sit. clause; and
clause i share some variable.

IS;/<Ro t
↑bondcause↑

#variables in clause sthat that var
could be in.

d <- at



Applying the LLL



Applying the LLL

We need d-p<4

Rt. E < "4
K-G

+<E-



Conclusion

LLL for h - SAT Question Say each var appears in E X clauses
.

What's the biggest you can take X to be and
still conclude that y is satisfiable? Elin lams of k)

Hint LLL . Bad events are the event that y is NOTsat .

if
= ( x, VXZVXJ V - - - VX

, ) A (XaV XIV - - -Vxao) A - - .

I
• n variables

• k literals per clause X
, ,Xz , . . . . Xn

• m clauses

The Say each clause has EXACTLY k literals
,

and each variable appears in E 2k-4k Clauses
.

-
Then y is satisfiable .

this is our t



Conclusion

LLL for h - SAT Question Say each var appears in E X clauses
.

What's the biggest you can take X to be and
still conclude that y is satisfiable? Elin lams of k)

Hint LLL . Bad events are the event that y is NOTsat .

if
= ( x, VXZVXJ V - - - VX

, ) A (XaV XIV - - -Vxao) A - - .

I
• n variables

• k literals per clause X
, ,Xz , . . . . Xn

• m clauses

The Say each clause has EXACTLY k literals
,

and each variable appears in E 2k-4k Clauses
.

-
Then y is satisfiable .

this is our t

• For example, if < = 10, then as long as each variable appears in at most 
%!
!& = 25.6 clauses (aka, in ≤ 25 clauses), then C is ALWAYS satisfiable!!
• No matter how many variables or how many clauses!



Next up… 

sometimes computing “d” isn’t so obvious
• Consider a set of # equaNons in " variables :$, … , :!:

as G20,1, . . ., 163
bli) (50,1, . . ., 163

Assume that each variable x; appears
in <> 4 equations.

Palso
assumethat there's at least one

Cakes a10 for all but 4 values of it
nonzer term in each eye.





Setting up the LLL

• What are the 4#?

• What is “9”?



Setting up the LLL

• What are the 4#?

• What is “9”?

A-eventthat egn is satisfied

PCA. ] = P2 2.1. ag'x,=bmod I7]
-
1/17

To seethis, say WLOG a0. Condition on Na, ...t
#[9i.x2= bli -EEx axs (x2, ...3 = 417.



What is the parameter “d”?
D' is the event that equation i is satisfied



What is the parameter “d”?
D' is the event that equation i is satisfied

First try = d Yon? (Enverpereyn, other egns per variable).

That's no good! We'd need:

dp = "4

14n)() -
n <> 1/... "



What is the parameter “d”?
D' is the event that equation i is satisfied

Next trg: actuallywe can take d = 4.

Say whom a 70, let Si = 5jct.xj appears in egn.jy
Let 5x <m>1S:·

conditioning on ajet t doesn't sayanything about 41
Thus PCA: 1izjAj ]= F= P2Ai]
by same argument as above.



Conclusion

• There exists an assignment so that none of these are satisfied!

↑"17, d <4

Pd= # f0

->

each Nj

appears in -4 egns.



Recap

• More pracNce with the LLL!
• We saw how the LLL applies to k-SAT – this will come up again in the 

minilectures for next Bme on the Algorithmic LLL.
• The definiBon of “mutually independent” can be a bit subtle.



If there’s more time…

• Derandomization via conditional expectation!

Recall that the expected number of clauses 
satisfied by a random assignment is %& ⋅ #



General strategy

Choose values (TRUE / FALSE) for Xi , Xz, Xz , . . - , Xn oneat atime .

At each step, make sure that

left:is:S Iii::iii. f. ¥
The choice exists by induction :

• base case = warmup exercise

• 7¥ ⇐ El auatesliiiiisiiiif

Choose values (TRUE / FALSE) for Xi , Xz, Xz , . . - , Xn oneat atime .

At each step, make sure that

left:is:S Iii::iii. f. ¥
The choice exists by induction :

• base case = warmup exercise

• 7¥ ⇐ El auatesliiiiisiiiif

Choose values (TRUE / FALSE) for Xi , Xz, Xz , . . - , Xn oneat atime .

At each step, make sure that

left:is:S Iii::iii. f. ¥
The choice exists by induction :

• base case = warmup exercise

• 7¥ ⇐ El auatesliiiiisiiiif



Why can we make a good choice?



Why can we make a good choice?

Inductive! let#SAT clauses

-
Base case: IE(x) (nothing)] = Em

↓
by induction

t>1 *

- ECX)isholesfo T

-sECX) rienSOE, A-MUE] + EIE[XICOOLSzs* FALSE]
ama

=>at leastone of these is <7m/8



How do we make this choice efficiently?

= 's Efta:its lxiii:iii. xe.irueltzeftiaateshii.si. . a. fast
n

y\
one of these is 37M18

leftists 1×99.7×7: . x.TRUE] -- E. EPIC -trutta" 7¥
.
.
x.true)
-

This is 1 if the choices have already made C true .

Otherwise it's 1- 112k
,
where he { O , I , 2,33 is the

# of free variables left in C .

Want to know when this is larger than !"#
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In particular, we can computethis efficiently .

ALGORITHM :

for t - I
,

. . .

, n :

compute Effigies II!"! !!. . . a-TRUE]
If it is at least 7h18

,
set Xt - TRUE

Otherwise, set XL. = FALSE

Time E(;) !


