
Class 16
Martingales and Azuma-Hoeffding bound



Announcements



I lied!

• Question last time: “Is a coupling (𝑋𝑡, 𝑌𝑡) itself a Markov chain?”
• I think I said yes.
• That’s not true!!  For example, it could be that the way in which 𝑋!

and 𝑌! transition together depends on 𝑋" , 𝑌" for 𝑠 ≠ 𝑡 − 1.



Recap

• {𝑍!} is a martingale with respect to 𝑋! if for all t:
• 𝑍! is a function of 𝑋#, … , 𝑋!
• 𝐸 𝑍! < ∞
• 𝐸 𝑍! 𝑋#, 𝑋$, … , 𝑋!%$] = 𝑍!%$

• Doob Martingale:  𝑍! = 𝐸 𝐴 𝑋#, … , 𝑋! ]



Azuma-Hoeffding

• Let {𝑍!} be a martingale w.r.t. {𝑋!} and suppose there are constants 
𝑐$, … , 𝑐& so that for all 𝑖 ≤ 𝑛, 𝑍' − 𝑍'%$ ≤ 𝑐'. 

• For any 𝜆 > 0,

Pr 𝑍& − 𝑍# ≥ 𝜆 ≤ 2exp
−𝜆(

2∑' 𝑐'(



Questions?
Definition of Martingale? Azuma-Hoeffding? Quiz?



Quiz 1

• 𝑋#, 𝑋$, … are independent rolls of a six-sided die.  Which are 
martingales w.r.t. {𝑋!}?

• 𝑍! = 𝑋# +⋯+ 𝑋!

• 𝑍! = 𝑋# −
)
(
+ 𝑋$ −

)
(
+⋯+ 𝑋! −

)
(

• 𝑍! = 𝐸 𝐴 𝑋#, … , 𝑋! ] where 𝐴 = ∏' 𝑋'



Quiz 2



Today: Azuma-Hoeffding in Action

• Example 1: Chromatic number of random graphs
• Example 2: Gambling



Chromatic number
(We saw this example in the mini-lectures)

• Let 𝐺 ∼ 𝐺(𝑛, 𝑝)
• Let 𝐴 = 𝜒(𝐺) be the minimum number of colors needed to properly 

color 𝐺.

𝜒 𝐺 = 2 𝜒 𝐺 = 3



Vertex exposure martingale

• Let 𝐺 ∼ 𝐺(𝑛, 𝑝)
• Let 𝐴 = 𝜒(𝐺)
• 𝑋! = status of edges between vertex 𝑡 and vertices 1,2, … , 𝑡 − 1
• 𝑍! = 𝔼 𝐴 𝑋$, 𝑋(, … , 𝑋!]

Note: this is slightly different than the 
lecture notes!  Both work fine for this 

example, this one is maybe more standard.



Edge exposure martingale

• Let 𝐺 ∼ 𝐺(𝑛, 𝑝)
• Let 𝐴 = 𝜒(𝐺)

• 𝑋! = status of edge 𝑡, for 𝑡 = 1,… , 𝑛2
• 𝑍! = 𝔼 𝐴 𝑋$, 𝑋(, … , 𝑋!]



Group work: 
Apply Azuma-Hoeffding both ways!
1. Use Azuma-Hoeffding with the vertex exposure martingale to 

bound 

Pr |𝐴 − 𝐸 𝐴 > 𝑐 𝑛] ≤ 2 exp −
𝑐(

2

2. What happens with the edge exposure martingale?
3. (bonus) what can you say about E[A]?



1. Vertex exposure martingale

• Need to bound 𝑍! − 𝑍!%$ ≤ ________________



1. Vertex exposure martingale

• Applying Azuma-Hoeffding:

Pr |𝑍& − 𝑍# > 𝑐 𝑛 ≤ 2 exp −
𝑐(𝑛
2∑' 𝑐'

≤ 2exp −𝑐(



2. Edge exposure martingale

• Need to bound 𝑍! − 𝑍!%$ ≤ ________________



Technically…
See lecture notes

• For any 𝑎!,

Using independence 
since in our case the 
𝑋! happen to be 
independent.



Technically…
See lecture notes



2. Edge exposure martingale

• Applying Azuma-Hoeffding:

Pr |𝑍& − 𝑍# > 𝑐 𝑛 ≤ 2 exp −
𝑐(𝑛
2∑' 𝑐'



Next example: gambling

• A fun game:
• At each step t, you can bet 𝑏" ∈ [0, 𝐵] and guess “heads or tails”
• Flip a fair coin.  If you were right, you win 𝑏".  Otherwise you lose 𝑏".



Next example: gambling

• A fun game:
• At each step t, you can bet 𝑏" ∈ [0, 𝐵] and guess “heads or tails”
• Flip a fair coin.  If you were right, you win 𝑏".  Otherwise you lose 𝑏".

• Notice that 𝑏! can depend on everything that’s happened so far.
• Let 𝑍! be the amount of money you have at time 𝑡.
• It’s okay for 𝑍! < 0 (the casino knows you’re good for it…)



Next example: gambling

• A fun game:
• At each step t, you can bet 𝑏" ∈ [0, 𝐵] and guess “heads or tails”
• Flip a fair coin.  If you were right, you win 𝑏".  Otherwise you lose 𝑏".

• Notice that 𝑏! can depend on everything that’s happened so far.
• Let 𝑍! be the amount of money you have at time 𝑡.
• It’s okay for 𝑍! < 0 (the casino knows you’re good for it…)

• Quick question:
• Is 𝑍" a sum of independent random variables?



Group Work

1. Define some random variables 𝑋! so that {𝑍!} is a martingale w.r.t. {𝑋!}

2. Use Azuma-Hoeffding to bound Pr 𝑍& ≥ 𝑐𝐵 𝑛

3. Does the proof above work if your betting strategy is randomized? If
not, make it work.

• At each step t, you can bet 𝑏! ∈ [0, 𝐵] and guess “heads or tails”
• Flip a fair coin.  If you were right, you win 𝑏!.  Otherwise you lose 𝑏!.
• 𝑍! = amount of money at time 𝑡



1. Setting up a martingale
• 𝑍! = amount of $$ at time t
• 𝑋! =

• This is a martingale because…

1. 𝑍! is a function of 𝑋#, … , 𝑋!?

2. 𝐸 𝑍! < ∞?

3. 𝐸 𝑍! 𝑋#, … , 𝑋!%$ ] = 𝑍!%$?



2. Using Azuma-Hoeffding

• 𝑍! − 𝑍!%$ ≤ _____________

• Azuma-Hoeffding:

• Pr 𝑍& − 𝑍# ≥ 𝑐 𝑛 ≤ 2 exp − *!&
∑" *"



With a randomized betting strategy?

• 𝑍" = amount of $$ at time t
• 𝑋" =

• This is a martingale because…

1. 𝑍" is a function of 𝑋#, … , 𝑋"?

2. 𝐸 𝑍" < ∞?

3. 𝐸 𝑍" 𝑋#, … , 𝑋"$% ] = 𝑍"$%?



Recap

• We got some practice applying Azuma-Hoeffding.
• Moral of the story I:
• Azuma’s inequality can bound sums of random variables that aren’t 

necessarily independent!
• Moral of the story II:
• One useful case is when you want to establish concentration for a random 

variable A that doesn’t depend too much on any of the underlying variables 
𝑋-.

• Moral of the story II:
• Sometimes there’s more than one relevant martingale, and one might be 

better than the other.


