Class 6

The power of two choices



Recap |

 Balls and bins!

* Powerful tool: Poissonization (Poissonification?)

« X ~ Poi(4):
* PriX = k] =
« E[X] = Var[X] =

—c?
e Pr[|X — Al = c] < 2exp (Z(M))

—AAk
kl




Recap |l

* If you drop k ~ Poi(n) balls into m bins, then:
* Let X; = #(Balls in bin i)
+ X; ~ Poi (-
* The X; are all independent

e “Poissonization”:

e #(Balls in bin i when you drop n balls into m bins) = X;
* Work with the X; instead.



Recap Il: Maximum Load

 n balls into n bins.

. logn
* Max load |s®( 5 )
loglogn




Today: The power of two choices
go?
.00

* Drop n balls into n bins. o
* For each ball, pick two bins at random.
* The ball goes in the less-full bin. (Break ties arbitrarily).




The power of two choices

* n balls into n bins, completely * n balls into n bins, according to the
randomly: | “pick two” scheme:
* Max load is © (lo;ign) * Max load is @(loglogn)

Exponentially This is useful, for example,

smaller! when trying to efficiently
assign jobs to processors

and wanting to balance

the loads.




Definitions:

Group Work f=y  B=T

Intuition

B(i,t) = number of bins with = i balls after step t

1. Explain why B(2,t) < 3, for all t.
2. Show that

- - 32
Pr{Ball t is the > 3rd ball to land in its bin} < (M) < 3—2,
n n

for all .

3. Show that, for all £,
E[B(3,t)] < 8s.

4. Suppose that B(3,t) < 3, for all t. That is, suppose that the thing that you
showed in expectation before actually held. Show that, for all ¢,

E(B(4,t)) < Ba.

5. Suppose that this logic continued, and you could show that E[B(i, )] < 5; for all
t. What would the max load be?



Solutions: Question 1 A —

* B2 =n/2.

* There can’t be more than 2 buckets with = n/2 balls in them (since
there’s only n balls total).

*SoB(2,t) < B(2,n) < f,

Definitions:
n B4
b =7 Bi = ln

B(i,t) = number of bins with > i balls after step t



= Probability that ball z is the third (or greater) ball in its bucket:

Solutions: Question 2

* Probability that ball t is the third (or greater) ball in its bucket:

* Need to choose two buckets with at least two things in them. e o
. . B2t=D\* _ (B2 \
 The probability of that is at most ( ) < (—) @-° O

n n

: o o
O @ O ® O
‘\'\ /

B(2,t — 1) buckets with = 2 balls in them.



3. Show that, for all ¢,
E[B(3,t)] < 8s.

Solutions: Question 3

E[E(%;E)Ié \E[B(s, YQI

This is because the ™ ball v ‘< 1
number of bins with at <
< = d. -
least 3 balls is at least __— HE,[ Z¥ ‘ ﬂ‘i 23" in its ‘Ouckalfrk

the number of balls )
that were at least 3 in = Z n ‘F \OCA“ t
their bin. k=l B%ca in its buckek
AR 2
N %Q
< A = 2 -
b Z b= K N > % /Y\. R %3
kO(QF OP %3



4. Suppose that B(3,t) < 3, for all t. That is, suppose that the thing that you
showed in expectation before actually held. Show that, for all £,

E(B(4,1)] < Bu.

Solutions: Question 4
F8e0]< E(gem |

' ball T s
< HZ_I:ZH TL% 243‘“ in its ‘oudaﬁ} —&
— Z“ ‘? ba“ {7 'S
t=l 2 4% in it louckst
n %3 L %
< Zt:( ~ | = %3/\(& - %4
*Note: As per the instructions in the question,

we are ignoring anything about conditioning on
the event that B(3,t) < 35



5. Suppose that this logic continued, and you could show that E[B(i,t)] < S; for all
t. What would the max load be?

Solutions: Question 5

n
*Bi = 22

* You can see this by doing out a bunch and guessing the pattern:

. n
b2 =7
. _1(n 2 _n
p=3(5) =%
1/n 2 n
h=3(3) =5
. g — 1(1)2 _n
Bs = n\222) — 223 (And formally you can prove it
¢ B = E(L)Z _ by induction.)
n 223 224



5. Suppose that this logic continued, and you could show that E[B(i,t)] < S; for all
t. What would the max load be?

Solutions: Question 5

n
*Bi = 22




5. Suppose that this logic continued, and you could show that E[B(i,t)] < S; for all
t. What would the max load be?

Solutions: Question 5

n
* B = 22
* If we believe that B(i,n) < f; for all i, then at some point (for large
enough i), we have f; < 1.
* That would imply that B(i,n) = 0.

 That would mean that the number of bins with load = i is 0, aka the max load
isi — 1.




5. Suppose that this logic continued, and you could show that E[B(i,t)] < j3; for all
t. What would the max load be?

Solutions: Question 5

n
*Bi = 22
* If we believe that B(i,n) < f; for all i, then at some point (for large
enough i), we have f; < 1.
* That would imply that B(i,n) = 0.
 That would mean that the number of bins with load = i is 0, aka the max load
isi— 1.
n
5212

* Set

< 1 and solve fori: geti > loglogn + 2.



5. Suppose that this logic continued, and you could show that E[B(i, )] < j3; for all
t. What would the max load be?

Solutions: Question 5

*Bi = 2211'1—2
* If we believe that B(i,n) < f; for all i, then at some point (for large
enough i), we have 5; < 1.
* That would imply that B(i,n) = 0.
 That would mean that the number of bins with load = i is 0, aka the max load
isi— 1.
n

a2 < 1 andsolve fori:geti > loglogn + 2.

* Conclude that max load is ®(loglogn), assuming that the “in
expectation” stuff holds exactly.

* Set




Here’s the outline for an argument
WARNING: This is incorrect in a few ways.

10 DQ%“ %‘&:V\/a) %i i Mm“z" is new.



i o@ binc w/ 31 boall 5
after ol n ove Tossed.
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This establishes the inductive hypothesis for i, as long as 8; = 6logn
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Group Work

* What was wrong with this argument/sketch?

* There are at least two or three major problems
* depending on what you count as “major”



Three problems

1. Can’t apply the Chernoff bound — the random variables are not
independent!

2. The end of the argument doesn’t make any sense! We showed that
B(i,n) < B; wheneveri < i*, but 8;+ = 6logn.
* So there are still about 6 log n buckets with at least i* balls in them.
* (Itistrue thati®™ = 0©(loglogn) though).

3. We are not being careful about the conditioning.



Fix for the Chernoff bound problem (sketch)
n Ral £ is >t
\?% Zw ﬂ{ bﬂtﬁand . hg }

-1 )Rl b s it Ball . is Husi™
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III

Fix for the “The argument didn’t finish!” problem.
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‘ This is what we
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Fix for the “The argument didn’t finish!” problem.
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Fix for the “The argument didn’t finish!” problem.
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III

Fix for the “The argument didn’t finish!” problem, ctd.
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Fix for the

“We are being sloppy about the conditioning”
problem.

* Be less sloppy about the conditioning.
* (It’s a bit delicate but not that interesting...)



