
Class 7
Sparsest Cuts from Metric Embeddings



Warm-Up

Announcements:
• HW3 due Friday!
• Please fill out feedback form
• Starting today, I’ll try to post some version of my in-class slides on the website.  (Please email me or ask on Ed if I forget).



Recap

• Bourgain’s embedding!
• Randomized embedding from any X of size n into (𝑅!, ℓ")
• Distortion O log 𝑛
• 𝑘 = 𝑂 log# 𝑛



Questions?
Minilectures, quiz, warmup?







Plan for today

• Application of Bourgain’s embedding to sparsest cuts



Sparsest Cuts

• G = (V,E) is an undirected, unweighted graph:

41Gt - min y(G.s )
SEV

Sto , STV

4(G) =p.mg?Emiseelftut-f#{913 Esu.be/y)IfCuI-flvtT
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Goal: Find a sparsest cut

• a.k.a., find 𝑆 so that 𝜙 𝐺, 𝑆 = 𝜙(𝐺)
• Problem: this is NP-hard.

• Today: randomized algorithm to (probably) find 𝑆 so that 

𝜙 𝐺, 𝑆 ≤ 𝑂(log 𝑛) ⋅ 𝜙(𝐺)

Assuming plausible 
complexity-theoretic 
assumptions, it’s NP-

hard even to 
approximate 𝜙 𝐺 to 

within a constant 
factor.



Outline

• Group Work 1:

• Group Work 2: 
• …use something about metric embeddings to approximate that thing.

PCG) = min Em.net/fhh-fH/f:VsRk#clfufiiTk



Group Work!

1.

2.

3.

This one is the conceptually 
important one

Just try to get some intuition 
for these.



Solution: Problem 1
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From before:

We just showed that the min over 𝑓: 𝑉 → ℝ is actually attained by some 𝑓: 𝑉 → 0,1 .
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this is the case where f. V→R

So adding more dimensions to f can't make this value any
smaller

.

So adding more dimensions to 𝑓 can’t make this value any smaller than 𝑓: 𝑉 → ℝ



Conclusion

• Next up: using this to design an algorithm!

PCG) = min Em.net/fhh-fH/f:VsRk#clfufiiTk



Let’s come up with an algorithm!

• Hope: find f to minimize
• Unfortunately that’s not so easy… 

• Instead, 
This is a linear 
program.  Turns out
we can solve it
efficiently.



Group Work!
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• 𝑑! is a metric, and in particular it
satisfies these constraints.

• Thus, for all 𝑓: 𝑉 → ℝ", 
𝑄 𝑑∗ ≤ 𝑄 𝑑! = 𝑅 𝑓

• ⇒ 𝑄 𝑑∗ ≤ min
!
𝑅 𝑓 = 𝜙(𝐺)
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• This was the warm-up problem!
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• Use Bourgoin's embedding on d * to obtain f : V→ Rk
so that beotgn d* TUN) E H flat - flu ) H1 E fed * Cu ,

v ) FUN
.

• following logic from the warm-up exercise
,

Nfl E O( logn) Qld* I ⇐ Ollogn) 4 CG)

• The final algorithm is :

• find d* by solving the linear program .

• find f : V→Rk by applying Bargain 's embedding to d
't

Technically a pseudo-metric.



Solution: Problem 4
The final algorithm

• following logic from the warm-up exercise
,

Nfl E O( logn) Qld* I ⇐ Ollogn) 4 CG)

• The final algorithm is :

• find d* by solving the linear program .

• find f : V→Rk by applying Bargain 's embedding to d
't

• following logic from the warm-up exercise
,

Nfl E O( logn) Qld* I ⇐ Ollogn) 4 CG)

• The final algorithm is :

• find d* by solving the linear program .

• find f : V→Rk by applying Bargain 's embedding to d
't

• Write ftxl-lf.CN, . . . , f.KI) and find

ix. = arg
,

min CHHEEtfith-f.tv#=arg..minRffi )Guise (Y) Ifi Cut - fi hell

• While fi (x) takes on 33 distinct values a
, savage . . . :

• Set a
,
to either a, or as , whichever makes[

RCfi ) smaller .

• Write ftxl-lf.CN, . . . , f.KI) and find

ix. = arg
,

min CHHEEtfith-f.tv#=arg..minRffi )Guise (Y) Ifi Cut - fi hell

• While fi (x) takes on 33 distinct values a
, savage . . . :

• Set a
,
to either a, or as , whichever makes[

RCfi ) smaller .

• Write ftxl-lf.CN, . . . , f.KI) and find

ix. = arg
,

min CHHEEtfith-f.tv#=arg..minRffi )Guise (Y) Ifi Cut - fi hell

• While fi (x) takes on 33 distinct values a
, savage . . . :

• Set a
,
to either a, or as , whichever makes[

RCfi ) smaller .

• Write ftxl-lf.CN, . . . , f.KI) and find

ix. = arg
,

min CHHEEtfith-f.tv#=arg..minRffi )Guise (Y) Ifi Cut - fi hell

• While fi (x) takes on 33 distinct values a
, savage . . . :

• Set a
,
to either a, or as , whichever makes[

RCfi ) smaller .

• Write ftxl-lf.CN, . . . , f.KI) and find

ix. = arg
,

min CHHEEtfith-f.tv#=arg..minRffi )Guise (Y) Ifi Cut - fi hell

• While fi (x) takes on 33 distinct values a
, savage . . . :

• Set a
,
to either a, or as , whichever makes[

RCfi ) smaller .

• Write ftxl-lf.CN, . . . , f.KI) and find

ix. = arg
,

min CHHEEtfith-f.tv#=arg..minRffi )Guise (Y) Ifi Cut - fi hell

• While fi (x) takes on 33 distinct values a
, savage . . . :

• Set a
,
to either a, or as , whichever makes[

RCfi ) smaller .

• When fi only takes 2 values, as , as , set

f. ← fi-a.az
- Az

• Return S = { uEV : f. cut = I }

• When fi only takes 2 values, as , as , set

f. ← fi-a.az
- Az

• Return S = { uEV : f. cut = I }

• When fi only takes 2 values, as , as , set

f. ← fi-a.az
- Az

• Return S = { uEV : f. cut = I }



Recap

• We can find approximately-sparsest cuts efficiently!

• Step 1: 

• Step 2: Use an LP to to find some metric 𝑑∗ (not necessarily an ℓ$ metric) 
so that this quantity is small.
• Step 3: Use Bourgain’s embedding to find some 𝑓 so that ||

|
𝑓 𝑢 −

𝑓 𝑣 | $ ≈ 𝑑∗(𝑢, 𝑣), so that this quantity is still pretty small.
• Step 4: Reverse-engineer Step 1 to find an actual cut 𝑆, ̅𝑆.

PCG) = min Em.net/fhh-fH/f:VsRk#clfufiiTk


