
Markov, Chebyshev, and 
Sampling-Based Median!

CS265/CME309, Class 4





Announcements

• HW1 due Friday!
• HW2 out now!  (You have until Friday 1/31)

• OH Schedule:
• Mary: Mondays 3-5pm, Gates 168
• Nevin: Tuesdays 11am-1pm, Huang Basement
• Joey: Wednesdays 3-5pm, Huang Basement
• Luna: Thursday 1:30pm-3:30pm, Huang Basement



Recap

• Markov’s inequality: If 𝑋 ≥ 0, Pr 𝑋 ≥ 𝛼 ≤ ! "
#

• Chebyshev’s inequality: Pr 𝑋	 − 𝐸 𝑋 ≥ 𝑐 Var 𝑥 ≤ $
%!



Questions?
Quiz, Videos, Warm-up?



Warm Up

• Markov says:

• Chebyshev says:

1/2

1 − 𝑝
𝑛𝑝



Sampling-based Median



Finding the median of 𝑛 things

• You may have seen an 𝑂(𝑛) time algorithm in CS161.
• It was pretty complicated.

• Today: a simpler randomized algorithm!
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• The median is the 8’th 
smallest thing in 𝑆, which is 
the 8 − 5 = 3’rd smallest 
thing in 𝑇.
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• The median is the 8’th 
smallest thing in 𝑆, which is 
the 8 − 5 = 3’rd smallest 
thing in 𝑇.

If this calculation shows 
that the median is not 

in T, output FAIL.
• Return it! 8



Group work!

1. Make sure you understand the alg.
2. Suppose that whp, median 𝑆 ∈ 𝑇, and whp, 𝑇 < 4𝑡.	 Explain 

why alg is correct whp (and if it’s not correct it says FAIL).
3. What is the running time of the algorithm?
4. Show that median 𝑆 ∈ 𝑇 whp.  [See agenda for outline]
5. Show 𝑇 < 4𝑡 whp.  [See agenda for outline]
6. Put it all together
7. (Optional) Play around with the argument

The plan is to regroup 
partway through class 
to go over 1-4.
(But keep working if 
you finish 4 earlier).



Solutions to group work

2. Suppose that:
• With probability at least 0.9, the median of 𝑆 is in 𝑇.
• With probability at least 0.9, |𝑇| 	< 	4𝑡.

• Show that the algorithm returns the correct answer with probability 
at	least	0.8,	and otherwise returns FAIL.
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the 8 − 5 = 3’rd smallest 
thing in 𝑇.
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that the median is not 

in T, output FAIL.
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Solutions to group work

2. Suppose that:
• With probability at least 0.9, the median of 𝑆 is in 𝑇.
• With probability at least 0.9, |𝑇| 	< 	4𝑡.

• Show that the algorithm returns the correct answer with probability 
at	least	0.8,	and otherwise returns FAIL.

• If both events happen, then the algorithm never returns FAIL.
• Pr[ either happens ] ≤ Pr[ first happens ] + Pr[ second happens ] ≤ 0.1 + 0.1 = 0.2

• If it doesn’t return FAIL, then it returns the right answer by construction.



Solutions to group work

3.  What’s the running time?
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If this calculation 

shows that the 
median is not in T, 

output FAIL.

𝑂(𝑛!/#) 	= 	𝑜(𝑛) 
operations.

𝑂 𝑛
!
" log 𝑛

!
" 	= 	𝑜(𝑛) 

operations.

𝑂 𝑛

𝑂 𝑛
!
" log 𝑛

!
" 	= 	𝑜(𝑛) operations.

𝑂 𝑛

𝑂 1!
"
𝑛 + 𝑜 𝑛  in expectation

Or 2𝑛 + 𝑜(𝑛) worst-case

Do this in the same scan 
as before; no extra time.



Solutions to group work

• Question 4: want to show that 𝑚𝑒𝑑𝑖𝑎𝑛 𝑆 ∈ 𝑇 w.h.p.



Solutions to group work

4a. Consider two events: 
𝑟: ∈ 𝑅: 𝑟: < 𝑚 <

𝑡
2
+ 𝑛	 𝑟: ∈ 𝑅: 𝑟: > 𝑚 <

𝑡
2
+ 𝑛
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thing in 𝑅.

𝑟# ∈ 𝑅: 𝑟# < 𝑚 <
𝑡
2
+ 𝑛	

⇒ 𝑏 ≥ 𝑚 
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Solutions to group work

• 4b. What’s the probability that 𝑟: ∈ 𝑅: 𝑟: < 𝑚 ≥ C
D
+ 𝑛	?

Let  𝑋 = 𝑟: ∈ 𝑅: 𝑟: < 𝑚
• Then 𝑋 = ∑5𝑋5 where 𝑋5 = 1 iff 𝑟5 < 𝑚	and 0 otherwise, for 𝑖 = 1,… , 𝑡
• 𝐄 𝑋5 = Pr 𝑟5 < 𝑚 ≤ 6

7
, 

• Var 𝑋5 ≤ 6
8

Pr 8
5

𝑋5 ≥
𝑡
2 + 𝑛 ≤ Pr ∑: 𝑋: − 𝐄𝑋: ≥ 𝑛 ≤ C/F

G
 = $

FG"/$
= 𝑜(1)



Solutions to group work

𝑟: ∈ 𝑅: 𝑟: < 𝑚 <
𝑡
2
+ 𝑛	 𝑟: ∈ 𝑅: 𝑟: > 𝑚 <

𝑡
2
+ 𝑛

⇒ 𝑏 ≥ 𝑚 ⇒ 𝑎 ≤ 𝑚 

• Then 𝑎 ≤ 𝑚 ≤ 𝑏, aka 𝑚 ∈ 𝑇

Both have probability at least 1	 − 𝑂 𝑛H$/F

Pr 𝑚 ∈ 𝑇 ≥ 1	 − 𝑂(𝑛H$/F)

• 4c. Bound the probability that 𝑚 ∈ 𝑇.



Solutions to group work

• Question 5: Show that 𝑇 < 4𝑡 w.h.p.



Solutions to group work

• 5(a).  Say that 𝑎 is not one of the G
D
− 2𝑡 smallest elements of 𝑆

•           Say that 𝑏 is not one of the G
D
− 2𝑡 largest elements of 𝑆

• Then 𝑇 < 4𝑡
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$
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$
%
− 2𝑡 largest 

elements of 𝑆

$
%
− 2𝑡 smallest 

elements of 𝑆 2𝑡 2𝑡 

𝑇

So what’s the probability of this?





Solutions to group work
• 5(b) What’s the prob. 𝑎 is not one of the G

D
− 2𝑡 smallest elements of 𝑆?

• Let 𝑌: = 1 iff 𝑟:  is in the G
D
− 2𝑡 smallest elements of 𝑆, 0 else
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$
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element of S
(aka median)

$
%
− 2𝑡 largest 

elements of 𝑆

$
%
− 2𝑡 smallest 

elements of 𝑆 2𝑡 2𝑡 

&
%
− 𝑛’th smallest thing in 𝑅.

∑' 𝑌' = number of 
things in R down here.

• Claim:
• ∑: 𝑌: ≥

C
D
− 𝑛	 ⇔ 	 𝑎 is among the G

D
− 2𝑡 smallest elements of 𝑆 



Solutions to group work

• 𝐄𝑌: =
$
D
− DC

G
= $

D
− D

G"/$
 

• Pr ∑: 𝑌: ≥
C
D
− 𝑛 ≤ Pr ∑:(𝑌: − 𝐄𝑌:) ≥

DC
G"/$

− 𝑛

• 	 = Pr ∑:(𝑌: − 𝐄𝑌:) ≥ 𝑛

•                                     ≤ IJK[∑% N%]
G

•                                     ≤ C
FG
= $

FG"/$
= 𝑜(1)

• ∑' 𝑌' ≥
&
%
− 𝑛	 ⇔ 	 𝑎 is among the $

%
− 2𝑡 smallest elements of 𝑆 

Var ∑: 𝑌: = ∑: Var 𝑌: ≤ C
F
.

• 5(b) What’s the prob. 𝑎 is not one of the G
D
− 2𝑡 smallest elements of 𝑆?

• Let 𝑌: = 1 iff 𝑟:  is in the G
D
− 2𝑡 smallest elements of 𝑆, 0 else

𝑡 = 𝑛!/#



Solutions to group work
• 5(c). What’s the probability that 𝑇 < 4𝑡?
• Say that 𝑎 is not one of the @7 − 2𝑡 smallest elements of 𝑆
• Say that 𝑏 is not one of the @7 − 2𝑡 largest elements of 𝑆

• Then 𝑇 < 4𝑡
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Both have probability at 
least 1	 − 𝑂 𝑛H$/F

⇒ Pr 𝑇 < 4𝑡 ≥ 1	 − 𝑂(𝑛H$/F)



6. All together:

• Question 2: To show that this algorithm works whp, it’s enough to 
show that :
• whp, median 𝑆 ∈ 𝑇
• whp, 𝑇 < 4𝑡

• Question 4: whp, median 𝑆 ∈ 𝑇
• Question 5: whp, 𝑇 < 4𝑡

• (And Question 3: it runs in time 𝑂(𝑛)).


