Class 7

Sparsest Cuts from Metric Embeddings



Warm-Up

| Group Work

Let G = (V, E) be a weighted, undirected graph, on n vertices with edge weights w,,
on the edge {u,v} € E. Let d : V x V — R be the associated graph metric.

Explain how to efficiently find and apply a map f : V — RF, for k = O(log®n), so that

E{u,ﬂ}EE ||f|:‘l£) o f[:'l-’)”]_ E{u,ﬂ}EE d(u?ﬂ)

> tumpe() 1@ — 10 = PV dwy

holds with high probability. Above, (;) refers to the set of all unordered pairs {u, v} for
u,v € V and u # v.




Announcements

* HW2 due Friday!
e HW3 out now (or soon!)



Recap

e Bourgain’s embedding!
 Randomized embedding from any X of size n into (R¥, ¢,)
* Distortion O(logn)
* k = 0(log*n)



Questions?

Minilectures, quiz, warmup?

| Group Work

Let G = (V, E) be a weighted, undirected graph, on n vertices with edge weights w,,
on the edge {u,v} € E. Let d: V x V — R be the associated graph metric.

Explain how to efficiently find and apply a map f : V — RF, for k = O(log? n), so that

CpunerIF@) = FO) _ | Sues dw)
S tuane(t) @ — 7 = CEE oy du0)

holds with high probability. Above, (;) refers to the set of all unordered pairs {u, v} for
u,v € V and u # v.




Warm-Up

e Use Bourgain’s embedding!

blogn

* Apply to top and bottom.

Let G = (V, E) be a weighted, undirected graph, on n vertices with edge weights w,,
on the edge {u,v} € E. Let d: V x V — R be the associated graph metric.

Explain how to efficiently find and apply a map f : V — R¥, for k = O(log”n), so that

Z{u,v}eE ”f(u) - f(U)”l . Z{u,v}eE d(u, U)
> e 170 — FO = COBVT )

holds with high probability. Above, (‘2/) refers to the set of all unordered pairs {u, v} for
u,v € V and u # v.

d(u,v) < [If(w) — FWI|, < kd(u,v)



Plan for today

* Application of Bourgain’s embedding to sparsest cuts!



Sparsest Cuts

E(S,S)
NN

¢(G,S) =

#(6) = min $(G, )

Number of possible edges
between S, S: |S||S]|



_IES,9)]
- P05 =115
Sparsest Cut = cut that realizes ¢ (G)
$(6) = min$(G,S)

* What’s the sparsest cut of this graph?

#(6) ==

* This one? "

16

ol =

¢(G) =

NOT the same as a
minimum cut!




Efficient algorithms for sparsest cut?

* We saw an algorithm for min-cut in Week 1!
e Karger’s algorithm!

e ...But it turns out, sparsest-cut is NP hard!

* Today, we’ll see a randomized approximation algorithm
for sparsest cut.
* Returns S so that ¢(G,S) < 0(logn) - ¢(G)
* (Probably)

Assuming plausible
complexity-theoretic
assumptions, it’s NP-

hard even to
approximate ¢(G) to
within a constant
factor.

So the O(logn) is
pretty good!




Outline

e First group work: Show that

o Z{u,v}eE”f(U) — fll1
PO 1 o IF = FO,
’ 2

e Second group work:
* Use this to design an approximation algorithm.



Group Work!

H(C) = T A }|  Thisoneis the conceptually
" ’w{u vhe( }If{ﬂ v)|’ important one
E{u leE |f :”

¢(G) = inf

2. f:v{R {uw}E }|f{:u | \
Just try to get some intuition
for these.
eI~ SOl /
3 fv{w}.f{ (@)= F@)h°




= min E{u,n}EE |f[u) o f[ﬂ”
[if'{G} - f:V—={0,1} 2{11:1'}'5{1;} If{u} _ f{t’” :

Solutions: Part 1, Problem 1

gxn — EZE

fs(x) =1[x € S]
Sp={x:f(x)=1}

Numerator. Z f ) = f)| ) |5(5,9)

{uv}eE

2 If(w) — f(v)] _ 1S||S]

wnel?)

Denominator:



Solution: Problem 2 ¢(a) -
Note: this is just meant as intuition %\{{@ Zgwu(\\‘q“‘ € 0l
|
EXAMPLE : Scu-A {?‘-\/—% iD/ Y2, 1} Call this R(f)
fmy=1
R T Lt £ V) o K
© bl eln-o| w11 + l1-0] 4 12-1] + 11- 0|
PQO)=0 \C(B) X
Ry Mrlele-ole (x4l

Ziu\v%eE \\C(u)_]ﬁ(v) l

)

\1-%{#lx-0] #x-1] + -0l 4+ 12-1]| + 12- O]



Ziu\v%eE \\CM_WC(V) l

Solution: Problem 2 ¢(a) -
Note: this is just meant as intuition "\{ ZS\AVlE( \ 1w F 0l |
|

EXAMPLE : SC“A {?‘-\/—% iD/ ‘/3’ 1? Call this R(f)

}o)- | @%\ =1 ~ . )

® Kix) - [ L= [+ e -o)+ |x-d]

\L-%[+lx-0| +|x-1| + -0l 4 12-11 + 11- 0|

(2(;) \C(B) X



Ziu\v%eE \\C(u)_]ﬁ(v) l

)

Solution: Problem 2 ¢(a) -
Note: this is just meant as intuition "\{ ZS\AVlE( \ 1w € 0l
|
EXAMPLE: S fN—10 %, 17 Call this R(f)
}o)- | @j;(»ﬂ =1 ~ . )
® Kix) = [ L= [+ e o)+ |-t
\L-%[+lx-0| +|x-1| + -0l 4 12-11 + 11- 0|
QCP \C(B) X
oo xelo47..
R - (1- %)+ (x-0) + (%) _ 9%

(1-7)r (2 -0) +U - )+ & 4%



Ziu\v%eE \\CM_WC(V) l

Solution: Problem 2 ¢(a) -
Note: this is just meant as intuition "\{ ZSWle( \ 1w F 0l |
|
EXAMPLE : Sw-é {?‘-\/—% iD/ ‘/2’ 1? Call this R(f)
fort @ b xefot]. KO- o
® 4-%
(2(3) \C(Ji) X



Z uV3e \\C(u)—]c(v)l
Solution: Problem 2 ¢(a) - -

Note: this is just meant as intuition "\{ ZS\AVlE( \ 1w F 0l

)

f
EXAMPLE: S fN—10 %, 17 Call this R(f)

@%\ =1 (;‘vr Y€ on i] K(X) = . 3:9;

o This will alwags . eivar (wea‘ﬁ\a%\ \ncvwsma or oQQcmasma,

}@)< |
®
QC;) \C(B) X

_ OO |
.’E We m?\um % with @&@ N R(ﬂ deesn't increase

I/ | &_X
qu = ’ZILTX
DEcReASING | ©
e foy=0 F(Br'i

f
1

o > e sa I;‘(\ ?: \/——3 ]R "\%q\* m\‘m’m[ses KG\T) ﬂna’r Yules oﬂla two \/C\Q\LQ\S.



. - Z WVEE \%(u)—]c(v)l
Solution: Problem 2 olg) - M~ -
Note: this is just meant as intuition %\{{@ Zw\vle@\ (w0 ~F0]

From before:

Z{u,v}egllf(u) — fWll1

PG = min PG =7l

f:v—-{0,1} Z{

u,v}€e

We just showed that the min over f:V — R is actually attained by some f:V - {0,1}.

So we get the same thing (¢(G)) if we replace {0,1} with R.



( \ . Ziu\vzeg Q(uﬁ—]c(v) u
Solution: Problem 3 7\ %V@ Z el 160~

k
If Qr\/—*ﬂi, sty ?(xh (Q\(x)) - Qk(x)))
{%GE | fo~ta I Z (Z [5- le)

%“\VSGE > min Z‘{WV%GE Hl(. (“)“p(.(\/)l

VAR BT R0 4 ~ ‘
Zwn Iy e (%6@) V-4 0] > b Dgae(y) 0-fo]
~— \/\J
s is e case whore {:Vaﬂ{

—
ES

So adding more dimensions to f can’t make this value any smaller than f:V —» R



Conclusion

. Z{u,v}egllf(u) —flh
SR N TR (O]

* Next up: using this to design an algorithm!



Z{u,v}eE”f(u) — Wl
(12/)||f(u) — f(mll4

¢(G) = inf
f:V—)]RkZ
Let’s come up with an algorithm!

Y el F -l
Z{u,v}e(g)”f(u)_f(v) |1

* Unfortunately that’s not so easy...

{u,v}e

* Hope: find f to minimize R(f) =

e Instead  Find values d,, € R for all u # v € V' to minimize

This is a linear

Q{d} L= E d-u,-r; program. Tur.ns out
{ur}elE we can solve it
efficiently.

subject to:
e d,,=d,, = 0forall uv
o d,,+dy,, =d,, forall u,v,w
L E[u,v]ﬂ[g} "iu:-u =1



Group Work!

1. Suppose that d* is the minimizer of the problem above.

Explain why Q(d") < ¢(G).

2. Find a randomized algorithm to approximate ¢(G). More precisely, give a random-
ized algorithm that finds f : V' — RR* so that, with high probability,

E{u,u}EE | f(w) — f(v)]ls
S ente() 1F@) = F@)l: =

< O(logn)e(G).

3. Given f as in the previous part, explain how to efficiently find a set S C V' so that

¢(G, S) < O(logn)@(G).

Find values d,.. € R for all u # v € V to minimize

Qd)i= Y dus

{ur}eE

subject to:
o d,,=d,, =0forall uv
o d,,+d,, = d,, for all u,v,w

L ] Z[u,u}E[g} du:-:u = ].




Z{u,v}eE”f(u) — Wl
(12/)||f(u) — f(mll4

¢(G) = min

VoRk
JVoR Z{u,v}e

Solution: Problem 1
Say d* minimizes this LP. Show that Q(d*) < ¢(G)

e Consider d given by

d. - = If(w)—-fW)ll1 <«
uv — _
Z{u,v}e(‘z/)”f(u) f)ll4

For the f that attains the min here.

* ThlS SatiSﬁes a” the ConStraintS' Find values d,,. € R for all u # v € V' to minimize
S umerll f - @)l e
+ Q(d) = = - = ¢(G)
) nilf)—=f)ll1
E(Z) o d,,=d,, =>0forall uv

V/ {uv}
o d,,+d,, = d,, for all u,v,w

Q (d*) L E[u,v}c[g} Eiu:.v = ]

subject to:




Solution: Problem 2
Find an algorithm! Find f s.t. R(f) < 0(logn)¢(G)

e Solve this LP to find some d*

* Use Bourgain’s embedding to to find

some f:V — R¥ so that Warm-Up:
* * ZZ::{U’U}EE ”l{f(?i)__ff(zgilﬁ < O(log Tb) %{“’”}EE dcgzl;vi)
b lOng d (u’ U) = ||f(u) B f(v)”l < kd (u, U) {“’U}E(z) {u,v}e(z) )
LP:

* By the Warm-Up,
Youveelf @ — FW)l;

Find values d,.. € R for all u # v € V to minimize

< 0(logn) Q(d") Q) = D duy
Z{U,U}E(‘Z/)”f(u) _ f(v)”l {ur}eE
subject to:
. ] o d,,=d,, = 0forall uuv
* By previous part: < 0(logn)$(G) * r:.’,u1, +d,1. > d, ., for all u,v,w

L Z[u,v}c[g} Eiu:_v = ]




Solution: Problem 3
Put it together!

* Find d”* by solving a linear program. We know that

el Fa) — Fl4

) (V)Ilf(u) — 4
2

* Find f:V — R¥ via Bourgain’s embedding. < 0(logn) $(6)

{uv}e

. ek . Ztupepl fiw—fi(w)
1. Write f(x) = (fl(x),fz(x), ...,fk(x)). Findi* = argmin; - luvjek D)
wore() VIO

2. While f;(x) takes on = 3 distinct valuesa; < a, < as < -
* Set a, to either a, or a3, whichever makes R(f;+) smaller.

fix—a
—a

3. When f;- takes only two values, a < b, set f;+ <
4. LetS ={x: f;(x) = 1} and celebrate!



Recap

* We can find approximately-sparsest cuts efficiently!

: o Z{u,v}eE”f(u)_f(v)Hl
Step 1: ¢p(G) = f:‘}r_l)%k Z{uv}e(v)llf(u)—f(v)nl
’ 2

* Step 2: Use an LP to to find some metric d* (not necessarily an £; metric)
so that this quantity is small.

* Step 3: Use Bourgain’s embedding to find some f so that ||f(u) —
f(W)]|l; = d*(u, v), so that this quantity is still pretty small.

» Step 4: Reverse-engineer Step 1 to find an actual cut S, S.



Next time

* More embeddings! Into £,!

* (And before next time, hand in HW2!)



	Slide 1: Class 7
	Slide 2: Warm-Up
	Slide 3: Announcements
	Slide 4: Recap
	Slide 5: Questions? Minilectures, quiz, warmup?
	Slide 8: Warm-Up
	Slide 9: Plan for today
	Slide 10: Sparsest Cuts
	Slide 11: Sparsest Cut = cut that realizes G 
	Slide 12: Efficient algorithms for sparsest cut?
	Slide 13: Outline
	Slide 14: Group Work!
	Slide 15: Solutions: Part 1, Problem 1
	Slide 16: Solution: Problem 2 Note: this is just meant as intuition
	Slide 17: Solution: Problem 2 Note: this is just meant as intuition
	Slide 18: Solution: Problem 2 Note: this is just meant as intuition
	Slide 19: Solution: Problem 2 Note: this is just meant as intuition
	Slide 20: Solution: Problem 2 Note: this is just meant as intuition
	Slide 21: Solution: Problem 2 Note: this is just meant as intuition
	Slide 22: Solution: Problem 3
	Slide 23: Conclusion
	Slide 24: Let’s come up with an algorithm!
	Slide 25: Group Work!
	Slide 26: Solution: Problem 1 Say d  minimizes this LP.  Show that Q d , G 
	Slide 27: Solution: Problem 2 Find an algorithm!  Findf s.t. R f , O log n G 
	Slide 28: Solution: Problem 3 Put it together!
	Slide 29: Recap
	Slide 30: Next time

