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Gravimetric prospecting

Yi

0;; dij

N

Lj

Xj is excess density of voxel j

y; is gravity anomaly at location /

0;; is angle from location / to voxel j
djj is distance from location i to voxel j

vV v v vy

Newton's law of gravitation:

n
G cos(0;; .
_yI: E d2(U))(J’ I:].,...,m
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force f(t) applied for 0 <t <n
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final position:
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Approximate Fourier transform
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Forces applied to a unit mass
The discrete Fourier transform

The discrete Fourier transform

define the discrete Fourier transform of a signal xp, ..., xy_1:

N—-1
Xie =Y xpe 2wV, k=0,...,N—1
n=0
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Forces applied to a unit mass

The discrete Fourier transform

The discrete Fourier transform

define the discrete Fourier transform of a signal xp, ..., xy_1:

N—-1
Xk:ane_z’Tik”/N, k=0,....N—1
n=0

we can also express these equations as

Xo = e 2MOO/N o 4.4 e=2mOW-1/N o

X, _ e 2mi(N=1)(0)/Ny 4 ... 4 g=2mi(N-L)(N=1)/Ny
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Examples G = prospecting
Fi applied to a unit mass

The discrete Fourier transform

Filtering in the frequency domain
apply threshold filter
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applying the inverse DFT gives
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Systems of linear equations

system of linear equations:

yi = Au o x1 + - + Ain X
Ym = Ami x1 + - 4+ Amn Xn
matrix representation:
y = Ax
where
%1 A1 Atn X1
y = : 3 A= . : s X = :
Ym Aml te Amn Xn

right side of system defines matrix-vector multiplication
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Linearization

The “row” view

n
Yi= ZAIJXJ = Ajxx
Jj=1

v

y; is the ith measurement (known)

v

xj is the jth parameter (unknown)

v

Ajj is the sensitivity of ith sensor to jth parameter

v

ith row of A associated with ith measurement
sample problems:

» given y, find an x such that y = Ax

» given y, find all x such that y = Ax

» given y, find an x such that y ~ Ax
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j=1
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v

y is the vector of outputs or results (given)

v
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The “column” view

n
Y= xiA
j=1

v

x is the vector of inputs or design parameters (to be chosen)

v

y is the vector of outputs or results (given)

v

A,j is effect of jth input on vector of outputs

v

Jjth column of A associated with jth input
sample problems:

> given Yges, find an x such that Ax = yqes
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Linearization

The “column” view

n
y =D %Ay
j=1

v

x is the vector of inputs or design parameters (to be chosen)

v

y is the vector of outputs or results (given)

v

A,j is effect of jth input on vector of outputs

v

Jjth column of A associated with jth input
sample problems:
> given Yges, find an x such that Ax = yqes

> given Vges, find all x such that Ax = Yyes
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Linear functions Linear functions

Linearization

The “column” view

n
Y= xiA
j=1

v

x is the vector of inputs or design parameters (to be chosen)

v

y is the vector of outputs or results (given)

v

A,j is effect of jth input on vector of outputs

v

Jjth column of A associated with jth input
sample problems:
> given Yges, find an x such that Ax = Vges
> given Vges, find all x such that Ax = Yyes

> given yges, find the “smallest” x such that Ax = yges

Linear functions
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» standard basis vectors extract slices of a matrix:

T T
Aej = A*j, €; A= A,'*, €; Aej = A,J

Linear functions



Systems of linear equations
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Linearization

Standard basis vectors

» jth standard basis vector in R" is vector e¢; € R"” such that

1 i=
()i =dj = {

0 otherwise

> 0ji (Kronecker delta) often useful in formulating problems

» standard basis vectors extract slices of a matrix:
_ Ta_ T _
Aej = A*j, €; A= A,'*, €; Aej = A,J

> MATLAB: sparse(j,1,1,n,1)
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Linear functions

a function f : R" — R™ is linear if it is
» additive: f(x +y) = f(x)+ f(y) for all x,y € R"

» homogeneous: f(ax) = af(x) for all « € R and x € R"
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Linearization

Superposition principle

flax + By) = af(z) + Bf(y)

fBy) =Bfly) flazx) = af(x)
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» if f(x) = Ax for some matrix A € R™*",
» then f : R" — R™ is linear
» conversely: if f:R” — R is linear,

> then there is a matrix A € R™*” such that f(x) = Ax
» the matrix A is unique
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Linear functions Linear functions

Linearization

Matrix multiplication function

» if f(x) = Ax for some matrix A € R™*",
» then f : R" — R™ is linear
» conversely: if f:R” — R is linear,

> then there is a matrix A € R™*” such that f(x) = Ax
» the matrix A is unique

» matrix is concrete representation of abstract linear function

Linear functions
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Linearization

if f:R"” — R™ is differentiable at xg € R”, then
f(x) is very near f(xo) + Df (x0)(x — xo)

whenever
X is near xg
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Linearization

Linearization

if f:R"” — R™ is differentiable at xg € R”, then

f(x) is very near f(xo) + Df (x0)(x — xo)

whenever
X is near xg
where Py
Df(x0)] . = =
[ (XO)]U 8XJ s

is the derivative (Jacobian) matrix
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Linearization

Linearization

define the deviations

0X = X — Xp,
by = f(x) = f(x0)

small deviations are (approximately) related by a linear function:

dy ~ Df(x0)dx
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> (x,y) is an unknown location in the plane
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Linear functions Linear functions

Linearization

Linearized range measurements
(p2, q2)
(ps, q3)

(p1, @)

> (x,y) is an unknown location in the plane
» (pi, qi) are known locations of beacons for i =1,...,n

» measure distance p; between (x,y) and beacon i
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Linearized range measurements

» p € R*is a nonlinear function of (x,y) € R?:

pilx.y) = /(x— P2 + (v — @i)?
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Linear functions Linear functions

Linearization

Linearized range measurements

» p € R*is a nonlinear function of (x,y) € R?:

pilx.y) = /(x— P2 + (v — @i)?

» linearize around (xg, yo):

Sp~ A {(5x] 7

dy
where
X0 — Pi
A = 02 2’
V(0 —p)2+ (vo — qi)
Ay = Yo —qi

vV (x0 = pi)2 + (vo — gi)?
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Matrix-matrix multiplication

Definition of matrix multiplication

» suppose A € R™*P and B € RP*"

» matrices represent linear functions
» f:RP — R™ such that f(z) = Az
» g:R" — RP such that g(x) = Bx

> define matrix product AB as matrix representation of f o g
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Matrix-matrix multiplication

Definition of matrix multiplication

> let z = g(x) and y = f(2)
» definition of matrix-vector multiplication:

p n
Yi= E AikZk, Zx = E Byjx;
k=1 Jj=1
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Matrix-matrix multiplication

Definition of matrix multiplication

> let z = g(x) and y = f(2)
» definition of matrix-vector multiplication:

p n
Yi= E AikZk, Zx = E Byjx;
k=1 J=1
» combining these expressions gives

P n n_ /P
Yi= Z Aik Z Bijxj | = Z (Z AikBkj) Xj
k=1 Jj=1

j=1 \k=1
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Matrix-matrix multiplication

Definition of matrix multiplication

> let z = g(x) and y = f(2)
» definition of matrix-vector multiplication:

p n
Yi=» Az, 2= Bix
k=1 J=1
» combining these expressions gives
P n n P
k=1 j=1 j=1 \k=1

> therefore,
P
(AB)j =Y AiBy
k=1

Linear functions



Definition
Interpretations

Matrix-matrix multiplication

Entries of matrix product

p
(AB);j = ZAikBkj = AixByj
k=1
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Entries of matrix product
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(AB);j = ZAikBkj = AixByj
k=1

» entries of AB are inner products of rows of A, columns of B

» (i,j) entry is inner product of ith row of A, jth column of B
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(AB)iv = AiBix = AiB
k=1

» rows of AB are linear combinations of rows of B
> ith row of A gives coefficients for ith row of AB
» jth row of AB is ith row of A times B
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Interpretations

Matrix-matrix multiplication

Rows of matrix product

p
(AB)iv = AiBix = AiB
k=1

» rows of AB are linear combinations of rows of B
> ith row of A gives coefficients for ith row of AB
» jth row of AB is ith row of A times B

> blending measurements
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Matrix-matrix multiplication

Columns of matrix product

P
(AB)y;j = AuBi = AB,;
k=1

» columns of AB are linear combinations of columns of A
> jth column of B gives coefficients for jth column of AB

> jth column of AB is A times jth column of B
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Definition
Interpretations

Matrix-matrix multiplication

Columns of matrix product

P
(AB)y;j = AuBi = AB,;
k=1

» columns of AB are linear combinations of columns of A
> jth column of B gives coefficients for jth column of AB
> jth column of AB is A times jth column of B

» effects of secondary inputs

Linear functions
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Matrix-matrix multiplication

Signal flow

» AiBy;j is gain from input X; to output y; through z
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Definition

Interpretations

Matrix-matrix multiplication

Signal flow

» AiBy;j is gain from input X; to output y; through z
» (AB)jj = ZII::I Ak By is total gain from input x; to output y;

Linear functions
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