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Ordinary least squares

minimize : [|Ax —y||2 =31 (alx — yi)?
x € R"

» linear measurements of unknown vector x € R":
T .
yi=a; x+¢, i=1...,m

where

> y; is ith measurement
» a; € R" describes how ith measurement depends on x
> ¢; is noise or error in ith measurement

» choose value of x that minimizes sum of squared errors:

m m
lel* =" = (afx —y)?
i=1

i=1
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Weighted least squares

C T 2
minimize : Yo wila x —y;)

» ordinary least squares (OLS):
equal weight for each measurement (w; = 1)

> weighted least squares (WLS):
different weight for each measurement

» w; € Ry is weight of the ith measurement

» more accurate or reliable measurements receive larger weight
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Solving weighted least-squares problems

m

Z wi(al x — y;)?
i=1
vwi(alx = y1)

2

(3T X — Ym)
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m
1 1
> wialx — yi)? = W2 Ax — Way|?
i=1
where

W = diag(wi, ..., wnm), 1%: = diag(v/w1, ..., v/ Wm)

» ordinary least-squares problem!
. 1
» measurement matrix: W2 A
. 1
» observation vector: Wzy

» solution:

x = (W3AT (WA Y (W3A)T(Wiy)

Weighted least squares



Weighted least squares Weighted least squares

Example: heteroscedastic errors

Solving weighted least-squares problems

m
1 1
> wialx — yi)? = W2 Ax — Way|?
i=1
where

W = diag(wi, ..., wnm), 1%: = diag(v/w1, ..., v/ Wm)

» ordinary least-squares problem!
. 1
» measurement matrix: W2 A
. 1
» observation vector: Wzy

» solution:

X

(W2A)T(W2A)) Y (W2A)T(Wiy)
(ATWA) AT Wy
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» measurement model:
Yi =mxj + b+¢, i=1...,N
» error model:

e ~ N(0,i?), i=1,...,N
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Example: heteroscedastic errors

» measurement model:
yi = mx; + b+ ¢;, i=1,...,N
> error model:
e ~ N(0,i?), i=1,...,N

> weights:
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Example: heteroscedastic errors
ordinary least-squares fit: mgs = 2.6223, by = 0.1845

40 T T T T : l

351 S
® data
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Example: heteroscedastic errors
weighted least-squares fit: mys = 2.1234, bys = 2.9287

40 T T T T T T T T

351 @ data l
true model

a0k OLS fit |

) WLS fit [ ]
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Ce . X m T, ..
minimize : 3 ;21 ¢(a; x — yi)

» ¢: R — Ry is penalty function

> write as weighted least-squares problem:

m)i(neirﬁi’ze Y wilx)(af x — yi)?
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Iteratively reweighted least squares

minimize : Y277 ¢(af x — i)

» ¢: R — Ry is penalty function

> write as weighted least-squares problem:

m)i(neirﬁi’ze Y wilx)(af x — yi)?

» where weight function is

o(aj x = yi)

Wi(X) = (a;rX _ yi)2
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Iteratively reweighted least squares
minimize : Y rawi(x)(a) x — yi)

» the weights w;(x) depend on x
» choose initial guess x(®)
> solve a sequence of weighted least-squares problems:

» for k=0,1,2,...
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Iteratively reweighted least squares
minimize : Y7, wi(x)(a] x — y;)?
x eR” -

» the weights w;(x) depend on x

» choose initial guess x(®)

> solve a sequence of weighted least-squares problems:
» for k=0,1,2,...

» compute weights using previous estimate for x:

W(xK)) = diag(wi (x59), ..., wn(x)))
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Iteratively reweighted least squares
minimize : Y7, wi(x)(a] x — y;)?
x eR” -

» the weights w;(x) depend on x
» choose initial guess x(®)
> solve a sequence of weighted least-squares problems:

» for k=0,1,2,...
» compute weights using previous estimate for x:

W(x®)) = diag(wa(x1V), ..., wim(x1))
» solve weighted-least squares problem for next estimate of x:

X(k+1) — (AT W(X(k))A)flAT W(X(k))y
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{1 regression problem:

. . . . _ T
minimize : [ Ax — y|| = 3713/ x - il

iteratively reweighted least squares:
» penalty function:

¢(d) = |d|
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Example: ¢; regression
{1 regression problem:

. . . . _ T
minimize : [ Ax — y|| = 3713/ x - il

iteratively reweighted least squares:
» penalty function:

¢(d) = |d|
» weight function:
o(a] x — y;) 1
w;i(x) = ! =
(afx—yi)*  [alx —yil
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Example: ¢; regression
{1 regression problem:

. . . . _ T
minimize : [ Ax — y|| = 3713/ x - il

iteratively reweighted least squares:
» penalty function:

¢(d) = |d|
» weight function:

-

X =Y 1

W,(X) — ¢(—?—I X YI2) — =
(a/ x — yi) |a; x — yil
» practical weight function:
1

wi(x) = max{|a]x — yi|, 0}

where ¢ is small, positive constant
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Example: ¢; regression
example data: m=2, b=3
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ordinary least-squares fit: my = 1.0642, b, = 8.7645

24
221
201
18
16 |
®
= 14

12

10

data
true model
OLS fit
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Example: ¢; regression
weighted least-squares fit: m,, = 1.8864, by, = 3.8539
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221 @ data h
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