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Linear systems of equations
system of linear equations:

y1 = A11 x1 + · · · + A1n xn
...

ym = Am1 x1 + · · · + Amn xn

matrix representation:
y = Ax

where

y =

y1
...

ym

 , A =

A11 · · · A1n
...

. . .
...

Am1 · · · Amn

 , x =

x1
...

xn


right side of system defines matrix-vector multiplication

Summary
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Linearly constrained least-squares problems

minimize
x ∈ Rn

: ‖Ax − b‖
subject to : Cx = d

normal equations: [
ATA CT

C 0

] [
x
λ

]
=

[
ATb

d

]

Summary
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The orthogonality principle

A null(C)

{Ax : Cx = d}

b

b̃ b̂

b − b̂ ⊥ A null(C ) ⇒ AT(b − b̂) ∈ null(C )⊥ = range(CT)

[
ATA CT

C 0

] [
x
λ

]
=

[
ATb

d

]
orthogonality
feasibility

Summary
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Linear dynamical systems

discrete-time linear dynamical system:

x(t + 1) = Ax(t) + Bu(t),

y(t) = Cx(t) + Du(t)

solutions of the state and measurement equations:

x(t) = Atx(0) +
t−1∑
t=0

At−τ−1Bu(τ),

y(t) = CAtx(0) +
t−1∑
t=0

CAt−τ−1Bu(τ) + Du(t)

Summary
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Eigenvalues and eigenvectors

suppose A ∈ Rn×n

I v ∈ Cn is (right) eigenvector of A with eigenvalue λ ∈ C if

Av = λv , v 6= 0

I in matrix form:

A
[
v1 · · · vk

]
=
[
v1 · · · vk

] λ1 · · · 0
...

. . .
...

0 · · · λk



Summary



Linear systems of equations
Linearly constrained least-squares problems

Linear dynamical systems
Eigenvalues and eigenvectors

The singular-value decomposition

Eigenvalues and eigenvectors

suppose A ∈ Rn×n

I v ∈ Cn is (right) eigenvector of A with eigenvalue λ ∈ C if

Av = λv , v 6= 0

I in matrix form:

A
[
v1 · · · vk

]
=
[
v1 · · · vk

] λ1 · · · 0
...

. . .
...

0 · · · λk



Summary



Linear systems of equations
Linearly constrained least-squares problems

Linear dynamical systems
Eigenvalues and eigenvectors

The singular-value decomposition
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I w ∈ Cn left eigenvector of A with eigenvalue λ ∈ C if

wTA = λwT

I in matrix form:wT
1
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wT
k
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Diagonalizable matrices

I A diagonalizable if there is linearly independent set of n
eigenvectors:

A =
[
v1 · · · vn

] λ1 · · · 0
...

. . .
...

0 · · · λn


wT

1
...

wT
n


=

n∑
i=1

λiviw
T
i

I where wT
1
...

wT
n

 =
[
v1 · · · vn

]−1

Summary
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Dominant-eigenvalue analysis

I order eigenvalues such that |λ1| ≥ · · · ≥ |λn|

I λ1 is unique dominant eigenvalue if |λ1| > |λ2|
I then, for large t,

Atx ∼ λt1v1wT
1 x

assuming wT
1 x 6= 0

I for example, if x(t + 1) = Ax(t), then

lim
t →∞

‖x(t + 1)‖
‖x(t)‖ = |λ1|

assuming wT
1 x(0) 6= 0

I if |λ1| > |λ2| > |λ3|, then λ2 is “vice” dominant eigenvalue

Summary
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Quadratic forms

I quadratic form is function of the form

xTAx =
n∑

i=1

n∑
j=1

Aijxixj

I unique representation using symmetric matrix A ∈ Sn
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Symmetric matrices

suppose A ∈ Rn×n is symmetric

I there is an orthonormal set of n eigenvectors:

A = QΛQT =
n∑

i=1

λiqiq
T
i

I A called positive definite if xTAx > 0 for all x 6= 0
I if and only if all λi > 0

I A called positive semidefinite if xTAx ≥ 0 for all x
I if and only if all λi ≥ 0
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Extremal-trace problems

maximize
Q ∈ Rn×k

: tr(QTAQ)

subject to : QTQ = I

I equivalent formulation:

maximize
q1, . . . , qk ∈ Rn

:
∑k

i=1 qT
i Aqi

subject to : qT
i qj = δij

I solution is matrix Q whose columns are eigenvectors of A
corresponding to k largest eigenvalues

I to minimize, take matrix whose columns are eigenvectors
corresponding to k smallest eigenvalues

Summary
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The singular-value decomposition

I ATA and AAT are symmetric and positive semidefinite

I eigenvalue decompositions:

ATA = V Σ2V T, AAT = UΣ2UT

I eigenvalues are nonnegative
I eigenvalues are the same

I singular-value decomposition:

A = UΣV T
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The singular-value decomposition (matrix form)

A = UΣV T =
r∑

i=1

σiuiv
T
i

I U ∈ Rm×r has orthonormal columns

I Σ ∈ Rr×r diagonal, nonsingular

I V ∈ Rn×r has orthonormal columns

Summary
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Ellipsoids

I generate members:

{x0 + Az : ‖z‖ ≤ 1}

I test membership:

{x ∈ Rn : (x − x0)TS(x − x0) ≤ 1}

I equivalent representations: S = (AAT)−1

I image of unit ball under A is ellipsoid with principal axes σiui

Summary
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The singular-value decomposition (dyadic expansion)

A =
r∑

i=1

σiuiv
T
i

I σ1 ≥ · · · ≥ σr > 0 are singular values

I u1, . . . , ur ∈ Rm are output singular vectors

I v1, . . . , vr ∈ Rn are input singular vectors
I uiv

T
i is unit atom
I rank(uiv

T
i ) = 1

I ‖uiv
T
i ‖ = 1

I SVD decomposes A into sum of unit atoms
I singular values rank atoms in terms of importance

Summary
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The pseudoinverse

A† = V Σ−1UT =
r∑

i=1

1

σi
viu

T
i

I A†b is least-norm least-squares vector

minimize
x ∈ Rn

: ‖x‖
subject to : ‖Ax − b‖ = minz‖Az − b‖

Summary
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