EE263: Introduction to Linear Dynamical Systems
Review Session 6

Outline

e diagonalizability
e cigen decomposition theorem

e applications (modal forms, asymptotic growth rate)
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Diagonalizability

e consider square matrix A € R"*"™. Assume that A € C is an eigenvalue
of A

e then, A is diagonalizable if and only if the multiplicity of \; equals
dim(N (NI — A)) = n —rank(\; 1 — A), for all 4

EE263 RS6 2



Diagonalizability

e to see this, note that we can write the characteristic polynomial of A as

XA) = (A= A)" (A= X)) (A = M)k

e the eigenvectors corresponding to A; are given by the linear system
AX =X
or (A—XN1)X =0

e so if dim N (A, — A) = n;, then we can find n; independent eigenvectors
corresponding to \;

e if this condition holds for all 7, then the matrix A is diagonalizable (and
vice versa)

EE263 RS6 3



Example

is this matrix diagonalizable?

3 1 0
A=10 3 0| e R?*?
0 0 4

Solution.

e let's write the characteristic polynomial for A: x(A) = det(A] — A) =
A—4)(A-3)*

e cigenvalues are A1 = 4 with multiplicity 1, and Ay = 3 with multiplicity
2

e the condition is satisfied for A1, since A1 has multiplicity 1
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e for \g, since

0 —1 0
MI—A=]0 0 O
0 0 -1 |
has rank 2, we have n — rank(A2l — A) = 3 — 2 = 1, which is not the

multiplicity of A9

e this means that we cannot find two independent eigenvectors
corresponding to Ao

e thus A is not diagonalizable (in fact, A is in Jordan canonical form)
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Example

show that the following statement is true: if A € C™*™ has distinct

eigenvalues, i.e., \; # \; for ¢ # j, then A is diagonalizable (Lecture
11-22).

Solution. the characteristic polynomial of A has order of n. since its roots
are distinct, we have n different eigenvalues with multiplicity of 1.

without loss of generality, let's show dim(N (A1 — A)) =1
o clearly, v; # avy fort =2,...,n

e since v; ¢ span{vs,...,v,}, {v1,...,v,} is linearly independent

e also v; ¢ N(A\I—A)fori=2,...,nwhichimplies dim(N (A I—A)) =
1

e therefore, dim(N (N1 — A))=1fori=1,...,n
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Example

show that the following statement is true: It is possible for A to have
repeated eigenvalues, but still be diagonalizable (Lecture 11-22)

Solution.

e as an example, assume

1 0 0 |
A=10 1 0
00 2

with X(\) = (A — 1)%(X — 2) has multiplicity of 2 for A\; = 1 but still is
diagonalizable

e here, e; and ey are eigenvectors for A1, and eg is for Ao, so the condition
still holds
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Eigen decomposition theorem

e if a matrix A € C"*" is diagonalizable, A can be written as an eigen
decomposition

A = TAT!
i=1

where T' = [v1 --- v,], A = diag(A1,...,\,), and v; is the eigenvector
corresponding to eigenvalue \;

o if A is symmetric, i.e., A = A’ then A is diagonalizable and can be
written as

A = QAQT

n
= Z NiGid;
i—1
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where Q = [q1 - @n] is an orthogonal matrix

e you may see that this is useful for positive definiteness soon!
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Application: Modal form

suppose A € C"*" is diagonalizable, i.e., A =TAT~!

then we can rewrite © = Ax as £ = A% where & = T 1z
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Application: Real modal form

when eigenvalues (hence T') are complex, system can be put in real modal
form

e assume A € R™ " is diagonalizable, i.e., A = TAT~!, and has a
complex eigenvalue \; = o; + jw; with corresponding eigenvector v;, i.e.,
A’Ui = )\rﬂ}i

e taking the conjugate, we have Av; = \;0;, which implies ; is also an

eigenvector corresponding to the eigenvalue \;

e we can select \;11 = \; = 0, — jw;

from this argument, we can show:

AUZ'

>\z"Uz'

= (0 + Jwi) (R(vi) + 7S (vs))
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= oR(v;) — wiS(v;) + j(wR(v;) + 03 (v4))

and
AUZ'_|_1 — A@i
= )\
= (o5 — jwi)(R(v;) — 7(vi))
= o;R(v;) —wiS(v;) — JwiR(vy) + 03 (vy))
and thus,

N
=
£
||
S
S
S
|
&
&
S
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which can be rewritten in a matrix form:

R(w) )] | %4 | = AR) S()

—Wi 0y

now, let's bundle the real and complex eigenvalues together. assume \; € R
fori=1,....,rand \; e C\Rfori=r+1,...,n and let

and

S = [ vy - Uyp éR(/UT—I—I) %(UT-H) §R(v7"+3) %(UT‘*‘?’) ]

since S is invertible, we finally have

S™1AS = diag(A,, Myy1, M,ys,..., M,_1)
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Example: Standard form for LDS

e given LDS as © = Ax 4+ Bu and y = Cx
e suppose A is diagonalizable, i.e., A =TAT~!

e let's change coordinates with x =T1'x

then,

=N
|
~
L
&

y = CTx
= C7%

where B=T"'Band C = CT
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Example

e suppose that A € szn is diagonalizable, and its eigenvalues are
nonnegative.

e consider a discrete-time linear dynamic system, x(t + 1) = Axz(t), and a

given nonnegative initial state, i.e., z;(0) > 0fori=1,...,n
: . : 172 (t+1)
e how can we find the asymptotic growth rate of sum, 1.e., T 25
t — o00?
Solution.

e since A is diagonalizable, we can rewrite A = > | \ju;w] as above
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e without loss of generality let's assume that Ay > ... > A\, > 0, and
let's take m as the index of the Iargest eigenvalue for which z(0 is

not in the associated nullspace, i.e., wl x(0) # 0, and w} z(0) = 0 for
1=1,....m—1

o then, 17z(t) = 11T A%z (0) = >0 | Mi(17v;) (w] z(0))
e ast — oo, we get 112(t) = Xt (11v,,)(wl x(0))

172 (t4+1)

Tor) Am ast — 00

e therefore,
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Transfer matrix and impulse matrix

e assume LDS is given as @(t) = Az(t) + Bu(t) and y(t) = Cx(t) 4+ Du(t)

e taking Laplace transform, we can get:

sX(s) —z(0) = AX(s) + BU(s)
& X(s) = (sl — A) L2(0) + (sI — A)~'BU(s)

= Y(s)=C(sI — A)"'x(0) + (C(sI — A)"'B+ D) U(s)
H‘(rs)

e since (sI — A)~! — L', we can get:

r(t) = ez (0)+e**«Bu(t) and y(t) = C’etAx(O)JrgC’etAB + Do(t)) *u(t)
h(t)

where H(s) and h(t) are transfer matrix and impulse matrix, respectively
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e discretization: if we sample the states and outputs with interval h as
xq(k) = x(kh) and yq(k) = y(kh), we can get:

rqg(k+1) = x(kh+h)
= e(kh_'_h)ACC(O) -+ et % Bu(t)‘t:kh—i—h

= A (EhAZ(0) + e 4 Bu(t)]i—in)

h
+ / e "= TABu(r + kh)dr
t=0
h
= e"y(k) —I—/ e "= ABu(r + kh)dr
t=0

and

ya(k) = Ce*x(0) + h(t) * u(t)|s=kn
= Cuzq(k) + Du(kh)

EE263 RS6 18



Example

when inputs are piecewise constant,i.e., u(t) = uq(k) for kh <t < (k+1)h,
rewrite the linear dynamic system in the discretized form

Solution. with the piecewise constant inputs, the above system of equations

can be rewritten as:

xd(k -+ 1)

and
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e"aqa(k) + / e"TABu(T + kh)dr

t=0

xq(k) + </th0 GTAdT> Bug(k)
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