Chapter 3

NONLINEAR CONSTRAINTS

Even one nonlinear constraint considerably increases the difficulty of solving an
optimization problem. It often pays to try and eliminate nonlinear constraints if at
all possible. A measure of the increase in difficulty may be gauge from the problem
of minimizing a quadratic function subject to one linear equality constraint, which
may be solved by solving a single system of linear equations. If instead we have
a quadratic constraint then we have the generalized eigenvalue problem. Such a
problem may be solved only by iteration. An issue not present in linearly constrained
problems is that of feasibility. It is in part the fact that simply to obtain a feasible
point or to maintain feasibility is in general an infinite process that makes solving
nonlinearly constrained problems hard.

As in the linearly constrained case we again consider first the equality-constrained
problem.

3.1. Equality Constraints
The nonlinear equality-constrained problem may be expressed as follows:

NEP minimize fx)
T
subject to  ¢(z) =0,
(3.1.1)
where ¢(x) is an m-vector of nonlinear functions with i-th component ¢;(z),i = 1,...,
m, and f and {¢;} are twice-continuously differentiable. Let g(x) denote the gradient

vector of f(x), a;(x) the gradient vector of ¢;(x), and A(x) the mxn Jacobian matrix
of c(z). A solution of NEP will be denoted by x™*.

The most powerful algorithms for solving NEP are based on seeking a point sat-
isfying conditions that hold at the solution. The key role of optimality conditions in
algorithm design has already been discussed in the context of unconstrained prob-
lems, in which the gradient of the objective function must vanish at the solution,
and the Hessian matrix must be positive semidefinite. We seek analogous conditions
for nonlinearly constrained problems.

Definition 3.1.1. A point T € IR" is feasible with respect to the constraint c;(x) = 0
if ¢;(Z) =0 (in which case we say that the constraint is satisfied at ). Otherwise,
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160 CHAPTER 3. NONLINEAR CONSTRAINTS

T is infeasible, and we say that the constraint is violated at T. A point T is feasible
with respect to the set of constraints c(x) = 0 if it is feasible with respect to every
constraint.

Definition 3.1.2. The point 2™ is a local minimizer (or local solution) of NEP if:

1. &* is feasible with respect to all the constraints;
2. there exists a neighborhood N (z*) such that
f(@®) < f(x) for all feasible x € N(z*). (3.1.2)

If inequality (3.1.2) is strict for all feasible z € N(2*),  # 2*, then 2™ is said to be
a strong or strict local minimizer. Otherwise, 2* is called a weak local minimizer.

In order to verify that Definition 3.1.2 applies at a feasible point, a characteriza-
tion is needed of neighboring feasible points. In general, feasibility can be retained
with respect to nonlinear equality constraints only by movement along a nonlinear
path in IR™, which is called a feasible arc. For example, the nonlinear constraint
22 + 23 = 1 defines a unit circle in IR?, centered at the origin, whose curved bound-
ary is a feasible arc. In general, a feasible arc is a directed differentiable curve z(a)
emanating from a feasible point z, parameterized by the scalar o such that x(0) = =
and

(2(a)) =0,

for all a satisfying 0 < aw < &, where & > 0, and dz(0)/da # 0.

If a feasible arc exists at the feasible point x, then every neighborhood of x
contains feasible points. To test optimality, a condition is needed that indicates
whether a feasible arc exists. The Taylor series expansion of ¢ along any direction
p is

c(z + ep) = e(x) + eAlx)p + O(e*|p]|?), (3.1.3)
where € is any scalar. The points along a path from z to a neighboring feasible point
will be feasible only if the direction of movement from x is tangent to a feasible arc.
The relationship (3.1.3) implies that p will be tangent to a feasible arc only if

A(x)p = 0. (3.1.4)

(If (3.1.4) does not hold, even an infinitesimal move along any path tangent to p
will lead to a constraint violation.) Unfortunately, the nonlinearity of ¢(z) means
that condition (3.1.4) is not sufficient to ensure that p is tangent to a feasible arc.
Requirements that ¢(z) must satisfy in order to permit analysis of feasible arcs are
called constraint qualifications, and have been widely studied. We consider only one
constraint qualification for equality constraints. (For further discussion, see, e.g.,
[Kuhn and Tucker 1951}, [Fiacco and McCormick 1968].)

Definition 3.1.3. (Constraint qualification for equality constraints.) The constraint
qualification with respect to the equality constraints c¢(x) = 0 holds at the feasible
point x if every nonzero vector p satisfying (3.1.4) is tangent to a twice-differentiable
feasible arc emanating from x.
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When the constraints are linear, the constraint qualification always holds. For
nonlinear constraints, however, Definition 3.1.3 has the unsatisfactory feature that
it cannot easily be checked. In contrast, the following result provides a computa-
tionally practical test for verifying satisfaction of the constraint qualification when
the constraints are nonlinear. (See [Fiacco and McCormick 1968], for a proof.)

Theorem 3.1.1. (Regular point for equality constraints.) If x is feasible and A(x)
has full rank, the constraint qualification holds at x, and x is said to be a regqular
point. 1

At a regular point, (3.1.4) provides a complete characterization of tangents to
feasible arcs. Relation (3.1.4) states that p lies in the null space of the matrix A(z).
Given a point z, let Z(z) denote a (non-unique) matrix whose columns form a basis
for the null space of A(z), so that

A(z)Z(z) = 0. (3.1.5)

The relationship (3.1.5) is crucial in all subsequent analysis. (We shall henceforth
use Z as a generic notation for a basis for the null space, where the relevant point
z and matrix A should always be clear from context. Note that a basis for the null
space exists even when A(z) is rank-deficient.) By definition of a basis, every vector
p such that Ap = 0 may be written as a linear combination of the columns of Z, so
that

Ap =0 ifandonlyif p= Zp,

for some vector p.

We now state the well known first-order Karush-Kuhn-Tucker conditions for a
solution of NEP.

Theorem 3.1.2. (First-order necessary optimality conditions.) If the constraint
qualification holds at x*, a necessary condition for ©* to be a local minimizer of
NEP is that

g(a™) = A@")TX" =" Xay(2"), (3.1.6)
=1
for some X*. Equivalently, if Z(x) denotes a null-space basis for A(z), then
Z(a*)Tg(«") = 0. (3.1.7)

Proof.Assume that z* is a local minimizer of NEP, and consider all nonzero vectors
p such that
A(z")p = 0. (3.1.8)

(If there are none, then (3.1.6) must hold, since the columns of A(2*) span all of
R™.)

By hypothesis, the constraint qualification holds at 2, and hence any vector
p satisfying (3.1.8) is tangent to a feasible arc emanating from 2. From Defini-
tion 3.1.2, 2* can be a local minimizer only if f does not strictly decrease along any
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such arc, which implies that g(2*)"p = 0. It follows from standard linear algebra
that if g(2*)Tp = 0 for every p satisfying (3.1.8), then g(2*) must lie entirely in the
range space of A(z"), which gives the desired result (3.1.6). 1

We emphasize the key role of the constraint qualification in proving this theorem.
Without it, relationship (3.1.8) does not imply that p is tangent to a feasible arc,
and hence there can exist directions satisfying (3.1.8) along which no feasible points
exist. For example, the origin is the only feasible point in IR! with respect to the
nonlinear constraint 22 = 0, and hence no feasible arcs exist. Nonetheless, (3.1.8) is
satisfied for every nonzero p because the Jacobian matrix vanishes at the origin.

The m-vector X* such that g(z*) = A(z")TX* is called the Lagrange multiplier
vector, and the vector Z(2*)Tg(2*) of (3.1.7) is called the reduced gradient. Condition
(3.1.6) can also be written as

which can be interpreted as a statement that 2™ is a stationary point (with respect
to x) of the Lagrangian function

L(z,\) = f(z) — Me(z) (3.1.9)

when A = A\*. Note that X* is a stationary point of L(x, \) (with respect to \) at
any feasible point x.

We emphasize that in general the solution z* of NEP is not an unconstrained
minimizer of the Lagrangian function. For example, consider the one-variable prob-
lem

minimize 2> subject to x4+ 1 =0, (3.1.10)
z€R!
whose (unique) solution is obviously #* = —1, with Lagrange multiplier X* = 3.

However, z* is an unconstrained mazimizer of the associated Lagrangian function
Lz, X) = 2% = 3(z + 1).

To derive second-order optimality conditions, we examine the behavior of f along
feasible arcs from an alleged solution of NEP.

Theorem 3.1.3. (Second-order necessary optimality conditions.) If the constraint
qualification holds at «*, necessary conditions for x* to be a minimizer of NEP are:

1. g(@*) = A@@™)TN® for some X*; and

2. pI'V2L(z*, X*)p > 0 for any nonzero vector p satisfying A(x™)p = 0 and for
any X* satisfying (i).

Proof.Assume that 2* is a local minimizer of NEP. Part (i) holds by Theorem 3.1.2.
Now consider a nonzero vector p satisfying (3.1.8). (If none exists, the theorem holds
vacuously.) Let x(a) be the twice-differentiable arc whose existence is guaranteed
by the constraint qualification, where z(0) = z* and dz(0)/da = p. Let v denote
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d?z(0)/da?, and assume henceforth that all vector and matrix functions are evalu-
ated at 2 unless otherwise specified. Since each constraint function ¢; is identically
zero along z(«), we have

L) = o (0 + - (@)L a(0)
= alv 4+ pT'V%p =0. (3.1.11)
Further, using (3.1.6) and (3.1.8),
L 7(@(0)) = g7 2(0) = "
= NTAp=o. (3.1.12)
Condition (i) implies that 2™ is a stationary point of f along the feasible arc. In

order for z* to be a local minimizer, the curvature of f along any feasible arc must
be nonnegative, i.e., it must hold that

d2

— > 0. 1.1
o Fw(0)) > 0 (3113
Using (3.1.12), the definition of v, and (3.1.6), we write (3.1.13) as
d? d, rd
L) = ("L (o))
7 d T2
=9 @x(O) +p Vifp
= XTAv +p"V2p > 0. (3.1.14)

Rewriting (3.1.11) as alv = —p? V%;p and substituting this expression into (3.1.14),
we obtain

d? s
S5 [@(0) = —p" QN Vieip +p"VAfp
i=1
= p" VL(«", X)p > 0,
which is the desired result. §

A compact statement of condition (ii) of this theorem is that the (n—m)x (n—m)
matrix Z(2*)TV2L(2*, \*)Z(2") must be positive semi-definite. (This matrix is
called the reduced Hessian of the Lagrangian function.)

Sufficient conditions for * to be a local minimizer of NEP can be similarly
derived, and the following theorem will be stated without proof.

Theorem 3.1.4. (Sufficient conditions for optimality.) A feasible point * is a
strong local minimizer of NEP if there exists a vector X such that

1. g(2®) = A@@)TX; and
2. Z(d*)TV2L(2™, X) Z(2¥) is positive definite. 1
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3.2. Overview of Methods

Before considering different classes of methods for solving NEP (3.1.1), we present
an overview of the motivation that underlies many seemingly different algorithms.
The basic principle invoked in solving NEP is that of replacing a difficult problem by
an easier problem. Application of this principle leads to methods that formulate and
solve a sequence of subproblems, where each subproblem is related in a known way
to the original problem. In some of the methods to be discussed, the subproblem
involves the unconstrained minimization of a model function; in other instances, the
subproblem includes bounds and/or linear constraints derived from constraints of
the original problem.

The most common source of the (simpler) model functions in the subproblems
is the Taylor series expansion of a general nonlinear (but smooth) function, which
is widely used throughout numerical analysis. For example, Newton’s method for
zero-finding is based on successively finding the zero of the local linear approxi-
mation obtained by including only the first-order term of the Taylor series. When
minimizing, a linear model is usually inappropriate, since a general linear function
is unbounded below. Therefore, minimization is most frequently based on devel-
oping a quadratic model of the function to be minimized. For example, suppose
that the problem is to minimize the unconstrained function f(x), and that zj, is the
current iterate. A local quadratic model is obtained by truncating the usual Taylor
expansion of f about xj:

flxe+p) = fxr) + g(ar)p + $p"H (i), (3.2.1)

where H(z) denotes the (symmetric) Hessian matrix V2f(z). If H(zy) is positive
definite, the quadratic model (3.2.1) has a proper minimizer at xy + px, where py
solves the following system of linear equations:

H (zi)pe = —g(wk). (3.2.2)

Based on this analysis, Newton-based linesearch methods for unconstrained opti-
mization typically define the next iterate as

Thyl = Tk + Py,

where ay; is a positive steplength, and the search direction py is defined by (3.2.2).
The value of oy, is chosen to ensure a decrease in a quantity that measures progress
toward the solution. For details, see, e.g., [Ortega and Rheinboldt 1970] or [Dennis
and Schnabel 1983].

Because models derived from the Taylor series necessarily neglect higher-order
terms, their validity is assured only in a neighborhood (of unknown size) of the
current point. Therefore, a standard technique for restricting the region in which
the model applies is to add constraints that prevent iterates from moving too far
from the current point. For example, the step py from xy to x;1 might be chosen not
as the unconstrained minimizer of (3.2.1), but as the minimizer of (3.2.1) subject
to a restriction on the size of ||p||. Trust-region methods are based on explicitly
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restricting the domain in which a model function is considered reliable, and vary
depending on the measure and form of the domain restriction.

For nonlinearly constrained problems, the same general principle applies of cre-
ating subproblems based on local models of the objective and constraint functions.
Approaches to solving NEP vary in the form of the subproblem to be solved at each
iteration, and in the definition of any model functions. Further variation is induced
by the use of different numerical methods for solving mathematically equivalent
problems. The difficulty of solving nonlinear constrained problems has prompted
the development of methods that endeavor to transform NEP into that of solving
either a single or a sequence of of problems that are not nonlinearly constrained.
This approach was particularly attractive in the early development of the field when
software existed for unconstrained problems, but not for constrained problems. It
continued when software for linearly constrained problems became available. Later
a similar develop occurred when software for large-scale problems was required. It
proved much easier to extend software for unconstrained and linearly constrained
problems by transforming NEP than it was to develop software based on direct
methods to solve NEP. Moreover, the efficiency of the procedures to solve the linear
subproblems that arise was now critical and these subproblems were easier to han-
dle in the methods based on transformations. A further unexpected development
was that one class of transformation methods (barrier functions) had the unusual
property of avoiding the combinatorial aspect of inequality constrained problems.
The net result is that there is a much wider variety of methods to solve nonlinearly
constrained problems than to solve simpler problems. We start by discussing one of
the earliest transformation methods.

3.3. The Quadratic Penalty Function
3.3.1. Background

Although penalty functions in their original form are not widely used today (perhaps
it would be better to have said “should not be widely used today” since they are
still highly popular with engineers), a thorough understanding of their properties is
important background for more recent methods. For more detailed discussions of
penalty-function methods, see, e.g., [Fiacco and McCormick 1968], [Fletcher 1981],
[Gill, Murray and Wright 1981] and [Luenberger 1984]. Penalty functions have a
long history, occur in many forms, and are often called by special names in different
applications. Their motivation is always to ensure that the iterates do not deviate
“too far” from the constraints.

In general, an unconstrained minimizer of f will occur at an infeasible point, or
f may be unbounded below. Therefore, any algorithm for NEP must consider not
only the minimization of f, but also the enforcement of feasibility. In solving NEP, a
“natural” strategy is to devise a composite function whose unconstrained minimizer
is either 2 itself, or is related to z* in a known way. The original problem can then
be solved by formulating a sequence of unconstrained subproblems (or possibly a
single unconstrained subproblem). Intuitively, this can be achieved by minimizing
a function that combines f and a term that “penalizes” constraint violations.
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A “classical” penalty term (usually attributed to Courant [1943]) is the squared
Euclidean norm of the constraint violations, which leads to the well known quadratic
penalty function

Po(z,p) = f(z) + 5pc(z)'e(x) = f(z) + pllc(@)]3, (3.3.1)

where the nonnegative scalar p is called the penalty parameter. Let z*(p) denote
an unconstrained minimizer of P, (z, p). The following theorem, which is proved in
Fiacco and McCormick [1968], shows that, under reasonably general conditions,

*

. >k _
Jim 27 (p) = 2"

Theorem 3.3.1. (Convergence of the quadratic penalty method.) Let {py} be a
strictly increasing unbounded positive sequence. Assume that there exists a nonempty,
isolated compact set 2 of local solutions of NEP with the same optimal function
value. Then there exists a compact set S such that 2 C S, and for sufficiently large
Pk, there exist unconstrained minimizers of Py(x, py) in the interior of S. Further,
every limit point of any subsequence of the minimizing points is in 2. 1

In effect, this result ensures that applying the quadratic penalty-function trans-
formation creates a set of local minimizers of the penalty function. For p sufficiently
large, and within a bounded region including z*, the sequence of local minimizers of
Py(z, p) will converge to 2*. It may nonetheless happen that the unconstrained algo-
rithm used to minimize P, (x,p) will fail to converge to the desired local minimizer.
This limitation is illustrated in an example given by Powell [1972]:

minimize z° subject to x—1 =0,
z€IR!

whose solution is trivially 2 = 1. The associated penalty function is
Py(z,p) =2 + 1p(z — 1)%, (3.3.2)

and has a local minimizer at

VP12
B 6

. with  lim 2%(p) = 2" = 1.
p—00

7 (p)
The function (3.3.2) is unbounded below for any finite p, and hence there is no
guarantee that an unconstrained algorithm will converge to the minimizer from an
arbitrary starting point. While this example illustrates a limitation of the approach
most alternative methods also have limitations. The main drawback of the use of
peanlty functions is they give rise to a sequence of difficult unconstrained problems.
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3.3.2. Properties of the quadratic penalty function

The solutions of intermediate unconstrained subproblems have several interesting
features. Given a strictly increasing positive unbounded sequence {py}, assume
that k is large enough so that the result of Theorem 3.3.1 holds, and let {2} } denote
the local unconstrained minimizer of P(z, p;) nearest to 2. Let cj denote c(z})
and fi, denote f(z}). Then the following properties hold:

1. the sequence {P(x}, px)} is nondecreasing;
2. {fx} is nondecreasing;
3. {llekll2} is nonincreasing.

Thus, in general, each successive x’,‘; displays a decreasing measure of infeasibility
and an increasing value of the objective function. Further, each x}: is a point at
which no descent direction exists with respect to both f and ||c||2.

Since P, is a smooth function, its gradient must vanish at the unconstrained
minimizer 2 (p), so that the following condition holds:

9((p)) = —pA(" ()" el (p))- (3.3.3)

Condition (3.3.3) states that the gradient of the objective function at x*(p) is a
linear combination of the constraint gradients, and hence has the same form as
the first-order necessary condition for optimality when z* satisfies the constraint
qualification (Theorem 3.1.2), namely:

g(x®) = AT A", (3.3.4)

Comparing (3.3.3) and (3.3.4), we see that the quantity \;(p) = —pe;(2*(p)), i = 1,

.., m, is analogous to the i-th Lagrange multiplier at #*. When A(z*) has full
rank and the sufficient conditions of Theorem 3.1.4 hold at 2, the convergence of
7*(p) to 2* and the uniqueness of the Lagrange multipliers imply that

Jim Ai(p) = AL (3.3.5)

Under suitable assumptions, the set of unconstrained minimizers of the penalty
function can be regarded as a function of an independent variable, tracing out a
smooth trajectory of points converging to z*. The following result is proved in
Fiacco and McCormick [1968].

Theorem 3.3.2. (Smooth trajectory of the quadratic penalty function.) Assume
that A(z™) has full rank, and that the sufficient conditions of Theorem 8.1.4 hold at
x*. Then, for p sufficiently large, there exist continuously differentiable functions

x(p) and A(p), such that
lim z(p) =2 and lim A(p) = X*.

p—00 p—00

Further, x(p) is an unconstrained local minimizer of P(x,p) for any finite p. 1
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The trajectory of minimizers of the quadratic penalty function has several inter-
esting properties. In order to discuss conditions at the limit point, we introduce the
variable r = 1/p, use the notation z(r) = z(p), and take limits as r approaches zero.
Since Theorem 3.3.2 implies the existence of a smooth function z(r), we expand
about r = 0:

z(r) = 2" +ry + 0(r?),

where .
ozl —2t o dx(r)
y_ll_r% r =@ (0) = dr |—o

Because z(r) is an unconstrained minimizer of the quadratic penalty function, for
r > 0 we have the identity

rVP(z(r),r) = rg(r) + A(r)Te(r) =0, (3.3.6)

where the notation “(r)” denotes evaluation at x(r). Differentiating (3.3.6) with
respect to 7 at x(r) and using the chain rule, we obtain:

d m
%(rg + ATe) = g+ rH2'(r) + ATAZ'(r) + E ciH;x'(r) =0, (3.3.7)
i=1

where H denotes V2f, H; denotes V?;, and all functions are evaluated at z(r). As
r — 0, we know that ¢; — 0, and hence, using (3.3.4), (3.3.7) becomes in the limit:

g(2®) + A(HTAE )y = A()TN + A TAE )y = 0. (3.3.8)

Equation (3.3.8) implies that A(z™)T (X" + A(z")y) = 0 and since A(z™) has full row
rank, we may assert that
Az )y = X" (3.3.9)

If Xg # 0, (3.3.9) implies that the trajectory of minimizers of the quadratic penalty
function generates a nontangential approach to ",

3.3.3. Practical issues

Based on the theory developed thus far, it might appear that the solution to NEP
could be found simply by setting p to a very large value and using a standard uncon-
strained method. Unfortunately, the quadratic penalty function has the property
that the Hessian matrices V2P (2™ (p), p) become increasingly ill-conditioned as p
increases (see [Murray 1969], and [Lootsma 1969]). To see why, observe that the
Hessian of P, at an arbitrary point x is given by:

m
V2P, (x,p) = H + Z peiH; + pATA. (3.3.10)
i=1

At 2*(p), for large p, it follows from (3.3.5) that the first two terms in (3.3.10) form
an approximation to the bounded matrix V2L(z*, X*). Thus, if m < n, the matrix
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(3.3.10) evaluated at z*(p) is dominated by the unbounded rank-deficient matrix
pATA.

Analysis of the eigenvalues and eigenvectors of V2P(z*(p),p) as p — oo (see
[Murray 1971b]) reveals that (n — m) eigenvalues are bounded, with associated
eigenvectors that in the limit lie in the null space of A(z*). However, the remaining
m eigenvalues are of order p, i.e., unbounded in the limit, and the corresponding
eigenvectors lie in the range of A(2*)”. Thus, application of a general unconstrained
method to minimize Py, (z, p) (i.e., a method that simply solves equations involving
V2P without taking account of the special structure) is unsatisfactory because the
near-singularity of the Hessian matrices will impede local convergence. To overcome
this drawback, the search direction can be computed by solving an augmented sys-
tem similar to (2.1.14) that reflects the very special structure of V2P (see [Gould
1986]). This approach is closely related to sequential quadratic programming meth-
ods (see Section 3.5). Although the numerical difficulties associated with an ill-
conditioned Hessian can be addressed (by this we mean an accurate solution of the
equations defining the search direction can be obtained if care is taken) the poor
rate of convergence that results when the Hessian is nearly singular at the solution
still remains.

3.4. The /; Penalty Function

With the quadratic penalty function, the penalty parameter p must become infinite
in order to achieve convergence to . In contrast, we can devise a non-differentiable
penalty function of which z* is the unconstrained minimizer. (Such a function is
called an exact penalty function.)

The most widely used exact penalty function is the ¢; penalty function, or
absolute-value penalty function:

Pi(z,p) = f(z) +p)_leil = fz) + plle() 1, (3.4.1)
1=1

where p > 0. The ¢; penalty function has been used for many years (under different
names) in structural and mechanical design problems.

The function P;(z,p) has discontinuous derivatives at any point where a con-
straint function vanishes, and hence 2* will be a point of discontinuity in the gra-
dient of P;. An important difference between P; and P, (3.3.1) is that, under mild
conditions, p in (3.4.1) need not become arbitrarily large in order for z* to be an
unconstrained minimizer of P;. Rather, there is a threshold value s such that z*
is an unconstrained minimizer of P; for any p > p. Thus, whenever p in (3.4.1)
is “sufficiently large”, an unconstrained minimizer of P; will be a solution of the
original problem NEP.

For example, consider the problem

minimize 22 subject to z—1=0,
zelR!
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with solution #* = 1 and multiplier X* = 2. The associated ¢; penalty function is
Pi(2,p) = 2% + plz — 1],

of which x" is an unconstrained minimizer if p > 2.

Methods based on non-differentiable penalty functions avoid the ill-conditioning
associated with P,, since the penalty parameter can remain finite. Unfortunately,
the crucial value p depends on quantities evaluated at z* (which is, of course, un-
known), and therefore the value of p may need to be adjusted as the algorithm
proceeds. Difficulties can arise if an unsuitable value of the penalty parameter is
chosen. If p is too small, the penalty function may be unbounded below. On the
other hand, the unconstrained subproblem will be ill-conditioned if p is too large,
and special techniques are then required to obtain an accurate solution.

Since P; is non-differentiable even at the solution, standard unconstrained meth-
ods designed for smooth problems cannot be applied directly. However, special algo-
rithms (see, e.g., [Coleman and Conn 1982a, b]) have been designed for minimizing
(3.4.1) that utilize information about the original nonlinearly constrained problem.
These methods will be discussed in Section 3.5.5.

Any norm could be used in place of the [y norm. For example we could use the
lo norm. This should not be confused with the quadratic penalty function since the
norm requires the square root and like the Iy norm is nondifferentiable. However,
its only nondifferentiable when all the elements of ¢(z) are zero, which is much
less common than a single element being zero. Indeed one would expect that a
discontinuity is encountered in almost all linesearches when using the {; norm while
they will almost never occur within a line search when using the /3 norm.

Using the [; norm it can be shown that the required minimizer exists provided
p is larger than the largest (in magnitude) Lagrange multiplier. However, the size
of p necessary for a given initial point to be in a compact level set containing the
minimizer may be much larger.

3.5. Sequential Quadratic Programming Methods
3.5.1. Motivation

Penalty function methods are based on the idea of combining a weighted mea-
sure of the constraint violations with the objective function. In contrast, we now
turn to methods based directly on the optimality conditions for problem NEP. The
idea of a quadratic model is a major ingredient in the most successful methods for
unconstrained optimization. However, some care is needed for the nonlinearly con-
strained case, since we have clearly seen in the derivation of optimality conditions for
NEP (Section 3.1) that the important curvature is that of the Lagrangian function
L(z,)\) = f(z) — Mc(x) (see equation (3.1.9)), and not merely that of f itself. This
suggests that our quadratic model should be of the Lagrangian function. However,
such a model would not be a complete representation of the properties of problem
NEP.
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Recall from Section 3.1 that 2* is (in general) only a stationary point of the
Lagrangian function, and not an unconstrained minimizer. Even when the sufficient
conditions of Theorem 3.1.4 hold, 2" is a minimizer of the Lagrangian function
only within the subspace of vectors satisfying A(z*)p = 0. Such a restriction to a
subspace suggests that linear constraints should be imposed on a quadratic model
of the Lagrangian function.

With this in mind, we consider the development of an algorithm of the form

Th4+1 = Tk + OgPk, (3.5.1)

where pj is a search direction and «y is a nonnegative steplength. The search
direction py is intended to be an estimate of the step from the current iterate x; to
2, and thus the optimality conditions at 2* should guide the definition of py.

The most obvious property of 2 is that it is feasible, i.e., ¢(2™) = 0. Expanding
c in a Taylor series about zj; along a general vector p, we have

c(zp +p) = cx + Awp + O(||p|?), (3.5.2)

where ¢ and Ay denote c(zy) and A(xy). Ignoring the quadratic and higher-order
terms in (3.5.2), the desired search direction py will be the step to a zero of a local
linear approximation to c if

e, + Agpr =0, or Agppp = —cp. (3.5.3)

The relationship (3.5.3) defines a set of linear equality constraints to be satisfied by
Pk-

We know from the discussion on linearly constrained problems that the con-
straints (3.5.3) uniquely determine the portion of py, in the range of AL. Note that
(3.5.3) is analogous to the definition of a Newton step to the solution of the (un-
derdetermined) nonlinear equations c¢(x) = 0. If Ay has linearly independent rows,
the constraints (3.5.3) are always consistent. However, if the rows of Ay are linearly
dependent, (3.5.3) may have no solution.

An important aspect of such methods is that, although to first order the search
direction is a step to a zero of the constraints, the right-hand side of (3.5.3) generally
becomes zero only in the limit. This property contrasts with the widely used feasible-
point methods for linear constraints, and arises because of the extreme difficulty of
remaining feasible with respect to even a single nonlinear constraint. In fact, the
enforced maintenance of feasibility (or even near-feasibility) at every iterate tends
almost without exception to produce inefficiency when the constraints display a
significant degree of nonlinearity. The effort to remain feasible is thus “wasted”
at points that are far from optimal. (In effect, enforcement of feasibility at every
iterate means that the algorithm takes very small steps along the curved surface
defined by the constraints.)

3.5.2. Formulation of a quadratic programming subproblem

Beyond satisfying the linear constraints (3.5.3), the search direction pj in (3.5.1)
should be defined by minimization of a quadratic model of the Lagrangian function.
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By analogy with the EQP subproblem (2.1.6), py is taken as the solution of the
following equality-constrained quadratic program:

minipmize gip+ %pTka (3.5.4a)
subject to  Agp = —cy, (3.5.4b)

where gy, is g(z), the gradient of f at xj, and the matrix By, is intended to represent
the Hessian of the Lagrangian function. For simplicity, we assume that Aj has full
rank.

Let Zp denote a matrix whose columns form a basis for the null space of Ag,
i.e., such that Ay Zy = 0. If Z] B, Z, is positive definite, the subproblem (3.5.4) has
a unique minimizer pi. The vector p; can be expressed conveniently in terms of Z,
and a complementary matrix Y, whose columns form a basis for the range space of
Ag, as

Pk = Yipy + Zkpz, (3.5.5)

where Yip, and Zpp, will be called the range-space and null-space components of
Pk-

The constraints (3.5.4b) completely determine the range-space portion of py.
Substituting from (3.5.5) into (3.5.4b) gives

Arpr, = Ak (Yipy + Zipz) = ArYipy = —ci,

by definition of Y} and Zj, (since AxY} is nonsingular and AxZ; = 0).

The null-space portion of p; is determined by minimization of the quadratic
objective function within the appropriate null space, after moving in the range space
to satisfy the constraints (3.5.4b). The vector p, satisfies the following nonsingular
linear system:

ZiBrZypy = ~Zi9k — ZiBLYipy (3.5.6)

The Lagrange multiplier py of (3.5.4) satisfies the (compatible) overdetermined sys-
tem

9k + Brpr = Af g (3.5.7)

The subproblem (3.5.4) has several interesting properties. First, observe that
the linear term of the quadratic objective function (3.5.4a) is simply g, rather than
the gradient of the Lagrangian function. This does not alter the solution pg of
(3.5.4), since multiplication by Z} in (3.5.6) annihilates all vectors in the range
of Ag. However, taking the linear term as g, produces the desirable feature that,
as pr — 0, the Lagrange multipliers of the subproblem (3.5.4) will become the
Lagrange multipliers of the original nonlinearly constrained problem. Observe that,
when zj is “close” to 2 and ||py| is “small”, (3.5.7) becomes arbitrarily close to
the first-order optimality condition

g(x®) = AT
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The solution p; and multiplier vector ug can be interpreted as the result of a
“Newton-like” iteration applied to the set of n + m nonlinear equations that hold
at the solution of NEP, namely

g(a®) — AN =0 (3.5.8)
c(z") = 0. (3.5.9)
The constraints Agyp = —cj define the (underdetermined) Newton step to a point

that satisfies (3.5.9). When By = V2L(xy, \), equation (3.5.7) defines a Newton
step in both x and A to a point (2*, \*) that satisfies (3.5.8).

3.5.3. Definition of the Hessian

An obviously important element in formulating the subproblem (3.5.4) is the choice
of the matrix By, which is intended to approximate the Hessian of the Lagrangian
function. (Note that the linear constraints of (3.5.4) do not involve the Lagrangian
function.) The “best” choice of By is still an open question, particularly in the
quasi-Newton case (as we shall mention below), and is the subject of much active
research today.

When ezact second derivatives of f and ¢ are available, an “ideal” choice for
By, near the solution would be V2L(3;k, i), where zj and A\ are the current ap-
proximations to 2 and X*. With this choice, the “pure” SQP method defined by
(3.5.1) with ag = 1 should produce quadratic local convergence in both x and .
(See, e.g., [Goodman 1985].) However, with Bj, = V2L(zy, \i), the reduced Hes-
sian Z[B, Z, may be indefinite, in which case the QP subproblem (3.5.4) has an
unbounded solution . Research is actively being carried out on strategies to resolve
this situation.

When second derivatives are not available, an obvious approach is to let By
be a quasi-Newton approximation to the Hessian of the Lagrangian function. In
this case, the solution of the subproblem (3.5.4) is not a Newton step in both the
range and null space. Although the constraints (3.5.4b) (and hence the range-space
component of pi) are independent of By, the null-space component of p; will be
based on approximate second-derivative information. Because of this disparity in
the quality of information, the constraints tend to converge to zero faster than the
reduced gradient. During the final iterations, the behavior of quasi-Newton SQP
methods is typically characterized by the relationship

Il
Ip-]

i.e., the final search directions lie almost wholly in the null space of A(z*).

In defining By, as a quasi-Newton approximation, the BEGS formula (see Chap-
ter 1) seems a logical choice for updating an approximation to the Hessian of the
Lagrangian function. However, certain complications arise because 2™ is not nec-
essarily an unconstrained minimizer of the Lagrangian function (see Section 3.1).
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Consider a BFGS-like update of the form

_ Bss™B  wuT
B=B—- ———+ —/, 3.5.10
sTBs  vTs ( )
where a barred quantity is “new”, s = £—x, and v is a vector to be chosen. Since B is
intended to approximate the Hessian of the Lagrangian function, a “natural” choice

for v in (3.5.10) would be y,, the change in gradient of the Lagrangian function, i.e.
yr=g—g— (AT — AT\, (3.5.11)

with A the best available multiplier estimate. However, it may be impossible, with
any linesearch, to find a steplength oy, in (3.5.1) such that y!s is positive (see
Section 3.5.4, below). Since the updated matrix B will be positive definite only if
vTs > 0, performing the update with v = y, as in (3.5.11) would lead to an indefinite
Hessian approximation.

The question thus arises of what to do under these circumstances. If the update
is skipped when y’'s < 0, no new information about curvature of the Lagrangian
function will be gained from this iteration (or possibly from any iteration), and
favorable local convergence properties of the quasi-Newton method are unlikely to
apply. Therefore, a popular method for dealing with this difficulty is to use v = y,,
to perform the update (3.5.10) when y? s is sufficiently positive; otherwise, v is taken
as a perturbed vector 7, such that §.s > 0. (Such a strategy was first suggested
by Powell [1978].) For constrained problems, a necessary condition for superlinear
convergence [Boggs, Tolle and Wang 1982] is that the approximate Hessian matrices
must satisfy

N2 (B = VLG XN 22
e el

The definition of g, should ensure that (3.5.12) is satisfied as the solution is ap-
proached, so that superlinear convergence is not inhibited by the update.

0. (3.5.12)

3.5.4. Choice of the steplength; merit functions

A steplength ay is included in the definition (3.5.1) of the SQP iteration in order
to ensure “progress” at every iteration, since the current approximation of the La-
grangian function and/or the constraints may be inaccurate when the current iterate
is far from 2. In linesearch methods for unconstrained and linearly constrained op-
timization, the value of the objective function f alone provides a “natural” measure
to guide the choice of ay. Not too surprisingly, matters are much more complicated
when solving a nonlinearly constrained problem. Except in a few special cases, it is
impossible to generate a feasible sequence of iterates with decreasing values of the
objective function.

The most common approach is to choose oy in (3.5.1) to yield a “sufficient de-
crease” (in the sense of Ortega and Rheinboldt [1970]) in a merit function M that
measures progress toward the solution of NEP. Typically, a merit function is a com-
bination of the objective and constraint functions. An “ideal” merit function should
have certain properties, some more important than others. An essential property
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is that it should always be possible to achieve a sufficient decrease in M when the
search direction is defined by the QP subproblem (3.5.4). A desirable feature is that
the merit function should not restrict the “natural” rate of convergence of the SQP
method, e.g., if By = V2L(xy, \i), then a3, = 1 should be accepted at all iterations
“near” the solution, in order to achieve quadratic convergence (see Section 3.5.2).
An intuitively appealing feature is that 2* should be an unconstrained minimizer of
M. A feature with great practical importance is that calculation of M should not
be “too expensive” in terms of evaluations of the objective and constraint functions
and/or their gradients.
A commonly used merit function is the ¢; penalty function (see Section 3.4):

My(x, p) = f(x) + plle(@)[]1, (3.5.13)

where p is a nonnegative penalty parameter. (Han [1977] first suggested use of this
function as a means of “globalizing” an SQP method.) This merit function has the
property that, for p sufficiently large, 2 is an unconstrained minimizer of M (z, p).
In addition, p can always be chosen so that the SQP search direction py, is a descent
direction for Mj(z, p). However, requiring a decrease in M; at every iteration can
lead to the inhibition of superlinear convergence (the “Maratos effect”; see [Maratos
1978]), and various strategies have been devised to overcome this drawback (see,
e.g., [Chamberlain et al. 1982]). In practice, the choice of penalty parameter in
(3.5.13) can have a substantial effect on efficiency.

An increasingly popular alternative is the augmented Lagrangian function:
Ma(z, ), p) = f(x) = Ne(@) + gpe(x)  e(x), (3.5.14)

where \ is a multiplier estimate and p is a nonnegative penalty parameter (see
Sections 3.3 and 3.7). Use of (3.5.14) as a merit function was suggested by Wright
[1976] and Schittkowski [1981]. If X in (3.5.14) is the optimal multiplier vector \*,
then 2* is a stationary point (with respect to x) of M, (see Section 3.1). As with M;
(3.5.13), it can be shown that there exists a finite p such that 2™ is an unconstrained
minimizer of M4(x, X*, p) for all p > p. With suitable choice of A, (3.5.14) does not
impede superlinear convergence.

Many subtle points need to be studied in using (3.5.14) as a merit function—in
particular, extreme care must be exercised in defining the multiplier estimate A. If A
is taken simply as the “latest” multiplier estimate (i.e., the multiplier vector of the
most recent QP subproblem (3.5.4)), the merit function changes discontinuously at
every iteration, and difficulties consequently arise in proving global convergence. To
avoid this situation, the vector A can be treated as an additional unknown, which is
then included in the linesearch. Typically, the QP multipliers uj, are used to define
a multiplier “search direction” &, so that & = pur — A. (See, e.g., [Tapia 1977],
[Schittkowski 1981], [Gill, Murray, Saunders and Wright 1986].)

The most successful implementations of SQP methods for problems in which
only first derivatives are available typically use a modified BFGS update to define
By, (see (3.5.10)), and either M; (3.5.13) or M, (3.5.14) as a merit function.
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3.5.5. Related methods

It is often difficult to classify methods because the chosen hierarchical structure
tends to be subjective. (Other authors may consider that SQP methods are sub-
sumed under a category defined by the methods of this section!) We take the general
view that an “SQP method” includes a subproblem derived from the optimality con-
ditions of Theorem 3.1.3, with linearized versions of the nonlinear constraints, and a
quadratic objective function whose Hessian reflects the curvature of the Lagrangian
function. The methods to be discussed are considered as “related” to SQP methods
because they are derived in one sense or another from the optimality conditions.
However, the subproblem may not have the precise form stated above. In some
cases, the subproblem may be equivalent to a quadratic program, but with modified
objective function or constraints.

Two obvious deficiencies of any SQP method defined by (3.5.4) are that the
constraints (3.5.4b) may be inconsistent if Ay does not have full row rank, and that
the search direction may “blow up” in size if the rows of Ay are “nearly” linearly
dependent. Several modifications to the basic SQP structure are designed to correct
these difficulties.

Fletcher [1981, 1985] has suggested a class of methods called “S¢; QP methods”
in which the search direction pj is the solution of the following subproblem:

minipmize gip + 1pTHp + p|| Akp + cillx

(3.5.15)
subject to Iplloo < B,

where p is a penalty parameter and [ is a positive number. The benefit of this
formulation is that a solution to (3.5.15) always exists, even when the linearized
constraints (3.5.4b) are inconsistent. Further, the ¢; penalty term in the objective
and the explicit bound (“trust-region”) constraints on each component of p ensure
that the search direction and multiplier vector are bounded.

We characterize this approach as “SQP-related” because subproblem (3.5.15) is
equivalent to the following quadratic program with inequality constraints:

minimize gip + sp Hp + pel (u+v)
P
subject to —fe < p < e, (3.5.16)
Argp+ep=u—v, u>0 v>0,

where e denotes the vector (1,1,...,1)” of appropriate dimension. Methods for solv-
ing quadratic programs with inequality constraints such as (3.5.16) will be discussed
in Section 3.9.

Other approaches have been suggested that are closely related to SQP methods,
although derived from a different perspective. For example, Coleman and Conn
[1982a, b] suggest a method based on unconstrained minimization of the ¢; penalty
function of Section 3.5. The similarity to an SQP method arises because the search
is computed as two orthogonal components that lie in the range space of Ag and null
space of Ay, with the range-space component based on linearization of the nonlinear
constraints.



3.6.  Sequential Linearly Constrained Methods 177

SQP and SQP-related methods are widely considered the most effective general
methods today for solving NEP. Several have been implemented in highly reliable
software, and perform extremely well in practice, even on test problems formerly
regarded as difficult.

3.6. Sequential Linearly Constrained Methods

The methods to be discussed in this section—reduced Lagrangian or sequential lin-
early constrained (SLC) methods—were originally devised by Robinson [1972] and
Rosen and Kreuser [1972]. They have tended to be most widely used for large-scale
optimization problems (e.g., in the well known MINOS code; see [Murtagh and
Saunders 1982, 1983]). The motivation for an SLC method is the same as that of
an SQP method: to minimize the Lagrangian function subject to linearizations of
the original nonlinear constraints. In contrast to an SQP method, which develops a
quadratic model of the Lagrangian function, an SLC method solves a linearly con-
strained subproblem in which the objective function is a general approximation to
the Lagrangian function.
A typical subproblem in an SLC method applied to a problem with equality
constraints has the form:
mln}cmlze Fi(z) (3.6.1)
subject to Ap(r — xp) = —c,
where Fj(x) is a general approximation to the Lagrangian function at zy, based on
a current multiplier estimate A\;. Let zx11 be the solution of the subproblem (3.6.1).
Ideally, an SLC method would choose Fj(x) in (3.6.1) as

Fir(x) = f(z) = M e (), (3.6.2)
where )\; is the “latest” multiplier estimate, and
ék(x) = c(x) — e — Ax(x — ). (3.6.3)

(The function ¢ (z) in (3.6.3) is the difference between ¢(z) and its linearization at
r;.) With this choice of F, the multiplier vector of (3.6.1) will converge to X* if zy
converges to 2. For this reason, A in (3.6.2) is typically taken as the multiplier
vector from the previous subproblem (3.6.1).

The SLC method defined by (3.6.1) and (3.6.2) has extremely favorable local
convergence properties. (For details, see [Robinson 1972].) If zp and A¢ are “suf-
ficiently close” to 2 and X*, and each subproblem (3.6.1) is solved exactly, the
sequence of solutions (xy, \) converges quadratically to (¥, X*). Unfortunately,
this convergence result is purely local, and the iterates may diverge outside a small
neighborhood of z*. For this reason, various strategies have been proposed to im-
prove the reliability of SLC methods, such as executing a few iterations of a penalty
function method (Section 3.3) to determine a “good” initial point [Rosen 1978].
Alternatively, Murtagh and Saunders [1982] give an algorithm in which Fj(x) in
(3.6.1) is taken as the following close relative of an augmented Lagrangian function:

Fi(w) = f(x) = Ny (@) + gpci(2) en(x),
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where ¢ is defined by (3.6.3), and the penalty parameter p is a nonnegative scalar
(¢f. (3.5.14)). The penalty parameter can be adjusted to attain the ideal quadratic
convergence rate.

Subproblem (3.6.1) involves the minimization of a general nonlinear function
subject to linear equality constraints. The choice of solution method for a given
problem will depend on the information available about the problem functions (i.e.,
the level and cost of derivative information), and on the problem size. Because
several iterations may be required to solve the subproblem, SLC methods have a
“two-level” structure of major and minor iterations. Each major iteration involves
formulation of a new subproblem, using the current values of x; and Ag; the minor
iterations are then those of the method used to solve the particular subproblem.

In general, an SLC method tends to require more evaluations of the problem
functions than an SQP method to solve the same nonlinearly constrained prob-
lem. However, the solution is typically found by an SLC method in fewer major
iterations, where a major iteration in an SQP method simply involves solving the
QP subproblem (3.5.4). The reason that SLC methods are so widely used for large-
scale problems is that, somewhat surprisingly, general-purpose techniques for solving
large-scale linearly constrained problems are better developed today than general
methods for large-scale quadratic programming. However, this situation is likely to
change during the next few years. Even in the most advanced SLC methods today,
unresolved issues remain concerning proofs of global convergence, the use of a merit
function, the definition of Fy, and strategies for early termination of unpromising
subproblems.

A source of inefficiency in an SLC method is that the effort required to solve
(3.6.1) accurately may be excessive with respect to the improvement gained in the
current iterate. If zy is far from optimal and/or \; is a poor estimate of X*, overall
efficiency may be improved by terminating the minor iterations before (3.6.1) has
been solved. Such strategies remain an open research question, since they include a
delicate balance between possible gains in speed and loss of theoretical convergence
properties.

3.7. Augmented Lagrangian Methods

The class of augmented Lagrangian methods can be derived from several different
viewpoints. In all cases, a fundamental aim is to use the optimality conditions
to devise a well-behaved unconstrained subproblem of which z* is the solution.
Augmented Lagrangian methods became extremely popular in the early 1970’s,
largely because of the great success of methods for unconstrained optimization.
This approach to nonlinear programming was suggested independently by Hestenes
[1969] and Powell [1969].

Assume that the sufficient conditions for optimality (Theorem 3.1.4) hold at ™.
Then 2" is a stationary point of the Lagrangian function L(z,\) = f(z) — \c(x),
when A = X* (see Section 3.1). Because 2 is not necessarily a minimizer of the
Lagrangian function, the Lagrangian function itself is not a suitable choice for the
objective function of the subproblem, even if A* were known.
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Since the reduced Hessian of the Lagrangian function is positive definite, #* is a

minimizer of the Lagrangian function within the subspace of vectors orthogonal to
A(2*). (This observation was the primary motivation for SQP and SLC methods; see
Sections 3.5 and 3.6.) Positive-definiteness of the reduced Hessian of the Lagrangian
function indicates that the Lagrangian function can display negative curvature at
£ only along directions in the range space of A(z*)T. This suggests that a suitable
function for an unconstrained subproblem might be obtained by augmenting the La-
grangian function through addition of a term that retains the stationary properties
of 2, but alters the Hessian in the range space of A(x*)T.

The most popular such augmented Lagrangian function is obtained by adding a
quadratic penalty term, which gives

La(z,\p) = f(z) — Me(x) + %pc(x)Tc(x), (3.7.1)

where p is a nonnegative penalty parameter. Both the quadratic penalty term of
(3.7.1) and its gradient vanish at 2. Thus, if A\ = X*, 2* is a stationary point (with
respect to x) of (3.7.1). The Hessian matrix of the augmented Lagrangian function

1S
m

V2La(2, A p) = V(@) = 3 (A — pei(w)) Vi () + pA(x)TA(2).
i=1

Since ¢(2*) = 0, the Hessian of the penalty term at z* is simply pA(z*)TA(2"),
which is a positive semi-definite matrix with strictly positive eigenvalues correspond-
ing to eigenvectors in the range of A(z*)T. Thus, the presence of the penalty term
in L, has the effect of increasing the (possibly negative) eigenvalues of V2L (2™, \*)
corresponding to eigenvectors in the range space of A(z*)T, but leaving the other
eigenvalues unchanged. Using this property, under mild conditions there exists a
finite p such that 2™ is an unconstrained minimizer of L,(x, X, p) for all p > p. In
example (3.1.10), the crucial value is p = 6, since 2 = —1 is a (local) unconstrained
minimizer of L,(z, X, p) = 23 — 3(z + 1) + p(z + 1)? if p > 6.

In a typical augmented Lagrangian method, xj is taken as the unconstrained
minimizer of L, in (3.7.1), where A is taken as Ay, the latest multiplier estimate.
Strategies must therefore be developed for choosing both Ay and p.

Although the penalty parameter in (3.7.1) need not become infinite, this restric-
tion is of little practical value in actually choosing a specific value of p. Obviously,
p must be large enough so that z* is a local minimizer of L,. However, there are
difficulties with either a too-large or a too-small value of p. The phenomenon of
an ill-conditioned subproblem occurs if p becomes too large, as with the quadratic
penalty function (Section 3.3). However, if the current p is too small, the augmented
function may be unbounded, or the Hessian matrix of L, may be ill-conditioned be-
cause p is too close to the critical value p at which the Hessian of L, is singular.

Since z* is not a stationary point of L, except when A = X*, an augmented
Lagrangian method will converge to z* only if the associated multiplier estimates
converge to A*. Furthermore, when z, is defined by minimizing (3.7.1), the rate
of convergence of xj to 2* is restricted to the rate of convergence of A\ to \*
(see, e.g., [Fletcher 1974]). This result is quite significant, since it implies that
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even a quadratically convergent technique applied to determine the unconstrained
minimizer of (3.7.1) will not converge quadratically to 2* unless )\j, also converges
quadratically to A*. (In contrast, the rate of convergence of xj, is not restricted in
this fashion in SQP and SLC methods; see Sections 3.5 and 3.6.)

As with an SLC method, it could be argued that the effort required to solve a
general unconstrained subproblem to full accuracy may be unjustified if the penalty
parameter is wildly out of range, or the Lagrange multiplier estimate is significantly
in error. Hence, various strategies have been developed for prematurely terminating
the solution of an unpromising subproblem.

3.8. Inequality Constraints

We now derive optimality conditions for a problem in which all constraints are
assumed to be inequalities:
NIP minimize f(z)
T
subject to ¢(x) >0,

(3.8.1)
where ¢(z) has my components ¢;(z), and f and {c;(z)} are twice-continuously
differentiable. The matrix A(x) will denote the Jacobian matrix of the constraint
vector ¢(z), and a solution of NIP will be denoted by 2*.

The derivation of optimality conditions for inequality constraints is more com-
plicated than for equalities for two reasons: first, in general only a subset of the
constraints are involved in some of the optimality conditions; and second, the set
of feasible perturbations is much larger. The following definitions indicate the in-
creased complexity of terminology.

Definition 3.8.1. The point T is said to be feasible with respect to the inequality
constraint c;(x) > 0 if ¢;(Z) > 0. (Equivalently, the constraint is satisfied at z.) The
constraint ¢;(x) > 0 is said to be active at T if ¢;(T) = 0 and inactive if ¢;(Z) > 0.
If ¢i(Z) < 0, T is infeasible, and the constraint is said to be violated at 7.

The definition of a local solution of problem NIP is identical to that for problem
NEP (Definition 3.1.2), using the appropriate definition of feasibility. For problem
NIP, the active constraints at an alleged solution have special importance because
they restrict feasible perturbations. If a constraint is inactive at the point x, then
it will remain inactive for any perturbation in a sufficiently small neighborhood.
However, an active constraint may be violated by certain perturbations. As in the
equality-constraint case, we now consider conditions under which it is possible to
characterize feasible perturbations, and accordingly define two constraint qualifica-
tions (see [Fiacco and McCormick 1968]). Let ¢(z) denote the subset of constraints
that are active at x, and A(x) the Jacobian of ¢. We emphasize that A(x) includes
only the gradients of the active constraints, whereas A(x) is the full Jacobian of
all the constraints. We shall use the notation a;(z) for the gradient of an active or
inactive constraint, where the meaning should always be clear from the context.
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Definition 3.8.2. (First-order constraint qualification for inequality constraints.)
The first-order constraint qualification with respect to the set of inequality constraints
c(x) > 0 holds at the feasible point x if, for any nonzero vector p such that A(x)p > 0,
p is tangent to a differentiable feasible arc emanating from x and contained in the
feasible region.

Definition 3.8.3. (Second-order constraint qualification for inequality constraints.)
The second-order constraint qualification with respect to the inequalities c(x) > 0
holds at the feasible point x if, for any nonzero vector p such that A(z)p =0, p is
tangent to a twice-differentiable arc along which ¢ is identically zero.

In contrast to the single constraint qualification for equality constraints, these
conditions are distinct, and neither implies the other. A condition that ensures
satisfaction of both constraint qualifications is given in the following theorem. (See
[Fiacco and McCormick 1968] for a proof.)

Theorem 3.8.1. (Regular point for inequality constraints.) The first- and second-
order constraint qualifications for inequalities hold at the feasible point x if A(z) has
full rank, i.e., if the gradients of the active constraints are linearly independent. 1

We now consider deriving optimality conditions for problem NIP. First, observe
from the Taylor expansion (3.1.3) that if ¢;(x) = 0, i.e., if the i-th constraint is active
at z, the constraint becomes inactive along a perturbation p such that alp > 0. The
optimality theorems utilize the following well known result. (For further discussion
and details, see, e.g., [Fletcher 1981].)

Lemma 3.8.1. (Farkas’ Lemma.) Given an m x n matriz C, a given n-vector b
can be expressed as a nonnegative linear combination of the rows of C if and only
if, for every vector y such that Cy > 0, it also holds that by > 0, i.e.,

b=CTX\, A>0 ifandonlyif Cy>0=bly>0. 1

An alternative statement of this result is that a vector z exists such that b’z < 0
and Cz > 0 if and only if there exists no nonnegative vector A such that b = CT\.
Farkas’ Lemma can then be used to prove the following theorem.

Theorem 3.8.2. (First-order necessary optimality conditions.) If the first-order
constraint qualification for inequalities holds at =*, a necessary condition for x*
to be a minimizer of NIP is that there exists a vector X such that

g(z™) = AN, with X* > 0. (3.8.2)
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Proof.Assume that z*

satisfying

is a solution of NIP, and consider any nonzero vector p

A(z")p > 0. (3.8.3)

The first-order constraint qualification implies that p is tangent to a feasible arc
emanating from z* and contained in the feasible region. If g(2™)”p > 0, then Farkas’
Lemma immediately implies the existence of X* > 0 satisfying (3.8.2). Therefore,
we now suppose that there exists a nonzero p satisfying (3.8.3), but such that

g(z")Tp < 0. (3.8.4)

The rate of change of f along the associated feasible arc is g(z™)”p, so that (3.8.4)
implies that f is strictly less than f(z*) at feasible points in every neighborhood of
2*, thereby contradicting the assumption that 2™ is a local minimizer. Thus, there
can be no vector p satisfying (3.8.3) and (3.8.4), and Farkas’ Lemma implies that
(3.8.2) holds. 1

The crucial difference from the analogous theorem for equality constraints is
that the Lagrange multipliers corresponding to active inequality constraints must be
nonnegative.

In some circumstances, it is useful to define a Lagrange multiplier for every
constraint, with the convention that the multiplier corresponding to an inactive
constraint is zero. Let ¢* denote the “extended” multiplier vector. The necessary
condition (3.8.2) then becomes

g(z") = AT, " >0, (3.8.5a)
where
ey =0, i=1,2,...,m. (3.8.5b)

(Condition (3.8.5b) is often called a complementarity condition.)

As in the equality case, condition (3.8.5a) implies that 2™ is a stationary point
(with respect to x) of the Lagrangian function, which can be expressed either in
terms of the active constraints or all the constraints. We shall use the same notation
for both Lagrangian functions—i.e.,

L(z, \) = f(z) — Me(z), and L(z,0) = f(z) — Te(z).

The second-order necessary condition for inequality constraints analogous to
Theorem 3.1.3 involves both constraint qualifications.

Theorem 3.8.3. (Second-order necessary conditions for optimality.) If the first-
and second-order constraint qualifications hold at =, a necessary condition for x*
to be a local minimizer of NIP is that, for every nonzero vector p satisfying

A(z")p =0, (3.8.6)

it holds that pT V2L(2™, X*)p > 0 for all X* satisfying (3.8.2).
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Proof.Assume that " is a minimizer of NIP. Since the first-order constraint qualifi-
cation holds at z*, the existence of Lagrange multipliers satisfying (3.8.2) is implied
by Theorem 3.8.2. Now consider any nonzero vector p satisfying (3.8.6). Because of
the second-order constraint qualification, p is tangent to a feasible arc along which
the constraints active at 2 remain identically zero. Exactly as in the proof of The-
orem 3.1.3, analysis of the curvature of f along the arc implies the desired result.

Sufficient conditions for 2* to be a local minimizer of NIP are given in the
following theorem (see, e.g., [Fiacco and McCormick 1968]):

Theorem 3.8.4. (Sufficient optimality conditions.) The feasible point £ is a strong
local minimizer of NIP if there exists a vector X such that

1. g(a") = AT(a")XY;
2. X >0;

3. Z(*)TV2L(2™, X) Z(2*) is positive definite, where Z(x*) is a basis for the null
space of A(x*). 1

Condition (ii) of Theorem 3.8.4—that the Lagrange multipliers corresponding
to active constraints are strictly positive—is usually termed strict complementarity.
If any multiplier corresponding to an active constraint is zero, the optimality con-
ditions become more complicated. (For details, see, e.g., [Fiacco and McCormick
1968].)

Before considering methods for the general problem NIP, we turn to the special
case of quadratic programming.

3.9. Inequality-Constrained Quadratic Programmming

The inequality-constrained quadratic programming problem is that of minimizing a
quadratic function subject to a set of linear inequality constraints:

1QP minimize  d’x + %xTH T
T

3.9.1
subject to Az > b. ( )

For overviews of quadratic programming, see, e.g., [Fletcher 1981], [Gill, Murray
and Wright 1981] and [Fletcher 1986]. Let g(x) denote d + Hz, the gradient of the
quadratic objective function.

Using the results of Section 3.8, the following conditions must hold if 2* is a
minimizer of (3.9.1), where 1" includes a multiplier for every constraint:

Az > b
*)=d+ Ha* = ATf
9(’) ’ i (3.9.2)
wooz

i (a2 = bi)



184 CHAPTER 3. NONLINEAR CONSTRAINTS

Let A denote the matrix of constraints active at x*, and let Z denote a matrix

whose columns span the null space of A, i.e., such that AZ = 0; then ZTHZ must
be positive semi-definite.

The most popular approach to solving IQP is to use a so-called active-set strategy,
which is based on the following idea. If a feasible point and the correct active set
A were known, the solution could be computed directly as described above in the
discussion of EQP. Since these are unknown, we develop a prediction of the active
set—called the working set—that is used to compute the search direction, and then
change the working set as the iterations proceed.

We shall illustrate the steps of a QP method for a primal-feasible active-set
method. An initial feasible (non-optimal) point x is required such that Az > b.
Let Ay (the working set) denote a linearly independent set of constraints that are
satisfied exactly at the current iterate, and by, the corresponding components of b,
so that Ay x = by,. Let Z,, denote a basis for the null space of Ay, and assume
that ZL HZ,, is positive definite. (The treatment of the indefinite and semidefinite
cases is complicated, and will not be discussed here.)

A search direction p is computed by solving (2.1.12) with A = Ay, after which
two situations are possible. The point x + p may wviolate a constraint (or several
constraints) not currently in the working set. (In this case, Ay is not the correct
active set.) In order to remain feasible, a nonnegative step & < 1 is determined such
that & is the largest step that retains feasibility. A constraint that becomes satisfied
exactly at = + ap is then “added” to the working set (i.e., Ay includes a new row),
and a new search direction is computed with the modified working set.

Otherwise, the feasible point z + p is the minimizer of the quadratic objective
function with the working set treated as a set of equality constraints. Let £ = x4+ p,
and note that ZI g(#) = 0, which implies that g(z) = AL p,, for some vector puy .
If py is nonnegative, then & is the solution of IQP, since conditions (3.9.2) are
satisfied and ZL HZ, is positive definite by assumption. Otherwise, there is at
least one strictly negative component of uy (say, the i-th), and hence there exists
a feasible descent direction p, such that g(a?)Tp < 0 and Awp = e;, where ¢; is the
i-th column of the identity matrix. Movement along p causes the i-th constraint
in the working set to become strictly satisfied, and hence effectively “deletes” the
constraint from the working set.

Methods of this general structure will converge to a local solution of IQP in a
finite number of iterations if at every iteration the active set has full rank, ZL HZ,,
is positive definite, and puy # 0. For details concerning methods that treat more
complex situations, see the references given at the beginning of this section.

3.10. Penalty-Function Methods for Inequalities

In applying a penalty-function approach to problem NIP, the motivation is identi-
cal to that in the equality-constrained case, namely to add a weighted penalty for
infeasibility. Thus, the quadratic or absolute value penalty function may be used as
in Sections 3.2 and 3.3, but only the wiolated constraints are included in the penalty
term. The quadratic and absolute value penalty functions for NIP may be written
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as
Po(w,p) = f(a) + gplle@)|3  and  Pi(z,p) = f(x) + pllé@)|h,
where ¢(z) is the vector of constraints violated at x.

The convergence of the quadratic and absolute value penalty function meth-
ods applied to NIP can be proved as for the equality-constrained problem. (See
Sections 3.3 and 3.4.) In an implementation of a penalty-function method, a small
tolerance is usually included in the definition of “violated” to avoid discontinuities
in the second derivatives of P, at 2, so that, for example:

c(x) ={ci(x) | ci(z) <€}, (3.10.1)

where € (€ > 0) is “small”.

For P,, the existence of a trajectory 2*(p), with a multiplier function A(p), can
be demonstrated as in the equality case, subject to the assumption of strict com-
plementarity (see Sections 3.3 and 3.8). An important property of penalty-function
methods can be derived from the behavior of the Lagrange multiplier estimates
obtainable at 2*(p). (See (3.3.5).) Since

—pei(a(p)) — X and A7 >0,

it is clear that a constraint active at 2™ with a positive multiplier will be strictly
violated at z*(p) for sufficiently large p. This relationship explains why the violated
set of constraints (3.10.1) is often taken as a prediction of the active set when using
a quadratic penalty function method.

3.11. Sequential Quadratic Programming Methods

The general motivation given in Section 3.5 for sequential quadratic programming
(SQP) methods is unaffected by the change from equality to inequality constraints.
Because the optimal point z* for NIP is a minimizer of the Lagrangian function
within the subspace defined by the active constraint gradients (Theorem 3.8.3), the
ideas of developing a quadratic model of the Lagrangian function and of linearizing
the nonlinear constraints carry over directly. However, this approach will succeed
only if we are somehow able to identify the correct active set, which is essential in
defining the Lagrangian function.

An obvious strategy is to formulate a quadratic programming subproblem like
(3.5.4), but with the linear constraints generalized to inequalities, to reflect the
nature of the nonlinear constraints. Accordingly, the most common SQP method
for NIP retains the standard form (3.5.1) for each iteration. The search direction py
is taken as the solution of the following inequality-constrained quadratic program:

minimize gip + %pTka (3.11.1a)
P

subject to  Agp > —c, (3.11.1b)

where gy, is g(z ), the gradient of f at xj, and the matrix By is intended to represent
the Hessian of the Lagrangian function. The crucial difference from the equality-
constrained case is that the linear constraints of (3.11.1) are inequalities involving
all the constraints of the original problem.
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At the solution of the QP (3.11.1), a subset of the constraints (3.11.1b) will be
active. Let Ay denote the subset of active constraints at the solution of (3.11.1),
and ¢ the corresponding constraint values, so that

Agpr, = —C.

We know from the optimality conditions for (3.11.1) that its Lagrange multiplier
vector u must satisfy the following two conditions:

9k + Brpe = Afun (3.11.2a)
x> 0. (3.11.2b)

Comparing the conditions of Theorem 3.8.4 and (3.11.2), we see that as pp — 0,
the Lagrange multipliers of the subproblem (3.11.1) approach the Lagrange multi-
pliers \* of NIP. In fact, it can be shown that if A(2*) has full rank and 2™ satisfies
the sufficient conditions of Theorem 3.8.4, then the QP subproblem (3.11.1) will
identify the correct active set if xy, is “sufficiently close” to 2™ (see [Robinson 1974]).
This favorable result suggests that the active set of the QP subproblem can be taken
as a prediction of the active set of NIP. (However, the working set is “implicit”, in
the sense that it is obtained as the solution of a subproblem.) Enormous algorithmic
advantage can be taken of this property if the subproblem (3.11.1) is solved using a
QP method that permits a “warm start” (i.e., that can exploit a prediction of the
active set to enhance efficiency).

The treatment of inequality constraints in the definition of a merit function
for SQP methods has been approached in several ways, of which we mention two.
The ¢; penalty function for inequalities has been the most common choice (see [Han
1976], [Powell 1978]), because of the desirable properties mentioned in Section 3.5.4.
However, recent work suggests that an augmented Lagrangian merit function can
also be extended to inequality constraints. Schittkowski [1981] and Gill, Murray,
Saunders and Wright [1986] have proved global convergence of an SQP method based
on an augmented Lagrangian function. The latter algorithm performs a linesearch
not only with respect to z and A (as in Section 3.5.4), but also with respect to a set
of nonnegative slack variables. The slack variables are introduced purely during the
linesearch to convert the inequality constraint ¢;(x) > 0 to an equality constraint:

ci(z) >0 if and only if  ¢i(z) —s; =0, s;>0.
The merit function then has the form
Ma(z, 11, 5,p) = (@) — " (c(x) = 5) + 3p(c(x) — 5)" (c(x) - 9),

where 4 is an estimate of the multiplier vector (see (3.8.5)).

3.12. Sequential Linearly Constrained Methods

Exactly as in extending an SQP method to treat inequality constraints, the obvious
strategy in an SLC method (see Section 3.6) is to formulate the subproblem with
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linearized inequality constraints. A typical subproblem in an SLC method will thus
have the form:
minimize Fi(x)
x
subject to Ap(x — z1) > —cg,

where Fj(z) is (as before) a general approximation to the Lagrangian function at
T, based on a current multiplier estimate Ag.

For this SLC method, it can be shown [Robinson 1972] that the subproblem will
identify the correct active set in a sufficiently small neighborhood of the solution, and
that the favorable local convergence rate is therefore maintained (see Section 3.6).
An SLC method (the code MINOS; [Murtagh and Saunders 1983]) is widely viewed
as the most effective algorithm for solving large-scale problems of the form NIP.

When Fj(x) is defined as an augmented Lagrangian function (see (3.7.1)), some
decision must be made about which constraints are to be treated as active. Any
strategies designed to permit early termination of unpromising subproblems must
exercise special caution to ensure that the multiplier estimates have the properties
needed to achieve global convergence.

3.13. Augmented Lagrangian Methods

The application of augmented Lagrangian methods to problems with inequalities
is much less straightforward than for SQP and SLC methods (in which the con-
straints in the subproblem become inequalities), or for penalty function methods (in
which the penalty term includes the violated inequality constraints). Augmented
Lagrangian methods do mot include constraints in the associated subproblem, and
furthermore do not approach z* via a sequence of points where the active con-
straints are violated. Hence, some other strategy must be devised to identify the
active constraints.

Once a “working set” ¢(z) of constraints has been identified, an augmented
Lagrangian function can be defined that includes only the working set:

La(w, A, p) = (&) — Ne(a) + Lpc(x)Tela).

However, tests must be made at every stage to ensure that the working set is correct,
and great difficulties have been encountered in developing a general set of guidelines
for this purpose. Other approaches are based on enforcing sign restrictions on the
Lagrange multiplier estimates (see, e.g., [Rockafellar 1973]).

3.14. Barrier-Function Methods

In this final section, we turn to a class of methods with a different flavor from any
suggested previously for solving NIP. Barrier-function methods can be applied only
to inequality constraints for which a strictly feasible initial point exists. Thereafter,
a barrier-function method generates a sequence of strictly feasible iterates. These
methods have received enormous attention recently because of their close relation-
ship with the “new” polynomial approaches to linear programming (see Chapter 2
(linear programming), [Karmarkar 1984], and [Gill, Murray, Saunders, Tomlin and
Wright 1986)).
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3.14.1. Motivation

In many physical and engineering applications, the constraint functions not only
characterize the desired properties of the solution, but also define a region in which
the problem statement is meaningful (for example, f(x) or some of the constraint
functions may be undefined outside the feasible region). An artificial convention
for extending the problem statement outside the feasible region would not lend
itself to the design of a computationally reasonable algorithm, and might introduce
complications not present in the original problem.

Barrier-function methods require strict satisfaction of all constraints at the start-
ing point and subsequent iterates. The continued enforcement of feasibility is the
“opposite” of a penalty function method for inequalities (Section 3.10), where the
constrained solution is approached through a sequence of strictly infeasible points
with respect to the active constraints.

As in the penalty case, a barrier-function method creates a sequence of modified
functions whose successive unconstrained minimizers should converge in the limit to
the constrained solution. In general, the unconstrained minimizer of f will be infea-
sible, or f may be unbounded below. In order to guarantee that successive iterates
are feasible, the modified objective function includes a term to keep iterates “inside”
the feasible region. If a “barrier” is created at the boundary of the feasible region
by constructing a continuous function with a positive singularity, any unconstrained
minimizer of the modified function must lie strictly inside the feasible region. If the
weight assigned to the barrier term is decreased toward zero, the sequence of uncon-
strained minimizers should generate a strictly feasible approach to the constrained
minimizer.

The two most popular barrier functions are the logarithmic barrier function,
usually attributed to Frisch [1955]:

my
B(x,r) = f(z) —rY_ In(ci(z)), (3.14.1)
i=1
and the inverse barrier function [Carroll 1961]:
my
B(x,r)= f(x)+71r )y —. 3.14.2
() = 1)+ (314.2)

The positive weight r in (3.14.1) and (3.14.2) is called the barrier parameter.

We henceforth consider only the logarithmic barrier function (3.14.1). Fiacco and
McCormick [1968] present a convergence proof that, under quite general conditions
on f and {¢;}, there exists a compact set containing * within which the sequence
{2*(r)}, the minimizers of successive B(xz,r), converges to * as r — 0. As in the
analogous proof for penalty function methods, the conditions for convergence do
not require satisfaction of the constraint qualification at the limit point, so that
barrier-function methods will converge to minimizers not satisfying the Karush-
Kuhn-Tucker conditions. However, the proof of convergence requires that z* must
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lie in the closure of the interior of the feasible region, and consequently z* is not
permitted to be isolated from strictly feasible points.

Because convergence of z*(r) to 2* is guaranteed only within a compact set
including ™, it is possible for the logarithmic barrier function to be unbounded
below, as in an example given by Powell [1972]:

minimize —

subject to x > 1.
relR?! x2 +1 ] -

The solution is 2* = 1, but the logarithmic barrier function is given by

1

Blon=-mn

—rln(x — 1),

which is unbounded below for any r > 0. However, unboundedness is much less
likely to happen than with penalty functions, because the feasible region is often
compact.

3.14.2. Properties

Let {r;} be a strictly decreasing positive sequence, with limy_. 7x = 0. The min-
imizers of successive barrier functions exhibit the following properties, where By
denotes B(2*(r1,)), fx denotes f(2* (1)) and ¢ denotes c(x™(1)):

1. {By} is strictly decreasing for sufficiently small r; and bounded cg;
2. {fx} is nonincreasing;
3. =Y In c;(2*(r1,)) is nondecreasing.

Property (iii) does not imply that the constraint values decrease at successive 2 (ry,).
A reduction in the barrier parameter allows the constraints to approach the bound-
ary of the feasible region, but does not enforce a decrease.

By definition of an unconstrained minimizer, the following relation holds at 2 (r):

my r/c
VB:g—rzgai:g—AT : =0. (3.14.3)

- (

= T/ Cmy
Since r > 0 and ¢; > 0 for all 4, (3.14.3) shows that the gradient of f at 2*(r) is a
nonnegative linear combination of all the constraint gradients, where the coefficient
of a; is /c;. As r approaches zero, the quantity r/c;(2*(r)) will converge to zero if
¢; is not active at 2™, since ¢; is strictly bounded away from zero in a neighborhood
of 2*. Assume that m constraints are active at #*. Then for sufficiently small r, the
relation holding at 2*(r) can be written:

7‘/6\1
g= A" ; + O(r), (3.14.4)

r/Cm,
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where ¢; denotes the i-th active constraint, and A denotes the m x n matrix of active
constraint gradients.
It follows from (3.14.4) that the quantity

Ai(r) = (3.14.5)

defined only for the active constraints, satisfies a relationship with g and A analogous
to the multiplier relation that must hold at 2™ if A(2*) has full rank. The vector
A(r) satisfies A(r) = X* 4+ O(r), where X* is the vector of Lagrange multipliers at 2*.

As with the quadratic penalty function (Section 3.3), the barrier parameter can
be considered as an independent variable defining a trajectory of values x(r). The
following result is proved in Fiacco and McCormick [1968].

Theorem 3.14.1. If A(2*) has full rank, and the sufficient conditions of Theo-
rem 3.8.4 hold at x*, then for sufficiently small v, there exists a continuously differ-
entiable trajectory x(r) such that

lim z(r) = ",
r—0

and for any r > 0, z(r) is a local minimizer of B(x,r). 1

The trajectory z(r) has several interesting properties. Expanding about r = 0
gives the following expression:

a(r) = & +ry + O(r?),

where

y = lim x(r) — o _ dz(r)

. 3.14.6
r—0 r dr |,—g ( )

Differentiating the identity (3.14.3) and using (3.14.6), we obtain the following ex-
pression (cf. (3.3.9) for the penalty case):

1/
Ay = : . (3.14.7)
1/ X0
The relationship (3.14.7) implies that the minimizers of successive barrier functions
do not approach z* tangentially to any constraint for which 0 < \f < oo.

Barrier-function methods are not well suited to application of general-purpose
unconstrained minimization techniques, primarily because of ill-conditioning of the
Hessian matrices at 2*(r) if 0 < m < n. The ill-conditioning of the Hessian matrices
of barrier functions does not result from the influence of the barrier parameter,
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but rather from the singularities caused by the active constraints. The Hessian of
B(z*(r),r) is given by:

. r/ct
r
H=3% — Hi+ A" A, (3.14.8)

o r/hy
where all quantities are evaluated at 2™(r). For inactive constraints, ¢; is bounded
away from zero, and thus the quantities r/c; and r/c? go to zero as ™ (r) approaches
2*. For the active constraints, we know from (3.14.5) that r/c;(z"(r)) approaches
the corresponding (bounded) Lagrange multiplier. For a nonzero Lagrange multi-
plier, the ratio 7/c;(2*(r))? is thus unbounded as ¢; — 0. The first two terms of
(3.14.8) constitute an increasingly accurate approximation to VQL(x*, ), the Hes-
sian of the Lagrangian function at the solution. However, if 0 < m < n, or m =n
and A has some dependent rows, the dominant rank-deficient matrix causes the con-
dition number of (3.14.8) to become unbounded. In particular, VZB(z*(r),r) has
m unbounded eigenvalues as r — 0, with corresponding eigenvectors in the range of
A(2*)T. The remaining (n — m) eigenvalues are bounded and their eigenvectors lie
in the null space of A(z®). (See [Murray 1971b], for details.)
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