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1. Problem Statement

We address the nonlinear problem (NIP)

minimize
x∈Rn

f(x)

subject to c(x) ≥ 0,

where f : Rn → R and c : Rn → Rm are twice continuously differen-
tiable functions. Let g(x) denote the gradient of f(x), and J(x) the
mxn Jacobian matrix of c(x), with rows the gradients of c(x).

A point x∗ is feasible with respect to the constraints c(x) if c(x∗) ≥ 0,
and infeasible if c(x∗) < 0. The constraint ci(x) is considered active at
x if ci(x) = 0 and inactive if ci(x) > 0.

Let A(x) be the submatrix of J(x) that includes only the gradients
of the constraints active at x. Denote the nullspace matrix of A(x) by
Z(x), so that the columns of Z(x) form a basis for the nullspace of
A(x). Let the active set A(x) be the set of indices of those constraints
active at x.

x∗ is a local minimizer of NIP if it is feasible with respect to the
constraints, and there exists a neighborhood of x∗ such that f(x∗) ≤
f(x) for all feasible points x in the neighborhood. If the inequality
is strict for all feasible x 6= x∗, then x∗ is a strong local minimizer.
Otherwise, x∗ is a weak local minimizer.

Nonlinearly constrained problems have an abundance of diverse ap-
plications in engineering, finance, trajectory optimization, and many
additional fields. The scope of scientific applications solved with non-
linearly constrained optimization software will only increase. No mat-
ter how well optimization algorithms perform, there will always be a
demand for improvement as larger and more advanced mathematical
models are developed.

Nonlinearly constrained problems are considerably more difficult to
solve than unconstrained or linearly constrained problems, partly due
to the fact that obtaining and maintaining feasibility is itself an iter-
ative procedure. Another difficulty results from the crucial curvature
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information depending upon the second derivatives of the constraints
as well as those of the objective function. In the unconstrained and
linearly constrained cases only the Hessian of the objective function
affects the curvature.

2. Optimality Conditions

Necessary optimality conditions are guaranteed to be satisfied at a
local minimizer. Once a potential solution has been computed, suf-
ficient optimality conditions can verify that a point is indeed a local
minimizer. Optimality conditions are invaluable in the design of effi-
cient and robust optimization algorithms. Most widely used algorithms
for solving nonlinear problems are based upon computing a point that
satisfies these conditions.

In order to permit the analysis of feasible arcs and the determina-
tion of optimality conditions, constraints must satisfy constraint quali-
fications. Linear constraints automatically satisfy constraint qualifica-
tions. For nonlinear constraints, the theory of constraint qualifications
becomes more elaborate. One possibility is that a point x is feasible
and the matrix of active constraint gradients A(x) has full row rank. x
is then known as a regular point and constraint qualifications hold at
x. For more details on the theory of constraint qualifications, see [4].

Assuming x∗ is a regular point, first-order necessary optimality con-
ditions state that if x∗ is a local minimizer of NIP, there exist Lagrange
multipliers λ∗ such that

(1) c(x∗) ≥ 0;
(2) J(x∗)T λ∗ = g(x∗);
(3) λ∗ ≥ 0;
(4) c(x∗)T λ∗ = 0.

These first-order conditions are often referred to as the Karush-
Kuhn-Tucker (KKT) conditions, and x∗ is called a KKT point. Condi-
tion (1) says that x∗ is feasible. Condition (4) is the complementarity
condition and it says that Lagrange multipliers corresponding to inac-
tive constraints are zero. Strict complementarity holds if Lagrange mul-
tipliers corresponding to active constraints are strictly positive. The
slack variables are s∗ = c(x∗).

The necessary optimality conditions can alternatively be written as,
there exist Lagrange multipliers µ∗ such that

(1) c(x∗) ≥ 0;
(2) A(x∗)T µ∗ = g(x∗);
(3) µ∗ ≥ 0.



QUASI-NEWTON MODIFICATIONS TO SNOPT 3

This alternate condition (2) is equivalent to Z(x∗)T g(x∗) = 0, where
Z(x∗)T g(x∗) is known as the reduced gradient.

When x∗ is a regular point, the Lagrange multipliers µ∗ satisfying
these first-order necessary optimality conditions are unique. This can
easily be shown by assuming both µ1 and µ2 satisfy the conditions.
Then

A(x∗)T µ1 = g(x∗) and A(x∗)T µ2 = g(x∗).

Subtracting these two equations we get

A(x∗)T (µ1 − µ2) = 0.

Since the columns of A(x∗)T are linearly independent, µ1 = µ2.
Consider the standard Lagrangian function

L(x, λ) = f(x)− λT c(x).

Then

∇xL(x, λ) = g(x)− J(x)T λ,

and the optimality conditions say that x∗ is a stationary point of the
Lagrangian with respect to x when λ = λ∗, but not necessarily an
unconstrained minimizer.

Assuming x∗ is a regular point, second-order necessary optimality
conditions state that if x∗ is a local minimizer of NIP, then

Z(x∗)T∇2
xxL(x∗, λ∗)Z(x∗) º 0.

The matrix Z(x∗)T∇2
xxL(x∗, λ∗)Z(x∗) is known as the reduced Hessian

of the Lagrangian.
According to sufficient optimality conditions, a regular point x∗ is

a strong local minimizer of NIP if there exist Lagrange multipliers λ∗

such that,

(1) c(x∗) ≥ 0;
(2) A(x∗)T λ∗ = g(x∗);
(3) λ∗ > 0;
(4) Z(x∗)T∇2

xxL(x∗, λ∗)Z(x∗) Â 0.

Condition (3) is the strict complementarity condition. See [4] for a
statement of sufficient optimality conditions when Lagrange multipliers
of active constraints are allowed to be zero. Even sufficient optimality
conditions imply that x∗ is a minimizer of the Lagrangian only on the
tangent space of the active constraints, that is, the set of vectors p such
that A(x∗)p = 0.
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In section 4, we consider the nonlinear problem with equality con-
straints (NEP)

minimize
x∈Rn

f(x)

subject to c(x) = 0.

The definitions and theory for NEP are analogous to those for the
NIP case.

Assuming x∗ is a regular point, necessary optimality conditions state
that if x∗ is a local minimizer of NEP, there exist Lagrange multipliers
λ∗ such that,

(1) c(x∗) = 0;
(2) J(x∗)T λ∗ = g(x∗);
(3) Z(x∗)T∇2

xxL(x∗, λ∗)Z(x∗) º 0.

A key distinction from the inequality case is that there is no longer
any restriction on the sign of the Lagrange multipliers.

Sufficient optimality conditions claim that a regular point x∗ is a
strong local minimizer of NEP if there exist Lagrange multipliers λ∗

such that,

(1) c(x∗) = 0;
(2) J(x∗)T λ∗ = g(x∗);
(3) Z(x∗)T∇2

xxL(x∗, λ∗)Z(x∗) Â 0.

3. Zero or Near-Zero Lagrange Multipliers

Lagrange multipliers small in magnitude may lead to poor results.
In an active set method for a quadratic program (QP) with inequality
constraints, the quadratic is minimized over the current working set.
The working set estimates the set of constraints active at the solution.
If all the QP Lagrange multipliers are numerically positive, the original
QP is solved. If any Lagrange multiplier is negative, a constraint corre-
sponding to a negative multiplier is removed from the current working
set and the process is repeated.

If a Lagrange multiplier is close to zero, computationally there may
be difficulties determining the sign. If the smallest Lagrange multiplier
is zero, the algorithm is at a deadpoint. That is, given only first-order
information it is impossible to know whether or not it is beneficial
to delete the corresponding constraint. Determining which subset of
constraints with corresponding zero multipliers should be deleted is a
combinatorial problem. [4] provides an example where deleting just
one constraint with a zero multiplier does not lead to a reduction in
the objective.
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The example is

minimize −x1x2

subject to 0 ≤ x1,x2 ≤ 10,

with minimizer x∗ = (10, 10). Suppose (0, 0) is the current iterate and
{x1 ≥ 0, x2 ≥ 0} is the current working set. The Lagrange multipliers
corresponding to both constraints are zero. If only one constraint is
removed from the working set, the objective function cannot be de-
creased.

4. SQP Background

Sequential quadratic programming (SQP) methods are effective in
solving problems with nonlinear constraints. At each iteration, an SQP
method models the original problem by a quadratic programming sub-
problem. The solution pk of this subproblem is an estimate of the step
from the current iterate xk to the solution x∗ of the nonlinear problem.
A linesearch algorithm is implemented where the next iterate is defined
as

xk+1 = xk + αkpk,

with αk a nonnegative steplength.
First we consider the equality constrained nonlinear problem. We

will then extend the theory to the inequality constrained case.

4.1. SQP Method for Equality Constraints. For the unconstrained
and linearly constrained cases, optimality conditions give that the im-
portant curvature is that of the objective function. For the nonlinearly
constrained case, the curvature of the Lagrangian function is key. So,
we could consider forming an unconstrained quadratic model of the La-
grangian. However, as we saw, the solution is only a stationary point
of the Lagrangian, but not necessarily an unconstrained minimizer.
When sufficient optimality conditions hold, the solution is a minimizer
only on the tangent space of active constraints. So, a quadratic model
of the Lagrangian function is incomplete without constraints that re-
strict the space over which the minimization is occurring. Ideally, these
constraints are linear.

An obvious choice is to form a quadratic model of the Lagrangian
subject to the linear constraints obtained by taking the first-order ap-
proximation of the original constraints. Assume λk are the current esti-
mates of the Lagrange multipliers. Let fk, gk, ck and Jk be the current
values of the objective, objective gradient, constraints, and Jacobian
matrix, respectively. Assume Jk has full row rank. Define Lk, ∇xLk,
and ∇2

xxLk to be the current values of the Lagrangian, Lagrangian
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gradient, and Lagrangian Hessian, respectively. The QP subproblem
obtained is:

minimize
p∈Rn

Lk + pT∇xLk +
1

2
pT∇2

xxLkp

subject to ck + Jkp = 0.

Assume p̂k solves this QP. Since p̂k must be feasible,

Jkp̂k = −ck

and the term

p̂T
k∇xLk = p̂T

k (gk − JT
k λk)

in the objective function becomes

p̂T
k gk + cT

k λk.

Constant terms in the objective function can be discarded to obtain
the equivalent QP subproblem (QPk)

minimize
p∈Rn

pT gk +
1

2
pT∇2

xxLkp

subject to ck + Jkp = 0.

When the quadratic model of the Lagrangian is taken for the objec-
tive function, optimality conditions guarantee Lagrange multipliers λ̂k

such that

JT
k λ̂k = ∇xLk +∇2

xxLkp̂k.

Since ∇xLk = gk − JT
k λk, we obtain

JT
k [λk + λ̂k] = gk +∇2

xxLkp̂k.

In the limit, as xk → x∗ and p̂k → 0,

J(x∗)T [λk + λ̂k] ≈ g(x∗).

Compare this to the optimality condition J(x∗)T λ∗ = g(x∗) for the

nonlinearly constrained problem. λk + λ̂k estimates λ∗, and given that
λk → λ∗, the QP Lagrange multipliers λ̂k converge to zero. In section
3, we saw that zero or near-zero Lagrange multipliers may lead to poor
results.

For the equivalent QP subproblem QPk, optimality conditions pro-
vide Lagrange multipliers λ̂k such that

JT
k λ̂k = gk +∇2

xxLkp̂k.

In the limit, as xk → x∗ and p̂k → 0,

J(x∗)T λ̂k ≈ g(x∗).
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Now the QP Lagrange multipliers λ̂k converge to the Lagrange multipli-
ers λ∗ of the original nonlinearly constrained problem. Hence, the QP
subproblem QPk is preferable, and therefore implemented in standard
SQP algorithms.

An alternative derivation of the QP subproblem is based upon op-
timality conditions. Assume x∗ is a KKT point for problem NEP and
that J(x∗) is full rank. Then there exist multipliers λ∗ such that (x∗, λ∗)
solves the nonlinear system

F (x, λ) =

[
g(x)− J(x)T λ

c(x)

]
= 0

of n + m equations in n + m unknowns. The Newton iterate is[
xk+1

λk+1

]
=

[
xk

λk

]
+

[
pk

∆λk

]
,

where [ ∇2
xxLk JT

k

Jk 0

] [
pk

−∆λk

]
=

[ −gk + JT
k λk

−ck

]
.

The matrix [ ∇2
xxLk JT

k

Jk 0

]

is referred to as the KKT matrix. If the KKT matrix is nonsingular,
the Newton step exists and is unique.

We have assumed Jk is full rank. Suppose Zk is the nullspace ma-
trix of Jk. Theorem 4.1 shows that when the second-order sufficient
optimality condition

ZT
k ∇2

xxLkZk Â 0,

holds, then the KKT matrix is nonsingular and hence a unique Newton
step exists.

Theorem 4.1. The KKT matrix[
H JT

J 0

]

is nonsingular when J has full row rank and ZT HZ Â 0, where Z is
the nullspace matrix of J .

Proof. Assume [
H JT

J 0

] [
y1

y2

]
= 0.

Since Jy1 = 0, y1 can be written as

y1 = Zw

for some w.
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HZw + JT y2 = 0,

so that

wT ZT HZw = 0.

Since ZT HZ is positive definite, w = 0.
J being full row rank and JT y2 = 0 implies y2 = 0. ¤

If the current iterate (xk, λk) is close enough to the optimal solution
(x∗, λ∗) and the sufficient optimality condition holds at (x∗, λ∗), then
the sufficient optimality condition also holds at (xk, λk).

The KKT system of equations gives

(1) Jkpk = −ck;
(2) ∇2

xxLkpk − JT
k ∆λk = −gk + JT

k λk.

After some simple algebraic manipulations, we obtain

(1) ck + Jkpk = 0;
(2) JT

k λk+1 = gk +∇2
xxLkpk.

Setting pk = p̂k and λk+1 = λ̂k, this is the first-order optimality condi-
tions for QPk, which has a unique minimizer when ZT

k ∇2
xxLkZk Â 0.

Hence, the iterates (xk+1, λk+1) can be generated either by apply-
ing Newton’s method to the optimality conditions of the equality con-
strained nonlinear problem or by solving the quadratic subproblem
QPk. In algorithmic design, the quadratic subproblem is typically
solved, and it is this approach that extends to the inequality con-
strained nonlinear problem.

4.2. SQP Method for Inequality Constraints. The SQP theory
can be extended to the problem NIP by solving the QP subproblem
(IQPk)

minimize
p∈Rn

pT gk +
1

2
pT∇2

xxLkp

subject to ck + Jkp ≥ 0

at each iteration. The solution pk is taken as the search direction for
the original problem. As in the equality constrained case, the Lagrange
multipliers λ̂k of the QP subproblem converge to the optimal Lagrange
multipliers λ∗. Hence, λk+1 can be taken as λ̂k. An active set method
is commonly employed to solve the quadratic subproblem.

Let Ak be the submatrix of Jk that corresponds to the constraints of
IQPk active at pk, and ĉk the corresponding constraint values, so that

ĉk + Akpk = 0.
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Let the active set Ak be the set of indices of those QP constraints active
at the QP solution.

Suppose the local solution x∗ of NIP is a regular point at which the
KKT optimality conditions are satisfied for some Lagrange multipliers
λ∗. Also, suppose that strict complementarity holds at (x∗, λ∗) and
that the reduced Hessian of the Lagrangian is positive definite. Then
for (xk, λk) sufficiently close to (x∗, λ∗), Robinson showed that the QP
subproblem identifies the correct active set of the nonlinear problem at
x∗ [7].

Hence, the active set Ak of the QP subproblem predicts the optimal
active set A(x∗) of the original nonlinear problem. When the problem
is large, solving the QP subproblem from scratch at each iteration can
be expensive. A substantial savings may be obtained by implementing
a warm-start strategy where information from the previous iteration
is utilized. For instance, the initial QP working set of the current
subproblem can be set to the final QP active set from the previous
iteration.

5. SNOPT Background

SNOPT (Sparse Nonlinear Optimizer) solves large-scale nonlinearly
constrained optimization problems using a SQP algorithm. This soft-
ware package was designed by Philip Gill, Walter Murray and Michael
Saunders. SNOPT is equipped to handle large problems with sparse
constraint gradients and functions that are expensive to compute. It
was originally designed for problems with a moderate number of de-
grees of freedom, but has been extended to handle problems with a
larger number of degrees of freedom.

We consider the nonlinear problem NIP. At each iteration of the
SQP method a search direction is determined by solving the convex
QP subproblem

minimize
p∈Rn

pT gk +
1

2
pT Bkp

subject to ck + Jkp ≥ 0.

Here Bk represents a positive definite approximation to the Hessian of
a modified Lagrangian at xk. Bk may not be given explicitly, but as
a routine to form a matrix-vector product. In SNOPT, the subprob-
lem is solved by SQOPT, which employs an inertia-controlling reduced
Hessian active-set method.
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Before defining the modified Lagrangian, we first provide the con-
straint linearization

cL(x, xk) = ck + Jk(x− xk)

and the departure from linearity

dL(x, xk) = c(x)− cL(x, xk).

The modified Lagrangian is defined as

L(x, xk, λk) = f(x)− λT
k dL(x, xk)

= L(x, λk) + λT
k cL(x, xk).

Since the modified Lagrangian function equals the Lagrangian plus a
linear term, the Hessian of the modified Lagrangian equals that of the
Lagrangian. Also,

L(xk, xk, λk) = fk

and
∇xL(xk, xk, λk) = gk.

Hence, the QP subproblem is a convex quadratic model of the change
in the modified Lagrangian subject to a linearization of the constraints.

We denote the solution of the current QP subproblem by (p̂k, λ̂k, ŝk),
where ŝk are the slack variables. Assume the gradients of the active
constraints are linearly independent. Necessary first-order optimality
conditions give feasibility

ck + Jkp̂k = ŝk and ŝk ≥ 0,

nonnegative Lagrange multipliers λ̂k ≥ 0, where

JT
k λ̂k = gk + Bkp̂k,

and complementary λ̂T
k ŝk = 0.

The QP solver determines an optimal working set for the QP sub-
problem. This working set is an independent set of constraints that are
active at the QP solution. The working set matrix Wk is a full-rank
submatrix of Jk composed of the corresponding constraint gradients.
Let Zk be the nullspace matrix of Wk. From necessary optimality con-
ditions, the reduced Hessian ZT

k BkZk is positive semi-definite at the
QP solution.

There are a couple of reasons why the change of the modified La-
grangian is modeled rather than that of the Lagrangian. First, as we
will see in section 7, SNOPT sometimes utilizes the augmented modi-
fied Lagrangian

LA(x, xk, λk) = f(x)− λT
k dL(x, xk) +

1

2
dL(x, xk)

T ΩdL(x, xk),
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where Ω = diag(ωi) and ωi ≥ 0. Nonlinearity is not introduced into this
augmented function. That is, any variable that appears only linearly
in the original problem still appears only linearly. The SNOPT code
stores nonlinear variables first and knowing that linear variables do not
need to be treated as nonlinear saves memory.

A second reason for the modified Lagrangian is that, as shown in
section 4, the QP subproblem Lagrange multipliers estimate the La-
grange multipliers λ∗ at the solution of the original problem. For the
Lagrangian the results are not so nice, and λk + λ̂k estimate λ∗, with
the QP Lagrange multipliers λ̂k converging to zero.

Suppose sk is the current estimate of the slack variables s∗ at the so-

lution of NIP. The search direction




p̂k

λ̂k − λk

ŝk − sk


 is a descent direction

for an augmented Lagrangian merit function

Mp(x, λ, s) = f(x)− λT [c(x)− s] +
1

2

m∑
i=1

ρi[ci(x)− si]
2,

where ρi ≥ 0 are the penalty parameters. If the QP subproblem was
nonconvex, the search direction would not necessarily be a descent
direction.

A merit function measures progress of an optimization algorithm.
For an unconstrained problem, the objective function commonly serves
as the merit function. When all the iterates remain feasible in an al-
gorithm to solve a linearly constrained problem, the objective function
is again appropriate. For a nonlinearly constrained problem, a balance
between minimizing the objective and reducing infeasibility must be ob-
tained. The augmented Lagrangian merit function Mp(x, λ, s) balances
minimizing the Lagrangian, satisfying the complementarity condition,
and reducing infeasibility. Global convergence is guaranteed by per-
forming a line search along the search direction to assure a sufficient
decrease in the merit function.

6. Quasi-Newton Background

6.1. Discrete Hessian Approximation. When second derivatives
of a twice continuously differentiable function f : Rn → R are not
available or are difficult to compute, the Hessian can be approximated
at a point xk by finite-differences of the gradient. Set the i-th column
of a matrix Y to the forward-difference approximation

yi =
∇f(xk + hei)−∇f(xk)

h
,
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where ei is the i-th unit vector and h is a scalar. For a symmetric
Hessian approximation Bk, take

Bk =
Y + Y T

2
.

A crucial drawback with this approximation is that it requires n + 1
gradient evaluations, unless there is a known sparsity pattern, in which
case there may be fewer.

6.2. Quasi-Newton Hessian Approximation. For unconstrained
optimization, a common technique for approximating the Hessian of
a objective function is a quasi-Newton method. First derivatives are
accumulated over a sequence of iterates {xk} to build up curvature
information used to generate the approximate Hessian Bk+1 at xk+1 =
xk + δk. There are several desirable features of a quasi-Newton update:

(1) Bk+1δk = yk, where yk = gk+1 − gk.
(2) Bk+1 is a low rank update of Bk.
(3) Bk+1 is symmetric if Bk is.
(4) An exact line search minimizes an n degree strictly convex qua-

dratic within n steps. If n iterates are taken, Bn is the exact
Hessian.

(5) Bk+1 is positive definite if Bk is.

Property (1) is the quasi-Newton condition, also known as the se-
cant equation, and is required for all quasi-Newton updates. Taylor’s
theorem gives ∇2f(xk)δk ≈ yk. So, the curvature of f at xk in the
direction δk can be approximated as δT

k∇2f(xk)δk ≈ δT
k yk. The quasi-

Newton condition says this approximate curvature is exact for the local
quadratic model based on Bk+1.

Property (3) is known as hereditary symmetry and is desirable since
the Hessian of the objective function is symmetric.

Property (5) is hereditary positive-definiteness, which is desirable for
two reasons. First, according to necessary optimality conditions, the
Hessian is at least positive semi-definite at a minimizer. Second, a local
quadratic model based on a positive definite Bk has a unique minimizer
pk, given by the Newton equation Bkpk = −gk. The search direction
pk is a descent direction for f at xk, i.e. pT

k gk = −pT
k Bkpk < 0.

The unique rank-one update that satisfies (1)–(4) is the symmetric
rank-one (SR1) update. This update is given as

B+ = B +
1

(y −Bδ)T δ
(y −Bδ)(y −Bδ)T ,

where B+ is the new iterate and the unsubscripted quantities are those
of the current iterate.
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The SR1 update has two immediate drawbacks. First, it is unde-
fined when (y − Bδ)T δ = 0, and numerical instabilities may occur
when this denominator is small. Theorem 6.1 shows that when an
exact line search results in a unit step, the denominator (y − Bδ)T δ
vanishes. If Bδ = y, the current iterate already satisfies the quasi-
Newton condition, and it makes sense to skip the update. The second
major drawback is that the SR1 update does not satisfy the hereditary
positive-definiteness property.

Theorem 6.1. If an exact line search results in a unit step, then

(y −Bδ)T δ = 0.

Proof. The search direction pk is obtained by solving the Newton equa-
tion

Bkpk = −gk.

An exact line search gives gT
k+1pk = 0. A unit step gives δk = pk.

Hence,

(y −Bδ)T δ = (y −Bp)T p = (gk+1 − gk + gk)
T p = 0.

¤

A higher rank update is required to satisfy properties (1)–(5). An
example is the popular rank-two BFGS quasi-Newton update given by

B+ = B − BδδT B

δT Bδ
+

yyT

yT δ
.

This update satisfies the hereditary positive-definiteness property if and
only if the approximate curvature is positive. This is easy to see in one
direction since if the update is positive definite, then δT y = δT B+δ > 0.
For an outline of a proof in the other direction see [4]. Since positive-
definiteness of the updates assures δT Bδ > 0, the update is defined
when positive-definiteness is maintained.

Theorem 6.2 states that the approximate curvature is positive if the
step length α satisfies the strong Wolfe conditions

|pT
k gk+1| ≤ −ηpT

k gk

and

−µαpT
k gk ≤ fk − fk+1,

where 0 < µ < η < 1. The strong Wolfe line search conditions guaran-
tees a sufficient decrease in the objective function. The first condition
states that the step length is not too small; the second states that the
step length is not too large.



14 KATHY JENSEN

Theorem 6.2. If the step length α satisfies the strong Wolfe condi-
tions, then the approximate curvature is positive.

Proof. Assume Bk is positive definite and pk satisfies the Newton equa-
tion

Bkpk = −gk.

So, pk is a descent direction, since

pT
k gk = −pT

k Bkpk < 0.

Using the first Strong Wolfe condition,

δT
k yk = αkp

T
k (gk+1 − gk) ≥ αkp

T
k (ηgk − gk) = (η − 1)αkp

T
k gk > 0.

¤
When BFGS with an exact line search is applied to a quadratic with a

symmetric positive definite Hessian H, induction shows that the quasi-
Newton condition is satisfied by all previous search directions,

Bk+1δi = yi, for i = 0, . . . , k.

When the identity matrix is taken as the initial Hessian approximation,
the search directions are conjugate with respect to H,

δT
i Hδj = 0, for all i 6= j.

In general, the search directions are the same as those generated by pre-
conditioned conjugate gradient with the initial Hessian approximation
as the preconditioner. When applied to an n degree strictly convex qua-
dratic, a BFGS algorithm with an exact line search terminates within
n steps. If n iterations are taken, the approximate Hessian equals the
exact Hessian. As long as the updates are defined, these properties also
hold for the SR1 update.

SR1 updating has even nicer results, which do not necessarily hold
for BFGS. When SR1 is applied to a quadratic with a symmetric pos-
itive definite Hessian and all iterates are defined, a minimizer is ob-
tained within n iterations. Unlike for BFGS, an exact line search is
not required. If n steps are taken and the search directions are linearly
independent, the exact Hessian is obtained.

Theorem 6.3 from [7] states that assuming suitable conditions, the
SR1 theory extends nicely to nonlinear functions. In the limit, the
approximate Hessian approaches the Hessian at the solution.

Theorem 6.3. Assume suitable conditions. Also, assume δk do not
converge to a linearly dependent set, and that

|δT
k (yk −Bkδk)| ≥ r‖δk‖‖yk −Bkδk‖,
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with r ∈ (0, 1) small, so that the updates are defined and numerically
stable. If xk → x∗, then

lim
k→∞

‖Bk −∇2F (x∗)‖ = 0.

Proof. See [7]. ¤

Hence, SR1 updates tend to generate better Hessian approximations
than BFGS updates. For this reason, SR1 updates are often imple-
mented in trust-region algorithms, where indefinite Hessian approxi-
mations may even be preferred. A drawback is that when the con-
straint is added to restrict the step size, the trust-region subproblem
may become infeasible. Handling this infeasibility is computationally
expensive.

Another advantage of a SR1 update over a BFGS update is its lower
rank, which leads to opportunities in limited memory quasi-Newton
methods such as in SNOPT.

The quasi-Newton theory for the unconstrained case can easily be
extended to the linear equality constrained problem. An approxima-
tion Bz can be generated for the reduced Hessian rather than for the
Hessian so that computations are performed in a lower dimensional
space. Suppose the columns of Z form a basis for the null space of
the constraint matrix. Assume after the first iteration all iterates are
feasible so that all steps are taken within the null space of A, i.e. a
null-space method is implemented. If Bzpz = −ZT gk, the search direc-
tions are given by pk = Zpz. From the quasi-Newton update for the
full Hessian

ZT B+Z = ZT BZ − ZT BδδT BZ

δT Bδ
+

ZT yyT Z

yT δ
.

Set δz = ZT δ and yz = ZT y. If Bz = ZT BZ denotes the current
reduced Hessian approximation and Bz the updated one, the quasi-
Newton formula is

Bz = Bz − Bzδzδ
T
z Bz

δT
z Bzδz

+
yzy

T
z

yT
z δz

.

An adequate line search ensures that the approximate curvature δT y =
δT
z yz is positive at each step, so hereditary positive-definiteness holds

for both the full Hessian and reduced Hessian approximations. While
the reduced Hessian is at least positive semi-definite at a minimizer,
the full Hessian may remain indefinite and hence may not be closely
approximated.
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For the linear inequality case, the approximate curvature can only
be nonpositive when the line search hits a constraint. The update can
then be skipped in order to maintain positive-definiteness.

7. Quasi-Newton in SNOPT

SNOPT estimates the curvature of the modified Lagrangian by using
a modified BFGS quasi-Newton update to approximate the Hessian of
the modified Lagrangian. Take λk+1 to be the Lagrange multiplier
estimates updated during the line search. The BFGS update is

B+ = B − BδδT B

δT Bδ
+

yyT

yT δ
,

where

δk = xk+1 − xk

and

yk = ∇L(xk+1, xk, λk+1)−∇L(xk, xk, λk+1).

Recall that the hereditary positive-definiteness property holds if and
only if yT

k δk > 0. Unlike for the unconstrained and linear equality con-
strained problems, it may be impossible to obtain positive approximate
curvature with any line search, even close to the solution. This makes
sense since the solution is a stationary point of the Lagrangian, but
not necessarily a local minimizer. Even sufficient optimality conditions
only ensure a minimizer of the Lagrangian in a subspace given by the
null space of the Jacobian of active constraints. So even at the solution,
the Hessian of the Lagrangian may not be positive semi-definite.

Maintaining a positive definite Hessian approximation is critical so
that the QP subproblem has a unique solution that is a descent di-
rection of the augmented Lagrangian merit function. SNOPT applies
an unmodified BFGS update when the approximate curvature is suffi-
ciently positive, i.e. yT

k δk ≥ σk with

σk = αk(1− η)p̂T
k Bkp̂k

for η ∈ (0, 1). When there are nonlinear constraints and the approxi-
mate curvature is not sufficiently positive, SNOPT attempts to mod-
ify the BFGS update so that the approximate curvature is sufficiently
positive. Otherwise, the Hessian approximation will be indefinite or
ill-conditioned. If needed, two modifications are attempted.

First, SNOPT tries to modify both yk and δk so that yT
k δk approxi-

mates the curvature of the reduced Hessian of the Lagrangian, which
from the necessary optimality conditions is positive semi-definite at the
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solution. When solving the QP subproblem, let x̄k be the first feasible
iterate. Then decompose the search direction as

pk = pR + pN where pN = x̂k − x̄k.

Set zk = xk + αkpR, so that δk = αkpN . Redefine yk as

yk = ∇L(xk+1, xk, λk+1)−∇L(zk, xk, λk+1).

From Taylor’s theorem

yT
k δk ≈ α2

kp
T
N∇2L(xk, xk, λk)pN .

If the working set at x̄k is the same as that at x̂k, then pN is in the null
space of the working set. In this case, yT

k δk approximates the curvature
of the reduced Hessian, which is nonnegative at the solution. Close to
the solution, the working set does not change between iterations. In
general, it has been observed that WkpN ≈ 0, especially once changes
in the working set have slowed down [3].

A disadvantage of this first modification is that it requires an extra
function evaluation at zk. However, according to [3], this modification
is rarely needed more than a few times. If (xk, λk) is not close to
the solution, the modified yT

k δk may fail to give sufficiently positive
approximate curvature and a second modification is tried.

The second SNOPT modification alters only yk by finding ∆yk so
that (yk + ∆yk)

T δk = σk. This is done by resetting yk to the difference
of gradients of an augmented modified Lagrangian function

LA(x, xk, λk) = f(x)− λT
k dL(x, xk) +

1

2
dL(x, xk)

T ΩdL(x, xk),

where Ω = diag(ωi) and ωi ≥ 0. The last term of this augmented func-
tion introduces positive curvature. The parameters ωi are the smallest
(in two-norm) that increases the approximate curvature to σk. Thus,
the ωi are determined by solving a linearly constrained least-squares
problem. The result is

∆yk = (Jk+1 − Jk)
T ΩdL(x, xk).

If neither of the attempted modifications yields a sufficiently positive
approximate curvature, the update is skipped.

SNOPT provides the option to perform either a full-memory or a
limited-memory quasi-Newton update. The full-memory update is ap-
propriate when the number of nonlinear variables is small. In this case,
the Hessian can be represented by a small dense matrix. Otherwise,
storing the Hessian is too expensive and a limited-memory update is
performed. Here only the initial Hessian approximation and the update
vectors are stored. Typically, 10–20 updates are recorded and then the
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diagonals are computed and stored as the initial approximation. This is
enough since the important information is in the smaller dimensional
reduced Hessian. Matrix-vector products involving the approximate
Hessian are performed without computing the explicit approximation.

8. Proposed Modifications and Issues

The main advantages of the unconstrained BFGS update do not
carry over to the nonlinearly constrained case. Since the approximate
curvature may be nonpositive, the update may be undefined or nu-
merically unstable, and hereditary positive-definiteness may not hold.
The SR1 update also lacks the hereditary positive-definiteness prop-
erty and may be undefined or numerically unstable. However, the SR1
update has nice features that the BFGS update lacks. For example,
the SR1 update tends to generate good Hessian approximations. In
the limited-memory case, only one vector and a constant need to be
stored. Perhaps using the SR1 update rather than the BFGS update
to approximate the Hessian of the Lagrangian is more effective.

Several issues need to be addressed when applying the SR1 update.
First, the update is undefined when the denominator (y−Bδ)T δ is zero.
Numerical troubles occur when this denominator is small compared to
the numerator. If ‖y − Bδ‖ is relatively small, the current approxi-
mation almost satisfies the quasi-Newton condition, and the current
update can be skipped with little effect on performance.

Otherwise, we want to check whether y − Bδ and δ are almost or-
thogonal using

|(y −Bδ)T δ| ≤ ε1‖y −Bδ‖‖δ‖,
where ε1 ∈ (0, 1) is a constant (set to 10−8) [5]. In this case, the
update is numerically incomputable, and the current update can be
skipped or a BFGS update can be performed instead. It may be best
not to perform a BFGS update since it might interfere with any nice
properties of the SR1 update.

If the denominator |(y − Bδ)T δ| is small compared to the numera-
tor, the update matrix becomes large. If the update matrix is large
compared to Bk, the n2 bits of accumulated curvature information be-
come overwhelmed by the n bits of new information. If the update is
performed in this case, information is lost and the new approximation
becomes close to a rank-one matrix. Once the approximation is essen-
tially of rank one, it is likely to remain ill-conditioned for another n−2
iterations. [5] offers the check

‖Bk+1 −Bk‖ =

∥∥∥∥
(y −Bδ)(y −Bδ)T

(y −Bδ)T δ

∥∥∥∥ > γ(1 + ‖Bk‖),
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where γ is a constant (set to 108). In practice, γ and ε1 above are
chosen to reflect the problem scaling [1]. When this check fails, the
update can be skipped. Alternatively, the update can be modified so
that the new approximation is better conditioned.

We want to check that B+ is bounded and has a bounded condition
number. Techniques for detecting and avoiding an ill-conditioned Hes-
sian approximation are discussed in Walter’s homework solutions. One
such technique is described below.

Another consideration is that when small steps are taken, the up-
dates should be small, especially near the solution. This may be be-
cause when small steps are taken y and δ are less reliable since they
are the differences of similar numbers.

It is advantageous to maintain positive-definiteness. This guaran-
tees that the QP subproblem will be convex and hence has a unique
solution, which is a descent direction of the merit function. If positive-
definiteness is maintained, the quasi-Newton method is invariant under
a linear transformation of variables [5].

Suppose B = RT R, where R is nonsingular. To detect indefiniteness
in the updated approximation, evaluate the nonunit eigenvalue of T =
I + 1

γ
vvT , where γ = (y−Bδ)T δ and RT v = y−Bδ. Here B+ = RT TR

and the inertia of B+ and T are equal. The nonunit eigenvalue of T
is λ = 1 + 1

γ
vT v. If λ is sufficiently positive, then to ensure positive-

definiteness is not lost numerically, the Cholesky factor R is updated.
The update becomes R+ = WR, where T = W T W and

W = I +

√
1 + 1

γ
vT v − 1

vT v
vvT .

In the limited-memory scenario, only γ and v need be stored. If λ is
negative, the updated approximation is indefinite. A small value of
λ indicates ill-conditioning. Techniques such as those in SNOPT, i.e.
changing y or δ, can be tried to increase λ. Also, modified Cholesky
can be used to obtain the approximation B+ + E = RT

+R+, where E is
diagonal and R+ nonsingular.

Another approach would be to separate the approximation of cur-
vature into its component parts, using a SR1 update on each part. In
this case, the Hessian approximation would be indefinite and many re-
sulting issues would require attention. An advantage to this technique
is that the Lagrange multipliers are not presupposed to be constant,
unlike when the single update is performed.
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9. Work in Progress

The theory needs to be refined, the modifications carefully imple-
mented, and the results compared with those of the current version of
SNOPT.

10. Conclusion

To be determined.
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