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Convex optimization problems in composite form

minimize f(z):= g(z) + h(z).

» g and h are closed, proper convex functions.

» g is continuously differentiable, and its gradient is Lipschitz continuous
with constant L.

» h is not necessarily everywhere differentiable but its proximal mapping
can be evaluated efficiently.

» Example: the lasso:
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The proximal mapping

. 1
prox, (z) = argmin h(y) + 5|y — al|*

Y

» prox,(z) exists and is unique for all z € domh.

» Proximal mappings generalize projections onto closed convex sets:

» If h is the indicator function of a convex set C', then prox;,(z) is the
projection of z onto the set.

» Example: soft-thresholding: If h(z) = ||z]||1, then
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The proximal gradient iteration

minizmize f(z) = g(z) + h(z).
The proximal gradient method: choose 2o € domf and repeat:
Tpr1 = Prox, (o, — %V g(zk)).
The proximal gradient method step minimizes h plus a simple quadratic:
Tiy1 = Proxy , (zx — &V g(zx))

. 1
= argmin Vg(zx)" (y — ) + v - || + h(y),
Yy

The proximal gradient step at z is zero if and only if z minimizes f.



Proximal Newton-type methods

We use a local quadratic approximation to g in lieu of the simple quadratic:
1
Qr(d) = Vg(xk)Td + EdTde.
The proximal Newton step minimizes h plus Qx:

Tp4+1 = argmin Qx(d) + h(zx + d)
d

. 1
= argmin Vg(z) (v — x) + E(y —z) T Hi(y — =) + h(y).
Y

There are many variants of proximal Newton-type methods:
> set Hy = Vzg(mk).
» update Hj using a quasi-Newton strategy.

» solve the subproblem inexactly.



Scaled proximal mappings

Let h be a convex function and H, a positive definite matrix. Then the
scaled proximal mapping of h at z is defined to be

. 1
prox, (z) := argmin h(y) + §||y - z||%.
v
Scaled proximal mappings share many properties with proximal mappings.
> prox;/ (z) exists and is unique for z € domh.

> Let Oh(y) denotes the subdifferential of h at y. proxZ (z) satisfies

Yy = proth(x) < H(z —vy) € 0h(y).



The proximal Newton-type iteration

The proximal Newton-type iteration: choose zo € domf and repeat:
Tpp1 = proth’“(:z:;C — H'Vg(z))

. 1
= argmin Vg(z)" (v — &) + 511y — &l + ~(y).
Yy

Examples of proximal Newton-type methods:
» glmnet: the lasso, £; regularized logistic regression, elastic net penalty
» LIBLINEAR: {; regularized logistic regression,

» QUIC: sparse inverse covariance estimation



A generic proximal Newton-type method

Choose zo € domf and repeat:
1. Choose a local approximation to the Hessian Hj.

2. Compute a search direction Az via the solution of
Az = argmin Vg(zx)"d + %dTde + h(zr + d)
d

3. Select a step length % using a line search procedure.

4. Set Tpp1 < Tk + te Ay



Global convergence

Suppose Hy = mlI, k=1,2,... for some m > 0. Then the sequence {zx}
generated by a proximal Newton-type method converges to a minimizer of f.

Key ingredients of proof:
» The proximal Newton search direction satisfies.
f(z%) < f(z) — tAzT HAz + O(t?).

» Hy > ml, k=1,2,... ensure the step lengths t; are bounded away
from zero, so the objective function decreases at every iteration.



Forward-backward splitting

Let y* denote prox? (a: - H’IVg(m)), then
H(z— H 'Vg(z)— y*) € 8h(u).
or equivalently
[H —Vg](z) € [H + 0h] (y").
We rearrange to obtain:

v =[Lrrom]” [Lr-ve)@) =Ros@)

backward forward
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Convergence rate: proximal Newton method

Suppose (i) V2g > mI and (ii) V2g is Lipschitz continuous with constant
Lo. If we let Hy = V2g(zx), k =1,2,..., then the sequence {zx}
converges to z* Q-quadratically; i.e.

||Ze41 — =]
|z — z*[|?

— c.
Sketch of proof:
» The backward map is R is a shrinking map so

ez — ¥l = 1R o S(a) — Ro S(&)I| < [1S(a:) - S(a*)lI.

» We can bound ||S(zx) — S(z*)]| using Taylor's theorem and the
Lipschitz continuity of V2g.
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Convergence rate: proximal quasi-Newton methods

The Dennis—Moré criterion for quasi-Newton updates:

| (5 = 929(") (@sa = )|

0.
|z — x|

Common quasi-Newton strategies (such as BFGS) satisfy this criterion.
Convergence rate of proximal quasi-Newton methods:

Suppose g is twice-continuously differentiable and the eigenvalues of
Hi,k=1,2,... are bounded. If {H}} satisfy the Dennis-Moré criterion,
then the sequence {z:} converges to z* Q-superlinearly; i.e.

llze+1 — ™|

— 0.
||z — z*|
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Inexact solutions to the subproblem

€r inexact search directions:

Let y; denote an €; inexact solution to the kth subproblem; i.e.

lIprox, (yi — V Qk(yk)) — will < €.
We say Az;* = yf — ¢ is an € inexact search direction.
Convergence rate of inexact proximal Newton-type methods:

Suppose {z;°} are the iterates generated by an exact proximal Newton-type
method that converges to an optimal solution z*. The inexact proximal
Newton-type method achieves the same convergence rate if

{er} = O(llzi%s — =™]).
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Computational results 1: Markov random field structure learning
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Computational results 2: ¢; regularized logistic regression

n
o 1
minimize Zlog(l + exp(—yiw " z;)) + A||w||.
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When are proximal Newton-type methods appropriate?

minizmize f(z) == g(z) + h(z).

Proximal Newton-type methods are appropriate when g and Vg are
expensive to evaluate compared to prox;,,.

» The computational cost is shifted to solving the subproblem, whose
objective function is cheap to evaluate.

» We can interprete these methods as a proximal gradient method that
uses a periodically updated quadratic surrogate of g in lieu of g.
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Thanks for listening!

Paper on arXiv: Proximal Newton-type methods for convex optimization

Software available at yuekai.github.com/PNOPT.
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yuekai.github.com/PNOPT

