ESTIMATION OF THE L-CURVE VIA
LANCZOS BIDIAGONALIZATION
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Abstract. The L-curve criterion is often applied to determine a suitable value of the regularization
parameter when solving ill-conditioned linear systems of equations with a right-hand side contaminated
by errors of unknown norm. However, the computation of the L-curve is quite costly for large problems;
the determination of a point on the L-curve requires that both the norm of the regularized approximate
solution and the norm of the corresponding residual vector be available. Therefore, usually only a few
points on the L-curve are computed, and these values rather than the L-curve, are used to determine
a value of the regularization parameter. We propose a new approach to determine a value of the
regularization parameter based on computing an L-ribbon that contains the L-curve in its interior.
An L-ribbon can be computed fairly inexpensively by partial Lanczos bidiagonalization of the matrix
of the given linear system of equations. A suitable value of the regularization parameter is then
determined from the L-ribbon, and we show that an associated approximate solution of the linear
system can be computed with little additional work.
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1. Introduction. Let
(1) Ax=b, AeR™", xeR", beR",

be a linear system of equations with a very ill-conditioned matrix and a right-hand side
vector that is contaminated by errors of unknown size. It is well known that in order to
be able to compute a useful approximate solution of (1), the system has to be replaced
by a less ill-conditioned nearby system. This replacement is known as regularization.
One of the most popular regularization methods is Tikhonov regularization, in which
the linear system (1) is replaced by the minimization problem

2) min {4 — bl|? + ullx|2}.
XER™
where 1 > 0 is the regularization parameter. Throughout this paper | - || denotes the

Euclidean norm. The solution x,, of (2) also solves the linear system
(3) (ATA+ pl)x = ATb,

which shows that

(4) x, = (ATA+ul) A",

A proper choice of the value of the regularization parameter p is important. If the
norm of the error in the right-hand side vector b is known, then the value of yu can
be chosen so that the associated solution (4) of (2) satisfies the Morozov discrepancy
principle; see, e.g., [15]. However, in many important applications the norm of the
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error in the given right-hand side is not explicitly known, and other approaches to
determining a value of the regularization parameter u have to be employed.

Lawson and Hanson [14] observed in the ‘60s that an efficient way to display how
the value of the regularization parameter affects the solution x,, of (2) and the residual
error b — Ax,, is to plot the curve (||x,||,||b — Ax,||) for x € (0,400). This curve is
known as the L-curve, because it is shaped roughly like an “L”. Lawson and Hanson
[14], and more recently Hansen and O’Leary [11, 13], proposed to choose the value
of p that corresponds to the point (||x,], ||b — Ax,||) at the “vertex” of the “L”. We
denote this value by pur. A heuristic motivation for this value of the regularization
parameter is that when p > 0 is “tiny”, the associated solution x,, is likely to be very
contaminated by propagated errors due to errors in the right-hand side. On the other
hand, when p is large, the solution x, of (2) is a poor approximate solution of (1).
The choice p = uy, seeks to balance these sources of errors.

For many problems the L-curve indeed is roughly L-shaped, however, the “vertex”
of the curve is marked more or less depending on the spectral properties of the matrix
AT A. Tt has been observed that the use of a log-log plot can be helpful in enhancing
the sharpness of the “vertex”. An analysis of the L-curve and its properties can be
found in [11, 13]. Recent work by Engl and Grever [3], Hanke [10] and Vogel [16]
point out limitations of the L-curve criterion. Nevertheless, computational experience
shows the L-curve criterion to give suitable values of the regularization parameter for
many problems.

A major difficulty when using the L-curve criterion for determining a value of the
regularization parameter for large ill-posed problems is that it is expensive to compute
points on the L-curve; the determination of each point requires the solution of a
minimization problem (2). For large problems, one therefore typically only computes
a few points on or close to the L-curve, and uses these points to determine a suitable
value of the regularization parameter. Numerical issues related to locating the “vertex”
of the L-curve in this manner are discussed in [13].

This paper proposes a new method for approximately determining the location of
the “vertex” of the L-curve. We show how rectangular regions that contain points on
the L-curve can be determined fairly inexpensively for several values of the regular-
ization parameter without having to solve the corresponding regularized minimization
problems (2). The union of these rectangles determine a ribbon-like region which con-
tains the L-curve in its interior. We refer to this ribbon as the L-ribbon. When the
L-ribbon is narrow, it is possible to infer the approximate location of the “vertex” of
the L-curve from the shape of the L-ribbon.

The paper is organized as follows. In Section 2 we express the coordinates of points
on the L-curve in terms of certain matrix functions of the regularization parameter
. We can determine upper and lower bounds for the abscissa and ordinate for each
point on the L-curve by computing upper and lower bounds for these matrix functions.
Section 3 describes how Gauss and Gauss-Radau quadrature rules can be employed
to compute such bounds, and Section 4 presents an algorithm for constructing the
L-ribbon. We also show how to use already computed quantities to inexpensively
determine an approximate solution of (3) that corresponds to a point in the L-ribbon.
A few illustrative numerical examples are presented in Section 5, and Section 6 contains
concluding remarks.
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2. The L-curve and matrix functions. Let p > 0 be a given value of the
regularization parameter for Tikhonov regularization, and let P(u) = (||x,||, ||Ax, —
b||) be the coordinates of the corresponding point on the L-curve. It follows from (4)
that

(5) l|x,.)% = xzxu —b AATA + 1) 24D

|Ax, — b||*> = (AATA+ul) 'A"b — b)T(A(ATA+ pul) 'ATb — b)
(6) = bib+bTAAT A+ ul) LATAATA + 1) 1 ATb
—2bT A(AT A+ puI)t AT D.

Substituting K := AT A and ¢ := A”b into (6) yields
|Ax, — b|* =b b+ c" K(K + pI) ¢ — 2¢" (K + pl) 'c.
Introduce the functions

(7) $i(t) = (t+p)7
(8) $a(t) = t(t+p) " =20t +p)

and define the quantities
(9) s; := ¢l ¢;(K)e, i=1,2.

Then the coordinates of P(u) can be expressed in terms of the quantities s; as follows

(10) el = 51"
(11) |Ax, —b| = (b'b+s9)t/2

The s; can be written as Stieltjes integrals. Introduce the spectral factorization
(12) K=UAUT,
where
A = diag[A1, Ao, ..., Al 0< A <Ag...< Ay,
and U € R™", UTU = I,,. Here I,, denotes the identity matrix of order n. Define
h = [hy,hy,... k] ==U"c.

Then
(13) s = BTG = 3 a( )R = /Oo Gi(Hdw(t),  i=1.2
k=1 o

The discrete measure w(t) is a non-decreasing step function with jump discontinuities
at the eigenvalues A\ of K. The jump at A is hz. We show in the next section how
Gauss and Gauss-Radau quadrature rules can be applied to cheaply compute upper
and lower bounds for the s;.
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3. Gauss quadrature. The quantities s; defined by (9) depend on the parame-
ter u. Their computation for many different values of i is not feasible when the matrix
A is very large. However, the computation of upper and lower bounds for the s; for
several values of u can be carried out efficiently by using Gauss quadrature rules. We
remark that the computation of upper and lower bounds of certain matrix functions
by application of Gauss quadrature rules is well known; see the papers by Golub,
Meurant and Strakos [6, 7] and references therein. Recently, Golub and von Matt [9]
exploited the connection between the Stieltjes integral in (13) and Gauss quadrature
to derive methods different from ours for determining the regularization parameter.

We briefly review some known facts about Gauss quadrature rules and their con-
nection with the Lanczos process. Define the inner product induced by the measure
w(A) defined in (13),

n
149 <fgx=[ =3 SOu)gOu)l; =S (R)g(A)h
and let {qk}z;é be orthonormal polynomials with respect to this inner product, i.e.,
_ )0, k# 7,

The g;, satisfy a three-term recurrence relation of the form

(16) tar—1(t) = Brar(t) + akqr1(t) + Br—1qk2(t), k=1,2,...,

where g _1(t) := 0 and qo(t) :=< 1,1 >"'/2. Tt is well-known that ¢ steps of the
Lanczos process applied to the matrix K = AT A with initial vector ¢ := A”'b yields
the symmetric positive definite or semidefinite tridiagonal matrix

ar
B P
(17) T =

Be-2 ar1 Bia
Be-1
whose entries are the first 2/ — 1 coefficients in the recurrence relation (16); see, e.g.,
[6, 7]. We assume here that ¢ is sufficiently small to secure that 8; > 0 for 1 < j < £.
Symmetric tridiagonal matrices with positive subdiagonal elements are often referred
to as Jacobi matrices.
Our algorithm for computing the L-ribbon only requires the Cholesky factor By
of Ty. We compute By by the Lanczos bidiagonalization algorithm.
ALGORITHM 1 (LANCZOS BIDIAGONALIZATION ALGORITHM).
Input: ¢ := ATb € R"\{0}, Ae R™" 0</{<n;
Output: {p]}J 0 {q]}] =07 {53'}?:1’ {’Yj}ﬁzlr'
qo := ¢/|le[l; ro := Aq;
Y1 = |Iroll; Po :=ro/m;
for 7=1,2,...,/do
8j = Aijfl — Yid5-15
d; .= llsjll; @ == s;/0;;
if j = ¢ then euit;
rj:= Aqj — jpj-1;
Vi+1 = lIrsll; pj o= rj/vj41
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end j; O

We assume that the parameter ¢ in Algorithm 1 is chosen small enough so that
v; > 0and §; > 0 for 1 < 5 < /. Then the algorithm determines the n x £ matrices
Py = [po,p1s---,Pr-1] and Q¢ = [qo, q1, - - -, qe—1] with orthonormal columns, as well
as the upper bidiagonal matrix

Y1 01
(18) By = :

such that
T, = B} By.

Let €j = [0,...,0,1,0,...,0]" be the jth axis vector. Then equ,yC = qr(Xj)h;, and the
orthonormality of the vectors qi follows from the orthonormality of the polynomials
qr with respect to the inner product (14). The matrices By, P, and @), determined by
Algorithm 1 satisfy

AQ, = PyBy,
A'P = QuB} + deqeef,

and it follows that

(19) KQu = Q/T; + Bearey ,

where K = AT A and 3¢ = v,0;. We refer to (19) as a Lanczos decomposition of K.
It is convenient to discuss Gauss quadrature in terms of the matrix 7T; and modi-
fications thereof. Introduce the spectral factorization

(20) T, = VO, V",

where V, € R, VIV, = I, and ©, = diag[th, 0, ...,0,] with 6; < 0y < ... < 0. It
is well known that the eigenvalues of Ty are the zeros of the orthonormal polynomial
qe(t), as well as the nodes of the £-point Gauss quadrature rule

4

(21) Go(f) = 3§ (00w

with respect to the measure w(\) introduced in (13). The weights of the quadrature
rule (21) are given by

wi = |le|* (e] Veei)?,
where ¢ := A”b. Thus,
l
Ge(f) = llel® D f(6:) (e Vier)* = llc| et Vif (O Vi e
i=1

(22) = |lel®el f(To)er.
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We remark that (22) yields an efficient way to evaluate the Gauss quadrature rule
when the tridiagonal matrix 7} is available.

Analogously, the ¢-point Gauss-Radau quadrature rule with one assigned node at
a < A\ can be evaluated as

(23) Re(f) = llell?ed F(T{")er,
where

ar B

B ar B
(24) T = SRS .

Be—2 g1 Pra
Be—1 Otﬁa)

and
(25) of = a+ 87 el (L1 —al) 'eps;

see Golub [5]. In particular, the tridiagonal matrix TZ(O) associated with the ¢-point
Gauss-Radau rule with a prescribed node at the origin can be written as

TZ(O) _ (Béo))TBéU),

where Béo) is obtained from By by setting vy, = 0; see Golub and von Matt [8].
Introduce the quadrature error

Eo,(f)i= [ FBdu(t) - Q)

where Qy = G, or Qy = Ry. In the former case, there exists 0g,, A\ < fg, < A, such
that

(26) o ¢
(20 eath) = T [ Tt

where f) denotes the jth derivative of the function f. On the other hand, if Q; = R,
then there exists 0r,, A1 < 0z, < Ay, such that

f(2e71)(972[) oo ¢ S
(27) e, () = gy [ =) TI¢ - 6t
) > i=2
where a = él < ég <...< ée are the nodes of the Gauss-Radau quadrature rule and

the eigenvalues of the matrix (24).
PROPOSITION 3.1. Let ¢y and ¢y be defined by (7) and (8). Then, for t >0 and
L>1,

$2 0wy <0, ¢ () >0,

(28) S0 > 0, 621 <o,
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Therefore

(29) Eg, (1) >0, Er,(¢1) <0,
Eg,(#2) <0, Er,(¢2) > 0.

Proof. The inequalities (28) for ¢9 follow from q’)gj)(t) = (—1)7 gt +p) T2+
(7 + 2)p). Substitution of these inequalities into (26) and (27) shows (29) for ¢o. The
inequalities involving ¢; are shown similarly. O

It follows from Proposition 3.1 that upper and lower bounds for the quantities s;
and s9 can be determined by replacing the Stieltjes integrals in (13) by Gauss and

Gauss-Radau quadrature rules.

4. Estimation of the regularization parameter by the L-ribbon. We show
how to compute upper and lower bounds for the abscissa and ordinate of one point on
the L-curve corresponding to a fixed value of the regularization parameter. Then, we
discuss how bounds for the coordinates of other points on the L-curve can be computed
without carrying out additional matrix-vector products with the matrices A or A”.
This allows us to inexpensively determine a ribbon-like region, the L-ribbon, which
contains the L-curve in its interior. The ribbon is determined by first computing the
bidiagonal matrix B, by Algorithm 1, and its width decreases as ¢ increases; when /¢
in Algorithm 1 is sufficiently large, the L-ribbon has zero width, and coincides with
the L-curve. We also show how to cheaply compute an approximate solution x, , of
(3) associated with a desired value of the regularization parameter.

Assume, for the moment, that the value of the regularization parameter p is
given, and let P, = (|[x,][,||b — Ax,||) be the associated point on the L-curve. After
application of Algorithm 1, we can compute upper and lower bounds for ||x,| by
determining upper and lower bounds for the quantity s; associated with this value of
the regularization parameter; see (10). The latter are computed by approximating the
integral in (9) by £-point Gauss-Radau and Gauss quadrature rules. We have

Ge(¢1) < s1.< Re(¢h).-
It follows from (22) and (23) that
(30) Ge(¢1) = |cllPel (B{ Be+ pl) e,
(31) Re(tr) = lel’ef (B")"B" +ul) *er.
These quadrature rules can be evaluated by determining vectors y, such that
(32) (B"B+ul)y =e1,  Be{By,B"}.

These vectors can be computed efficiently by solving the least-squares problems

B
,ul/QI

with the aid of Givens rotations; see [2, 4]. For future reference, we denote the solution

of (32) corresponding to B = By by y,, ¢, and the solution corresponding to B = Béo)

by yg?%. Note that the matrices By and Béo) are independent of the regularization

(33) min “12e,4|l,  Be{B,B"},

Yy —u
yeR!
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parameter u. Therefore, given these matrices, the Gauss and Gauss-Radau rules (30)
and (31) can be evaluated in only O(¢) arithmetic floating point operations for each
value of p. The scaling factor ||c|| in the quadrature rule is computed in Algorithm 1.

Similarly, we determine bounds for ||b — Ax,|| by computing bounds for the quan-
tity so defined in (9). It follows from Proposition 3.1 that

Ri(p2) < s2 < Gy(a),

where
Ge(ds) = Nl (el BY Bi(B] By + u1) “er — 2el (B By + ul) e,
Re(ga) = llel(e] (B B (B B +u) Per — 2] (B")' B + ul) er).

The solutions y, ; and yg]% of (32) can be used to evaluate these quadrature rules. We
obtain

Go(da) = llel*(IBeyuell” — 27 ypu0),
Re(da) = lel2(1B v\ — 2Ty,

(0)

and, given the matrices By and B,
and R(¢2) in only O(¥) arithmetic floating point operations for each value of p.

In view of (10) and (11), we obtain the following bounds for the point P,
(llxull, b — Ax,]|) on the L-curve:

, these formulas can be used to evaluate G(¢9)

(Ge(¢n))'/? < (Bl < (Re(1))"?,
(b"b + Re(¢2))/? < b —Ax,| < (b"b + Gu(2))"/2.

Introduce the quantities

g (1) = (Ge(dr))?
() = (Re(pr))?

y () = (bTb+m(¢2))1/2
yt(n) = (b'b+ Gu(¢))/?

for p > 0. We define the L-ribbon as the union of the rectangular regions

Uz, y(w)} = 27 (1) < 2(p) <a™(w),y~ (0) < ylp) <yt ()}
>0

The following algorithm determines rectangles associated with the parameter values

pi, 1 <5 <p.
ALGORITHM 2 (L-RIBBON ALGORITHM).
Input: be R™, A € R™*", ¢, {,uJ}J 1

OUtPUt: {II";— ?:17 {7"; ?:1) {y] }] 1’ {y] }] 1:

i) Apply Algorithm 1 to compute the entries of the bidiagonal matriz
By. Define the matriz BlSO).
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i) for j=1,2,...,p do
1= s
% The functions ¢1 and ¢ below depend on u %
Evaluate gl(¢1)7 gf(¢2); RZ(¢1)7 Rf(ng);
z; =1 (y); o) = a7t (uy);
y; =y ()i v =yt (ug);
endfor

ST

O
The following proposition shows how to inexpensively evaluate an approximate
solution of (3) that corresponds to a point in the L-ribbon.
PROPOSITION 4.1. Let u > 0 be a desired value of the reqularization parameter,
and let x,, be the associated solution of (3). Let y,, satisfy (32) with B = By, and
consider the approrimation

(34) X0 = || Qey e

of x,,, where the n x £ matriz Q¢ = [Qo,d1,...,q¢—1] is determined by Algorithm 1.
Then [[x,,ll = (Ge(¢1))/2 and [|b — Ax,.0l| = (B7b + G(g))! /2.

Proof. The residual error r,, := ATb — (ATA + pl)x, ¢ associated with the
approximate solution (34) of (3) is orthogonal to the columns of the matrix Q). Thus,
x,,¢ is a Galerkin solution of (3). Substitution of (34) into ||x, || and |[b— Ax, [/, and
using that y, , satisfies (32) with B = By, shows that these norms can be evaluated
as f-point Gauss quadrature rules for the integrands ¢; and ¢9, respectively. O

The proposition shows that the approximate solution (34) corresponds to a vertex
in the rectangular region of the L-ribbon associated with the value y of the regular-
ization parameter.

5. Computed examples. The computations of this section were carried out
with Matlab on an HP9000/777 workstation. We seek to solve the Fredholm integral
equation of the first kind

sinh(s)

/ exp(scos(t))z(t)dt = 2 , 0<s<
Jo s

3

N

considered by Baart [1]. The integral equation is discretized by a Galerkin method with
orthonormal box functions. We used the Matlab code by Hansen [12] for computing
the nonsymmetric matrix A € R200%200 and right-hand side vector b®*¢t ¢ R200. A
“noise vector” w € R?% is generated by first determining a vector with normally
distributed random numbers with zero mean and variance one as components, and
then scaling this vector to be of desired length. The right-hand side in the linear
system (1) to be solved is defined as b := b®™t 4 w.

Example 5.1. The noise vector w is scaled to have norm 1-1072. We apply
Algorithm 2 with values of the regularization parameter p; := 5 - 10-70-D/M 1 <
j < 20. The number of Lanczos steps £ is chosen to be 6. Rectangles of the L-ribbon
associated with the values y1; generated by Algorithm 2 are displayed in Figure 1. The

[T

vertices {T;,y;“} of these rectangles are marked by “x”. These vertices correspond
to the solutions x,,; 6. When the rectangular region is “tiny” only the vertex “x” is
visible.

For comparison, Figure 1 also displays points on the L-curve associated with the

values p1; of the regularization parameter. These points are marked by small circles
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Rectangles of the L-ribbon, points "x" on the ribbon and points "0" on the L-curve
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FiG. 1. Ezample 5.1: £ =6 in Alg. 2 and ||w| =1-10"2

“0”. The points “0” on the L-curve on the right-hand side of Figure 1 are associated
with the smallest 1; and the points on the left-hand side of the figure with the largest
;. For the larger values p; the vertices “x” coincide with the points on the L-curve
associated with the same value of the regularization parameter to plotting accuracy.

Figure 1 shows where the “vertex” of the L-curve is located, and can be used to
determine a suitable value of the regularization parameter, e.g., pu := p1o = 5-10717/4,
The rectangles of the L-ribbon close to the vertex are “tiny”, and therefore the use of
only ¢ = 6 steps of the Lanczos process in Algorithm 2 yields an approximate solution
X6 of (3) of sufficient accuracy. As pointed out in Section 4, this approximate
solution is very inexpensive to compute.

We envision the L-ribbon to be used in an interactive manner; a user would plot
rectangles of the ribbon associated with certain values of the regularization parameter
and a certain number of Lanczos steps £. The plotted output would guide in the
selection of new values of the regularization parameters, and would show if the number
of Lanczos steps £ in Algorithm 2 needs to be increased.

Figure 1 shows the rectangles of the L-ribbon to increase in size for small values
of u, and a more detailed image of this behavior is provided by Figure 2. The latter
figure is generated by computing rectangles of the L-curve for p; :=5- 10-7+U—-1)/40,
1 < j <40, using the same quadrature rules as for Figure 1.

Figures 1 and 2 show that the Gauss and Gauss-Radau quadrature rules yield
highest accuracy for the larger values ;. This depends on that the integrands (7) and
(8) have poles at t = —p;, and these poles are closer to the spectrum of K = AT A, the
closer p; is to the origin. The presence of a pole close to the spectrum of K reduces



L-curve estimation 11

x10° Rectangles of the L-ribbon
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FiG. 2. Ezample 5.1: £ =6 in Alg. 2 and ||w| =1-10"2

the accuracy of the Gauss and Gauss-Radau quadrature rules.

Figure 3 illustrates the accuracy in the computed solutions x,. ¢ for the four
smallest values p; in Figure 1. The figure shows that the points on the L-curve
associated with the values p;, marked by small circles “0” are further away from the
corresponding vertices “x” the smaller the value p;. Thus, if an approximate solution
of (1) associated with a small value of the regularization parameter were desired, then

an increase of the number of Lanczos steps £ may be desirable.

6. Conclusion. We have demonstrated that the L-ribbon is a versatile tool for
interactive solution of large-scale linear discrete ill-posed problems. The ribbon often
is inexpensive to determine, and yields insight into both how to select a suitable value
of the regularization parameter, and how many Lanczos steps to carry out for the
computation of an approximate solution of (1).
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