
JACOBI MATRICES FOR MEASURES MODIFIED BY A RATIONALFACTORSYLVAN ELHAY� AND JAROSLAV KAUTSKYyAbstract.This paper decribes how, given the Jacobi matrix J for the measure d�(t), it is possible toproduce the Jacobi matrix Ĵ for the measure r(t)d�(t) where r(t) is a quotient of polynomials. Themethod uses a new factoring algorithm to generate the Jacobi matrices associated with the partialfraction decomposition of r(t) and then applies a previouly developed summing technique to mergethese Jacobi matrices. The factoring method performs best just where Gautschi's minimal solutionmethod for this problem is weakest and vice versa. This suggests a hybrid strategy which is believedto be the most powerful yet for solving this problem. The method is demonstrated on a simpleexample and some numerical tests illustrate its performance characteristics.Key words. orthogonal polynomials, Jacobi matrices, rational factors modifying measures,Gauss quadratures1. Introduction. Let d�(t) � 0, a measure with �nite, in�nite or semi-in�nitesupport [a; b], be such that the power moments�j = Z ba tjd�(t)(1)exist and are �nite for all j = 0; 1; 2; � � �. Let J be the (symmetric, tri-diagonal)Jacobi matrix, the elements of which are the coe�cients in the three-term recurrencerelation for the polynomials pj(t) j = 0; 1; 2; � � � which are orthonormal with respectto d�(t) on [a; b]. Jacobi matrices and their associated orthogonal polynomials arisein connection with approximate numerical integration, least squares approximationsfor continuous and discrete measures, series expansions and continued fractions.The Jacobi matrix for some d�(t) can, in principle, be computed from the powermoments (1), but the build-up of roundo� errors in this process is so severe that inpractice this method is almost useless. However, for certain of the classical measuresthe Jacobi matrices are explicitly known (see [2],[10] for some examples) and muche�ort has gone towards the investigation and development of methods which canbe viewed as transformations from one or more known Jacobi matrices, J1;J2; � � �,corresponding to measures d�1(t); d�2(t); � � �, into the required Jacobi matrix Ĵ forthe measure d�̂(t) which is related to the d�i(t). This is, of course, essentially thesame as transforming one set or sets of orthogonal polynomials into a set of others,but is done in a numerical linear algebra context.Thus, transformation methods based on the modi�ed moments�̂j = Z ba pj(t)d�̂(t); j � 0;(2)(in which the pj are orthogonal with respect to the measure d�(t)), were proposed bySack and Donovan in [9]. The Lower Triangular Lanczos (LTL) method of [8] (whichis equivalent to the Modi�ed Chebyshev method of [5]), is based on modi�ed momentsand is of particular interest in this paper.� Computer Science Department, University of Adelaide, South Australia, 5005.y School of Information Science and Technology, Flinders University, Bedford Park, South Aus-tralia, 5042. Page 1, August 18, 1993



In [8], Kautsky and Golub show, for r(t) � 0 8t 2 [a; b] a polynomial, how to�nd Ĵ for d�̂(t) = r(t)d�(t) from J for d�(t) (Polynomial Shift Implicit QR or PSIQRmethod). The present authors used this approach [7] to extend this work to the casewhere the polynomial r can change sign in [a; b] and use the methods so developed [4]to compute sequences of Kronrod-Patterson type imbedded quadrature sequences fortwo classical measures, e�t on [0;1] and e�t2 on [�1;1], for which Jacobi matricesare explicitly known.More recently Elhay, Golub and Kautsky show that it is possible (see [3]), giventhe Jacobi matrices J1 and J2 for the measures d�1(t) and d�2(t), to produce theJacobi matrix J3 corresponding to the measured�3(t) = �1d�1(t) + �2d�2(t);(3)�1;2 constants, if such a matrix J3 exists (SUM method).Gautschi, in [5] and [6], shows how to compute the modi�ed moments of themeasures d�(t)=(t� v); v =2 [a; b];(4)and d�(t)=((t � x)2 + y2); x 2 R; y > 0;(5)by means of a so-called minimal solution to the three-term recurrence for the polyno-mials orthogonal with respect to d�(t) (MS method). Once these modi�ed momentsare available it is possible to compute the corresponding Jacobi matrix by means ofthe LTL method.Note that the denominator in (5) is just (t�v)(t�v ) with complex v = x+iy. Thusmodi�cations such as the ones in (4) and (5) allow for computation of J correspondingto d�(t) divided by either a real linear factor or a pair of complex conjugate factors.Earlier work by Uvarov [11] uses the second solution and Christo�el-Darbouxrelations to establish determinantal expressions which relate the polynomials orthog-onal with respect to some d�(t) to those orthogonal with respect to r(t)d�(t), r(t) arational fraction with known factors. However, there seems to be no easy way to usethem to determine the required Jacobi matrix.The PSIQR and SUM methods are based on orthogonal rotations and are nu-merically very stable. While the MS can produce very accurate Jacobi matrices formeasures of the type (4) and (5) it su�ers from the problem that, for many importantcases, infeasibly large initial matrices may be required in order to produce a quitemoderate dimension result. In these cases the problem is compounded if we need toapply the MS method to (already divided) measures such as (4) and (5) repeatedly, forexample, to produce a Jacobi matrix that corresponds to d�(t) divided by a productof factors.Thus, there exist very satisfactory methods for Jacobi matrices that correspondto sums and di�erences of measures, or products of measures with polynomials, butthere remains a need for satisfactory methods to compute the Jacobi matrix for ameasure modi�ed by a quotient of polynomials.More precisely, we are interested in the following problem:Problem 1.1. Let the rational function r(t) = gn(t)=hm(t), gn and hm poly-nomials of degree n and m respectively, be such that hm has no zeros in [a; b] andr(t) � 0, 8t 2 [a; b]. Given a �nite J for d�(t) �nd Ĵ for d�̂(t) = r(t)d�(t).Page 2, August 18, 1993



Clearly, since d�̂(t) is non-negative on the interval [a; b], there exist polynomialsp̂j(t), j = 0; 1; 2; � � �, each of exact degree j, which are orthogonal on [a; b] with respectto the inner product (f; g) = Z ba f(t)g(t)r(t)d�(t):The importance of a satisfactory solution to Problem 1.1 is illustrated by thefollowing application. Suppose we know J for d�(t) and we require the Jacobi matrixĴ for d�̂(t) = q(t)d�(t), q some smooth function. If the interval of orthogonalityis �nite we can approximate q by a polynomial gn and use the PSIQR method totransform J into Ĵ for d�̂(t) = gnd�(t). But on an in�nite interval no polynomialcan usefully approximate a smooth function which does not grow beyond all bounds atin�nity. Similarly, a function with a singularity close to the support of d�(t) may notbe well approximated by any polynomial. This is just where rational approximationscan be used with good e�ect. Thus Jacobi matrices have important application inthe computation of Gaussian quadrature formulae for measures of the type d�̂(t) =r(t)d�(t) where r is a rational approximation to q.In the next section we derive new algorithms which transform the known Jacobimatrix J for the measure d�(t) into the Jacobi matrix Ĵ corresponding to d�(t)divided by a linear or complex conjugate pair quadratic factor. We call these, col-lectively, the Inverse Cholesky (IC) method. In x3 we indicate the IC algorithmsthemselves and brie
y review the MS method. The discussion in x4 leads to a hybridstrategy for handling rational modi�cation which uses both the IC and MS methods.In x5 we show a simple example and in x6 we summarize the results of some numer-ical tests. In x7 we make some concluding remarks. Tables of numerical results andcertain moments, which may be needed when using the IC method with the classicalmeasures, are displayed in x8.2. The new methods. In x1 we mentioned that the Jacobi matrix for a measuremodi�ed by multiplication with a polynomial is stably and e�ciently done with thePSIQR method. So our concern in the solution to Problem 1.1 is in the determinationof a Jacobi matrix that corresponds to a measure d�(t) modi�ed by division with apolynomial hm(t). We assume that the m (real or complex conjugate pair) zeros ofhm are known and simple.We now establish some notation and derive the relations on which the IC methodis based.Suppose that the polynomials p(t) = (p0(t); p1(t); � � � ; pn�1(t))T and pn(t) areorthonormal on the interval [a; b] with respect to the non-negative measure d�(t).Then there exists a (symmetric, tridiagonal) matrixJ = 0BBBBB@�1 �1 0 � � � 0�1 �2 �2 � � � 00 �2 �3 . . . 0... ... . . . . . . ...0 0 0 � � � �n1CCCCCA ;the elements of which are the coe�cients in the three-term recurrence which thepolynomials satisfy. In the following identity, as elsewhere in this paper,tp(t) = Jp(t) + �npn(t)en(6) Page 3, August 18, 1993



the vector en is the last column of an identity matrix of appropriate dimension. Sup-pose now that p̂(t) = (p̂0(t); p̂1(t); � � � ; p̂n�1(t))T is a second set of polynomials or-thonormal with respect to some measure d�̂(t). The orthogonality of the polynomialsimplies (multiply (6) on the right by p(t)T and integrate)Z ba p(t)p(t)Td�(t) = I; Z ba tp(t)p(t)T d�(t) = J(7)and there are corresponding relations for the second set of orthonormal polynomials.Furthermore, there exist a nonsingular lower triangular matrix L, a vector c anda non-zero constant 
n, all such thatp(t) = Lp̂(t); pn(t) = cT p̂(t) + 
np̂n(t):(8)Thus, if Ĵ is the Jacobi matrix in the identity corresponding to (6) for the polynomialsp̂(t), p̂n(t) it is easy to show [4] thatĴ = L�1JL+ enbT ;(9)where L�1en = �nen for some non-zero constant �n and b = �n�nc. If we need thematrix Ĵ of dimension n we can get it by discarding the last row and column of then+ 1 dimension product L�1JL, thus obviating the need to compute b.The methods we present in this paper determine the matrix L directly from Jand some additional information. Our starting point is the theorem:Theorem 2.1. Let r(t) be any analytic function of t. Then(J � tI)p(t)r(t) = (J � tI)r(J )p(t) + �npn(t)(r(J )� r(t)I)en:If t is not an eigenvalue of J thenp(t)r(t) = r(J)p(t) + �npn(t)(J � tI)�1(r(J )� r(t)I)en:(10)If v is such that pn(v) = 0 then r(v) is an eigenvalue of r(J ) and p(v) is the corre-sponding eigenvector.Proof. From (6) we can write(J � tI)p(t) = ��npn(t)en:If r(t) is an analytic function of t then J and r(J) commute so we have(J � tI)(r(J )� r(t)I)p(t) = ��npn(t)(r(J )� r(t)I)enfrom which (10) immediately follows.Multiplying (10) on the right by 1r(t)p(t) and integrating givesZ ba p(t)p(t)Td�(t) = r(J) Z ba p(t)p(t)T d�(t)r(t) +�n Z ba pn(t)(J � tI)�1(r(J )� r(t)I)enp(t)T d�(t)r(t) :Now if the polynomialsp(t) are orthonormal with respect to the measure d�(t) and thepolynomials p̂(t) are orthonormal with respect to the divided measure d�̂(t) = d�(t)r(t)Page 4, August 18, 1993



then we have, after substituting with (8),I = r(J)LLT +�n Z ba (cT p̂(t) + 
np̂n(t))(J � tI)�1(r(J )� r(t)I)enp̂(t)Td�̂(t)LT :(11)The two cases of present interest are r(t) = t � v and r(t) = (t � x)2 + y2. For thecase r(t) = t� v relation (11) reduces toI = (J � vI )LLT + �n Z ba (cT p̂(t) + 
np̂n(t))enp̂(t)Td�̂(t)LT ;= (J � vI )LLT + �nencTLT(12)by orthogonality. Note that the matrix L�T is a Cholesky-like factor of (J �vI) plusa rank-one correction to its last row.For the second case of interest, r(t) = (t� x)2 + y2, we haveI = ((J � xI)2 + y2I)LLT +�n Z ba (cT p̂(t) + 
np̂n(t))((J � xI) + (t� x)I)enp̂(t)d�̂(t)LT :(13)Now the second term on the right of (13) reduces, by orthogonality, to�n((J � 2xI)encT + encT Z ba tp̂(t)p̂(t)Td�̂(t))LT + 
̂nenenT= �n n(J � 2xI)encT + encT ĴoLT + 
̂nenenT(14)for some constant 
̂n. Bearing in mind that the matrix Ĵ in (14) is tridiagonal, it iseasy to see that (14) is a matrix, the �rst n � 2 rows of which vanish, so the L�Tmatrix for this case is a Cholesky-like factor of (J � xI)2 + y2I plus a rank-twocorrection to its last two rows.The methods we describe in this paper directly generate the matrix L, in eachof the above cases, from the top down. If the process is terminated before reachingthe row or rows which are a�ected by the low rank corrections, then the part ofL produced to that point will be correct and the low rank corrections need not becomputed.3. The algorithms.In this section we derive the algorithms for the Cholesky-like factors of the inverseof symetric tridiagonal and pentadiagonal matrices. In this section we write Li:j;k:mto denote rows i through j of columns k through m of the matrix L.3.1. The linear-factor Inverse Cholesky algorithm.Given a symmetric tridiagonal matrix J , we require the factor L which satis�esI = JLLT + endT ;(15)where the lower triangle L has elementsL = 0BBBB@ `11 0 0 : : : 0`21 `22 0 : : : 0`31 `32 `33 : : : 0... ... ... . . . ...`n1 `n2 `n3 : : : `nn1CCCCA :Page 5, August 18, 1993



Noting that eTi J = ( 0 : : : 0 �i�1 �i �i 0 : : : 0 ) 1 < i < nwe have, considering only 1 � j � i � n,(�ij � �nidj) = �i�1 nXk=1 `i�1;k`jk + �i nXk=1 `ik`jk + �i nXk=1 `i+1;k`jk= �i�1 min i�1;jXk=1 `i�1;k`jk + �i jXk=1 `ik`jk+�i j�1Xk=1 `i+1;k`jk + �i`i+1;j`jj:Algorithm 3.1, which is based on this relation, determines the L and d of (15). Itsinput is a symmetric tridiagonal matrix J and `11 6= 0.Algorithm 3.1.�0 = 0`21 = (1=`11 � �1`11)=�1for i = 2 : n� 1`i+1;1 = �(�i�1`i�1;1 + �i`i1)=�iendd1 = �(�n�1`n�1;1 + �n`n1)for j = 2 : ns = �j�2Lj�2;1:j�2LTj;1:j�2+�j�1Lj�1;1:j�1LTj;1:j�1+�j�1Lj;1:j�1LTj;1:j�1`jj =p�s=�j�1for i = j : n � 1s = �i�1Li�1;minfi�1;jgLTj;minfi�1;jg+�iLi;1:jLTj;1:j+�iLi+1;1:j�1LTj;1:j�1`i+1;j = (�ij � s)=�i=`jjenddj = �(�n�1Ln�1;1:minfn�1;jgLTj;1:minfn�1;jg + �nLn;1:jLTj;1:j)end3.2. The quadratic-factor Inverse Cholesky algorithm.Here we require the lower triangle L which satis�es the relationI = J2LLT + endT + en�1fT :(16)where, J being tridiagonal, J2 is pentadiagonal and denoted (for di�erent �'s and�'s) by J2 = 0BBBBB@�1 �1 
1 0 0 � � � 0�1 �2 �2 
2 0 � � � 0
1 �2 �3 �3 
3 . . . 0... ... . . . . . . . . . . . . ...0 0 0 � � � � � � � � � �n1CCCCCA :We assume that the principal 2� 2 block of L is prescribed. We haveeTi J = ( 0 : : : 0 
i�2 �i�1 �i �i 
i 0 : : : 0 ) ; 2 < i < n� 2;Page 6, August 18, 1993



and denoting L as in the previous section, we have, for 1 � j � i � n,(�ij � �n;i�1fj � �nidj) = 
i�2 minfi�2;jgXk=1 `i�2;k`jk + �i�1 minfi�1;jgXk=1 `i�1;k`jk+�i jXk=1 `ik`jk + �i jXk=1 `i+1;k`jk+
i j�1Xk=1 `i+2;k`jk + 
i`i+2;j`jj :Algorithm 3.2, which is based on this relation, determines the L of (16). Its inputis the symmetric pentadiagonal matrix J2 and the 2 � 2 principal submatrix of L.The algorithm then �nds the rest of L. The steps which compute d and f are omittedfor brevity.Algorithm 3.2.`3;1 = (1=`1;1 � �1`1;1 � �1`2;1)=
1`4;1 = �(�1`1;1 + �2`2;1 + �2`3;1)=
2for i = 4 : n� 1`i+1;1 = �(
i�3`i�3;1 + �i�2`i�2;1 + �i�1`i�1;1 + �i�1`i;1)=
i�1end`3;2 = �(�1`2;1`1;1 + �1`22;1 + 
1`2;1`3;1 + �1`22;2)=(
1`2;2)s = �1`2;1`1;1 + �2`22;1 + �2`2;1`3;1 + 
2`2;1`4;1 + �2`22;2 + �2`2;2`3;2`4;2 = (1� s)=(
2`2;2)for i = 3 : n� 2s = 
i�2Li�2;1:minfi�2;2gLT2;1:minfi�2;2g+�i�1Li�1;1:minfi�1;2gLT2;1:minfi�1;2g+�iLi;1:2LT2;1:2 + �iLi+1;1:2LT2;1:2 + 
i`i+2;1`T2;1`i+2;2 = �s=(
i`2;2)endfor j = 3 : ns = 0if j > 3; s = s + �j�3Lj�3;1:j�3LTj;1:j�3; endif j > 4; s = s + 
j�4Lj�4;1:j�4LTj;1:j�4; ends = s + �j�2Lj�2;1:jLTj;1:j + �j�2Lj�1;1:jLTj;1:j + 
j�2Lj;1:j�1LTj;1:j�1`j;j =p�s=
j�2for i = j � 1 : n� 2s = 
i�2Li�2;1:minfi�2;jgLTj;1:minfi�2;jg+�i�1Li�1;1:minfi�1;jgLTj;1:minfi�1;jg+�iLi;1:jLTj;1:j + �iLi+1;1:jLTj;1:j + 
iLi+2;1:j�1LTj;1:j�1`i+2;j = (�ij � s)=(
i`j;j)endend3.2.1. Starting values. The linear factor IC method will be used for real v. Tostart it we need the value of `11 = (~�0=�0; ) 12(see (8)) where ~�0 = Z ba d�(t)t � v ;Page 7, August 18, 1993



is available, from the tables provided, for the classical measures.The quadratic factor IC method will be used for complex conjugate pairs v, vwhere v = x+ iy, x; y real, y > 0. To start it we need the principal 2 � 2 submatrixof L, � `11 0`21 `22� :The measure d�(t) has here been modi�ed by the factor (t�v)(t�v) = (t� x)2 + y2.Now denote ~�j = Z ba tj(t � x)2 + y2 d�(t); j = 0; 1; 2:Using (8) and orthognality it quickly follows that`211 = ~�0=�0`21 = `11(~�1=~�0 � �1)=�1`222 = (~�2 � ~�21=~�0)=(�0�21):For the classical measures, the ~�j can be found, again in terms of the tabled quantities,by ~�0 = 12iy  Z ba 1t� vd�(t) � Z ba 1t� vd�(t)!~�1 = 12  Z ba 1t� v d�(t) + Z ba 1t� vd�(t)!� x~�0~�2 = �0 + 2x~�1 � (x2 + y2)~�0:3.3. Modi�ed moments from the minimal solution. For completeness,we state here Gautschi's minimal solution (MS) method re-written to operate fornormalized rather than monic polynomials.Given J of dimension m, the zero-th moment, �0 of d�(t), a knot v outside thesupport interval of d�(t) and an integer n = n(m; v) < m, the algorithm produces thevector �̂ = (�0; �1; �2; : : : ; �n�1)T . For real v, the modi�ed moments of the measure(4) are the �̂i = �i and for complex v the modi�ed moments of the measure (5) aregiven by �̂i = Imag(�i)Imag(v) :Algorithm 3.3.pm = 0for i = m : �1 : 2pi�1 = �i�1=(v � �i � �ipi)end�0 = p�0=(�1p1 � (v � �1))for i = 1 : n� 1�i = �i�1piend Page 8, August 18, 1993



For the measures in Table 5 Gautschi proposes a lower bound on n(m; v) whichis large enough to ensure that the �̂i are computed to su�ciently high accuracy. Asthe point v approaches support of d�(t) the value of n(m; v) increases and largerdimension J is needed for the same accuracy.4. Use of the IC and MS methods. Our discussion of just how to use theIC and MS methods divides naturally into two parts. The �rst part addresses thequestion of how to use the methods repeatedly to �nd the J for a measure dividedby a general polynomial of degree m > 2. The second part addresses the question ofhow to decide on which of the IC and MS methods should be used for each of thelinear and quadratic factors in the rational function denominator. This issue arisesbecause, as we show later in the numerical tests, the IC and MS methods behave verydi�erently from one another according to whether the division factors correspond topoles close to, or far from, the support of the measure d�(t).4.1. Repeated divisions. In this section we compare(a) the strategy of starting with a known J , modifying it by division with afactor, modifying the result by division with the next factor, and so on, (theproduct strategy), with(b) the strategy of modifying the known J for division by each of the factorsseparately and then using the summing method to produce the �nal result(the summing strategy).To start, we compute the partial fraction decomposition ofhm(t) = mYk=1(t � vk):In the case where the zeros of hm are conjugate pairs, the partial fraction decompo-sition contains terms of the form Ax+ B(t� x)2 + y2 ; y > 0:(17)To compute the Jacobi matrix for such a term we use one of the algorithms belowfor the denominator �rst and then apply the PSIQR method to the result for thenumerator.4.1.1. The product strategy.Denote by Js the Jacobi matrix for the measured�(t)Qsk=1(t� vk) :(18)In the product strategy we start from the given J0 = J for d�(t) and sequentiallycalculate J1;J2; : : :, �nishing up with Jm = Ĵ for d�(t)=hm(t). Each step in thissequence, in which we produce J s from Js�1, can be performed, in principle, by eitherof the following algorithms (for complex pairs of zeros the IC method can be used totransform from J s�1 to Js+1 directly using only real arithmetic, as indicated in x3,but the MS method requires complex 
oating point arithmetic).One stage using the MS method requires an algorithm such as:Algorithm 4.1. Input: Js�1 of su�ciently large dimension j and startingvalues as in x3.2.1. Page 9, August 18, 1993



(a) Use the MS method to produce 2(i+ 2) modi�ed moments.(b) Use the LTL method to directly get J s of dimension i.By comparison, one stage using the IC method would requireAlgorithm 4.2. Input: Js�1 of dimension i+1 and starting values as in x3.2.1.(a) Use the IC method to produce Ls of dimension i + 1.(b) Compute L�1s Js�1Ls = Js � enbTs of dimension i+ 1 (see (9)).(c) Discard the last row and column of the product to get Js of dimension i.However, there are di�culties with Algorithm 4.1. The estimates of the size of jfor given vk when d�(t) is one of the classical (Jacobi, Laguerre or Hermite) measurescan be quite large, if the point vk is close to the support of the interval: for exampleto modify a dimension i = 10 Laguerre Jacobi matrix by the factor (t�0:01) requiresan initial Jacobi matrix of dimension nearly j = 2000 when using standard doubleprecision IEEE arithmetic. Thus, even for quite modest �nal dimension Ĵ , a verylarge initial matrix may be needed.More problematic is the fact that the only estimates for the size of the initialmatrix at each stage are for the classical measures and there are not estimates forthe divided classical measures. It is possible that one could check the accuracy ofthe process at each stage by recomputing with varied estimates of the starting sizematrix but clearly this process is unsatisfactory. Indeed, it may even be necessary toabandon the calculation and start again from scratch at some stage if the remainingJacobi matrix is too small to go to the next step.Using the Algorithm 4.2 requires an initial matrix of only about n+m but thereare di�culties as before: the starting values, which are computed from the zero-thmoments of measures such as (18) are not generally available.4.1.2. The summing strategy. An alternative strategy uses the results of [3]mentioned in x1. If we denote the method for computing the Jacobi matrix whichcorresponds to a sum or di�erence of measures by SUM then the algorithmwe proposeis: Algorithm 4.3. Given J of dimension n + 1 for d�(t)(a) For each k = 1 : m either(i) Use the MS method to produce 2(n+ 2) modi�ed moments for ~Jvk cor-responding to d~�(t) = d�(t)=(t�vk) (or d~�(t) = d�(t)=(t�vk)(t� vk)).(ii) use the LTL method with these modi�ed moments to get ~Jvk of dimen-sion n for d~�(t)or(i) Use the IC to produce Lk for d~�(t) = d�(t)=(t � vk) (or d~�(t) =d�(t)=(t� vk)(t � vk)).(ii) Compute L�1k JLk = ~Jvk � enbTvk of dimension n + 1 (or n + 2) (see(9)).(iii) Discard the last row (two rows) and column (two columns) of the productto get ~Jvk of dimension n for d~�(t).(b) Use method SUM to �nd Ĵ from the separate Jacobi matrices.This scheme overcomes the disadvantages, mentioned above, of the product strat-egy since the starting values are known (for both the IC and MS methods) for theclassical measures and, in the case of the MS method, all the divisions use the sameinitial matrix and its dimension can be determined once at the outset from the esti-mates given in [5].If the numerator of any term such as (17) changes sign in the support of d�(t),there may not exist a Jacobi matrix for it. However, by adding and subtracting aPage 10, August 18, 1993



constant to the numerator we can rewrite (17) as two separate terms each of whichdoes not change sign on the support. We can then sum all the terms which are positiveon the support and then subtract those which are negative. Since the �nal Jacobimatrix corresponds to a measure which is positive on the support (by assumption),the result must exist and be computable this way.4.2. Distribution of the poles. Consider the case of modifying J for d�(t) toĴ for d�̂(t) = d�(t)=(t � v), v real or complex, outside the support, [a; b], of d�(t).The closer is v to [a; b], the larger j, the dimension of J , needs to be for the MSmethod to maintain accuracy. The estimates given in [5] for the size j when d�(t) isone of the Jacobi, Laguerre or Hermite measures, are reported there to be realisticin the sense that, using J of dimension 5 fewer than given by the estimate rarelygave su�cient accuracy and the given estimate was only occaisionally required to beincreased by about 5 or 10. Thus close to the support, the MS method can be quiteunsatisfactory.By contrast, the IC method, as the numerical tests reported in x6 show, returnspoorer results as the point v moves away from the support but is extremely accurateclose to the support. Our numerical evidence also suggests that this e�ect is morepronounced for the measures with in�nite or semi-ini�nte support.The obvious solution then, is to use Algorithm 4.3, applying the MS methodon points far from [a; b] and the IC methods on those close to [a; b]. Both methodscan be applied to points which are neither close nor far and the two results usedfor con�rmation. Thus, Algorithm 4.3 provides a stable and e�cient method for asolution to Problem 1.1.5. A simple example. The function ln(1 + 4t) has power seriesln(1 + 4t) = 4 t� 8 t2 + 64 t33 � 64 t4 + 1024 t55 � 2048 t63 + 16384 t77 +O(t8);and a Pade approximationr(t) = g3(t)=h3(t) = 60 t+ 240 t2 + 176 t315 + 90 t+ 144 t2 + 48 t3(19)which, on the subinterval [0; 20], has error bounded, in absolute value, by about 0:228.The denominator h3(t) has zerosf�1=2;�14(5 �p15)g � f�0:5;�0:28175;�2:21825gand the numerator g3(t) has zeros � f0;�:3;�1g so both g3(t) and h3(t) do notchange sign on the support [0;1] of the Laguerre measure.The partial fraction decomposition of 1=h3(t) isA1t� v1 + A2t � v2 + A3t� v3= � 1=18t + 1=2 + 16 1=(15� 3p15)(t+ (5�p15)=4) + 16 1=(15 + 3p15)(t+ (5 +p15)=4) :We demonstrate the technique by �nding the dimension 7 Jacobi matrix whichcorresponds to the measure d�(t) = e�tr(t) on the interval [0;1] from the (known,see [2]) Jacobi matrix for the measure d�(t) = e�t on the same interval. SincePage 11, August 18, 1993



the processes we employ require us to discard one or two rows and columns of thecomputed matrices, we assume that the starting matrix is su�ciently large to give aresult of the required dimensions. All the calculations were done in IEEE standarddouble precision arithmetic (machine epsilon � 2:2� 10�16).Let us denote the following power moments by~�jvi = Z 10 tje�tt� vi dt; i = 1; 2; 3; j = 0; 1; 2; � � � :(20)To start with, we use Table 6 to compute ~�0vi for each of the zeros vi. These numbers(computed to 50D with Maple V and correctly rounded) are given in Table 1. Ofv1 9:229106324837305� 10�1v2 1:262616187530857� 10+0v3 3:334956765605249� 10�1Table 1Values of ~�0vi for the three zeros of h3(t).course, �0 = 1. We next use Algorithm 4.3 (choosing the IC method option) tocompute the three Jacobi matrices ~Jvi , i = 1; 2; 3, each of which corresponds to themeasure e�t=(t � vi). We now apply the method SUM, referred to in x1, to ~Jv2and ~Jv3 to compute the Jacobi matrix, J temp1 , corresponding to the sum of the twopositive terms e�tA2=(t� v2) and e�tA3=(t� v3). The constants �i, i = 1; 2 of (3)are here chosen as Ai~�0vi=(~�0v2+ ~�0v3). Next, we use the di�erencing version of SUMto compute the Jacobi matrix, J temp2 corresponding to the measuree�t� A2t� v2 + A3t� v3�+ e�tA1t� v1 :(recall that A1 < 0) from J temp1 and Jv1 . Finally, we apply the PSIQR method (seex1) to J temp2 with the polynomial g3(t) to get Ĵ corresponding to r(t)d�(t). Afterthe PSIQR process we discard the last 2 rows and columns of the matrix Ĵ .The resulting matrix has diagonal �j and subdiagonal �j components shown inTable 2 and the 7-point Gauss quadrature formulaQ(f) = nXj=1wjf(tj )(21)found from it is in Table 3.Of course, this Jacobi matrix determines all the Gauss quadratures (for the mod-i�ed measure r(t)e�t) with seven or fewer points.It is worth noting that we could have run the processes in a di�erent order: startwith the Jacobi matrix for e�t, apply the PSIQR method with polynomial g3(t) andapply the IC method to this matrix once for each of the poles of r(t). The threeresulting matrices could then be merged using the SUM method.Although it is not a reliable test of the accuracy of a quadrature fromula, weapplied Q(f) to the powers of t to con�rm that it is indeed the required formula. Weexpect Q(f) to compute the integralsIapprx(tj) = Z 10 tje�tr(t)dt(22) Page 12, August 18, 1993



j �j �j1 1:4735833243222072� 10+0 1:1522306687481318� 10+02 3:3670760331235998� 10+0 2:1334246051843322� 10+03 5:3094870243833645� 10+0 3:1192467212534445� 10+04 7:2722958664718185� 10+0 4:1087092689689841� 10+05 9:2458162399428527� 10+0 5:1005612164049339� 10+06 1:1225756881713069� 10+1 6:0940348010727305� 10+07 1:3209894402244561� 10+1 �Table 2The Jacobi matrix for r(t)e�t.j tj wj1 3:5062711038856043� 10�1 3:8341359149652016� 10�12 1:2766545994519591� 10+0 6:2342241377367935� 10�13 2:8684045755244458� 10+0 2:7006149975344507� 10�14 5:2294260605084268� 10+0 4:2479756575009894� 10�25 8:5281548379832977� 10+0 2:3626792343825810� 10�36 1:3090876238966882� 10+1 3:6376377487377584� 10�57 1:9759766349377919� 10+1 7:4770525561381938� 10�8Table 3The 7-point Gauss quadrature formula for r(t)e�t.to within a modest multiple of machine accuracy for the range j = 0; 1; 2; : : : ; 13 andwe expect Iapprx(tj) � Q(tj) to be quite di�erent from (machine) zero for j = 14.Further, we expect that Q(f) will approximateIexact(tj) = Z 10 tje�t ln (1 + 4t)dt(23)to roughly the accuracy that Iapprx(tj) approximates Iexact(tj). In fact, Iapprx(tj)approximates Iexact(tj) with a relative error that varies almost linearly between 0.0145and 0.2376 as j ranges from 0 to 14.Once ~�0vi is known, the numbers ~�jvi , j > 0 can easily be computed from therecursion ~�jv = v~�j�1;v + �j�1; j > 0:(24)From these and the partial fraction decomposition, we can �nd the Iapprx(tj) of (22).Furthermore, the numbers �j = Iexact(tj) of (23) can be found from the recursion�j = j�j�1 + ~�j;�14 ; �0 = ~�0;�14once (24) has been used with v = �1=4 to compute the ~�j;� 14 . The absolute val-ues of the relative errors for Q(tj) approximating the numbers in (22) and (23) aresummarized in Table 4 and follow our expectations.6. Numerical Tests. In this section we report the results of some tests whichcompare the performance of the IC method and the MS method and which identifytwo signi�cant di�erences in the way these methods behave. Our tests were appliedto all the classical measures shown in Table 5. In all cases the calculations were donePage 13, August 18, 1993



Error of Q(tj) forj Iexact(tj) Iapprx(tj)0 1:4� 10�2 6:0� 10�151 2:9� 10�2 5:0� 10�142 4:5� 10�2 5:2� 10�143 6:2� 10�2 3:3� 10�144 7:9� 10�2 5:7� 10�145 9:4� 10�2 1:5� 10�136 1:1� 10�1 3:0� 10�137 1:2� 10�1 3:9� 10�138 1:3� 10�1 4:3� 10�139 1:5� 10�1 6:4� 10�1310 1:6� 10�1 6:0� 10�1311 1:7� 10�1 5:0� 10�1312 1:8� 10�1 3:8� 10�1313 1:8� 10�1 1:0� 10�1314 1:9� 10�1 2:2� 10�4Table 4Relative errors of Q(tj)in IEEE standard double precision arithmetic (machine epsilon � 2:2� 10�16). Thetables in this section show the accuracy of computed Jacobi matrices when comparedwith the explicitly known results. For each real knot v, or complex knot x + iy, theentry headed N in the table shows the number N = n(m; v) of recurrence coe�cientswhich the MS method requires. Where this number was considered too large tobe feasible we used 2000 coe�cients and display the required N in parentheses. Theremaining columns show the accuracy of the diagonal �j and subdiagonal �j elementsproduced by the IC and MS methods. Thus for the columns headed � we showminj (� log10 ������exactj � �approxj�exactj �����) :and, except where they are zero by virtue of the symmetry of the measure d�(t),similar quantities for the diagonals �j.Recall that the IC method produces a matrix L from which we compute therequired Jacobi matrix using (9). We computed the 2-norm condition numbers forthe L matrices that are generated by the IC process for these tests and found thatthey remain modest for all the cases shown. For n = 10 all but 5 are smaller than 80,and the balance are smaller than 700. For n = 50 they are all smaller than 104.The tests themselves exploit the fact that the PSIQR and either the IC or MS areinverses of each other if the polynomial r(t) is a real linear factor (r(t) = t�v) or theproduct of a complex conjugate pair of factors (r(t) = ((t � x)2 + y2), y > 0). Sincethe PSIQR method produces matrices which are accurate to about machine epsilon,the di�erence between the starting matrix and the result, after applying both thePSIQR and either IC or MS, is a good measure of the error. This error is just whatwe display in the tables of this section.The tables illustrate that the MS method performance improves as the pointv moves away from the support of d�(t) and also shows that the MS method isbetter overall on measures which have �nite support. By contrast, the IC methodPage 14, August 18, 1993



performance improves as the point v approaches the support interval and is betteroverall for the measures with in�nite support.These phenomena are clearly shown as the point v approaches the support intervalfrom the left, in the case of linear factors (Tables 7 and 8) and as it approaches theorigin along the line y = x in the case of complex pair factors or for the Hermitemeasure (Tables 9, 10 and 11).Table 12 shows the errors for the methods when the point x+ iy moves parallelbut close to the x-axis from x = 5 to x = �5 and illustrates further the behaviour ofthe two methods close to and far from the support.Most of the tables in this section show the results of the tests applied to producematrices of dimension n = 10. However, these tables are representative of larger casesas the examples in Tables 13 and 14, with n = 50, show. The loss of accuracy seemsto be quite gradual as n increases.We used the non-symmetric Jacobi measure (with measure parameters � = �1=2,� = 1=7) as an example of a �nite support measure to illustrate the performance ofthe methods on both the �j and the �j components of the matrix. The Legendre,Gegenbauer and Chebyshev measures give similar results.The Hermite and Laguerre measures used here have the measure parameter � =�1=3. The calculation seems, however, to be relatively insensitive to this parameterand other values of � that we tested gave very similar results.These di�erences in performance suggest a hybrid method for the solution ofProblem 1.1. The decision about which of the IC or MS methods to choose in Algo-rithm 4.3 should be driven by the phenomena the results here indicate: the closenessof the point in question to the support interval and whether or not the suport intervalis in�nite or semi-in�nite. Where either method is suitable they could both be usedand the results compared for veri�cation.7. Conclusions. We have derived a new method, called the IC method, forthe computation of the Jacobi matrix corresponding to a measure modi�ed by arational function. Our method is based on a new factoring algorithm which can beused to produce the Jacobi matrix corresponding to a known measure divided bya linear or quadratic factor. We use the factoring algorithm once for each pole orconjugate pair of poles and then apply the authors' SUM method to �nd the Jacobimatrix corresponding to the given measure divided by the denominator of the rationalfunction. We then apply the PSIQR method to this for the numerator.The IC method requires certain starting values which are expressed, for the clas-sical measures, in terms of well known special functions. We computed these tovery high accuracy without di�culty by use of the symbolic manipulators Maple andMathematica. Subroutine approximations for these special functions are also readilyavailable from software libraries such as Netlib.We have shown that the product strategy of x4 has serious problems and that ournew summing strategy overcomes these problems. We have also shown that the ICmethod performs best just where the previously known MS is weakest and vice versa.This has led to a hybrid strategy which we believe is the most powerful yet for thisproblem.The new method was demonstrated on a simple example and some tables, whichare representative of the numerical tests we ran, show the pattern of performance.Problem 1.1 remains di�cult and a stable method which does not require thepoles of the rational function to be known is still desirable.8. Tables. Page 15, August 18, 1993



8.1. Zero-th moments of classical measures and divided classical mea-sures. The following are sometimes referred to as the classical measures:Name d�(t) Interval ConstraintsLegendre 1 [�1; 1]Chebyshev (1 � t2)�1=2 [�1; 1]Gegenbauer (1� t2)� [�1; 1] � > �1Jacobi (1� t)�(1 + t)� [�1; 1] �; � > �1Laguerre t�e�t [0;1] � > �1Hermite jtj�e�t2 [�1;1] � > �1Table 5Classical measures.The table below shows the zero-th moments, �0, of these measures and the zero-thmoments of these when divided by a linear factor,~�0 = Z ba 1t� vd�(t); v = x+ iy 62 [a; b]:In the case of the Hermite measure we require y > 0, but v may be real for the othermeasures.Name �0 ~�0Legendre 2 ln((v � 1)=(v + 1))Chebyshev � �=pv2 � 1Gegenbauer 22�+1�(�+1)2�(2�+2) 22�+1(1�v)B(1 + �; 1 + �)2F1(1; �+ 1; 2�+ 2; 21�v )Jacobi 2�+�+1�(�+1)�(�+1)�(�+�+2) 2�+�+1(1�v) B(1 + �; 1 + �)2F1(1; �+ 1;�+ � + 2; 21�v )Laguerre (� = 0) 1 e�vE1(�v)Hermite (� = 0) p� i�e�v2erfc(�iz)Table 6Moments of classical measures.Here the Gamma, Beta, and Hypergeometric functions are de�ned by�(z) = Z 10 tz�1e�tdt; Re(z) > 0;B(z; u) = �(z)�(u)=�(z + u);Page 16, August 18, 1993



2F1(a; b; c; z) = �(c)�(a)�(b) 1Xj=0 �(a+ j)�(b+ j)�(c+ j) zjj! :Further, E1(v) = Z 11 e�vtt dt; Re(v) > 0is the Exponential Integral and erfc(z) is the Complementary Error Functionerfc(z) = 2p� Z 1z e�t2dt:For details, see [1].Built-in functions are available in the symbolic manipulators Maple and Mathe-matica for all the entries in the tables above and we have used them to compute highprecision zero-th moments, for real and complex v without di�culty.8.2. Tables for the results of numerical tests.Linear factor-log(Maximum errors)IC MSv N � � � �-2.000 39 1.9 6.1 11.8 15.0-1.500 44 4.6 8.6 12.2 15.0-1.100 66 9.3 13.0 11.4 15.0-1.010 153 11.2 14.5 11.7 15.0-1.001 428 11.0 14.3 11.3 14.5Table 7Errors for Jacobi measure � = �1=3; � = 1=7, n = 10Linear factor-log(Maximum errors)IC MSv N � � � �-2.000 127 10.8 11.1 11.0 11.3-1.000 194 12.3 12.4 10.1 10.4-0.500 312 14.0 14.3 9.0 9.6-0.100 1000(1117) 14.9 14.6 7.2 7.7-0.010 1000(9033) 14.3 13.8 7.2 7.5-0.001 1000(84032) 14.4 14.0 5.9 6.3Table 8Errors for Laguerre measure � = �1=3, n = 10Page 17, August 18, 1993



Quadratic factor v = x+ iy-log(Maximum errors)IC MSx y N � � � �2.000 2.000 37 0.0 2.4 11.9 15.41.000 1.000 44 3.8 7.9 12.1 15.20.500 0.500 61 8.0 11.7 12.0 15.40.200 0.200 116 10.3 14.5 11.7 15.00.100 0.100 207 10.5 14.4 12.4 15.10.010 0.010 1829 11.4 14.4 11.5 14.30.001 0.001 2000(18049) 11.1 14.3 10.3 12.9Table 9Errors for Jacobi measure � = �1=3; � = 1=7; n = 10Quadratic factor v = x+ iy-log(Maximum errors)IC MSx y N � � � �2.000 2.000 366 13.6 13.8 8.1 8.61.000 1.000 622 13.0 13.3 7.6 7.90.500 0.500 1098 13.0 13.1 6.7 7.10.200 0.200 2000(2442) 12.0 12.0 5.5 6.30.100 0.100 2000(4591) 12.1 12.0 6.3 7.00.010 0.010 2000(41270) 11.9 12.4 3.0 3.4Table 10Errors for Laguerre measure � = 0; n = 10Quadratic factor v = x+ iy-log(Maximum errors)IC MSx y N � � � �2.000 2.000 134 - 10.4 - 15.21.000 1.000 322 - 13.6 - 13.70.500 0.500 941 - 14.2 - 12.90.200 0.200 2000(4749) - 14.4 - 12.10.100 0.100 2000(17591) - 14.7 - 11.00.010 0.010 2000(1637201) - 14.9 - 11.0Table 11Errors for Hermite measure � = �1=3; n = 10Page 18, August 18, 1993



Quadratic factor v = x+ iy-log(Maximum errors)IC MSx y N � � � �5.000 0.100 2000 13.9 13.7 5.5 6.02.000 0.100 2000 13.7 13.4 4.7 5.20.500 0.100 2000 13.2 13.0 4.7 5.20.000 0.100 2000 12.8 12.4 5.0 5.3-0.500 0.100 317 12.0 12.2 6.8 7.3-1.000 0.100 200 11.2 11.4 7.2 7.7-2.000 0.100 132 9.6 9.8 9.2 9.5-5.000 0.100 84 6.0 6.4 11.1 11.5Table 12Errors for Laguerre measure, v moving parallel to x axis. � = 0; n = 10Quadratic factor v = x+ iy-log(Maximum errors)IC MSx y N � � � �0.200 0.200 196 - 6.5 - 14.70.100 0.100 287 - 10.7 - 14.80.010 0.010 1909 - 13.0 - 14.2Table 13Errors for Legendre measure n = 50Quadratic factor v = x+ iy-log(Maximum errors)IC MSx y N � � � �0.200 0.200 2000(2980) 9.7 9.7 -1.0 0.10.100 0.100 2000(5319) 9.1 9.2 -0.8 -0.30.010 0.010 2000(43398) 8.5 8.5 -0.2 -0.1Table 14Errors for Laguerre measure n = 50Page 19, August 18, 1993
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