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This paper synthesizes formally orthogonal polynomials, Gaussian quadrature in the com-
plex plane and the bi-conjugate gradient method together with an application. Classical
Gaussian quadrature approximates an integral over (a region of) the real line. We present
an extension of Gaussian quadrature over an arc in the complex plane, which wencall
plex Gaussian quadratureSince there has not been any particular interest in the numerical
evaluation of integrals over the long history of complex function theory, complex Gaussian
guadrature is in need of motivation. Gaussian quadrature in the complex plane yields approx-
imations of certain sums connected with the bi-conjugate gradient method. The scattering
amplitudec” A=15 is an example wherd is a discretization of a differential-integral opera-
tor corresponding to the scattering problem &rehdc are given vectors. The usual method
to estimate this is to us€ xX). A result of Warnick is that this is identically equal to the com-
plex Gaussian quadrature estimate pf.1Complex Gaussian quadrature thereby replaces this
particular inner product in the estimate of the scattering amplitude.

Keywords: scattering, scattering cross section, biconjugate gradient methods, constraint, sig-
nal processing

AMS subject classification:primary 41A55, 65D32; secondary 49M0, 65F10

1. Introduction

In this paper, we focus on an extension of Gaussian quadrature to the approxima-
tion of integrals along an arc in the complex plane, an extension that wearafblex
Gaussian quadrature Quadrature formulas have never found a prominent role in the
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long history of complex function theory, even though contour integrals and the residue
theorem are central to the field. A natural question, therefore, is this: Why would anyone
care anything about complex Gaussian quadrature?

1.1. Motivation

Our answer to this question is tlseattering amplitudg5-7,11,39,41,42]. The
scattering amplitude is"A='h, where A = (a;;)nxn IS @ nonsingular matrixb is a
given right hand side vector of a systedm = b, andc is a given vector. (More will be
said below on the role af.) The connection to complex Gaussian quadrature is through
the bi-conjugate gradient iterative method (BCG) for solvitwg = b, a connection we
explain next.

A popular method to solvédx = b is BCG, from which one may obtain the esti-
matec'x® ~ ¢Tx = ¢TA~1h. BCG also generates a set of polynomials that yield com-
plex Gaussian quadrature formulas [24,49]. Since the scattering amplitude can be inter-
preted as an integral, the result is that complex Gaussian quadrature yields an estimate of
the scattering amplitude. An observation of Warnick [49] is that the Gaussian quadrature
estimate is mathematically equivalentdor®. In the case that is Hermitian positive
definite (HPD), this fact is implicit in an equality of Dahlquist et al. [14,TBhus com-
plex Gaussian quadrature avoids computing the inner produét arid x®, which is
notoriously inefficient on high performance processdiise computational gain, as seen
in section 3.1, results from avoiding the flop and communication cost of an inner prod-
uct. This gain justifies a detailed presentation of complex Gaussian quadrature. Our ap-
proach is to present complex Gaussian quadrature as a mostly straightforward extension
of classical Gaussian quadrature, especially as it relates to the connection between com-
plex Gaussian quadrature and the scattering amplitude. The algorithm to compute the
weights and nodes of a complex Gaussian quadrature formula extends one due to Golub
and Welsch in the real case [28]; also see the recent text of Gautschi [22, pp. 69—74].

1.2. Other work

Our paper synthesizes Gaussian quadrature, integration in the complex plane, for-
mally orthogonal polynomials, and BCG polynomials together with an important appli-
cation to computing the scattering amplitude by means of the identity of Warnick. As an
aid to the reader we have followed the traditional path to Gaussian quadrature with the
slight changes necessary for the complex case. There are other approaches, though: In
their paper [19], Freund and Hochbruck sketch complex Gaussian quadrature elegantly
but concisely. Their work is related to the work of Golub et al., which we look at next.

Since the seventies, Golub, in a series of articles with various co-authors, has ap-
plied Gaussian quadrature to discrete integrals, which are objects less familiar than the
integrals appearing on the pages of a calculus book but objects that are integrals neverthe-
less. Sums such as the inner products arising from the conjugate gradient (CG) method
are an especially useful interpretation of discrete integrals. An example of how Gaussian
quadrature can be used in this way is the estimation of the (square of-th&)m of the



P.E. Saylor, D.C. Smolarski / Why Gaussian quadrature in the complex plane? 253

error,x — x® | at each step. There are other ingenious examples [13,16,25,26] besides
the norm of the error and, of interest to us, the scattering amplitude.

The classical CG method is restricted to symmetric positive definite (SPD) systems
or more generally Hermitian positive definite (HPD) systems. (An SPD system is one
for which the matrix is SPD and similarly for HPD systems.) The inner products are
discrete integrals over the real line, suited for classical Gaussian quadrature. However,
the scattering amplitude” A~1b is not limited to HPD matrices. Moreover, for a non-
Hermitian matrix, sums such aSA~1b are integrals along arcs in the complex plane.
We are thus led to complex Gaussian quadrature.

We note that, in at least one instance, the work of Golub and his colleagues on
Gaussian quadrature and iterative methods leads up to complex Gaussian quadrature. In
their paper [10], Calvetti et al. apply the method of moments with a complex measure, a
non-classical version of the theory, to a real nonsymmetric matrix, thereby relating their
approach implicitly to complex Gaussian quadrature.

We mention in passing that besides Gaussian quadrature, there are other approaches
to quadrature in the complex plane as well as in higher dimensional spaces, notably
guadrature domains An example of a quadrature domain Mspace is the unit ball,

2, which is such that for a harmonic function there is the quadrature-like formula,
u(€) = (fqu(x)dx)/|2|, where is the center of2 and || is the volume ofQ2 (see

[45]). Warnick [49] and, separately, a reviewer of this paper have suggested that in the
limit as N increases the spectrum may fill a quadrature domain and that the vanishing of
an integral may relate to the breakdown of BCG. We do not pursue the topic any further
here.

We also call attention to the paper of Warnick on using Gaussian quadrature to
computeb” A~1h [49]. In his paper, Warnick assumdss HPD and the iterative method
is the CG method. He derives a power series expansiom'feralong the lines of
the power expansion of a Stieltjes transform [34, pp. 580ff]. The power series is then
rewritten as a continued fraction. The even approximants of the continued fraction [34,
(cf. p. 475)], for the case when the power series variable is zero, turn oubfocfe In
the general case, whehis an arbitrary nonsingular matrix, and the scattering amplitude
is ¢"x, Warnick proved in [51] that the Gaussian quadrature estimaté.ofs c¢'x®.

In the appendix of our paper, we state and prove this result, which we call Warnick’s
theorem.

1.3. Terminology and notation

The signal processing interpretation of given veetds this: Ax = b determines
the fieldx from the signab. The signal is received on an antenagthe right-hand side
of an adjoint systemi*x = ¢. The signal received by the antenna is taén.

If b andc represent incoming and outgoing waves, respectively, and the operator
A relates the incoming and scattered fields on the surface of an object; thés a
scattering amplitude. Thscattering cross sectignic’ A=15|?, is often sought in scat-
tering computations as well as the amplitude. We note that the meaning of these terms
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may vary among the applied disciplines, but the goals are the same, namely to compute
cTA7 1.

Not only does the scattering amplitude arise in signal processing, but it also arises
in nuclear physics (cf. [1, p. 64]), quantum mechanics (cf. [37, p. 503]), and other dis-
ciplines (cf. Pierce and Giles [43, p. 247]).

Most of the paper is concerned with polynomials, which we use Greek letters to
denote. Latin letters, such &g, h, denote general complex functions that could be
polynomials. We also usg; to denote theth eigenvector of a matrix. Latin letters
toward the end of the alphabet, suchuaandv stand for vectors, which is customary
notation. However, we use to denote a weight function in either an integral or a
discrete sum (and we interpret discrete sums to be integrals). Weigkay be real or
complex. We use Greek letters in other ways, suct;ds denote théth coefficient in
a Gaussian quadrature formula. These coefficients are also eadlgtitsand are not to
be confused with the weight functiom, in an integral. We usé as a real variable and
¢ as complex.

Where necessary, the eigenvectors of matrixre assumed to be complete.

1.4. Outline

In section 2 we look at the integrals and bilinear forms in the complex plane that
are connected with Gaussian quadrature. In section 3 we review the theory of classical
orthogonal polynomials and the conjugate gradient algorithm. In section 4 we discuss
orthogonal polynomials in the complex plane. To extend Gaussian quadrature, we re-
sort to formally orthogonal polynomials in place of orthogonal polynomials. We discuss
formally orthogonal polynomials in section 5 and include an algorithm for computing
formally orthogonal polynomials. Once we have identified the class of formally or-
thogonal polynomials, the extension of Gaussian quadrature to the complex plane, in
section 6, is straightforward. Experiments are summarized in section 7. We discuss the
BCG method in section 8. We make a simplifying assumption about BCG which is that
each step is defined and no look ahead scheme is needed. The relation among BCG,
Gaussian quadrature, and formally orthogonal polynomials is addressed in sections 9
and 10 with further comments and conclusions included in section 11. In addition, in
section 11, there is an outline of the generalization of Gauss—Radau and Gauss—Lobatto
guadrature to the complex plane. There is an appendix with a proof and statement of
Warnick’s theorem.

2. Inner products and bilinear forms

We have already introduced SPD and HPD to mean symmetric positive definite
and Hermitian positive definite, respectively. Af= (a;;) vxn iS @ matrix, theranspose
is AT = (aji), and theHermitian transpose isA* = (aj;). Foru' = (uq,...,uy),
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vl = (v, ..., vy), let

N
(w,v) =) uw; (1)
i=1

be the familiarEuclidean inner productlt is Hermitian bilinear, alsosesquilinear in
that

(ozu(l) + Bu®, v> = a(u(l), v) + ,B(M(z), v>,
but
(u, v ® + pv@) = &lu, vP) + Blu, v@).

The square of th&uclidean nornis ||u||? := (u, u).
A bilinear formon a vector space is a functidan, v),, on two vectors as is the
Euclidean inner product (1). It is linear in each variable rather than Hermitian bilinear,

i.e.,
(ozu(l) + ﬂu(z), v)w = a(u(l), v)w + ,3(u2, v)

w

and
(u, av® 4+ ﬂv(z))w = a(u, v(l))w + ﬂ(u, v(z))w.

(Thew-notation will be explained in a moment.) A simple example is the bilinear form
(u, v) := {(u, v). This form is of course an inner product over a real vector space, but we
assume vector spaces are complex in which casadtipositivei.e., there is a nonzero
complex vector for which (u, u) is not positive and another vectér which could be
the same vector, for whicliz, ) is not negative. (A positive form is one for which
(u,u) > 0 whenevew # 0.) In the case of a general bilinear form the same situation
holds, namely that there is a nonzero vecat®uch that(u, u),, is not positive and &
such thatu, u'),, is not negative.

We do not discuss bilinear forms in a completely general way because the only
bilinear form on vectors that we make use of is:

N
(U, v)y = Zuiviwi, (2)
i=1
whereu' = (uq,...,uy), v’ = (vy,...,vy), andw’ = (ws, ..., wy) is a vector of

coefficients, in this paper usually referred tovesights.A general treatment of bilinear
forms appears in a paper of Freund [18].

Vectorsu andv, u # v, areorthogonalif («, v) = 0, andformally orthogonalif
(u,v), =0.



256 P.E. Saylor, D.C. Smolarski / Why Gaussian quadrature in the complex plane?

3. Classical orthogonal polynomials

The standard reference for orthogonal polynomials is 8gegassical monograph
[48]; also see [12, pp. 104ff; 20, pp. 238ff; 22, pp. 69-74; 52, pp. 48-81]. The theory
begins with aveighted inner product of two real functiorfsandg, defined on an interval
of the real axiga, b), a < b by

b
(fr g = / FE)gEwE) de, 3)

wherew (&) is a positiveweight functionover (a, b). (We make some simplifications.
Gaussian quadrature in principle approximates integrals on any measurable set. Thus we
could use the union of intervals or more complicated sets as the domain of integration
but, for our purpose, an interval suffices. Also, we will assume integrability.) In the
discrete case, (3) becomes

M
(f. 8w =) fE)EEWE) 4)

i=1

for some numbeM equal to the total number of discrete points.

3.1. Orthogonality

Orthogonality applies generally to functions in a function space with an inner prod-
uct. Thus functionsf andg areorthogonalif {f, g),, = 0. Since our concern is with
polynomials only, henceforth we neglect the generality of many well-known concepts.

We shall summarize some well known facts about real orthogonal polynomials.
Fuller discussions are in the references cited above, but see, in particular, [23,52] and
[22, p. 164].

We shall usep; to denote an orthogonal polynomial of degiedreal orthogonal

polynomials¢;, i = O, ..., satisfy a three-term recurrence, following the style in the
recent text of Heath [33, p. 224],
$i(§) = (@€ + Bi)pi1(6) — i 2(6), 1<, (5)

whereq;, E andy; are real,¢_1(¢) is 0, and¢o(£) is real and nonzero. The key to
deriving the recurrence is that the independent variable transfers from one side to the
other in the inner product:

(b, 9) = (9. EV)u. (6)

Remark 1.The transference property in (6) holdsfifandg are complex valued func-
tions and the inner product is either

b
fr g = / FETEWE) de, @)
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or

M
(f. 8w = fEIEEIW(E)

i=1
instead of (3) or (4). Fat andb real,& andg; are assumed to lie ifa, b]. The transfer-
ence property holds becausén (6) is real.

Recurrence (5) is equivalent to the matrix—vector equation

ED(E) = S D (&) + (o (5)/ k)& (8)
whered (&) = (¢o(&), ¢1(5), ..., d—1(£))7, & is thekth unit vector(0, 0, ..., 1)T, and
Sk = (s;;) is thek x k tridiagonal matrix defined by,_1; = ¥/ @, s;; = —pB;/ @; and

sii+1 = 1/@; (cf. [28]). This matrix is called thdacobi matrix [22, pp. 163-64; 28].
In practice, CG runs for a number of steps much less than the nunibef,unknowns.
The cost of computing the eigen-structure of a Jacobi matrix is therefore much less than
the flop and communication cost of an inner product suaH a%.
If € is a root of thekth orthogonal polynomialp, then (8) yields

£o(2) = si0(F).

Thereforef is an eigenvalue of the matris with corresponding eigenvectdr(€), and
conversely an eigenvalue §f is a root ofg,.

3.2. Conventions for a three-term recursion

The two conditions thap; be orthogonal t@,_, and tog;_, determine the recur-
rence coefficients;, ; and7; in (5). Two conditions for three parameters yields an
underdetermined system with an infinite number of solutions for the three parameters.
One more (nontrivial) condition would determine the three parameters uniquely. The ex-
tra condition results from some special way in which orthogonal polynomials are being
used. Our reason for bringing this up is that each one of these special ways gives rise to
its own convention for writing the recurrence formula, which may not look like (5). To
help sort through the confusion, we have listed here the different conditions and conven-
tions, some of which the reader may have seen and be familiar with. Our remarks apply
not only to orthogonal polynomials, to which our discussion has so far been restricted,
but also to formally orthogonal polynomials, which are the basis for Gaussian quadrature
in the complex plane.

Monic polynomials. Let¢_; =0, ¢ = 1. Leta; = 1 in (5) so that (5) becomes

¢ (&) = (& + Bi)bi—1(8) — Tihi—2(£).

Stiefel uses this convention in [47] and Gautschi in [22, p. 164], but we do not use monic
polynomials in our paper.
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Residual polynomials. Residual polynomials [47] are orthogonal polynomials for
which ¢;(0) = 1. The new condition the recurrence parameters in (5) how have to
satisfy is:

1=R8 —7. 9)
By convention, a different symbol tha#, such asR;, is used to denote a residual poly-
nomial. Moreover, there are various ways to rewrite the recurrence relation depending
on how (9) is used to eliminate one of the three parameters. Residual polynomials are
used in sections 9 and 10.

Normalized polynomials. A sequence of orthogonal polynomials f®rmalized if

(¢i, ¢i)w = 1. In the case of formally orthogonal polynomials the inner prodyct).,

is replaced with a bilinear form, wherg andg are general complex valued functions
that may or may not be polynomials. When the polynomials are normalized, the Jacobi
matrix S, turns out to be symmetric. In this case, we rewrite the recurrence relation (5)
in different notation:

i i 1
Egi(E) = %«p,-,l(s) + %«p,- (©) + = 411(6). (10)

which is in the style of Wilf [52]. We shall use this convention in section 5.2, though for
formally orthogonal polynomials instead of orthogonal polynomials.

3.3. Conjugate gradient method, orthogonal polynomials, and Gaussian quadrature

The conjugate gradient (CG) method of Hestenes and Stiefel solves the linear sys-
temAx = b, whereA is HPD. The standard algorithmic form of CG is:

Algorithm 1. The Conjugate Gradient Method.
Purpose: To solveAx = b.
Assumption: A is HPD.
Initialization: Choosex©@. Set
r©@:=p— Ax©
49—,
Dok =0, ..., until convergence
I ® 2
d®, Ad®)
D= 0 g g®
pUHD . 0 _ o A g®
”rw+b”2

3
~

A= e
d*HD = D g @)
End Do.
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See, for example, [27, p. 527; 44, p. 179].

Vectorsd® and r® k = 0,..., are called thedirection vectorsand resid-
ual vectors respectively. The direction vectors, satisfy theorthogonality condition:
(dV, AdP)y = 0ifand only ifi # j. The residual vectors satisfy the standard Euclidean
orthogonality condition(r@, »V) = 0 if and only ifi # ;.

For A, the Krylov subspacéds V, := span(s, As, ..., A*"1s}. Usually it is not
necessary to show the dependencypbn A and theseed vectos. AssumeA ands
are such that the dimension ©f is k.

For anyv in V,, we have

v=P(A)s,

whereP () = Zf:o y;iAl is a polynomial of degreg, with real coefficients;. We now
assume the special choice of the initial residual vector for the seed vacterr©.
Since the CG residual and direction vectotd andd® lie in V;, they correspond in a
one-to-one fashion to polynomial®, (1) and D, (1), which are called theesidualand
direction polynomialsespectively, [35, pp. 428-429].

Next we relate the inner product in CG to the inner product of polynomials. Ex-
pand the initial residual in terms of eigenvector®) = vazl 0;A; g;, With A; andg; an
eigenpair ofA and with6; a real or complex coefficient. Sineeis HPD, 4, is also real.

Let

2 .
w(h) = (|9i|)\i) for A = A, l.=1,...,N,
0 fora#£x;, i=1,...,N

Then the residual polynomials are orthogonal with respecet ). As noted in sec-
tion 3.2, residual polynomials have the special property Baéd) = 1, which expresses
the “consistency” of the algorithm, i.e., that the solution satisfies certain algorithmic
formulas. They also satisfy the minimization property

/|Rk(x)|zw dr < f|Pk(,\)|2w dr,

where P, is any residual polynomial of degrdeor less, i.e.,P,(0) = 1. This is a
restatement of the fact thatdf® := x — x® is the error, ther® = R,(A4)e® and
(e® Ae®) is minimized.

3.4. Classical connection to Gaussian quadrature

A quadrature ruleis a finite sum that approximates an integral. The classical
Gaussian quadrature rule has the form

b k
[ reuwed =Y wre+a. (11)
a i=1

whereg, is the error. Itisexacti.e.,g, = 0, if (&) is a polynomial of degreek2— 1 or
less. Thev;’s are real and are callegleightsand theg;’s are callechodes The nodes are
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real and the roots of the degre@olynomial from the family of polynomials orthogonal
with respect tow (cf. [12, p. 302] or [22, pp. 157ff]). These orthogonal polynomials
could come from CG, an observation Golub et al. [13,16,25,26] (an incomplete list of
references) have exploited.

The weights and nodes may be computed from the Jacobi n#tiix (8). (The
details are omitted, see [22, pp. 164—165]. We give a Jacobi matrix in this paper but, for
formally orthogonal polynomials, see section 6.2.)

3.5. Classical connection to the Lanczos algorithm

We will make only passing reference to the Lanczos algorithm even though we
focus on the BCG algorithm later which is derived from the Lanczos algorithm. The
well-known, all-important property of the Lanczos algorithm is that it yields a tridiag-
onal matrix at each step, the eigenvalues of which approximate the eigenvaldes of
[27, p. 473]. This tridiagonal matrix is, in fact, the Jacobi matrix of sections 3.1 and 3.4
above, as well as of section 6.2.

The algorithm generates an orthogonal basis of each Krylov subspaateeach
step which the CG method also does, using seed ve@or(The orthogonal basis that
CG generates is the set gf’s.) If the Lanczos algorithm uses the same seed vector,
the two algorithms are equivalent, but have different goals: in one case, to solve a linear
system, and, in the other, to estimate eigenvalues.

4. Orthogonal polynomials in the complex plane

Analogous to (3), theveighted inner product for complex valued functighand
g is defined as:

F. g = / FOOw@)ld| (12)
Y

for w(¢) a positive weight function, angd an arc [48, p. 365].
As before in section 3, if functiong andg satisfy(f, g).,, = 0, they are said to
be orthogonal In the real case, a sequence of orthogonal polynomgials = O, .. .,
are related through a three-term recurrence relation. But, in general, in the complex case
there is no three-term recurrence relation [38]. (An exception occurs on the unit circle in
the case of so-called SAzgolynomials [4,31].) Aninformal explanation as to why there
is no three-term recurrence is that the key transference progeftyg), = (f, &) w,
no longer holds: In general, for an arc in the complex plane,

(f, 8w # (fs &) ws

in contrast to (6). We shall not pursue this avenue any further but instead turn next to
formally orthogonal polynomials.
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5. Formally orthogonal polynomials

We have seen that orthogonal polynomials in the complex plane (cf. [48]) do not
in general satisfy a three-term recurrence [38]. For simplicity we strive to obtain three-
term recurrences. More general recurrences, however, also yield Gaussian quadrature
[19, p. 379].

In place of orthogonal polynomials, we resorféomally orthogonal polynomials
i.e., a set of polynomialgy, . .., for which (¢;, ¢;),, = 0if i # j, where(rw, ¥), is a
bilinear form, examples of which are below.

Observe that we leave open the possibility ti@at ¢;),, = 0. In the rest of this
paper, in order that algorithms execute, we will assume(thatp;),, # 0 and that for-
mally orthogonal polynomials satisfy a three-term recurrence. Such formally orthogonal
polynomials are said to kregularin [19].

5.1. Continuous and discrete integrals in the complex plane
We present an overview of some of the ways in which bilinear forms arise.

Complex integrals. The integral
[ rowe. (13)
14

whereh is an analytic functionw is a complex valued weight function, and d=
d¢ +idn, is standard in complex function theory. The domain of integratigiis an arc.
It is an elementary fact of complex function theory that the integral is independent of
Therefore, ify connects: to z anda is constant then the integral defines a function of
the derivative of which i&%, whenw(¢) = 1.

Complex integrals yield the bilinear form

(f. ) = / FO8OWE) k. (14)
Y

This bilinear form is symmetric but not positive and not an inner product. Symmetry

means that( f, g)» = (g, /). Note that in general f, /). # 0, f # 0. In general,
(f, )w is nonreal; moreover it may even happen t#t /), = 0 for f £ 0.

Two dimensional integrals. If we identify the complex plane with the real 2D plane,
then integration and Gaussian quadrature over the complex plane connects with the po-
tential theory interpretation of iterative methods [15].

Line integrals. In this case there is a slight though important change from (13). A line
integral is:

/ hEw ()], (15)
Y
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where; = & + in is a complex variable angtlz| means arc length, i.eldz| =

VdEZ 4 dn2.

Line integrals yield the bilinear form,

(2 §) = f FOEWO)d]. (16)
Y

In contrast to the bilinear forrd £, g))., in (14), this form yields an inner product

(. 8)w = (F©).3D)), = / FOTOW@)Id ], (17)
Y

provided thatw is positive ony. Sze@’s classic monograph on orthogonal polynomials
[48] includes an extension of the real theory to the complex plane in which he uses the
line integral in order to work with an inner product.

Discrete integrals. The discrete bilinear form,

M
(fs w =Y @)W (18)

i=1

may be viewed as a line integral over an arc connecting the points., ¢y with a
complex valued discrete weight,, defined on the arc. It is a discrete version of either
(14) or (16) and is the same as (4). We choose to interpret (18) as a line integral. Sums
of this kind arise from BCG.

5.2. Generating formally orthogonal polynomials

In this subsection, we viewr, ¢),, as any symmetric bilinear form on polynomi-
als. If they exist and¢y, ) # 0, formally orthogonal polynomials satisfy a familiar
coupled three-term recurrence relation. We state an algorithm next and then prove that
the polynomials it generatasnder the assumption that they exiése normalized for-
mally orthogonal polynomials. A formally orthogonal polynomial is said tabemal-
ized if (¢r, dr)w = 1 (cf. (10)).

Algorithm 2. Generating Formally Orthogonal Polynomials.
Purpose: To generate normalized formally orthogonal polynomials.
Assumption: No division by zero occursi¢y, ¢i)w # 0,0 < k.
Initialization: Setgo(¢) = [(1, 1), 1~ Y2

Choose integer Limit, Z Limit.

Set
DV,

%= (Lo, P0)uw (19)

Vo

—1/2
Vo= [(5% — ;—Zfbo, S — ;—Zqﬁo) } (20)
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~ Vo
Vo = Vo=
Vo

$1(2) =YL () — vodo(Z)
Dok:=1,...,Limit—-1

2= (i (21)
Vi
g =k, Dr—1w (22)
Vi
Vi Ok
P) =t (&) — =i (&) — = hr—1(0)
Vi Vi
Ve=[(p, P, (23)
~ Vk
Vi = Vi =
Vk
~ Ok
Ok = V=
Vk
Ge41(8) ==Vl P () — Vi (C) — oup—1(¢) (24)

End Do.

Theorem 1. Assume(¢y, ¢r) # 0, 0 < k < N, in algorithm 2. Then algorithm 2
generates a sequence of normalized formally orthogonalpolynomjals=1, ..., N,
such thatp; is of exact degreeéand(¢;, ¢;),, =0for 0< i, j <k, i # .

Proof. The proof follows the real case [47, pp. 2-3 ] and is a simplification of the one
in [46, pp. 49-50].

The proof is by induction ok. To establish the theorem far= 1, observe that
relation (19) together witth; (£)/ Vo = ¢ ¢o(¢) — (vo/ Vo)¢o(¢) Yield (¢1, ¢po)w, = 0. The
normalization ofp, follows from (20).

Assume for 0< i, j < k, i # j, we have(¢;, ¢;),, = 0.

Conditions (21), (22) yieldgi11, ¢x)w = 0 and(¢yi1, dr_1)w = 0, respectively,
whereas (23) give&pii1, Prr1)w = 1.

It remains to show thag, ;1 is formally orthogonal t@;, i < k — 2.

Since by assumptioty, ¢;).,, = 0 andv(¢r_1, ¢;)» = 0, we have

(D41, D) w = Ve (C i, i)

From (7, ¥)w = (7, {¥)w, the fact thatt ¢ (¢) = ¢ipa(8)/ Vi + (vi/ V)i (§) +
(0;/V;))¢;_1(¢) and the assumption th&py, ¢;),, = 0 fori < k — 2, it follows that

(P Ei)w = 0. u

Remark 2.The existence of formally orthogonal polynomials is not equivalent to
(o, d)w # 0, 0 < k. For, if y is an integrable, closed curve, such as a circle, then (see,
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for example, (14)X(¢x, d1)w = 0, 0 < k, for any sequence of polynomials of exact
degree.

Henceforth when we refer to a set of formally orthogonal polynomials, we continue
to assume that they exist and thiat, ¢;) # 0, 0 < k < K, for somek .

6. Complex Gaussian quadrature

The analog of (11), for the case that the domain of integration is ap amahe
complex plane, is

k
[ el =Y ais@ + e (25)
Y i=1

a formula that isxact i.e.,e, = 0, whenf (¢) is a polynomial of degreek2— 1 or less.
As before in section 3.4, the;’s are called theveightsand thez;’s are called theodes

6.1. Deriving nodes and weights

We shall sketch a derivation of expressions for the nagemnd the weights;
in (25).

Let ¢, ..., be a sequence of formally orthogonal polynomials, i@, ®;), =
0,7 # j. The derivation proceeds as in the real case but with formal orthogonality in
place of orthogonality.

Assume that the integranfl(¢) is a polynomial of degreek2— 1. The division
algorithm for polynomials gives

f(&) = & (¢) Or-1() +1;(2), (26)
whereQ,_, is the quotient and; is the remainder of degrée— 1 or less. This yields

/f(()w(é)ldél =f¢k(§)Qk1(§)w(§)|d§|+/rj(§)w(§)|d§|-
14 14 Y

Polynomialg, is formally orthogonal to any polynomial of degrke- 1 or less. There-
fore,

/ﬂommm=/mmmmmL @7)
Y Y

Let thek roots of¢, (¢) be¢y, ..., &, and let
k

=1
L) =||—
n §i = ¢
j#i
be theith Lagrange basis polynomial which is such thét;) = §;;, wheres;; is the Dirac
delta function. (Our notation for the Lagrange basis polynomial is standard but conflicts
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with our convention elsewhere that a subscript denotes polynomial degree./; Tihus
of degreek — 1 rather than degree) Sincer;(¢;) = f(g) for 1 < i < k, we have

i) = Yk, f(@)Li(©). From (27),

k k
[ o= [ (Z f@i)li(:))w(mdu =Y s [ 1©udl
14 Y \i=1 i=1 Y

Therefore quadrature form (25) is exact if
o= [ b, (28)
14
We see that the nodeésare the roots o, and conversely.

6.2. Formulas for the weights continued: The Jacobi matrix

We shall follow [52] to obtain modern formulas for the weights. We begin with an
alternative expression fay(¢), namely,

P ()
L) = —"".
= @
From this and (28),
o) = [ LD g (29)
1% C - Ci
Assume thady, . .., is a normalized sequence of formally orthogonal polynomials.

The recurrence for normalized formally orthogonal polynomials (cf. (10), (24)),
1 V; 0
= $i+1(8) = £¢i(§) — =i () — =¢i-1(8),
Vi Vi Vi

is equivalent to the matrix—vector statement [52, (28), p. 55]

ool 0
Vo V1
01 V1 1 0
1) o 2 sae) (B2
Vi—2 Vi
o ... 0o 22 2

ko1 Vk-1
In matrix—vector form, (30) is equivalent to

co(©) = 5,00 + (5 e @)
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wheres, is the Jacobi matrix (cf. (8)) is thekth unit vector(0, 0, ..., 1)T, and

O(2) = (¢o(6). $10). - .. rea(D))
If ¢; is aroot ofg,(¢) in (31), then

Gi®(&) = S ®(&). (32)

As in the real case, we therefore see what;) is an eigenvector af;, corresponding to
the eigenvalue;.

The weights result from the first components of the eigenvectof; [#8]. Also
see [21, p. 79; 29,30]. The derivation begins with the Christoffel-Darboux identities.

6.3. Christoffel-Darboux identities

The derivation of the Christoffel-Darboux identities is an extension of the real case
[52, pp. 55-56]. We include it for the convenience of the reader; also see [8, p. 127ff].
We shall need the fact that the tridiagonal Jacobi maftyils symmetric (but note
that in general it is non-Hermitian).

Theorem 2.
v 1
2 = 0 0
Vo V1
a u 2 0
V1 V1 V1
S = : : (33)
1
T;k 2
0 0 % Vi1
Vik—1 Vik—1
is symmetric.

Proof. Since

Gi+1(2) =V di () — vii ($) — 07¢i—1(8)
for 0 < i < k we have that
1= (¢it1, ditD)w = Vi(CPi, PitDw, (34)
which, together with (22), implies that
a_ L 0
Vi Vi—1
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We now return to deriving the Christoffel-Darboux identities. Replatsy p in
(31), to obtain

p®(p) = 5P (p) + ( >¢k(p)ek (35)

Take the dot product of (31) on the left wi(p) on the right. Then take the dot product
of ®(¢) on the left with (35) on the right, and subtract the second resulting equation from
the first. The symmetry of; gives

1
¢ -p[e@ - 2@]= (;—k>[¢k_1(p)¢k(§) — Bi-1(O e (0)],

the first Christoffel-Darboux formula far andp complex.
Dividing by ¢ — p and rewriting the dot product yields

Zd’:(()@(ﬁ) < k)[d’k 1(/))(/)1(((2 fk—1(§)¢k(0):|. (36)
i=0

If p — ¢ in (36) then a complex version of the second Christoffel-Darboux formula
results:

k-1 1
Z ¢>l(§) ( k)[ k(D) 1) + D10 (0)]- (37)
=0
Let¢ =¢; in (37), wherez; is a root ofg, (¢). Then
k-1 1
Z ¢z(§] = <»Da_k)¢kl(§j)¢k/({j)- (38)
i=0
It follows that if, in (36),p = ¢;, then
k—1
Y @i = (—)M. (39)
Vi { {j

i=0

We integrate both sides of (39) over aravith respect to the weight functian(¢).
The right side can be written as

1 i ($)
il RS del.
(U)m 1((,)/y P i)

and the left as

k—1
/ Z¢,<;)¢,<;,)w<;)|d;| [t @ @HwE)ldz .
Y

i=0 i=0 Y
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But ¢; (¢;) is a constant for eachand the polynomialg;,i =1, ..., k — 1, are formally
orthogonal to constants. In addition, sirfeis normalized,

/¢0(§)¢0(§/)w(§)|d§| =1
14

Thus, the left side reduces to the constant 1, and

1 & (8)
1= = )dr_1(¢; dz|.
(;,)‘f’k 1(;,)/y P i)

Isolating the integral, we get

Vi & (¢)
= d .
dr-1(¢;) /y ¢ — Cjw(§)| 3

Equating the left side of this equation with the left side of (29) above gives

~

() =
Aa i r-1(g))

Solving forw; yields w; = Vi /(-1(¢;)¢’(¢;)), which is the reciprocal of the right
side of (38). It follows that

k-1

1=o;, Z[¢i(§./)]2 = o] o) (40)

i=0
since the sum in the middle expression is merely the square of the norm of the eigenvec-
tor ®(¢;) of S (see (32)).

Letq; denote the normalized eigenvector:

g 26
TeeHl
Denote theth component ofj; by ¢; ;. Using (40), we obtain
2
q7,;
w; = —, (42)
19

This provides a method to obtain the weights from the eigenvalues and eigenvectors of
the Jacobi matrix in (30).
An algorithm to obtain quadrature formulas results.

Algorithm 3. Gaussian quadrature.

Purpose: To compute nodes and weights for Gaussian quadrature in the complex plane.
Input: The number of terms, in the Gaussian quadrature formula. If the integral is
continuous, an arg must be provided as part of the integral. If the integral is discrete,
an arcy is implicit; evaluation of an integral is equivalent to an inner product of two
vectors.
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1. Generate a set of polynomials formally orthogonalalong the givery ar€his re-
quires evaluating integrals. (Below in section 7 we do this with a composite mid-
point approximation to the integral using a large number of fixed, determined [non-
Gaussian] nodes.)

2. Derive the Jacobi matrif; (cf. (30)) from the three-term recurrence relation. The
eigenvalues of this matrix are the nodes of the quadrature rule.

3. Generate the weights from the eigenvectors dof, and formula (41).

We conclude by mentioning that Gauss—Radau and Gauss—Lobatto may also be
developed in the same way by extending the standard theory. Further details are in
section 11.

7. Experiments

Our experiments are based on an implementation of algorithm 3. We approximate
the normalized integral

1
7 /y f(@)1dz], (42)

whereL is the length of the arg. Thus(1/L) fy f(2)|dz| = 1whenf(z) = 1.

Three node points and weights were computed for several integrals along either a
straight line or a piecewise straight line. To compute the inner products needed in algo-
rithm 3, we evaluated integrals with a composite midpoint rule rather than analytically,
with a large number of panels, so as to assure full precision. We d$edidivisions
of the arc and double precision arithmetic. We compared the Gaussian values with an-
alytic values of the integral in example 1 and with values obtained from the composite
midpoint rule in example 2.

Example 1. For the straight line between the origin and 2i (along the imaginary axis),
algorithm 3 gave the following nodes and weights:

Nodes Weights
1.77457667i 0.277777777
[ 0.444444444

0.225403331i 0.277777777

The values for the Gaussian quadrature rule matched those numerically computed for
the integrals along the arc for test integrals of landz? to at least 11 significant digits.

The analytic values of the integral were 1, i, and/3, respectively. Note that in this

case Gaussian quadrature in the complex plane reduces to classical quadrature since the
line is a rotation and translation of an interval on the real axis.

Example 2. For the dogleg arc going from the origin to i and then along ald in
the first quadrant to % 2i, algorithm 3 gave the following nodes and weights:
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Nodes Weights
0.104489430+ 0.230172537i (233255045- 0.106638568i
0.345707195+ 1.01610238i (610352297 4.65830837x 1072
0.865188790+ 1.78088764i (256392657 6.00554844x 10~2i

The values for the Gaussian quadrature rule matched the composite midpoint rule values
of the test integrals of 1;, and¢? to at least 15 significant digits. The results from the
composite midpoint rule were 1,2828932+ 1.085786i and—1.309644+ 0.9763107i,
respectively.

8. Biconjugate gradient algorithm

Standard references for BCG are [3, p. 494; 36, p. 47; 44, p. 212]. We state here
the usual form of the BCG algorithm, known as @eninform, under the assumption
that the sequences exist, i.e., no division by zero occurs. Then we derive a three-term
recursion for the residual vectors. We also derive a recursion for the residual vectors.
This recursion generates the Jacobi matrix, from which we obtain complex Gaussian
quadrature.

8.1. Omin algorithm for BCG

This form of the BCG algorithm is patterned after the most familiar form of the
CG algorithm.

This algorithm generates sequencesdiofthogonal vectorsy @ andr @, that is,
vectors such thatF ), /) £ 0wheni = j. (For further discussion on biorthogonality,
see [9].)

Algorithm 4. The Biconjugate Gradient Method (BCG).

Purpose: To solve Ax = b through generating sequences of biorthogonal vectors.
Assumption: No division by zero occurs.

Initialization: Choosex©@. Set

r@.=p— Ax©,

Choosé&” @ such that{ 7@, r©@) £ 0. Set

d9 =0 (43)
d®.=7© (44)
Dok =0,1,..., untl convergence
(7(k) r(k))
o = —_
d®, Ad®)

x Y= x® gy d®
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r = r® — o Ad® (45)
FhED 30 _ G A g® (46)
’3 B (7(k+1)’r(k+1)>
KT R0 )
d*D = Dy g g®) 47
d*k+D kD By d® (48)

End Do.

We will call bothd® andd® direction vectors.

We note without proof that® = b — Ax®. Also, for j not necessarily equal to
k, 7/ is a residual vector even though in the cas& 6t there is no explicitly given
systemA*X = b to be solved. There do exist, howeverandx© for which7© =
b — A*¥©_ If the algorithm also computed*D := ¥® + ¢, d®, then, as it may be
shown,x©, ..., would be a sequence of approximations to the solution*af = » for
which7® = b — A*X®_ This will justify references t&© below as a residual vector.

8.2. Recursion for the residual vectors

We derive a recursion for the normalized residual vectors. This will yield a recur-
sion for a set of normalized formally orthogonal polynomials from which a symmetric
Jacobi matrix results.

To obtain a three-term recursion, we first have to rewrite the BCG algorithm. We
shall follow the derivation in [2p. 1551], with the necessary changes.

Setr©@ = d© = p andF @ = 4@ =z in (43), (44) of the BCG algorithm. Define
o_1 = 1, /3,1 =0.

Sincead® = x**Y — x® it follows from (47) that

o _ (04 —
XD = g r® 4 (1+ &)xﬂd — &x("*b, 0<k,
o1 o1

which is of the form
x* D = Pk(x(k) + Mkr(k)) + L - p)x*P, 0<k, (49)

whereug = ag, po = 1.
Note that

x = pex + (1= pp)x. (50)
Multiply (49), (50) by A and subtract to obtain
P = o (r® — 1 Ar®) + (1= pr®? (51)

(cf. [2, equation (4.4e), p. 1551]).
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Rearranging terms, we have

Ar® = 1-n Pk =) ir(k) 1 r&D (52)

Pr Mk Mk Pl Mk

where
OO —1 .
ppy = ————————  (With uo = ap)

Q-1+ o -1

and
oy Br-1 :
k

8.3. Normalized residual vectors

Thus far we are working with residual vectors only, not with normalized polyno-
mials. Ultimately we will reach the topic of normalized polynomials, in fact normalized
residualpolynomials, from which a symmetric Jacobi matrix results (see (8)). Symmetry
is equivalent to normalizing the residual polynomials.

We proceed in a straightforward way as follows.

Letn, = /(¥®,r®) and
(k)
wh "
Nk
Then (52) is equivalent to
Aw® = Lol g L Mt yen) (53)
Pk Mk M PilMi Mk

9. BCG polynomials and complex Gaussian quadrature

In our application to sums from BCG such as the scattering amplitude, we make
use of certain polynomials that BCG generates, which yield Gaussian quadrature formu-
las. In this section we describe these polynomials, callE® polynomialsshow that
they are formally orthogonal and link them to complex Gaussian quadrature. BCG poly-
nomials are well-known [32], see also [17]. Our approach simplifies the biorthogonal
polynomials derived in [46].

9.1. BCG residual vectors and polynomials
Vectorsd® andr® belong to the Krylov subspace
Vi :=spar{r©@, ..., A= O}
whereas/® and7 ®) belong to the Krylov subspace
Vi i=spar{7 @, ..., (aH)" 7O},
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AssumeV, and ‘712 are of dimensiork. Vectors in these subspaces correspond to poly-
nomialsRy, Dy, Ry and Dy, which are such that® := R, (A)r©, d® = D, (A)r©,
FE = R (ANF O, d® .= D (A*F O,

Below we shall use) to mean that polynomial obtained from polynomialby
conjugating the coefficients af, i.e., ¥ (1) := ¥ ().

Theorem 3. ?k(g) = Ry (2).

Proof. The proof is an easy induction based on the fact that the coefficients in either
(45), (46) or (47), (48) are conjugates of one another. d

9.2. Formal orthogonality of BCG polynomials
Next we turn to the relation between BCG residual vectors and BCG residual poly-

nomials and from this point on ignoi®;.
Assume that the eigenvectors #fare complete. Let

N
r@ .= Z Oirigi (54)
i=1
and
N
7O = Zeixigi» (55)

wherex;, g; anda;, g; are eigenvalues and eigenvectorsAoénd A*, respectively (cf.
section 3.3). Recall that® = 0 from which it follows that

b=r? and ¢=70.
(The vector corresponds to the vectérin algorithm 4.) Moreover,
c'h= (7(0), r(0)>. (56)

We have

N
r® =" Re()g;
i=1

and

N
FO =3 0XR (G-
i=1
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These are biorthogonal vectorts!”), 7®) = 0 if j # k. We observe without proof that
the eigenvectors o andA* are also biorthogonakg;, gx) = 0 if j # k. Therefore,

N
(r.FO) =" 0:0,37R; (M) R (ki) =0 for j # k. (57)
i=1
We now establish formal orthogonality between polynomijsand R, meaning
that in place of an inner product there is a nonpositive bilinear form. Equation (57)
expresses this formal orthogonality if there is a weight function that makes it possible to
write the BCG inner products as integrals of polynomials. To find the appropriate weight
function, start with (54), (55)

N p—
(r®7O) =3 "0,6,2. (58)
i=1

The weight function therefore is

9,;,)\.[2 fora=x;,i=1...,

A) =
w) {0 fora#£x,i=1...,

N,
N (59)

’

since

0=(r<«’>,7"‘))=fRj(c)ﬁk(E)w(cNda =/Rj<¢)Rk<¢)w(C)|d4|- (60)
Y

14
For polynomialst andv, let

(T, Y)w =T (Y (Qw(Q)]dS]. (61)

We now have a symmetric bilinear form, i.éx, ¥), = (¢, 7),. Note that symmetry
still does not mean thatr, v),, is an inner product, however, sin¢g, ¥),, = 0 is pos-
sible for nonzera). Thus, a symmetric bilinear form allows for, but does not guarantee,
a sequence oformally orthogonalpolynomials [8], which is a sequence of polynomials

o, ..., suchthatg;, ¢r), =0, j # k.
From (60), it follows that

(Rj,R)y =0, j#k. (62)
9.3. Jacobi matrix

Given a set of formally orthogonal polynomials, there is a corresponding set of
complex Gaussian quadrature formulas, derived from section 6. If the Omin form of
BCG is used, however, direct evaluation of the formulas for the symmetric tridiagonal
matrix S; in (33) are not convenient. Instead we dersefrom the parameters of the
Omin form of BCG by using the Omin parameters to express the coefficients of the
three-term recursion for the normalized residual vectors, (53)¢Lbé the polynomial
such that® = n;¢,;(A)r©. Recursion (53) yields
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$hi(0) =

i M

Pi Ni

It follows that (cf. (30))

$0(¢)
$1(¢)
i 1(4“)

1

Mo
1-p1 Mo
P11 M

$o(£)
$1(5)

hr—1(¢)

10. Relating BCG to Gaussian quadrature

The idea of approximating the scattering amplitude by Gaussian quadrature is due

1 m 0
—Polo 7o
1 1 n2
M1 —P1M1 M1
1— pr_ _
0 Pk—1 Nk—2
Pk—1Mk—1 Nk—1
0
0
+
k
i (2)
—Pk—1Mk—1 Nk—1

1
Topimiy 1O+ = ¢,<¢>———” L i41(0),
ni i [Li

i

1 Nk—1

—Pk—2Mk—2 Nk—2
1

Mk—1

(64)

to Golub [40] and, independently, Warnick [50]. The details are as follows.

At any step of the BCG iteration, the eigenvalues and eigenvectass gife the
node points of the quadrature rule and the weights respectively. Recall (54), (55)

from section 9.1: I1ic© = ¥ © = 0, then

b=)r® —ZQ)»g, and (¢=)7©@ —Z§Xg,,

wheregy, ...

andgy, ...

i=1

are eigenvectors of andA*, respectively.
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If v andv are any two vectors,
veV, = spar[r(o), R AF1L0 — Ak_lb}
and
Ve Vi i=spar{F©, ..., A F O}

then there are polynomialg, and P, such that

N N
v=P(A)r® =P(A)Y Oihigi =D Ok Ph)gi

i=1 i=1

and
N N N N N

U= P(A)FO = B(A) Y 0hE = 0k P %)z

i=1 i=1

Thus,

N A=
(v.9) =D 82ZP(A) P M)
i=1

If w()) is the discrete measure defined by (59) an@.ifg;) = 1, then

N _—~ = ~ —
(v.7) =D 6827 (k) P %) =ka(x>Pk(x)w(x>|dx|,
i=1 14

wherey is an arc connecting the eigenvaluesof N
In particular, if Py and Py are residual polynomials, i.ePy(0) = Py(0) = 1, we
have

rO=p  FO=z

and (cf. (56))

chz(zb)Z/w(mdM.

In general, for any polynomial or nonpolynomial functigh Gaussian quadrature
gives

k
/ FOOwMIA] ~ Y o f ().
4 i=1
But

N _~
/ FOO-1-wG)ldd = " 6:02f () - 1= (£ (A)b.2).
Y i=1
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For f(A) = A~1, we have
1
/ FO) - w®)|dr] = / xw(x)|dx| =(A"'b,c)=c"A™ "D,
Y Y

and

k
T -1 w;
c A b%E —.
= S

11. Further comments

We briefly mention two important variants of Gaussian quadrature. For details we
refer the reader to the work of Gander aniébitek in [20; pp. 254—-60] and of Golub et
al. in [23; pp. 332-335; 25, pp. 108-109].

The Gauss—Radau quadrature rule is a variation of the general Gaussian quadrature
rule for which one node point is predetermined:

k
f FOW@IdZ] % Y o f (&) + o f (@),
Y i=1

wherea is a predetermined (end-)point on the ac In this form, there is one more
weight to determine, namely; ;.

The Gauss-Lobatto quadrature rule is a variation of the general Gaussian quadra-
ture rule for which two points in the formula are predetermined:

k
/ FOWEIde] ~ Y i @) + o1 f (@) + i f (B).
14 i=1

Two additional weights have to be determined.
In both cases, the extra weights can be computed from the eigensystem of a tridi-
agonal matrix just as in the real case, with some necessary changes.
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Appendix: Warnick’s theorem

For completeness, we include in this appendix a statement and proof of Warnick’s
theorem on the equivalence.df’ and the Gaussian quadrature estimate to the scattering
amplitude.
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We continue to assuni@® = x©@ = 0. Then7© = b andr© = b. We follow
convention and usé as the right side of the adjoint syste#tx = b, rather thanp.
Thus,A*Y = ¢.

We shall make use of the following decomposition for residual polynomials. Since
R:(0) = 1, we have

1
Ry(A) = K[X — Ck—l(?»):|, (A.1)
where C,_1(1) is a polynomial of degreé¢ — 1. Observe that,_;()) is such that

x® = Cr_1(A)rO,
We shall denote the Gaussian quadrature formula in (25) by

k
G(f) =Y _ wif@&).

i=1

The family of formally orthogonal polynomials is the family of residual polynomials,
for which the weight function isv defined in (59).

Theorem 4. (Karl Warnick). If x® is the BCG iterate at stelp

G E =cTx®,
A

Proof. Gaussian quadrature with weight functierapplied to (A.1) yields

G(R"km) = GG) — G(Ciav).

Since Gaussian quadrature is exact for the polynomial,

6(Cah) = [ Cra) 1wl

14
= (Ro(A*)7 O Ci_1(A)r @) = (Ex®) = Tx®.

G(R")\(’\)> = G(%) — (2, x®).

The Gaussian quadrature node points are the roaks.dt follows that

G(Rk()\)) —0.
Y

Therefore,

Therefore
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