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Motivation

» Often in this class, goal is to argue that sequence of random
(vectors) X1, Xo, ... satisfies

1 n
~) X; > E[X].
n 1=1

» Law of large numbers: if E[||X||] < oo, then
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Markov inequalities

Theorem (Markov's inequality)

Let X be a non-negative random variable. Then

pox > 0 < B
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Chebyshev inequalities
Theorem (Chebyshev's inequality)
Let X be a real-valued random variable with E[X?] < oo. Then

E[(X —E[X])*] _ Var(X)
t2 t2

P(X — E[X] > t) <

Example: i.i.d. sampling

Prof. John Duchi



Chernoff bounds

Moment generating function: for random variable X, the MGF is
Mx (\) := E[eM]

Example: Normally distributed random variables
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Chernoff bounds

Theorem (Chernoff bound)

For any random variable and t > 0,

B o) < M RGN —EIX])] A
P(X —E[X] 2 ) < inf My_gix)(A)e inf Kle e
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Sub-Gaussian random variables

Definition (Sub-Gaussianity)

A mean-zero random variable X is 0%-sub-Gaussian if

2 2
E[e”f} §eXp<>\20 > for all A € R

Example: X ~ N(0, 0?)
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Properties of sub-Gaussians

Proposition (sums of sub-Gaussians)

Let X; be independent, mean-zero o?-sub-Gaussian. Then
n oo n 2 .
> i1 Xiis ) .4 o;-sub-Gaussian.

Prof. John Duchi



Concentration inequalities

Theorem
Let X be o?-sub-Gaussian. Then fort > 0,

P(X —E[X] >t) <exp (

P(X — E[X] < 1) < exp (
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Concentration: convergence of an independent sum

Corollary
Let X; be independent ag-sub-Gaussian. Then fort > 0,

1 — nt?
Pl — Xz Z t S eEXp | —
B R ).
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Example: bounded random variables

Proposition
Let X € |a,b], with E[X] = 0. Then

2 (b )2
E[eM] < e
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Maxima of sub-Gaussian random variables (in probability)

E [mngj] < v/202logn
i=n
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Maxima of sub-Gaussian random variables (in expectation)

P (maij > /202(logn + t)) <e

j<n
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Hoeffding's inequality

If X; are bounded in |[a;, b;] then for ¢ > 0,

1 — Int?
) (’” ;(Xi C = t) = ( LS (b - ai>2>

1 — 2nt?
P <n ;(Xz - E[Xz]) < t) < exp ( % 2?21([% - ai)2> '
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Equivalent definitions of sub-Gaussianity

Theorem
The following are equivalent (up to constants)

i Elexp(X?/0?)] <e
i E[|X|*]Y* < oVE
i P(IX] > t) < exp(—iy)

If in addition X is mean-zero, then this is also equivalent to i—iii
above

iv X is o2-sub-Gaussian
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Sub-exponential random variables

Definition (Sub-exponential)

A mean-zero random variable X is (72, b)-sub-Exponential if

272 1
E [exp (AX)] gexp< 27 ) for A < -

Example: Exponential RV, density p(z) = Be=P* for z > 0
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Sub-exponential random variables

Example: y2-random variable. Let Z ~ N(0,0?) and X = Z~.

Then
1

[1 —2X0?]

E[GAX] _

—+ Nl

Prof. John Duchi



Concentration of sub-exponentials

Theorem
Let X be (72,b)-sub-exponential. Then

2 -2 )
P(X > E[X]+) <€ 7 TUSISG max{e;;z
e 2 Ift> %
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Sums of sub-exponential random variables

Let X; be independent (77, b;)-sub-exponential random variables.
Then >0 | X; is (3.1, 77, bi)-sub-exponential, where

1=1 "1
b* = Imax; bz

Corollary: If X; satisfy above, then
nt? nt
P >t <2exp | —min — : :
( ) ( {Qi Yica T 2 }>
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Bernstein conditions and sub-exponentials

Suppose X is mean-zero with

1
E[X*]| < 5k!azb’f—z

E[e ] < exp (2(1)\if])\\)>

Then
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Johnson-Lindenstrauss and high-dimensional embedding

Question: Let ul, ..., u™ € R? be arbitrary. Can we find a
mapping F': R? 5 R™ n < d, such that

(1-0) ||u’ — |, < [|[F(w)) = Fud)||; < (1 +0) |Ju’ — /|

Theorem (Johnson-Lindenstrauss embedding)

For n 2 6% log m such a mapping exists.
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Proof of Johnson-Lindenstrauss continued

nt?
P( >t> < 2exp <_8) for t € [0, 1].

2
||XU”2

> —1
n{lull3
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