Stats 231 / CS229T Homework 2 Solutions

Question 1 (Rademacher and Gaussian complexity): In some situations it may be easier to
control the Gaussian complezity of a set of functions than the Rademacher complexity. Given
points x1,...,Z,, the (unnormalized) empirical Gaussian complexity is
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where g; g N(0,1) are independent standard Gaussians. The Gaussian complexity is the expected
version of the empirical complexity G, (F) = E[G,(F)]. Show that, assuming that F is symmetric
in the sense that if f € F then —f € F,

nB(F) < \@énm.

Answer: Let ¢; denote a Rademacher random variable, taking values uniformly in {—1,+1}. We
use the fact that €;]g;| ~ N(0,1), where g; ~ N(0,1), and that
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where (7) is from Jensen’s inequality applied to the inner expectation and the convex supremum

function, (i) is from (L), and (i77) is by the symmetry of F. O
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Question 2 (Gaussian comparisons and contractions):  The Sudakov-Fernique bound is a com-
parison inequality for Gaussian processes that allows substantial control over Gaussian processes,
including more powerful contraction inequalities than are available for Rademacher complexities.
Recall that a collection {X;}ier of random variables is a Gaussian process if X, is normally dis-
tributed for all 7" and all pairs (X, X;), where s,t € T, are jointly normally distributed. Let



{X¢}er and {Y; e be Gaussian processes indexed by a set TE| The Sudakov-Fernique inequality
is that if
E[X;] =E[Y;] =0 and E[(X; — X,)?] <E[(Y; — Y:)?] forall s,t €T (2)

then

E [sup Xt] <E [sup Y}] .
teT teT

This is perhaps intuitive: the condition suggests that X, is somehow more tightly correlated
with itself than Y;, so that we expect Y; to be “bigger” in some way.

(a) Prove Slepian’s inequality from the Sudakov-Fernique bound. Slepian’s inequality is that
E[X:X,] > E[Y;Y;] and E[X?] = E[Y?] forall s,t €T
implies E[sup;cp Xt] < Elsup,er Yz

Now, let us use the Sudakov-Fernique condition to give contraction inequalities for Gaussian

complexity.

(b) Let ¢; : R — R be M;-Lipschitz for i = 1,2,...,n. Let g; S N(0, 1) be independent stan-
dard Gaussians and Z; i N(0, I;) be independent R?-valued Gaussian vectors with identity
covariance. Define the empirical Gaussian complexities

n
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Show that for a numerical constant C' < oo (specify your constant)

én(¢ © @) S C : an(@)

(c) Let £: © x R? — R satisfy £(0, ) = ¢(67x) where ¢ is M-Lipschitz. Define F to be the loss
class F :={{(0,-) : 0 € ©}. Show that

G(F) < Gu(©) := ME

n
sup Z gZHTxi]
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(d) Fix 6* € © ¢ R?, and suppose that we instead use the centered loss class
F:={40,-)—L(6%,-)| 6 € ©}.

In addition, let O = {6 € © | ||§ — 6*||2 < €}. Under the conditions of part (c]), give an explicit
upper bound on

én(f) =E

sup Zgi(f(e;fm) - 5(9*;331'))] :

0€0. 3

What is your bound’s dependence on ¢, the Lipschitz constant M, n, and the dimension d of
©7 How does this compare to the localized Rademacher complexity result we gave in class?

Answer:

!Technically T must be finite, but in our settings we can approximate 7" by finite subsets so that everything holds.



(a) Assume E[X;] = E[Y;] = 0 for all ¢, which is all that is needed for this problem. It is easy to
see that the Slepian assumption implies the Sudakov-Fernique assumption:

E[(X, — X,)?] = EIX?] — 2[X,X,] + E[X?] < B[Y2] - 2E[Y;Y;] + E[Y?] = E[(¥; — Y, 2.
Therefore we can apply the Sudakov-Fernique inequality and conclude E[sup,cr X¢] < E[sup,cr Y7].

(b) Let Xy be the mean-zero Gaussian process defined by Xy = > | gi¢(6), and similarly define
Yo=>1", MiZiT 0. We must verify the Sudakov-Fernique condition for Xy and Yy. We compute

E[(Xs, — X9,)’] =E (Z 9i(¢i(01) — ¢z’(92))>
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where (i) is because g; are uncorrelated so the cross terms disappear and (ii) is from the
M;-Lipschitzness of ¢;. Similarly,

n 2 n
E(Yb1 - Y92)2] =E (Z MlZ;T(Ql - 02)) = H01 - 02||2 Z Mz2
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So the condition is satisfied, and the conclusion follows from the Sudakov-Fernique inequality.
The constant is C' = 1.

(¢) In a similar manner to part (b), define Xy = >_1" | gi¢(072;) and Yy = M Y"1 | ;60T x;. Then
by the Lipschitz assumption,
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We also compute

E[(Yy, — Yp,)’] =E (Mi:gi(ﬁ - 92)ch¢> = M? Zn:((91 02) ;).

i=1 =1



So the condition E[(Xg, — Xg,)?] < E[(Ys, — Yp,)?] is satisfied, and the conclusion follows from
the Sudakov-Fernique inequality.

(d) Applying the result from part (c), we find

Gn(F) =E | su i(0(0;x;) — 0(0%;2;)) | < ME | su (0 — 09Tz,
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where inequality (i) is Jensen’s inequality and uses the fact that E[g;gjz] x;] = 0 for i # j.

In the case that the data xz; are bounded in ¢o-norm, by (say) r this yields
Go(F) < Mrv/ne,
which is tighter than the local Rademacher complexity results we have given (which grow with
dimension, as ﬁn(}“) < Me\/g).
O

Question 3 (Adaptive stepsizes): Consider an online learning problem in which we receive a
sequence of convex functions f; : X — R, where X C R is a compact convex set. Let Dy(z,y) =
h(z) — h(y) — (Vh(y),z — y) be the usual Bregman divergence, and assume that

Dy(x,y) < D% forall 2,y € X.

As usual, we define the regret of a sequence of plays x1,xs,... by

T

Regy == Y [fulwe) — fula™)]

t=1
where z* € argmin, ¢ y Zthl ft(x). We consider the usual online mirror descent algorithm
) 1
Typ1 = argmin { (g, 2) + —Dp (2, 20) ¢ where g; € 9fi(x1).
zeX 877

Assume that h : X — R is strongly convex with respect to the norm ||-|| with dual norm ||-]|,, so
that Dp(z,y) > 1 ||z — y||? for all z,y € X.

(a) Show that for any (nonnegative) sequence of non-increasing stepsizes aq, ag, ..., we have
T D2 T a
t 2
Regr = Z [fe(ze) = fe(2¥)] < 07)5 + Z B gl -
t=1 t=1

(b) Suppose that we choose a fixed stepsize oy = « for all ¢t. Give the value of
T T
D? «
inf <Y =X+ gl
égo {tl @ ! t=1 2 HgtH*}
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(c) Let {a;}~, be an arbitrary sequence of non-negative numbers. Define b = 32'_ a,. Prove

that

where we treat 0/0 as 0.

(d) Based on parts (]ED and (), give a sequence of stepsizes ay, which depend only on the subgra-
dients {g,}L_, through tlme t and the diameter Dx, such that

) D% « d 2
+Z lge|I2 <O()'ég%{a+2;’!9t”* :

Answer:

(a) This is the standard regret bound. We have

T LT
(l)
Regr = Z[ft(l't )] < Z gt, vt — *
t=1 t=1
T T
= Z (gt, xp41 — %) + Z (9, Tt — Te41)
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where the inequality (i) used convexity and inequality (77) used that

<gt + — [Vh($t+1) Vh(zy)],y — mt+1> >0 forally e X

by the standard optimality conditions for convex problems and definition of the update for
T+1-

Now we use our standard Bregman divergence identity that
<Vh(2) - Vh(it),y - Z> = Dh(ya l’) - Dh(yv Z) - Dh(2,$)
applied with y = 2*, 2 = x;41, and x = z; to obtain the following upper bound on the regret:
Regr < Z o [Dn(2*, 2¢) — Dp(2", 241) — Dp(@41, 24)] + Z 9t, Tt — Tiq1) -

t=1

Using the Fenchel-Young inequality as in class, we have

O Ot 1
(g, ¢t — xp41) < 5 ||gt||z + llxy — l‘t+1\|2 < > ||gt||z + OTch(fUtJrl,iUt),
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which gives us the bound
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where inequality (iii) follows because ay < ay—1 and D% > Dp,(z*,z¢) > 0.
(b) We have for any a,b > 0 that
inf {ﬁ + boz} =2V ab
a>0 L«

by taking derivatives and setting to zero, as 1/« is convex and so is b+ « (we take a = \/a/b).
Thus

T
égfo{tz +z ugtu} 203 3 ol

(c) We prove the result inductively. The base case is immediate: we certainly have a1/ /a1 <

Jai < 2./a1. For the induction assume that Zi 11 \“ﬁ < 24/bi—1. We have

t

ZaT btl"‘&
— Vb~ Vi

The first-order concavity inequality that ¢(y) < ¢(z) + ¢/(z)(y — ) for ¢ concave applies to
V/+, guaranteeing that vx + 4§ < /x + —5 Thus we have

\/bt 1_\/bt_at_ bt—m so 2 bt1+ §2\/7

which is the inductive result we desired.
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(d) Take stepsizes

Dx

=

t 2

> = llgrlls

Then we have
N 2 =S 1 s
Regy < Dy | lrl + 25 57— < Dy Zugtu +Dx Zugt
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where we have applied part (d) with a; = ||g¢||>. The constant O(1) term is thus O(1) < v/2.
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Question 4 (AdaGrad): We investigate subgradient methods that change the metric they use
throughout the iterations. In particular, we consider a sequence Hy € R?*? of symmetric, diagonal,
positive definite matrices, which we generate sequentially (this is AdaGrad) as follows:

i. Receive f; and compute g; € 0f;(x)

ii. Set Gy = Zizl diag(g,)? and H; = G2
iii. Update

. 1
Tyl = argmin {(gt, x) + T(x - xt)THt(x — xt)} .
reX (&%

Here o > 0 is a fixed multiplier.
(a) Show that for any z* € X,
d 1
D Uilw) = fula")] < 25 t(Hr) sup ||z —yll% +Z lgell»
t=1 zyeX t=1
where Ha:”i = 2T Az is the usual Mahalanobis norm

(b) Let Do = sup, yex |7 — ¥l Show that the choice a = Dy, yields

T
Z (@) 1)) < 2tr(Hr)Doo-

t=1

(c) Suppose that X = [—1,1]¢ is the £s-box in R of radius 1 and that [ g||, < 1 for all t. Give an
upper bound on the regret of AdaGrad in this case. How does it compare to the regret bound
one would achieve using the standard projected subgradient method?

(d) Suppose that X = [~1,1]? as above and that instead of the fully adversarial setting, the
functions f; are drawn i.i.d. with expectation F' = E[f;] and that the subgradients g, € 9 f;(x¢)
are sparse as follows. We have g; € {—1,0,1}¢, with coordinates gt; € {—1,0,1}, and

P(g; #0) = j7
for some 8 € [0,2]. Give an upper bound on

i. The expected regret of AdaGrad.
ii. The expected regret of the standard projected subgradient method.

In which circumstances is one better than the other?

Answer:



(a) By following the usual calculation as done in the lecture notes (see mirror descent slides), we

find that the progress of a single update is

1

2 2 « 2
filw) = fi@*) < 5 [llae = 2", = leess = 213, | + 5 el

The sum over ¢ is then

T T
S Uil — fila)] < 5 [uxl =2 + 7 [l — 2, — - 21,

t=1 t=2

T
o 2
+2; HgtHH;l
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where () is

T
(%) = (w1 — ") Hy (1 — 2%) + Z(azt — ) (Hy — Hy_ 1) (2 — %)
t=2

T
< DZ tr(Hy) + Y D2 (tr(Hy) — tr(Hy 1)) = D2 tr(Hy),
t=2

since each H; is diagonal with elements greater than those of H; 1. (Here we have denoted
Doo = sup, yex |7 — yllo-) This produces the desired bound

T
> i) z")] < *D2 tr(Hr) + - ZHgth =
t=1

By definition of the Mahalanobis norm,

d

T
> gl = ZZ _ %y <2> WD g =2> Hpj=2tx(Hy),
t=1 \/ ZT 1g7'j J=1 t=1 Jj=1

t=1 j=1

where we have reversed the sums and applied the result of Problem . Now if & = D, the
bound from part (a) becomes

d D, D,
> _lelwe) = fila®) < T te(Hr) + —legtllH 1 < 2D tr(Hr).
t=1 t=1

In this case Do = 2, and ||g¢||, < 1 implies

T

d T d
H) =3\ Sy < 4D < VAT

j=1 \ t=1 t=1 j=1

Therefore, the regret bound from part (b) is 4vdT.
This has the same v dI' dependence as the standard projected subgradient method.



(d) The expected regret is bounded by

T

d
E > [filz) - ft(a;*)]] < 2D Eftr(Hr)] < 2D Y |

i=1 j=1

S i)

t=1

TS < OV,

7j=1

for some constant C.

From class, the expected regret of the standard projected subgradient method is bounded above
by Dxv/TM where where Dx = sup, yex |z —yll, = 2v/d, and

d d 1 ifg>1
M? =) Plg;#0)=>_ j " ={logd iff=1
j=1 =1 d'=F if g < 1.

Ignoring the logarithmic case for simplicity, we have M = dl=Al/ 2 so that

T
Z f(xe) — fe(x )}] < DxVTM < VTdzt1-F4/2,

Evidently, this is worse than AdaGrad’s d'~#/2 dependence for all § > 1.
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Question 5 (Strongly convex regret): Assume that we have an online convex optimization
problem where each f; : X — R is A-strongly convex, meaning

A
fiw) = fi(@) +{gry — 2) + 5w = ylly for g € Of () and z,y € X.

Assume that each f; is also M-Lipschitz, so that ||g|l, < M for all g € 0f(z), v € X. Prove that
for the usual projected gradient algorithm,

Ti41 = 7TX($t - Oétgt)v

where g, € 0fi(xy) and we choose the stepsize oy = %, we have

2

M

Regr <

Answer:  We follow our usual proof for these types of results—we expand the error 1 |lz,41 — z||3.
We have for any ¢ € X that

1
5 241 — |5 < B 2 — cege — 2|5
1 a?
= 2l =l — o (g — ) + L ol

1 A a
< §H$t—xH§—at ft(xt)—ft(x)Jrngt—ﬂ?Hg +7t||9tHga



where the final step used the definition of strong convexity. Rearranging and dividing by o4 yields

1 2 1 2 A 2, O 2
fi(zy) — fi(w) < T% |2 — 95||2 - Tat lzes1 — tz D) |z — 1‘”2 + 9 ”9t||2-

Noting that ||g:||, < M by assumption, we sum the preceding inequality from ¢t =1 to T" to obtain

d L/ 1 1 1
B < B o2, b o2 2
S )~ 10 3= (g~ gary ) el + gy o =l g e~
Za L a
2 t
3 Dl D0 S
t=1 t=1
T T T
A 2 A 2 1 2 Qi 5 2
:25H%—fﬁHz—Z§||93t—$||2—EH$T+1—1»’H2+Z§M
t=1 t=1 t=1
T [0
t a2
< —M
22

where the equality uses that a% = t\. Noting that Zle% < flTH 1dt = log(T + 1) gives the
result. O

Question 6 (Low regret algorithms prove von-Neumann’s Minimax Theorem): A minor extension
of the von-Neumann minimax theorem is as follows. Let A € R™*™ be an arbitrary matrix, and
let X C R™ and Y C R" be arbitrary convex compact sets. Then

inf sup 2 Ay = sup inf 27 Ay. 3
:EGXyG)B Y ye}ExEX Y ( )

In fact, we can say more: there exists a saddle point x*, y* such that

inf 27 Ay* = 2T Ay* = sup 2*T Ay.

In this question, we show how online learning gives a proof of the von-Neumann minimax theorem.
Throughout this question, with no loss of generality, we assume that || A[|,, <1 and ||z —2/[|, <1,
ly—9'll, <lforall z,z’ € X and y,y € Y.

(a) Show the “easy” direction

sup inf z7 Ay < inf sup 2z Ay.
yey T€X reX yey

Consider the following so-called “best response” game: beginning from an arbitrary z; € X, at
each iteration t = 1,2,..., we play

Y¢ = argmax {foy}
yey

and update

. 1
T4yl = argmin {xTAyt + 50 |z — xtHg} ,
reX «

or 41 = wx(xy — aAy), the projection of z; — a Ay, onto X.

10



(b) Defining fi(z) = T Ay, give an upper bound on
T
Regy :=sup > _ [fi(z:) — fi(z)]
zeX ;7

that, for appropriate choice of «, satisfies Regp < V/T.
(¢) Show that for Tp = % Zthl xy and yp = % Zle y¢, we have

1
sup Th Ay < 1nf el Ay + —

yey \/T
Show that this gives von-Neumann’s result . (It turns out that by moving to subsequences
if necessary, this argument also shows that Zp — 2* and yr — y* as T — o0.)
Answer:

(a) For any fixed = and y, it is clear that

2T Ay < sup =T Ay
y'eY

Taking the infimum in x over both sides gives

inf 27 Ay < inf sup 2% Ay
zeX y mexyeg/ y-

But then taking an infimum over y on the left gives the result.

(b) We have that g, := Ay; = V fi(xt), so that letting 2* € argmin, .y Zthl fi(x) (which exists
because f; are convex and X is compact), we have

T T
E ft l‘t E gt,l“t — "
t=1

t=1

But this is the exact upper bound that we have seen in class, so using the lecture notes, we
find that the projected gradient update yields

o=ty e~y e
Z g, T — ) < T+§Z||9t”2-
t=1 t=1
Using that [|gell, = [|Aylly < Al l1yells < I1All,, < 1. we have

1 o
Reg, < — + 7.
8r =9, T3

Choose a = 1/V/T.

(c) Letting Tp = % Zle x¢ and gp = % Zthl yt, we have

B

(®)

1 1 <& 1 <& 1
_ T . T
T;ft(ﬂft)—T;xt Ayt mlg)f({th:;x Ayt} —

1 1
:111fo + — <supinf zTA + —,
Yr ﬁ p Yy

er rxeX \/T

IN

-3
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where inequality (7) is part @ But then fi(71) = sup,ey x] Ay by the choice of y;, so

T
1 1
— sup{z; Ay} < inf 2T Ayp + ——.
T ;yeg{ t y} — zeX yT \/T

Noting that the average of suprema is larger than the supremum of the average (concavity),
we have

T

1
inf sup 27 Ay < sup E%Ay < = Z sup a:tTAy < inf xTAyT +
rzeX

. 1
< sup inf z? Ay + —.
r€X yex yey i3 veY

1
ﬁ yey z€X \/T

As T is arbitrary, we have the result we desire.
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