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Model-Free Policy Evaluation

In the previous lecture, we began by discussing three problem formulations of increasing complexity,
which we recap below.
1. A Markov process (MP) is a stochastic process augmented with the Markov property.
2. A Markov reward process (MRP) is a Markov process with rewards at each time step and the
accumulation of discounted rewards, called values.
3. A Markov decision process (MDP) is a Markov reward process augmented with choices, or actions,
at each state.
In the second half of last lecture, we discussed two methods for evaluating a given policy in an MDP
and three methods for nding the optimal policy of an MDP. The two methods for policy evaluation
were directly solving via a linear system of equations and dynamic programming. The three methods
for control were brute force policy search, policy iteration and value iteration.
Implicit in all of these methods was the assumption that we know both the rewards and probabilities
for every transition. However, in many cases, such information is not readily available to us, which
necessitates model-free algorithms. In this set of lectures notes, we will be discussing model-free
policy evaluation. That is, we will be given a policy and will attempt to learn the value of that
policy without leveraging knowledge of the rewards or transition probabilities. In particular, we will
not be discussing how to improve our policies in the model-free case until next lecture.

4.1 Notation Recap
Before diving into some methods for model-free policy evaluation, we'll rst recap some of the notation
surrounding MDP's from last lecture that we'll need in this lecture.
Recall that we dene the return of an MRP as the discounted sum of rewards starting from time step
t and ending at horizon H , where H may be innite. Mathematically, this takes the form
Gt =

H−1
X

γ i−t ri ,

(1)

i=t

for 0 ≤ t ≤ H − 1, where 0 < γ ≤ 1 is the discount factor and ri is the reward at time step i. For an
MDP, the return Gt is dened identically, and the rewards ri are generated by following policy π(a|s).
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The state value function V π (s) is the expected return from starting at state s under stationary policy
π . Mathematically, we can express this as
V π (s) = Eπ [Gt |st = s]
"H−1
#
X
i−t
= Eπ
γ ri |st = s .

(2)
(3)

i=t

The state-action value function Qπ (s, a) is the expected return from starting in state s, taking action
a, and then following stationary policy π for all transitions thereafter. Mathematically, we can express
this as
Qπ (s, a) = Eπ [Gt |st = s, at = a]
"H−1
#
X
i−t
= Eπ
γ ri |st = s, at = a .

(4)
(5)

i=t

Throughout this lecture, we will assume an innite horizon as well as stationary rewards, transition
probabilities and policies. This allows us to have time-independent state and state-action value functions, as derived last lecture.
There is one new denition that we will use in this lecture, which is the denition of a history.

Denition 4.1. The history is the ordered tuple of states, actions and rewards that an agent experiences. In episodic domains, we will use the word episode interchangeably with history. When
considering many interactions, we will index the histories in the following manner: the j th history is
hj = (sj,1 , aj,1 , rj,1 , sj,2 , aj,2 , rj,2 , . . . , sj,Lj ),

where Lj is the length of the interaction, and sj,t , aj,t , rj,t are the state, action and reward at time step
t in history j , respectively.

4.2 Dynamic Programming
Recall also from last lecture the dynamic programming algorithm to calculate the value of an innite
horizon MDP with γ < 1 under policy π , which we rewrite here for convenience as Algorithm 1.

Algorithm 1 Iterative algorithm to calculate MDP value function for a stationary policy π
1: procedure Policy Evaluation(M, π, )
P
2:
3:
4:
5:
6:
7:
8:
9:

For all states s ∈ S , dene Rπ (s) = a∈APπ(a|s)R(s, a)
For all states s, s0 ∈ S , dene P π (s0 |s) = a∈A π(a|s)P (s0 |s, a)
For all states s ∈ S , V0 (s) ← 0
k←0

while k = 0 or ||Vk − Vk−1 ||∞ >  do
k ←k+1

For all states s ∈ S , Vk (s) = Rπ (s) + γ

P

s0 ∈S

return Vk

P π (s0 |s)Vk−1 (s0 )

Written in this form, we can think of Vk in a few ways. First, Vk (s) is the exact value of following
policy π for k additional transitions, starting at state s. Second, for large k, or when Algorithm 1
terminates, Vk (s) is an estimate of the true, innite horizon value V π (s) of state s.
We can additionally express the behavior of this algorithm via a backup diagram, which is shown in
Figure 1. This backup diagram is read top-down with white circles representing states, black circles
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Figure 1: Backup diagram for the dynamic programming policy evaluation algorithm.
representing actions and arcs representing taking the expectation. The diagram shows the branching
eect of starting at state s at the top and transitioning two time steps as we move down the diagram.
It furthermore shows how after starting at state s and taking an action under policy π , we take the
expectation over the value of the next state. In dynamic programming, we bootstrap, or estimate,
the value of the next state using our current estimate, Vk−1 (s0 ).

4.3 Monte Carlo On Policy Evaluation
We now describe our rst model-free policy evaluation algorithm which uses a popular computational
method called the Monte Carlo method. We rst walk through an example of the Monte Carlo method
outside the context of reinforcement learning, then discuss the method more generally, and nally apply
Monte Carlo to reinforcement learning. We emphasize here that this method only works in episodic
environments, and we'll see why this is as we examine the algorithm more carefully in this section.
Suppose we want to estimate how long the commute from your house to Stanford's campus will take
today. Suppose we also have access to a commute simulator which models our uncertainty of how bad
the trac will be, the weather, construction delays, and other variables, as well as how these variables
interact with each other. One way to estimate the expected commute time is to simulate our commute
many times on the simulator and then take an average over the simulated commute times. This is
called a Monte Carlo estimate of our commute time.
In general, we get the Monte Carlo estimate of some quantity by observing many iterations of how
that quantity is generated either in real life or via simulation and then averaging over the observed
quantities. By the law of large numbers, this average converges to the expectation of the quantity.
In the context of reinforcement learning, the quantity we want to estimate is V π (s), which is the
average of returns Gt under policy π starting at state s. We can thus get a Monte Carlo estimate of
V π (s) through three steps:
1. Execute a rollout of policy π until termination many times
2. Record the returns Gt that we observe when starting at state s
3. Take an average of the values we get for Gt to estimate V π (s).
The backup diagram for Monte Carlo policy evaluation can be seen in Figure 2. The new blue line
indicates that we sample an entire episode until termination starting at state s.
There are two forms of Monte Carlo on policy evaluation, which are dierentiated by whether we take
an average over just the rst time we visit a state in each rollout or every time we visit the state in each
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Figure 2: Backup diagram for the Monte Carlo policy evaluation algorithm.
rollout. These are called First-Visit Monte Carlo and Every-Visit Monte Carlo On Policy Evaluation,
respectively.
More formally, we describe the First-Visit Monte Carlo in Algorithm 2 and the Every-Visit Monte
Carlo in Algorithm 3.

Algorithm 2 First-Visit Monte Carlo Policy Evaluation
1: procedure First-Visit-Monte-Carlo(h1 , . . . , hj )
2:
3:
4:
5:
6:
7:
8:
9:

For all states s, N (s) ← 0, S(s) ← 0, V (s) ← 0
for each episode hj do

for t = 1, . . . , Lj do
if sj,t 6= sj,u for u < t then

N (sj,t ) ← N (sj,t ) + 1
S(sj,t ) ← S(sj,t ) + Gj,t
V π (sj,t ) ← S(sj,t )/N (sj,t )

return V π

Algorithm 3 Every-Visit Monte Carlo Policy Evaluation
1: procedure Every-Visit-Monte-Carlo(h1 , . . . , hj )
2:
3:
4:
5:
6:
7:

8:

For all states s, N (s) ← 0, S(s) ← 0, V (s) ← 0
for each episode hj do

for t = 1, . . . , Lj do

N (sj,t ) ← N (sj,t ) + 1
S(sj,t ) ← S(sj,t ) + Gj,t
V π (sj,t ) ← S(sj,t )/N (sj,t )
return V π

Note that in the body of the for loop in Algorithms 2 and 3, we can remove vector S and replace the
update for V π (sj,t ) with
V π (sj,t ) ← V π (sj,t ) +

1
(Gj,t − V π (sj,t )).
N (sj,t )

(6)

This is because the new average is the average of N (sj,t ) − 1 of the old values V π (sj,t ) and the new
return Gj,t , giving us
V π (sj,t ) × (N (sj,t ) − 1) + Gj,t
1
= V π (sj,t ) +
(Gj,t − V π (sj,t )),
N (sj,t )
N (sj,t )
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(7)

which is precisely the new form of the update.
with α in this new update gives us the more general Incremental Monte Carlo
On Policy Evaluation. Algorithms 4 and 5 detail this procedure in the First-Visit and Every-Visit
Replacing

1
N (sj,t )

cases, respectively.

Algorithm 4 Incremental First-Visit Monte Carlo Policy Evaluation
1: procedure Incremental-First-Visit-Monte-Carlo(α, h1 , . . . , hj )
2:
3:
4:
5:
6:
7:
8:

For all states s, N (s) ← 0, V (s) ← 0

for each episode hj do
for t = 1, . . . , terminal do
if sj,t 6= sj,u for u < t then

N (sj,t ) ← N (sj,t ) + 1
V π (sj,t ) ← V π (s) + α(Gj,t − V π (s))

return V π

Algorithm 5 Incremental Every-Visit Monte Carlo Policy Evaluation
1: procedure Incremental-Every-Visit-Monte-Carlo(α, h1 , . . . , hj )
2:
3:
4:
5:
6:
7:

For all states s, N (s) ← 0, V (s) ← 0

for each episode hj do
for t = 1, . . . , terminal do

N (sj,t ) ← N (sj,t ) + 1
V π (sj,t ) ← V π (s) + α(Gj,t − V π (s))
return V π

Setting α = N (s1j,t ) recovers the original Monte Carlo On Policy Evaluation algorithms given in Algorithms 2 and 3, while setting α > N1(s) gives a higher weight to newer data, which can help learning
in non-stationary domains. If we are in a truly Markovian-domain, Every-Visit Monte Carlo will be
more data ecient because we update our average return for a state every time we visit the state.

Exercise 4.1. Recall our Mars Rover MDP from last lecture, shown in Figure 3 below. Suppose that
our estimate for the value of each state is currently 0. If we experience the history
h = (S3, T L, +0, S2, T L, +0, S1, T L, +1, terminal),

then:
1.
2.
3.
4.

What
What
What
What

is
is
is
is

the
the
the
the

rst-visit Monte Carlo estimate of V at each state?
every-visit Monte Carlo estimate of each state?
incremental rst-visit Monte Carlo estimate of V with α = 23 ?
incremental every-visit Monte Carlo estimate of V with α = 23 ?

4.4 Monte Carlo O Policy Evaluation
In the section above, we discussed the case where we are able to obtain many realizations of Gt under
the policy π that we want to evaluate. However, in many costly or high stakes situations, we aren't
able to obtain rollouts of Gt under the policy that we wish to evaluate. For example, we may have
data associated with one medical policy, but want to determine the value of a dierent medical policy.
In this section, we describe Monte Carlo o policy evaluation, which is a method for using data taken
from one policy to evaluate a dierent policy.
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Figure 3: Mars Rover Markov Decision Process with actions Try Left (TL) and Try Right (TR)

4.4.1 Importance Sampling
The key ingredient of o policy evaluation is a method called importance sampling. The goal of
importance sampling is to estimate the expected value of a function f (x) when x is drawn from
distribution q using only the data f (x1 ), . . . , f (xn ), where xi are drawn from a dierent distribution
p. In summary, given q(xi ), p(xi ), f (xi ) for 1 ≤ xi , ≤ n, we would like an estimate for Ex∼q [f (x)]. We
can do this via the following approximation:
Z
Ex∼q [f (x)] =

q(x)f (x)dx


Z
q(x)
=
p(x)
f (x) dx
p(x)
x


q(x)
f (x)
= Ex∼p
p(x)

n 
X
q(xi )
≈
f (xi ) .
p(xi )
i=1

(8)

x

(9)
(10)
(11)

The last equation gives us the importance sampling estimate of f under distribution q using
samples of f under distribution p. Note that the rst step only holds if q(x)f (x) > 0 implies p(x) > 0
for all x.

4.4.2 Importance Sampling for O Policy Evaluation
We now apply the general result of importance sampling estimates to reinforcement learning. In this
instance, we want to approximate the value of state s under policy π1 , given by V π1 (s) = E[Gt |st = s],
using n histories h1 , . . . , hn generated under policy π2 . Using the importance sampling estimate result
gives us that
n

V π1 (s) ≈

where G(hj ) =

PLj −1
t=1

1 X p(hj |π1 , s)
G(hj ),
n j=1 p(hj |π2 , s)

γ t−1 rj,t is the total discounted sum of rewards for history hj .

6

(12)

Now, for a general policy π , we have that the probability of experiencing history hj under policy π is
Lj −1

p(hj |π, s = sj,1 ) =

Y

p(aj,t |sj,t )p(rj,t |sj,t , aj,t )p(sj,t+1 |sj,t , aj,t )

(13)

π(aj,t |sj,t )p(rj,t |sj,t , aj,t )p(sj,t+1 |sj,t , aj,t ),

(14)

t=1
Lj −1

=

Y
t=1

where Lj is the length of the j th episode. The rst line follows from looking at the three components
of each transition. The components are:
1. p(aj,t |sj,t ) - probability we take action aj,t at state sj,t
2. p(rj,t |sj,t , aj,t ) - probability we experience reward rj,t after taking action aj,t in state sj,t
3. p(sj,t+1 |sj,t , aj,t ) - probability we transition to state sj,t+1 after taking action aj,t in state sj,t
Now, combining our importance sampling estimate for V π1 (s) with our decomposition of the history
probabilities, p(hj |π, s = sj,1 ), we get that
n

1 X p(hj |π1 , s)
G(hj )
n j=1 p(hj |π2 , s)
n QLj −1
1 X t=1
π1 (aj,t |sj,t )p(rj,t |sj,t , aj,t )p(sj,t+1 |sj,t , aj,t )
=
G(hj )
Q j −1
n j=1 L
t=1 π2 (aj,t |sj,t )p(rj,t |sj,t , aj,t )p(sj,t+1 |sj,t , aj,t )

V π1 (s) ≈

Lj −1
n
Y π1 (aj,t |sj,t )
1X
=
G(hj )
.
n j=1
π2 (aj,t |sj,t )
t=1

(15)
(16)
(17)

Notice we can now explicitly evaluate the expression without the transition probabilities or rewards
since all of the terms involving model dynamics canceled out in the second
step of the equation. In
PLj −1 t−1
particular, we are given the histories hj , so we can calculate G(hj ) = t=1
γ rj,t , and we know
the two policies π1 and π2 , so we can also evaluate the second term.

4.5 Temporal Dierence (TD) Learning
So far, we have two methods for policy evaluation: dynamic programming and Monte Carlo. Dynamic
programming leverages bootstrapping to help us get value estimates with only one backup. On the
other hand, Monte Carlo samples many histories for many trajectories which frees us from using a
model. Now, we introduce a new algorithm that combines bootstrapping with sampling to give us a
second model-free policy evaluation algorithm.
To see how to combine sampling with bootstrapping, let's go back to our incremental Monte Carlo
update:
V π (st ) ← V π (st ) + α(Gt − V π (st )).

(18)

Recall that Gt is the return after rolling out the policy from time step t to termination starting at state
st . Let's now replace Gt with a Bellman backup like in dynamic programming. That is, let's replace
Gt with rt + γV π (st+1 ), where rt is a sample of the reward at time step t and V π (st+1 ) is our current
estimate of the value at the next state. Making this substitution gives us the TD-learning update
V π (st ) ← V π (st ) + α(rt + γV π (st+1 ) − V π (st )).

(19)

δt = rt + γV π (st+1 ) − V π (st )

(20)

The dierence
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Figure 4: Backup diagram for the TD Learning policy evaluation algorithm.
is commonly referred to as the TD error, and the sampled reward combined with the bootstrap
estimate of the next state value,
rt + γV π (st+1 ),

(21)

is referred to as the TD target. The full TD learning algorithm is given in Algorithm 6. We can
see that using this method, we update our value for V π (st ) directly after witnessing the transition
(st , at , rt , st+1 ). In particular, we don't need to wait for the episode to terminate like in Monte Carlo.

Algorithm 6 TD Learning to evaluate policy π
1: procedure TDLearning(step size α, number of trajectories n)
2:
3:
4:
5:
6:
7:
8:
9:
10:

For all states s, V π (s) ← 0

while n > 0 do

Begin episode E at state s
while n > 0 and episode E has not terminated do
a ← action at state s under policy π
Take action a in E and observe reward r, next state s0

V π (s) ← V π (s) + α(R + γV π (s0 ) − V π (s))
s ← s0
return V π

We can again examine this algorithm via a backup diagram as shown in Figure 4. Here, we see via the
blue line that we sample one transition starting at s, then we estimate the value of the next state via
our current estimate of the next state to construct a full Bellman backup estimate.
There is actually an entire spectrum of ways we can blend Monte Carlo and dynamic programming
using a method called TD(λ). When λ = 0, we get the TD-learning formulation above, hence giving us
the alias TD(0). When λ = 1, we recover Monte Carlo policy evaluation, depending on the formulation
used. When 0 < λ < 1, we get a blend of these two methods. For a more thorough treatment of TD(λ),
we refer the interested reader to Sections 7.1 and 12.1-12.5 of Sutton and Barto [1] which detail n-step
TD learning and TD(λ)/eligibility traces, respectively.

Exercise 4.2. Consider again the Mars Rover example in Figure 3. Suppose that our estimate for the
value of each state is currently 0. If we experience the history

h = (S3, T L, +0, S2, T L, +0, S2, T L, +0, S1, T L, +1, terminal),

then:
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1. What is the TD(0) estimate of V with α = 1?
2. What is the TD(0) estimate of V with α = 32 ?

4.6 Summary of Methods Discussed
In this lecture, we re-examined policy evaluation using dynamic programming from last lecture, and
we introduced two new methods for policy evaluation, namely Monte Carlo evaluation and Temporal
Dierence (TD) learning.
First, we motivated the introduction of Monte Carlo and TD-Learning by noting that dynamic programming relied on a model of the world. That is, we needed to feed our dynamic programming policy
evaluation algorithm with the rewards and transition probabilities of the domain. Monte Carlo and
TD-Learning are both free from this constraint, making them model-free methods.
In Monte Carlo policy evaluation, we generate many histories and then average the returns over the
states that we encounter. In order for us to generate these histories in a nite amount of time, we
require the domain to be episodic - that is, we need to ensure that each history that we observe
terminates. In both dynamic programming and temporal dierence learning, we only backup over one
transition (we only look one step ahead in the future), so termination of histories is not a concern, and
we can apply these algorithms to non-episodic domains.
On the ip side, the reason we are able to backup over just one transition in dynamic programming
and TD learning is because we leverage the Markovian assumption of the domain. Furthermore,
Incremental Monte Carlo policy evaluation, described in Algorithms 4 and 5 can be utilized in nonMarkovian domains.
In all three methods, we converge to the true value function. Last lecture, we proved this result for
dynamic programming by using the fact that the Bellman backup operator is a contraction. We saw
in today's lecture that Monte Carlo policy evaluation converges to the policy's value function due to
the law of large numbers. TD(0) converges to the true value as well, which we will look at more closely
in the next section on batch learning.
Because we are taking an average over the true distribution of returns in Monte Carlo, we obtain an
unbiased estimator of the value at each state. On the other hand, in TD learning, we bootstrap the
next state's value estimate to get the current state's value estimate, so the estimate is biased by the
estimated value of the next state. Further discussions on this can be found in section 6.2 of Sutton
and Barto [1].
The variance of Monte Carlo evaluation is relatively higher than TD learning because in Monte Carlo
evaluation, we consider many transitions in each episode with each transition contributing variance to
our estimate. On the other hand, TD learning only considers one transition per update, so we do not
accumulate variance as quickly.
Finally, Monte Carlo is generally more data ecient than TD(0). In Monte Carlo, we update the value
of a state based on the returns of the entire episode, so if there are highly positive or negative rewards
many trajectories in the future, these rewards will still be immediately incorporated into our update
of the value of the state. On the other hand in TD(0), we update the value of a state using only the
reward in the current step and some previous estimate of the value at the next state. This means that
if there are highly positive or negative rewards many trajectories in the future, we will only incorporate
these into the current state's value update when that reward has been used to update the bootstrap
estimate of the next state's value. This means that if a highly rewarding episode has length L, then
we may need to experience that episode L times for the information of the highly rewarding episode
to travel all the way back to the starting state.
In Table 1, we summarize the strengths and limitations of each method discussed here.
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Model Free?
Non-episodic domains?
Non-Markovian domains?
Converges to true value
Unbiased Estimate
Variance

Dynamic Programming
No
Yes
No
Yes
N/A
N/A

Monte Carlo
Yes
No
Yes
Yes
Yes
High

Temporal Dierence
Yes
Yes
No
Yes
No
Low

Table 1: Summary of methods in this lecture.

Figure 5: Example 6.4 from Sutton and Barto [1].

4.7 Batch Monte Carlo and Temporal Dierence
We now look at the batch versions of the algorithms in today's lecture, where we have a set of histories
that we use to make updates many times. Before looking at the batch cases in generality, let's rst
look at Example 6.4 from Sutton and Barto [1] to more closely examine the dierence between Monte
Carlo and TD(0). Suppose γ = 1 and we have eight histories generated by policy π , take action act1
in all states:
h1 = (A, act1, +0, B, act1, +0, terminal)
hj = (B, act1, +1, terminal) for j = 2, . . . , 7
h8 = (B, act1, +0, terminal).

Then, using either batch Monte Carlo or TD(0) with α = 1, we see that V (B) = 0.75. However, using
Monte Carlo, we get that V (A) = 0 since only the rst episode visits state A and has return 0. On
the other hand, TD(0) gives us V (A) = 0.75 because we perform the update V (A) ← r1,1 + γV (B).
Under a Markovian domain like the one shown in Figure 5, the estimate given by TD(0) makes more
sense.
In this section, we consider the batch cases of Monte Carlo and TD(0). In the batch case, we are given
a batch, or set of histories h1 , . . . , hn , which we then feed through Monte Carlo or TD(0) many times.
The only dierence from our formulations before is that we only update the value function after each
time we process the entire batch. Thus in TD(0), the bootstrap estimate is updated only after each
pass through the batch.
In the Monte Carlo batch setting, the value at each state converges to the value that minimizes the
mean squared error with the observed returns. This follows directly from the fact that in Monte Carlo,
we take an average over returns at each state, and in general, the MSE minimizer
is precisely
Pn of samples
2
the average
of
the
samples.
That
is,
given
samples
y
,
.
.
.
,
y
,
the
value
(y
−
ŷ)
is
minimized
1
n
i
i=1
P
for ŷ = ni=1 yi . We can also see this in the example at the beginning of the section. We get that
V (A) = 0 for Monte Carlo because this is the only history visiting state A.
In the TD(0) batch setting, we do not converge to the same result as in Monte Carlo. In this case, we
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converge to the value V π that is the value of policy π on the maximum likelihood MDP model where
P̂ (s0 |s, a) =

j −1
n LX
X
1
1(sj,t = s, aj,t , sj,t+1 = s0 )
N (s, a) j=1 t=1

j −1
n LX
X
1
r̂(s, a) =
1(sj,t = s, aj,t )rj,t .
N (s, a) j=1 t=1

(22)
(23)

In other words, the maximum likelihood MDP model is the most naive model we can create based
on the batch - the transition probability P̂ (s0 |s, a) is the fraction of times that we see the transition
(s, a, s0 ) after we take action a at state s in the batch, and the reward r̂(s, a) is the average reward
experienced after taking action a at state s in the batch.
We also see this result in the example from the beginning of the section. In this case, our maximum
likelihood model is
P̂ (B|A, act1) = 1
P̂ (terminal|B, act1) = 1
r̂(A, act1) = 0
r̂(B, act1) = 0.75.

(24)
(25)
(26)
(27)

This gives us V π (A) = 0.75, like we stated before.
The value function derived from the maximum likelihood MDP model is known as the certainty
equivalence estimate. Using this relationship, we have another method for evaluating the policy.

We can rst compute the maximum likelihood MDP model using the batch. Then we can compute
V π using this model and the model-based policy evaluation methods discussed in last lecture. This
method is highly data ecient but is computationally expensive because it involves solving the MDP
which takes time O(|S|3 ) analytically and (|S|2 |A|) via dynamic programming.

Exercise 4.3. Consider again the Mars Rover example in Figure 3. Suppose that our estimate for the
value of each state is currently 0. If our batch consists of two histories

h1 = (S3, T L, +0, S2, T L, +0, S1, T L, +1, terminal)
h2 = (S3, T L, +0, S2, T L, +0, S2, T L, +0, S1, T L, +1, terminal)

and our policy is T L, then what is the certainty equivalence estimate?
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