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Abstract

The main objective of this sequel is to solve the out-of-sequence problem that occurs in the load balanced Birkhoff—von Neumann switch
with one-stage buffering. We do this by adding a load-balancing buffer in front of the first stage and a resequencing-and-output buffer after
the second stage. Moreover, packets are distributed at the first stage according to their flows, instead of their arrival times in part L. In this
paper, we consider multicasting flows with two types of scheduling policies: the first come first served (FCFES) policy and the earliest deadline
first (EDF) policy. The FCFS policy requires a jitter control mechanism in front of the second stage to ensure proper ordering of the traffic
entering the second stage. For the EDF scheme, there is no need for jitter control. It uses the departure times of the corresponding FCFS
output-buffered switch as deadlines and schedules packets according to their deadlines. For both policies, we show that the end-to-end delay
through our multi-stage switch is bounded above by the sum of the delay from the corresponding FCFS output-buffered switch and a constant
that only depends on the size of the switch and the number of multicasting flows supported by the switch. © 2002 Elsevier Science B.V. All

rights reserved.
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1. Introduction

In part I [5], we proposed the load balanced Birkhoff—von
Neumann switch with one-stage buffering (see Fig. 1). Such
a switch consists of two stages of crossbar switching fabrics
and one stage of buffering. The buffer at the input port of the
second stage uses the virtual output queuing (VOQ) techni-
que to solve the problem of head-of-line blocking. In such a
switch, packets are of the same size. Also, time is slotted
and synchronized so that exactly one packet can be trans-
mitted within a time slot. In a time slot, both crossbar
switches set up connection patterns corresponding to permu-
tation matrices that are periodically generated from a one-
cycle permutation matrix.

The reasoning behind such a switch architecture is as
follows: since the connection patterns are periodic, packets
from the same input port of the first stage are distributed in a
round-robin fashion to the second stage according to their
arrival times. Thus, the first stage performs load balancing
for the incoming traffic. As the traffic coming into the
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second stage is load balanced, it suffices to use simple peri-
odic connection patterns to perform switching at the second
stage. This is shown in Ref. [S] as a special case of the
original Birkhoff [1]-von Neumann [13] decomposition
used in Refs. [3,4]. There are several advantages of using
such an architecture, including scalability, low hardware
complexity, 100% throughput, low average delay in heavy
load and bursty traffic, and efficient buffer usage. However,
the main drawback of the load balanced Birkhoff—von
Neumann switch with one-stage buffering is that packets
might be out of sequence.

The main objective of this sequel is to solve the out-of-
sequence problem that occurs in the load balanced Birkh-
off—von Neumann switch with one-stage buffering. One
quick fix is to add a resequencing-and-output buffer after
the second stage. However, as packets are distributed
according to their arrival times at the first stage, there is
no guarantee on the size of the resequencing-and-output
buffer to prevent packet losses. For this, one needs to distrib-
uted packets according to their flows, as indicated in the
paper by Iyer and McKeown [9]. This is done by adding a
flow splitter and a load-balancing buffer in front of the first
stage (see Fig. 2). For an N X N switch, the load-balancing
buffer at each input port of the first stage consists of N
virtual output queues (VOQ) destined for the N output
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Fig. 1. The load balanced Birkhoff-von Neumann switch with one-stage
buffering.

ports of that stage. Packets from the same flow are split in
the round-robin fashion to the N virtual output queues and
scheduled under the first come first served (FCFS) policy.
By so doing, load balancing can be achieved for each flow as
packets from the same flow are split almost evenly to the
input ports of the second stage. More importantly, as
pointed out in Ref. [9], the delay and the buffer size of the
load-balancing buffer are bounded by constants that only
depend on the size of the switch and the number of flows.
The resequencing-and-output buffer after the second stage
not only performs resequencing to keep packets in
sequence, but also stores packets waiting for transmission
from the output links.

In this paper, we consider a traffic model with multicast-
ing flows. This is a more general model than the point-to-
point traffic model in Ref. [9]. A multicasting flow is a
stream of packets that has one common input and a set of
common outputs. For the multicasting flows, fan-out split-
ting (see e.g. Ref. [8]) is performed at the central buffers (the
VOQ in front of the second stage). The central buffers are
assumed to be infinite so that no packets are lost in the
switch. We consider two types of scheduling policies in
the central buffers: the FCFS policy and the earliest deadline
first (EDF) policy. For the FCFS policy, a jitter control
mechanism is added in the VOQ in front of the second
stage. Such a jitter control mechanism delays every packet
to its maximum delay at the first stage so that the flows
entering the second stage are simply time-shifted flows of
the original ones. Our main result for the FCFS scheme with

jitter control is the following theorem. The proof of Theo-
rem 1 will be given in Section 2.

Theorem 1. Suppose that all the buffers are empty at time
0. Then the following results hold for FCFS scheme with
Jitter control.

(i) The end-to-end delay for a packet through our switch
with multi-stage buffering is bounded above by the sum of
the delay through the corresponding FCFS output-
buffered switch and (N — 1)Ly, + NM ., Where Ly
(resp. M.y is the maximum number of flows at an
input (resp. output) port.

(i) The load-balancing buffer at an input port of the first
stage is bounded above by NL .

(iii) The delay through the load-balancing buffer at an
input port of the first stage is bounded above by
(N = 1D)Lpax.

(iv) The resequencing-and-output buffer at an output port
of the second stage is bounded above NM,,,.

In the EDF scheme (see Fig. 3), every packet is assigned a
deadline that is the departure time from the corresponding
FCFS output-buffered switch. Packets are scheduled accord-
ing to their deadlines in the central buffers. For the EDF
scheme, there is no need to implement the jitter control
mechanism in the FCFS scheme. As such, average packet
delay can be greatly reduced. However, as there is no jitter
control, one might need a larger resequencing buffer than
that in the FCFS scheme with jitter control. Since the first
stage is the same as that in the FCFS scheme, the delay and
the buffer size are still bounded by (N — 1)L,,x and NL.x
respectively. Moreover, we show the following theorem for
the EDF scheme. Its proof will be given in Section 3.

Theorem 2. Suppose that all the buffers are empty at time
0. Then the following results hold for the EDF scheme.

(i) The end-to-end delay for a packet through our switch
with multi-stage buffering is bounded above by the sum of
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Fig. 2. The load balanced switch with multi-stage buffering under FCFS.
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Fig. 3. The load balanced switch with multi-stage buffering under EDF.

the delay through the corresponding FCFS output-
buffered switch and (N — 1)(Lipax + Mpax)-

(ii) The resequencing-and-output buffer at an output port of
the second stage is bounded above (N — 1)(Linax + Mpay)-

Computing the departure times from the corresponding
FCFS output-buffered switch needs global information of all
the inputs. A simple way is to use the packet arrival times as
deadlines. Then the EDF scheme based on arrival times
yields the same departure order except those packets that
arrives at same time. Since there are at most M,,,, packets
that can arrive at the same time to an output port of the
corresponding output-buffered switch, the end-to-end
delay for a packet through the multi-stage switch using arri-
val times as deadlines is bounded above by the sum of the
delay through the corresponding FCFS output-buffered
switch and (N — 1)L + NM .. Also, the resequencing-
and-output buffer at an output port of the second stage in
this case is bounded above (N — 1)Ly + NM .

It is of some interest to compare our schemes with the
combined input—output queuing (CIOQ) switch (see e.g.
Refs. [6,12]). The CIOQ switch provides the exact emula-
tion of the corresponding output-buffered switch. For our
schemes, we only have bounded differences between the
departure times in our schemes and the departure times of
the corresponding output-buffered switch. However, the
CIOQ switch requires an internal rate speedup of two and
a complicated scheduling algorithm that prohibits its prac-
tical use. In our schemes, there is no need for internal rate
speedup (it is done by two switching fabrics) and the

complexity of the scheduling algorithm is low (O(1) for
the FCFS scheme).

2. The FCFS scheme

In this section, we prove Theorem 1. As discussed in
Section 1, we consider N X N switches with multicasting
flows under the FCFS scheduling policy. To be precise,
let L; be the number of multicasting flows through the ith
input port. Denote by A;,(f) the cumulative number of
packet arrivals by time ¢ from the £th multicasting flow at
the ith input port, i = 1,...,N,£ = 1,...,L;. Also, let S, ¢ be
the set of outputs of that flow, S*(k) = {(i,€) : k € S;¢} be
the set of multicasting flows through the kth output, and
M, = |S"(k)| be the number of multicasting flows through
the kth output port. Define L,,, = max;<;<yL; as the maxi-
mum number of multicasting flow through an input port and
M.« = max;<,<yM; as the maximum number of multi-
casting flow through an output port.

2.1. Analysis for the output-buffered switch under FCFS

Now consider feeding these multicasting flows to an
N X N output-buffered switch under the FCFS policy (see
Fig. 4). Assume that there is an infinite buffer at each output
port and that all the buffers are empty at time 0. Let A7 (¢) be
the cumulative number of arrivals at the kth output buffer by
time 7, qg(t) be the number of packets at the kth output buffer
at time ¢, and B{(¢) be the cumulative number of departures
at the kth output buffer by time ¢. Since an output-buffered
switch is a work-conserving link with the constant capacity

—QO—> Bl —»

FCFS

Fig. 4. The FCFS output-buffered switch with multicasting flows.
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Fig. 5. The jth VOQ at the ith input port of the first stage.

1, one has the following well-known representation (see e.g.
Ref. [2], Lemma 1.3.1)

4i(r) = max [A{(1) — AL() = (t = 9, (1)

where

ALy = D A )
(i.)ES* (k)

Moreover,

Bt = AL — i) = min [AL(s) + (1 = 9)]. 3)

As the scheduling policy is FCFS and there are at most M,
arrivals per unit of time, packets that arrive at the kth buffer
at time 7 will depart between ¢ + g3 (f) — M + 1 and ¢ +
gz (1. Also, note from Eq. (3) that

Bi(t) — Bi(s) =t — s, forall s < ¢,

“

as there is at most one packet coming out from an output
port per time slot.

2.2. Analysis for the load-balancing buffer

As discussed in Section 1, the load-balancing buffer at
each input port of the first stage consists of N virtual output
queues (VOQ) destined for the N output ports of that stage.
Packets from the same flow are split in the round-robin
fashion to the N virtual output queues and scheduled
under the FCFS policy. Without loss of generality, we
assume that the first packet of a flow is always assigned to
the first VOQ. To be precise, let Ail’g (1) be the cumulative
number of A, p-flow packets that are split into the jth VOQ at
the ith input port of the first stage by time 7. Then

A,'l,eJ(f) — [%—I, =1,...N, 5)
and
N
Aie(®)="> Alo (), ©)
Jj=1

where [x] (resp. [x]) is the ceiling (resp. floor) function of x.

Now consider the jth VOQ at the ith input port of the first
stage (see Fig. 5). Let A,! () be the cumulative number of
arrivals by time ¢ to this queue, C,{,-(t) be its cumulative
number of time slots assigned to this queue by time ¢,
q,!ii(t) be the number of packets queued at time ¢, and

B; (1) be the cumulative number of departures by time ¢

from this queue. Since such a queue can be viewed as a
work conserving link with a time varying capacity under
the FCFS policy, one has the following well-known repre-
sentation (see e.g. Ref. [2])

g0 = max [AL0) - Ao - o - )] @
where
L
A=Y Ale 0 (8)
£=1
Moreover,
Bjj(1) = [min [Ai(s) + Cij0) = Ciys)]. ®

In Lemma 1, we show that both the queue length and the
delay at the load-balancing buffer can be bounded by finite
constants. A similar result was previously shown in Ref. [9].

Lemma 1.

(i) The maximum queue length of the jth VOQ at the ith
input port of the first stage is bounded above by L;, i.e.

aij(n = L, for all 7. (10)

(ii) The maximum delay for a packet to depart the jth
VOQ at the ith input port of the first stage is bounded
above by (N — 1)L;.

For the proof of Lemma 1, we need to introduce the
following properties for the ceiling function and the floor
function.

Proposition 1.

@ fa+bl<[al+[bl<[a+ b]+ 1.
(i) la + b]l = |a] + |bl.

(@i [al = ldl + 1.

(iv) For an integer a, and N > 0,

pREay

Proof. Since the proofs of (i), (ii) and (iii) are trivial, we
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Fig. 6. The kth VOQ at the jth input port of the second stage under FCFS.

only prove (iv). Without loss of generality, assume [ﬁ] =P

for some integer. Since a is an integer, we have
NP—-1)+1=a=NP.

Adding (N — 1) yields
NP=a+N-1)=NP+ (N —-1).

This then implies

NP | _|a+WN =D [_|NP+D—1
V=

Thus,

a+(N—1)J:P.
N

Proof (Proof of Lemma 1).
that

(i) Note from Eqgs. (8) and (5)

Aj(t) — Ajj(s) = Z (Al (1) —

LZ([ ,e(t)—]+ 1] [Ai,e<s>jv—j+ 1])

Applying the first inequality in Proposition 1(i) yields

& [ Ave(t) = Aie(s)
AL — Al =D [%—I

£=1

Aiej(5)

(1)

Since the connection patterns at the first stage are periodic
with period N for some one-cycle permutation matrix, we

have
t— sJ
v |
Observe that z@:l (A (1) — A;p(s)) is the number of
packet arrivals at the ith input port during the interval of

length # — 5. As there is at most one packet arrival at an
input port per time slot, we have

CLt) = Clis) = [ (12)

L;
D (Aie() —Ag(9)) =t —s. (13)
£=1

In conjunction with Eq. (12),

L
D (A -

£=1

Ai,e ()

CilJ(S ) =

1
Cij(®) — N

(14)

= Z[ e — i,li(s)J

where we use Proposition 1(ii) in the last inequality. From
Egs. (7), (11), and (14), and Proposition 1(iii),

< ([ Ave® — Aie(s)
o= | 5 (| et

=1

_ Aip(t) —A;p(s) <
N o

(i1) Since the scheduling policy at this queue is FCFS, it
suffices to show that

Bij(t + (N — DL) = Aj(0).

Note from Eq. (9) that

Bij(t + (N = DL) — Aj(1)
=,_.mn_ [A,J(s) (D) + Clit + (N — DLy
ero]
= mm[ min [c (t + (N = DL) — Cli(s) — (A1)
Alsn)
Lo min G+ = D) = Clts) = A

—aho]]

All the terms in the second minimum are clearly nonnega-
tive as both A,!’]-(t) and C} () are non-decreasing in ¢. On the
other hand, for 0 = s = ¢, we have from Egs. (12), (13), and
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(11) and Proposition 1(ii) and (iv) that
Cijlt + (N = DL) = Ciy(s) = (A3;(0) = Ajj(5))

+((N - 1DL; —

= [ L2 N) - J — AL — Al
L;
D (Ao = Aie(9)) + (N — DL

_ | €=t

- N

| A — Age(s)
27

(Aje(®) = Aje(s) + (N — 1))
1

t~

£

N

~ i [Ai,e(t) I—VAi,As)w
£=1
2; (LAi,em - Ai,e]f]S) + (V- 1>J

| Aie® A [} _
v :

2.3. Analysis for the central buffer under FCFS

To ease the presentation, we let dj yax = (N — 1)Lp,.
Note from Lemma 1 that d| ;,, is also the maximum delay
at the first stage. As discussed in the introduction, a jitter
control mechanism is added in the VOQ in front of the
second stage. As the delay through the load-balancing buffer
is bounded above by dj ., packets with delay less than
dymax are delayed to d ... By so doing, every packet has
the same delay before entering the buffer at an input port of
the second stage.

Now consider the kth VOQ at the jth input port of the
second stage (see Fig. 6). Let Ajz,k(t) be the cumulative
number of arrivals by time ¢ to this queue, Cjz,k(t) be its
cumulative number of time slots assigned to this queue by
time ¢, qik(t) be the number of packets queued at time ¢, and
Bj%k(t) be the cumulative number of departures by time ¢
from this queue. Since every packet has the same delay
dymax through the first stage and fan-out splitting is done

at this stage, we have

> Al = dya) (15)
(i)ES* (k)

Ajz,k(t) =

(Here we use the convention that A}!e!]-(T) =0 for 7 <0).
Also, as this queue is a work conserving link with a time
varying capacity under the FCES policy, one has

Gt = max [A7() = A34(5) = (CL) = Cilsn ] 16)
and

Bjy() = min [A7(s) + Clu(n) = Clx(s) | (17)

Lemma 2. For the FCFS scheme,

(i) q73(1) = [(q(t = dy pmax)IN + My, for all t, and
(i) Biy(t + qi(t — dy may) + (N — DMy) = A7 (1), for all
t

Lemma 2(i) provides an upper bound for the queue length
in terms of the queue length of the corresponding output-
buffered switch. As the scheduling policy is FCFS, Lemma
2(ii) implies that a packet that arrives at the queue at time ¢
will depart not later than ¢t + g7(f — dj pax) + (N — DM -

Proof. (i) Note from Egs. (15) and (5) and the inequality
in Proposition 1(i) that

ALt = Af(s) = >

(i£)ES* (k)

- dl,max))

A p(t —di max) — A; — di e
- Z [ t,@( l,mdx) t,f(s l,mdx)—l (18)
) . N
(i£)ES* (k)

(Alg(t = dymax) = Alg (s

) Z Ai,ﬁ(t - dl,max) - Ai,E(S - dl,max)
= (i£)ES* (k) + Mk - 1.
N

(19)
Observe from Egs. (1) and (2) that

D (At = dyma) — Ave(s = dimay))
(i,8)ES* (k)

= AZ(t - dl,max) - AI(;(S - dl,max) = qZ(l - dl,max) + (=)
(20)
Thus,

QZ(I - dl,max) + (@ — )
N

AL (D) — AL () = [ ] + M, — 1.

ey
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Since the connection patterns at the second stage are also
periodic with period N for some one-cycle permutation
matrix,

Co(t) — Chi(s) = [t]_vs J 22)

From Egs. (21), (22) and (16) and Proposition 1(iii), it then
follows that

qZ(t - dl ,max)

g0 = [ N —| + M,.

for all z.
(i) Let d = q{(t — dy max) + (N — 1)M,. Note from Eq.
(17) that

B (1) — A% (D)

= min_[4%) =A%) + Gt + ) — Cs)]

0=s=r+d

= min[ orgyirgl,[q?’k(t +d) — Ciy(s) — (Aj(0) — A]%k(s))]’

min [+ d) = Guls) = i) — AL ||

Clearly, all the terms in the second minimum are nonnega-
tive as both Aj%k(t) and Cjz,k(t) are nondecreasing in ¢. On the
other hand, for 0 = s = ¢, we have from Eq. (18) that

AL — AR(s)

A;p(t — di max) — A; —di
[ t,E( l,mdx)N z,f(s l,mdx) —| (23)
(i8)ES* (k)
Also, it follows from Egs. (22) and (20), and Proposition
1(ii) that

+d— s
Chlt +d) = Ci(s) = [t . YJ

— [qZ(Z - dl,max) + (t - S) + (N - 1)Iwa
N

Z (Aje(t = dymax) = Aie(s = dimax)) + (N — DM,
(i)ES" (k)

v

N

D At = dyma) = Ave(s = dy o) + (N = 1))
(i£)ES* (k)

N

. [A,%k(r = dymax) — Afi(s = dyma) T (N — 1>J
(i,£)ES* (k) N

(24)

As in the proof of Lemma 1, we then have from Eqgs. (23)

— B} 1

IR — —O0— 5

L]
/> Resequencing

buffer

Output buffer

Fig. 7. The resequencing-and-output buffer.

and (24) and Proposition 1(iv) that
Ch(t + d) — Ch(s) — (A%(1) — A%(s)) = 0.

for0=s=1.

2.4. Analysis for the resequencing-and-output buffer

In this section, we analyze the resequencing-and-output
buffer. The resequencing-and-output buffer conceptually
consists of two virtual buffers (see Fig. 7): (i) the resequen-
cing buffer and (ii) the output buffer. The objective of the
resequencing buffer is to reorder the packets so that packets
of the same flow depart in the same order as they arrive.
After resequencing, packets are stored in the output buffer
waiting for transmission from the output link. Let A,f(t) be
the cumulative arrivals by time ¢ to the kth resequencing
buffer, and Bz(t) be its cumulative departures. Note that
B;f(t) is also the cumulative arrivals by time ¢ to the kth
output buffer. Let Bj(t) be the cumulative departures by
time ¢ from the kth output buffer. Clearly, from the input—
output relation of a work-conserving link, we have

Bi(t) = min [Bi(s) + (t = 9] (25)

Lemma 3. The following results hold for the FCFS
scheme.

(D) AR = B{(t = dy ).

(i) Bi(t + dy max + NMy) = BY(2).

(iii) B{(1) = BY(t = dy oy — NM).

(iv) The number of packets queued at the kth resequen-
cing-and-output buffer is bounded above by NM,, i.e.

Ai(t) — Bi(t) = NM,, for all t, (26)

Proof. (i) Note that

N
Aj(1) =D B (.
j=1
From Eq. (17), it follows that
N

Al ="y min [A7() + Cu(d) = Cils)|
= =s=t

O=s=t

N
= min [ZAﬁk(s) + Chlt) — C_?,k(s)].
j=1

As the connection patterns at the second stage are periodic
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with period N for some one-cycle permutation matrix,

N
D Cun=1.
Jj=1
Thus,
3 J 2
Ai(r) = min FZIAM(S) +r—s]. (27)

Note from Egs. (15), (6), and (2) that for all s

N N
ZAjz,k(s) = Z Z Ail,&j(s - dl,max)
=1

J=1 GL)ES* (k)

= Z Ai,ﬂ(s - dl,max) = AZ(S - dl,max)-
(i0)Es" (k)

Using this and Eq. (3) in Eq. (27) yields

HOE 0min [AUs — dymay) + 1 — 5]
=s5=t

= min [A{(s — dyma) T~ 5]
t

di max =5=

= min
0=7=1 — d nax

[AZ(T) R dl,max - T] = B;:(t - dl,max)

(i1) Consider a packet that is destined for the kth output
port. Without loss of generality, suppose that this packet
arrives at time ¢ and it is routed through the k&th VOQ at
Jjth input port of the second stage. From 3 (ii), the packet
leaves the first stage not later than ¢ + d .. After the jitter
control, it arrives at the jth input port of the second stage
exactly at t + dj . Since FCES is used in the kth VOQ at
the jth input port of the second stage, we have from Lemma
2(ii) that the packet leaves the second stage not later than
t+ gp(t) + (N — DM + d jn.x. As the bound is indepen-
dent of j, we conclude that every packet that arrives at the
first stage at time ¢ will depart from the second stage not
later than ¢ + ¢{(t) + (N — 1)M; + dj nax. Note from Eq.
(1) that ¢ + gg(¢) is non-decreasing in z. Thus, any other
packets that are destined for the kth output port and arrives
before ¢ leave the second stage not later than t + gp(r) +
(N — )M} + d 10x- This implies the packet (that arrives
at the first stage at time ¢ and destined for the kth output
port) leaves the resequencing buffer not later than 7+
qz(t) + (N — I)Mk + dl,max~

On the other hand, since the packet that arrives at time ¢
departs from the corresponding output-buffered switch
between ¢+ gp(t) — M, + 1 and t + ¢} (¢), the departure
time for a packet to leave the resequencing buffer is not
later than the sum of that from the corresponding output-
buffer switch and d| ,, + NM;. This shows that for all ¢

Bi(t + dy max + NMy) = BY(0).

(iii) From Eq. (25) and (ii) of this lemma, it follows that

B{(t) = min [Bi(s = dymax = NM}) + 1= s].
Since Bi(t) — Bi(s) =t — s in Eq. (4), the above minimum
occurs at s = t. Thus,

Bi(1) = BUt — dy max — NM)).

(iv) From (i) and (iii) of this lemma and Eq. (4), it follows
that

AV — BU(t) = BYUt — dy ) — Bi(t — dy . — NM))

= NM,.

Proof (Proof of Theorem 1).

(1) This is a direct consequence of Lemma 3(iii).

(i1) Since there are N VOQ at each input port, the result
then follows from Lemma 1(i).

(iii) This is also shown in Lemma 1(ii).

(@iv) It is shown in Lemma 3(iv).

3. The EDF scheme

In this section, we prove Theorem 2. Consider the
same traffic model as in Section 2. Also, let Bzg(t) be
the cumulative departures of the A;p-flow by time ¢
from the corresponding FCFS output-buffered switch
(see Fig. 4). Since the EDF scheme uses packet depar-
ture times as deadlines, Biy(f) is also the number of
packets from the A;,-flow that have deadlines not
greater than ¢. Note that

> B (28)

(i£)ES* (k)

Bi(t) =

We first establish the following inequalities that will be
used in the proof of Theorem 2.

Proposition 2. For the FCFS output-buffered switch,

Z B?,e(f) = Orgrslt [ Z Ajp(s) +1— s], 29)

(i)ESk) (i)ES(k)

for all t and for all S(k) that is a subset of S" (k).

Proof. If one assigns priority to the set of traffic from
S(k) in the output-buffered switch, then the right hand
side of Eq. (29) is the cumulative departures by time ¢
for this set of traffic (cf. Eq. (3)). This should be larger
than or equal to the left hand of Eq. (29), which is the
cumulative departures by time ¢ for this set of traffic
under FCFS.

We also note that results in Section 2.2 can be directly
applied as the operations for the load-balancing buffer in
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q f,k
\» i

Fig. 8. The kth VOQ at the jth input port of the second stage under EDF.

front of the first stage in the EDF scheme is exactly the same
as that in Section 2.2.

3.1. Analysis for the central buffer under EDF

Now consider the kth VOQ at the jth input port of the
second stage (see Fig. 8). As in Section 2.3, let Ajz,k(t) be the
cumulative number of arrivals by time ¢ to this queue and
C]%k(t) be its cumulative number of time slots assigned to this
queue by time .

Also, let Bil!g’i be the departure process of Ail,e‘j from the
Jjth VOQ at the ith input port of the first stage. Since there is
no jitter control in the EDF scheme, the departure process
from the first stage is simply the arrival process at the
second stage. Thus,

A= D Blyo. (30)

(i£)ES* (k)

Lemma 4. Every packet leaves the kth VOQ at the jth
input port of the second stage not later than the sum of its
deadline and (N — 1)(Lyax + My).

Note that if we add the deadline of every packet by the
same constant (N — 1)(Ly.x + M;), then Lemma 4 is equiva-
lent to that every packet leaves the kth VOQ at the jth input
port of the second stage not later than its deadline.

Proof. Let dj = (N — 1)Ly, and d, = (N — 1)M,. Let
D¢ (1) be the number of packets of the A,-l’g j-flow that
have deadlines not greater than t. From [2], Theorem
5.6.1, it suffices to show that

D> Dyt —dy —dy)
(i,E)ES(k)

= min [ > Blos) + Ch( — Cﬁk(s)], (31)

(i£)ES(k)

for all ¢ and for all S(k) that is a subset of S™(k).
As the delay through the jth VOQ at an input port of the
first stage is bounded above by d; = (N — 1)L, in Lemma

1(ii), we then have

OTEEZI: Z Bl'l,fJ(s) + Ciu(t) — Cjz,k(s):l

(i£)ES(k)

= min [ Z A,!,ZJ'(S - dl) + Cjz,k(t) - Cjz,k(s):l

0=s=t (£)es®

= min [ Z A,{@,-(T) + Cit) — Gl + dl)]-

O=r=r=di | ; p\esw)

Using Egs. (5) and (22), one has

(i£)ES(k)

A; —j+1 t—d, —
N D et N |
0=r=t —d, GEE5® N N

(32)

. 1 2 2
Orgsugltli D Bigys) + Cud) — Cj,k(s)]

On the other hand, since we use the departure times from the
corresponding output-buffered switch as deadlines and
packets are split in the round robin fashion, we have (cf.
Eq. (5))

Blo(n) —j+ 1
a@mz[iﬂ%fL—} (33)

In conjunction with Eq. (32), the inequalities in Eq. (31)
hold if we can show that for all 0 = 7=t — d|,

Z [Bge(z—d1 —d) —j+ 1‘|
(i,@)ES(k) N

_ Aig(m) —j+1 t—dy— T
= Z[ N -|+[ N J (34)

(i£)ES(k)

Observe from Proposition 2 that

(i£)ES(k)

Y Ae(D+i—d —d -7,
(i)ES(k)

(35)

for all 7, r and all subsets S(k). In particular, choosing 7=
t — d; — d, and a subset that contains only one flow yields

Aie(t —dy — 1) = Biy(t —d| — dy),

for all (i,£) € S*(k). Thus, fort —d;, —d, + 1 = 7=1¢—
d;, one has

Aip(1) = Aot —dy — ) = Bt — dy — dy),
and the inequality in Eq. (34) is satisfied trivially.For

OSTSt_dl_dz,



632 C.-S. Chang et al. / Computer Communications 25 (2002) 623-634

we have from the inequality Eq. (35) that

Z (Bl o(t — d,

(i)ES(k)

t—d — 1= —dy) —Ajp(7) + d,.

Recall that
d2 - (N - l)Mk
Also, we have [S(k)| = M, as S(k) is a subset of S*(k). Thus,

[ =5

S Bl —dy —dy) — Ae(m) + (N — DM,

- (i,E)ES(k)
- N

D> Blet—dy —db) — Aje(D) + (N — D[Sk
= (i,8)ES(k)

N

S Bt —dy — dy) — Ae(r) + (N = 1)
(i,f)ES(k)

N

Applying Proposition 1(ii) yields

[ =5

5 LBZe(t —dy —dy) — Aie(D + (N — I)J
S .

(i£)ES(k)
(36)

On the other hand, we also have from Proposition 1(i) that

Blo(t—dy —dy) —j + 1
5

(i£)ES(H)
[Ai,E(T) —Jt 1"|
(i£)ESH) N
BCy(t —dy — dy) — A, (7
- Z |7 ie( 1 ») £( )-I' 37)
. N
(i.£)ESK)

The inequalities in Eq. (34) then follows from Egs. (36) and
(37) and Proposition 1(iv).

3.2. Analysis for the resequencing-and-output buffer under
EDF

In this section, we analyze the resequencing-and-output
buffer under the EDF scheme. As in Section 2.4, let Az(t) be
the cumulative arrivals by time ¢ to the kth resequencing
buffer, Bi(t) be its cumulative departures, and Bi(t) be the

cumulative departures by time ¢ from the kth output buffer
(see Fig. 7).

Lemma 5. The following results hold for the EDF scheme.

(i) AY(0) = B{(0).

(id) Bi(t + (N = D(Lax + M) = BL().

(iii) B{(t) = B{(t = (N = DLy + M)

(iv) The number of packets queued at the kth resequen-
cing-and-output buffer is bounded above by (N —
D) (Lpax + My), i.e.

AYD) — BH®) = (N — DLy + M),  forallt. (38)

Proof.

(i) Note from Eq. (30), B/ ;(s) = A ¢ /(s), Eqs. (6) and (2)
that for all s

N N N
DAL= D B =D > A
=

J=1 (i8)S" (k) J=1 @ £)ES* (k)

= D Auls) = Als).

(i)ES* (k)

As the EDF scheme is work conserving, Eq. (27) in the
proof of Lemma 3 is still applicable. It then follows from
Eq. (3) that

Al = [min [AUs) + 1 — 5] = BU®).
=s5=t

(i1) Since we use the departure times from the correspond-
ing output-buffered switch as deadlines, the result then
follows from Lemma 4.

(iii) This follows the same argument in Lemma 3(iii).
(iv) From (i) and (iii) of this lemma and Eq. (4), it follows
that

AL — Bi(0) = B{(®) — BU(t — (N = D(pay + M)

=V = DlLmax + Mp).

Proof (Proof of Theorem 2). (i) This is a direct conse-
quence of Lemma 5(iii). (ii) It is shown in Lemma 5(@iv).

4. Conclusions

In this paper, we showed that resequencing can be
done efficiently by distributing packets according to
their flows in the load balanced Birkhoff-von Neumann
switches. This is done by adding a load-balancing buffer
in front of the first stage and a resequencing-and-output
buffer after the second stage. We considered two sche-
duling policies: the FCFS policy and the EDF policy.
For both schemes, we showed that the end-to-end delay
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is bounded by the sum of the delay from the corre-
sponding FCFS output-buffered switch and a constant
that only depends on the number of flows and the size
of the switch. The FCFS policy requires jitter control in
front of the second stage so that packets entering the
second stage have the same delay. Its scheduling
complexity is simpler than that of the EDF scheme.
The EDF policy uses the departure times of the corre-
sponding output-buffered switch as deadlines and sche-
dules packets according to their deadlines. As such,
there is no need for jitter control. Since computing
departure times of the corresponding output-buffered
switch requires the global information of all the inputs,
we also suggested using the arrival times as deadlines
for the EDF scheme. This reduces the scheduling
complexity at the cost of slightly increasing the delay
bound and the size of the resequencing-and-output
buffer.

There are several problems that require further study.

(i) We only looked at the worst case of the end-to-end delay.
It is of the same importance to study the average delay. In
particular, the jitter control mechanism in the FCFS scheme
that delays every packet to its maximum (worst case) delay is
expected to perform poorly in the light load (the main reason
that we have jitter control in the FCFS scheme is for the sake of
the proof for the worst case bound). Our preliminary simula-
tion study shows that the average delay with jitter control is
mainly dominated by the delay in the jitter control even when
the load is moderate.

(ii) Though we only compared our schemes with the
FCFS output-buffered switches, we expect that our
approaches could also be used for other work conser-
ving scheduling policies, such as the service curve
earliest deadline first (SCED) policy in Ref. [7] and
the generalized processor sharing (GPS) policy in Ref.
[11]. For both SCED and GPS, it is well-known that
quality of service (QoS) guarantees can be achieved in
output-buffered switches. If there is a bound for the
difference between our multi-stage switch and the corre-
sponding output-buffered switch under these two poli-
cies, then QoS guarantees can also be achieved in our
multi-stage switch. Research along this line will be
reported separately.

(iii) In this paper, packets are assumed to be of the same
size. To allow variable length packets, one needs to intro-
duce packetizers (see e.g. Ref. [2]) for segmentation and
reassembly. The bounds in Ref. [2] for packetizers might
be used to extend the results in this paper to the case with
variable length packets.

(iv) In the recent paper by Keslassy and McKeown [10], a
“full frame first’ algorithm is proposed so that packets in the
two-stage switches can be departed in sequence. However,
this is at the cost of communications between VOQs. It
would be interesting to see if there are other scheduling
algorithms that achieve the same objective with lower
communication cost.
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