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Overview

m Mathematical and geometric foundations

- Let's explore some familiar and maybe new concepts together
m TOPICS:

- Vectors and matrices

- 2D and 3D geometry

- Projections
-  Barycentric coordinates (line, triangle)

- Transformations

- Linear vs affine
- Rotations (2D & 3D) ... including derivation of rotation matrix (!)
- Hierarchical modeling

- Ordinary Differential Equations (ODEs)

- Reduction to first order form. Autonomous vs nonautonomous. Linearization. Model equation. Stability.
- Time-stepping schemes (forward Euler, backward Euler). Stiffness and stability.
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Vector and matrix operations Y Aj Ay,
m Notation X=1.10 A= : f
m Vector operations x A, ... A

- Euclidean length of vector (two norm):

x|l = [Ix]l; =vx - X

- Dot product:

n
X -y = XTy = Z x;v. = ||x||||y]| cos@  Note:Defines angle between vectors

i=1
- (Cross product (3D)
axb
, . by = azhy o Vector perpendicular
axb=|all||b||sindn = |—ab;+ ayb, oaandb
+a1b2 - a2b1 =-l:o:1)>><<;;1

Note: Defines area of parallelogram
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Vector and matrix operations N A e Ay,
m Vector operations X=| .| A=]|:
- Normalization x A o A
A n ’
n—=——
|||

Example: Angle between two vectors is given by arccos(a - IA)) e |0,r]
- Triple scalar product (3D)

a-bxc=a-(bXc)=det(labc])
- Defines volume of parallelepiped formed by [a b ]
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Vectors and matrices in OpenProcessing

m p5.Vector class for 2D and 3D vectors

- https://p5js.org/reference/#/p5.Vector

— CreateVector ()

- https://p5js.org/reference/#/p5/createVector

m Other vector and matrix representations:

- Array: Reqular JavaScript arrays:

let v = [1 2]!
let A [[11,12],[21,22]];

- math.js Ilbrary (https://mathjs.org)

const v = math.matrix([1l, 4, 9,
print(v) // [1, 4, 9, 16, 25]

const A = math.matrix(math.ones([2,
print(a) // [[1, 1, 1], [1, 1, 1]]

print(A.size()) // [2, 3]

16, 257)

31))
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https://p5js.org/reference/#/p5.Vector
https://p5js.org/reference/#/p5/createVector
https://mathjs.org

Making an orthogonal basis (2D)

ﬁl A
m Application: Normal & tangent space directions for contact n
= . n,
Given an initial unit vector, N = ( " ) \ /
Y N

B A perpendicular unit vector m mustsatisfy n - m = 0

m . v A —n,
Suitable choiceis m = n
n, —m

m Handedness?

A ny
Could have also chosen —Im =
- —_— nx

X

n. m
~ Choose right-handed basis, such that det([nm]) = det [ x] =nm,—nm_ =+ 1

ny my Y Y
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Projection of a vector v onto a direction, n

m The scalar component of v along nis v, = v - n

m The projected vectoris

v fi=(v-h)h =nA’v) = ad’v

m The projection matrixis

" X X X
Pﬁ — ﬁﬁT — nz (nl n2 n3) — X X X
n, X X X

- A rank-one matrix

B Vector with component along n removedis v — P.v = (I — Pﬁ) \

m Decomposition into parallel and perpendicular components:

V=Pﬁv+(I—Pﬁ)V
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Projection onto a line

m Line equation: Consider a line given by the parametric equation,
r(r)=q+tn, r€eR

where ( is a point on the line, its direction is 1, and 7 is the distance along the line.

q x—q B

—

B Given a point X, it's projection onto the line, X, must be
X=q+Px-q)=q+AA(x-q)
B /isthe signed distance along the line:

tr=n'(r@f)—qQ=n'X—-q) =i Py(x—q) =i'(x—q)
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Barycentric coordinates of a point on a line segment

m Representation guarantees point is on line segment

B Barycentric coordinate, « € [0, 1]
m Pointon line segment given by

X=(1—-a)q+ap

'Y~
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Closest-point projection onto a line segment, pq

P—q
P —dl
B Given X, obtain its projection onto the infinite line, X, and parameter, ¢

m Define n =

B Define the normalized coordinate, d = ———— € R

Ip —q]|

B The closest point is then given at barycentric coordinate o = cdamp(,0,1)
m DEMO: https://openprocessing.org/sketch/1673434
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Projection: Closest point on a plane

m Given the implicit equation of a plane
Cx)=n-x+d=0

where n = V_(C(X) is a unit normal vector to the plane.

m The closest point on the plane is located at
X =X+ An
where 4 € R is the unknown projection distance.
m Substituting into plane equation

O0=CX)=n-x+inN+d=n-x+1+d=Cx)+ 41
so that 4 = — (C(X) and therefore the closest point on the plane is
X=x—C(X)n
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Barycentric coordinates of a point on a triangle

Representation guarantees point is on triangle
Given triangle with vertices Py, P, P>

Construct edge vectors u = p; — pp and v =P, — Py

Point on plane can be expressed as
- Py + AP + P, where oy + o + o, = 1.
m Or
- Po + ;u + o,V
m Point is inside the triangle when all a; € [0,1].

m Howtogeta?
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Closest-point projection onto a triangle X

m Related to homework question
m (Can estimate barycentric weights using least squares solution of

0
) Xf’:ﬁ}_((a)=p0+0{1u+a2V=pO+[uV] (d;) =pO+J0(

- Writing J @ = x — p, (inaleast-squares sense)

- Solving least-squares project using the Normal equations (i.e., project using J B,
—1
- J'Ja=J" (X — Po) implies that o = (JTJ) J' (X — Po)-

- The least-squares solutionis X = p, + J (J J )_1 J' (X — Po)

- Compare to projection-onto-line equation (withp, = q and J = n)
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Closest-point projection onto a triangle X

m Related to homework question
m (Closest features could be vertex, point on edge, or point on face.

m (an use barycentric weights (¢, |, @,) to distinguish locations
m How?

Po
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Closest-point projection onto a triangle X

m Related to homework question
m (Closest features could be vertex, point on edge, or point on face.

m (an use barycentric weights (¢, |, @,) to distinguish locations
_I_ —_— —

m How?

Po

++ - + — +
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Transformations

(more in (5248A)
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Basicidea: / transforms point x to f(x)




What can we do with /inear transformations?

B What does linear mean?

fx+y)=f(x)+ f(y)
flax) = af(x)

m Cheap to compute
m Composition of linear transformations is linear
- Leads to uniform representation of transformations
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Linear transformation

Flu+v) = f(u) + f(v)
f(au) = af (u)

add first
X,y =—p X

<

m Inother words: if it doesn’t matter whether

we add the vectors and then apply the
map, or apply the map and then add the
vectors (and likewise for scaling):

151y J Ajdde
J Ajdde uay)

f)+f(y)

F(x), fly) ——m220 o F(x+y)
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Linear transforms/maps—visualized

m Example:

Key idea: linear maps take lines to lines
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Review: representing points in a coordinate space

® X

€2
eZI\I\ ieg
— >
€1

Consider coordinate space defined by orthogonal vectors ¢, and ¢,

X = 261 + 262
X = [2 2]
x = 0.5 1| incoordinate space defined by €1 and €2, with origin at (1.5, 1)

X

/8 0| incoordinate space defined by €3 and €4, with origin at (0, 0)
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Review: 2D matrix multiplication

ally,

[aaz+by]

m Matrix multiplication is linear combination of columns
m Encodes a linear map!



Linear maps via matrices

m Example: Consider a linear map

m Encoding as a matrix:

f(u) =uja; + uza

A :

Hn
d

vectors become matrix columns:

A1 x 02 x
611,]/ azly
1, U2z

m Matrix-vector multiply computes same output as original map:

01 x
al,y
1z

U1 xU1 T adp xU?
aq,yU1 T adz,yuU2
U1 U1 T dp xU?

— U714dq -+ Uoran
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Linear transformations in 2D can be represented as 2x2 matrices

Consider non-uniform scale: s, —

_Sx 0 )
0 sy
SSX3 SSX2

Scaling amounts in each direction:

s=10.5 2]

Matrix representing scale transform:

0.5 0
- O 2_

Sg =

T

SSXO SSX1
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Rotation matrix (2D)

Question: what happens to (1, 0) and (0,1) after rotation by (?

Reminder: rotation moves points along circular trajectories.

(Recall that cos 6 and sin O are the coordinates of a point on the unit circle.)

(0,1)

(1,0)

Answer:

Rp(1,0) = (cos(6),sin(h))

Ry(0,1) = (cos(0 + 7/2),sin(0 + 7/2))

Which means the matrix must look like:

Ry

cos(f -

sin(f -

— sIn

(
(

-7/2)

) -
0)

-7/2)
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Rotation matrix (2D): another way...

Ry

cos) —sind

sinf) cos@
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Shear

Shearinx:

st —

X3 X2
X0 X1

Arbitrary shear: Sheariny:

1 s 1 0
HSt__t I ! HyS:_s L
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How do we compose linear transformations?

Compose linear transformations via matrix multiplication.
This example: uniform scale, followed by rotation

f(x) = Rw/4S[1.5,1.5]X

Enables simple, efficient implementation: reduce complex chain of
transformations to a single matrix multiplication.
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How do we deal with translation? (Not linear)

Th(x) =x+b

Unfortunately, translation is not a linear transform
— Qutput coefficients are not a linear combination of input coefficients
— Translation operation cannot be represented by a 2x2 matrix

Xouty = Xg T bac

Translation math
Stanford (5248, Winter 2022



Affine transformations

Common class of transformations in graphics and animation
Coordinate vector, X, gets transformed as

X'=AX+Db
where

B A is a linear matrix operator representing scale, shear, rotation and reflections,
m bis atranslation.

m Example: Rigid body motion X’ = R X + b where R isarotation,and b is a
translation.

m (5248A covers homogeneous coordinates

m Used to write affine transformations as linear matrix operators
m Used extensively in geometry and rendering
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Common task: rotate about a point ¢

C
® o
C

Step 1: translate by -

C C

® ®

W,

Step 2: rotate Step 3: translate by ¢
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Common task: rotate x about a point ¢

B Given X, what is the overall affine transformation,

AX + b? | o
m Stepl: X — ¢ I T
m Step2: R(x — ¢) T
m Step3: R(x—c¢)+c¢ X )
m Resulting transformation is " ° " :
X' =Rx+-R)c B -- e €

m Sothat ‘l_

A =R
b=c—Rc
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Rotationsin 3D

Rotation about x axis:

View looking down -x axis:

y

1 0 0
R,9p= 1|0 cosf) —sinb
0 sinf cost |

. . X coordinate is unchanged by
Rotation about y axis: ¢ rotation about x

View looking down -y axis:

_ ) X
cosf 0 siné

R,y = 0 1 0
—sinf 0 cos6|

Rotation about z axis:

cosf —sinf 0O
R.,9= [sinf cosf O X
0 0 1 z coordinate is unchanged by

rotation about z
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Representing rotations in 3D—Euler angles

How do we express rotations in 3D?
One idea: we know how to do 2D rotations

Scheme is called Euler angles I

I

I

m Why not simply apply rotations around the three axes? (X,Y,Z)
I

m PROBLEM: “Gimbal Lock” [YouTube Video]

L,
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http://www.youtube.com/watch?v=zc8b2Jo7mno&t=1m20s

Alternative representations of 3D rotations

m Quaternions (Karen will cover later)
m Axis-angle rotations

0 =0k
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What is the 3D rotation matrix R for a rotation by & about axis K ?
m Let'sderiveit! (It'sactually not that hard)

Consider the rotated vector, v
What happens if v is parallel to k, e.g., v| = a k?
o Nothing! Since Rk = K, thenRv, =v,.

What about the perpendicularpart, v, = v —v | m

Just use 2D rotationon v

e Vi =—KX(KXV) — Vv

e W=KkXvV

rot

R

= Rv

https://en.wikipedia.org/wiki/Rodrigues%27 rotation_formula
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https://en.wikipedia.org/wiki/Rodrigues%27_rotation_formula

What is the 3D rotation matrix R for a rotation by & about axis K ?

w=KkXvVv

V1 rot =?VJ_ + 7w

v, =—KkX(KXV)
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What is the 3D rotation matrix R for a rotation by & about axis K ?

w=KkXv

Virot = cosd V, + Sinf w
= —COS@ KX (KXVv)+smfdKkxv

v, =—KkX(KXV)
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What is the 3D rotation matrix R for a rotation by & about axis K ?
Viot = VH T V I rot

— (V - VJ_) T Vot

= (Vv+kX(kxV))+ (—cos@ kX (kX V)+sind k X v)
=V+(l —cosf) k x (KXvVv)+smfKkXv

= |[I+ (1 —cost) K*+sind K| v where K="kx"
“Rv { 0 k. K, }

N\ 7 k. 0 —k,
\/—\/ —k, kg 0

L s

We just derived the famous Rodrigues' Formula!!!
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Let’s make a cube person...



Skeleton - hierarchical representation

torso
head
right arm
upper arm
lower arm

hand .
U
left arm 25
=B
upper arm =
lower arm E_
hand =8
: S
right leg =

upper leg Q

lower leg right
foot
left leg
upper leg
lower leg
foot
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Hierarchical representation

m Grouped representation (tree)
- Each group contains subgroups and/or shapes
- Each group is associated with a transform relative to parent group

- Transform on leaf-node shape is concatenation of all transforms on path from root
node to leaf

- Changing a group’s transform affects all descendent parts
- Allows high level editing by changing only one node
- E.g., raising left arm requires changing only one transform for that group
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Skeleton - hierarchical representation

translate(0, 10); // person centered at (0,10)

pushmatrix(); // push a copy of transform onto stack
translate(0, 5); // right-multiply onto current transform

rotate(headRotation); // right-multiply onto current transform
popmatrix(); // pop current transform off stack
pushmatrix(); ----------------------------------------
translate(-2, 3);

rotate(rightShoulderRotation);

pushmatrix(); ------------------------
translate(0, -3);
rotate(elbowRotation);

pushmatrix(); --------- rig ht
translate(0, -3); . lower I"Ig ht
rotate(wristRotation); I"‘\I 9 h(.jt arm arm
dan
popmatrix(); --------- group group
popmatrix(); ------------------------
popmatrix(); --------------

Stanford (5248, Winter 2022



Skeleton - hierarchical representation

translate(0, 10);

pushmatrix(); // push a copy of transform onto stack
translate(0, 5); // right-multiply onto current transform
rotate(headRotation); // right-multiply onto current transform

popmatrix(); // pop current transform off stack

pushmatrix(); -------------------m
translate(-2, 3);

= rotate(rightShoulderRotation); “

pushmatrix(); ---------------—--—--—--
translate(O, -3);
rotate(elbowRotation);

pushmatrix(); --------- rig ht
translate(0, -3); . IOWGI" I"Ig ht
rotate(wristRotation); I':\I 9 h(.jt arm arm
an
popmatrix(); --------- group | group
popmatrix(); ------------------------
popmatrix(); ------------- oo
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Transformations in OpenProcessing

m https://p5js.org/reference/

Transform
applyMatrix()
resetMatrix()
rotate()
rotateX()
rotateY()
rotateZ()
scale()
shearX()
shearY()
translate()

push()
pop()
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Ordinary Differential Equations (ODEs)

m Initial value problems (IVPs)
- Common in animation

m Some slides from (5205A on Introduction to ODEs
- More on time-stepping methods next class (some for end of HW1)
- Textbook reference:

Nuwucall - Solomon, Justin. Numerical Algorithms. Texthook published by AK Peters/

Algorithms
Methinds far Canparer Vi,

CRC Press, 2015
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https://people.csail.mit.edu/jsolomon/share/book/numerical_book.pdf

Next Class: Particle Systems
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Announce Introduction

Ordinary Differential Equations | J

CS 205A:
Mathematical Methods for Robotics, Vision, and Graphics

Doug James (and Justin Solomon)
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Initial Value Problems
ooooo

Today: Initial Value Problems

Find f(¢): R — R"
Satistying F[t, f(t), f'(t), f"(t), ..., fP(®)] =0
Given f(0), f(0), f"(0), ..., f*1(0)
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Initial Value Problems
0000

Most Famous Example

—
F
Newton's second law

—

F(t,Z,2") usual expression of force
n particles = simulation in R3"

CS 205A: Mathematical Methods Ordinary Differential Equations | 7/35



Theory
©000000000

Examples of ODEs

/

= 1+ cost: solved by integrating both sides

"= ay: linear in ¥y, no dependence on ¢

/

v
SRS
I

= ay + €': time and value-dependent

v

y" 4+ 3y — y = t: multiple derivatives of y
y"siny = e”: nonlinear in y and ¢

v
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OOOOOOOOOO

Reasonable Assumption

Explicit ODE
An ODE is explicit if can be written in the form

fO@) = Flt, ), /@), f'@), -, F* V@)

v
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Theory
00@0000000

Reduction to First Order

fO) = FIt, ft), f(0), £ (), ..., f&0(0)]

CS 205A: Mathematical Methods Ordinary Differential Equations | 13 /35



OOOOOOOOOO

Reduction to First Order

fO) = FIt, ft), f(0), £ (), ..., f&0(0)]

fo(t) fi(t)
d fl.(t) fz'(t)
dt fk—.2(t) fk—.l(t)
fk—l(t) F[t7f0(t)7f1(t)7"'7fk—1(t)]

CS 205A: Mathematical Metho ds Ordinary Differential Equations | 13 /35



Theory
0008000000

Example

y/// _ Sy” . 23/ +y

CS 205A: Mathematical Methods Ordinary Differential Equations | 14 / 35
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no__ /
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Theory
0000@00000

Time Dependence

S s = —
= =~
— — >~ N~ N\
RN

Y Y

/ A

AN VAN, g
A 4o
i A e 4 —

o >t —
NN N \\\\\\ N NN ~
NN ON N \\\\\ NN
NEVENENEN NN

Time-independent
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Ordinary Differential Equations |

N,

. \\
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S~ .
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Time-dependent
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Theory
0000@00000

Time Dependence

Y Yy

A A
/S AL S S = — —
S S SS S SS e
P e + — — — =~ N N\ N\

,:___{__ﬁ—;’// ///// o — AN NN
S >t - \\

4T T e - - - - — S S Y VNN
NN N Q\\\\\ NN N AN Q\§‘
NONONON NN NN NONON N TR
AN N U U NN AN N N N NN

Time-independent

Time-dependent

Visualization: Slope field
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Theory
000000000

Autonomous ODE

y = F[y]
No dependence of F' on t

CS 205A: Mathematical Methods Ordinary Differential Equations | 16 / 35



OOOOOOOOOO

Autonomous ODE

y = F[y]
No dependence of F' on t

CS 205A: Mathematical Methods Ordinary Differential Equations |
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Visualization: Phase Space

0'(t)
A

> 0(t)

——
S
ez 4

—
—
N




Theory
000000000e

Existence and Uniqueness

Theorem: Local existence and uniqueness

Suppose F' is continuous and Lipschitz, that is,

| Fly] — F[Z]|l2 < L||y — ]| for some fixed L > 0.
Then, the ODE f'(t) = F[f(t)] admits exactly one
solution for all ¢ > 0 regardless of initial conditions.
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OOOOOO
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Model Equations
0®0000

Model Equation

CS 205A: Mathematical Methods Ordinary Differential Equations | 22 /35
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Model Equations

00e000

ion

1zat

isua

V

Stability

P
S S S S S S S S
SS S SS

4 -

_— — — — — — — —

N N N

NONON N N N NN

NN N N NN NN

a<0

a>0

ay
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Model Equations
000000

Three Cases

y = ay,y(t) = Ce™

1. a = 0: Stable

CS 205A: Mathematical Methods Ordinary Differential Equations | 24 / 35



Model Equations
000000

Three Cases

y = ay,y(t) = Ce™

1. a = 0: Stable

2. a < 0: Stable; solutions get closer
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Model Equations
000000

Three Cases

y = ay,y(t) = Ce™

1. a = 0: Stable

2. a < 0: Stable; solutions get closer

3. a > 0: Unstable; mistakes in initial data
amplified

CS 205A: Mathematical Methods Ordinary Differential Equations | 24 / 35



Model Equations
000000

Intuition for Stability

An unstable ODE magnifies mistakes in the
initial conditions y(0).

y= Cvgut y= (/veat

“ >t
T
Stable (a < 0) Unstable (a > 0)

CS 205A: Mathematical Methods Ordinary Differential Equations | 25 /35



Model Equations
[eleYeleYel )

Multidimensional Case

i = Ay, Ay = \iij; (where A= A")

j(0) = i

]

CS 205A: Mathematical Methods Ordinary Differential Equations | 26 / 35



OOOOOO

Multidimensional Case

i = Ay, Ay = \iij; (where A= A")

7(0) = Z CiYi

]

—> §(t) =) ey,

?

CS 205A: Mathematical Methods Ordinary Differential Equations | 26 / 35



Model Equations
[eleYeleYel )

Multidimensional Case

i = Ay, Ay = \iij; (where A= A")

j(0) = i

]

— J(t) =) ey

?

Stability depends on max; \;.

CS 205A: Mathematical Methods Ordinary Differential Equations | 26 / 35



Simple Integration
©00000000

Integration Strategies

Given g, at time tj, generate ¥j;1 assuming
J = Fly).

CS 205A: Mathematical Methods Ordinary Differential Equations | 27 / 35



Simple Integration
0®0000000

Forward Euler

Y1 = Ui + hE[y]
» Explicit method

» O(h?) localized truncation error

» O(h) global truncation error;
“first order accurate”

CS 205A: Mathematical Methods Ordinary Differential Equations | 28 / 35



Simple Integration
008000000

Forward Euler: Stability

AA/
Vo

Stable (a = —0.4) Unstable (a = —2.3)

CS 205A: Mathematical Methods Ordinary Differential Equations | 29 /35



Simple Integration
000@00000

Model Equation

Y =ay — yps1 = (1 + ah)y;

For a < 0, stable when h < =

lal®

CS 205A: Mathematical Methods Ordinary Differential Equations | 30 /35



Simple Integration
000000000

Backward Euler

Uir1 = Yr + AE U]

» Implicit method
» O(h?) localized truncation error

» O(h) global truncation error;
“first order accurate”

CS 205A: Mathematical Methods Ordinary Differential Equations | 31/35



Announce Introduction Initial Value Problems Theory Model Equations Simple Integration
C 000000000

Backward Euler: Stability

CS 205A: Mathematical Methods Ordinary Differential Equations | 32 /35



Simple Integration
000000800

Model Equation

1
1 —ah
Unconditionally stable!

Y =ay — ypr1 = ———uk

CS 205A: Mathematical Methods Ordinary Differential Equations | 33 /35



Simple Integration
000000800

Model Equation

1
1 —ah
Unconditionally stable!

Y =ay — Yps1 = Yk

But this has nothing to do with accuracy.

CS 205A: Mathematical Methods Ordinary Differential Equations | 33 /35



Simple Integration
000000800

Model Equation

1
1 —ah
Unconditionally stable!

Y =ay — Yps1 = Yk

But this has nothing to do with accuracy.

Good for stiff equations.

CS 205A: Mathematical Methods Ordinary Differential Equations | 33 /35



Simple Integration

000000080

Numerical Stiffness for IVP ODEs

An IVP is said to be numerically “stiff” if
stability requirements dictate a much smaller
time step size than is needed to satisfy the
approximation requirements alone.

[Ascher & Petzold 1998|

CS 205A: Mathematical Methods Ordinary Differential Equations | 34 /35



Simple Integration
00000000

Forward and Backward Euler
on Linear ODE

» Forward Euler: 431 = (I + hA)y;
» Backward Euler: ;.1 = (I — hA)" g

CS 205A: Mathematical Methods Ordinary Differential Equations | 35 /35
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