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L Course Pitdn ctd.]

In this class we will discuss:
- Besics & Error (rrecking (odes:  combinatonial bounds + existential vesults
st o Sove, basic. dostract ékazbro\ L fnite %elds~no*hin3?uncﬂ
oo % * The dlessic. Polynomiod  codes Read- Solomon and Reed -Muller
¥ [1¢ e wewill vention | Fancier Pol%nomiox\ cocles:
Mu\h‘p\&dhj Codes, folded RS codes

o 7" A\c%on%wxs ?Dr mamPtAla’(\'n hese codes  in various %H\‘n%s:
W s 2 %

W ’\A\m’c«& chzcodmaj lisk ckzcodmcé, {ocal dQCOdmé

do 0 A \\C(khO(\S./
\r\:‘;}w PP

In tis cless we will NOT™ discuss:
: NM% %ri dofails of any one. application (nis is & THEORY course)
- LDPC codes,” Turbo codes, Raphor Codes, Tountuin Codes; .
L See Montanad’s course EE3¥3 B ol tnat %ood shxﬁz. 1

At the end OQ this Course:

You LHOULD HAVE THE ToolS TO USE
I=RROR - CORRECTING CODES (anAMalofbm(,%oots ehhind mm]
IN YouR OWN RESEARCH/LIFE.

That means :
. EY\OU%\!\ %xm'\\iari)r\i With *ewnim\og\i , conshruckions, a\caocﬂ\nms,
and notoas of C\QLDdi(\g o pick vp & researdn Papec
and undexstend it

* Exposure o lots of excmplos OQ how ECCs can \ee
uselul in o wide V&Yie)rY o@ Sejrh‘n?.



(@) The BADIC PROBLEM in CODING THEORY

The picure. looks ke Fhis : CODEWORD ¢ OQ |€V\(a"\'h "
(\/\/—\
I ] q [ |

MESSAGE X l SOMETHING BAD WAFENS
of \enciﬂ\ k.

[ |
— )
CORRUPTED CODEWORD c.
YMY\IL sume enines (hd deleled ,c.har\ﬁad,dt.

The %oo& L

GQIVEN €, FTIND (somerhing feorr) X.

EXAMPLE : coMMuNicATION

R
xeio % .\_./ —-—\[\[\/\/\/\e @oo 4. Whet did

Alice wean
1033,\‘ ”?
1. Alice has some 2. Alice encodes 3. Nice Sands
Wiesssge X her Messadp as ¢ C o Bdo over
she would likg Q noisy el
bsndloBp,  NHCE B hews &

BB



EXAMPLE : STORAGQE

1. Suppose X sa bl

—
e

9. Encode . as o codeword ¢.

R.cis stoced %y ona CD b\ki‘ Somd‘hincs
or in & RAID afTa\i. .o BAD Wappens.
8. T sl want x!

THINGS WE CARE ABOUT :

D We ghould \pe. abdle To hendle. the  SOMETHING BAD, whiatever that mears.
(D We should e doe o fecover WHAT WE WANT 10 KNOW about x..

(3 We want o MINIMIZE OVERHEAD: Rin ould oo g bu‘éY 8s ?ossibka.
(@D We wart 1o toall tis EFFICIENTLY

Quesnon  What are the ‘mde—o(E betwezn DA4) ¢

IS depends on how we wodel ﬂ\m%s:
- Whot isthe SOMETHING BRD ?
* Whvat emcﬂado we WANT TO KNow?
- What courts as EFFICIENT?  Whst Kind of acaass do we hove to €7

—(Bdcq we'll ook of ove Wy of ons wmna%&se 0«23’1\‘0{\&
There are ma,nxl \e%i’r ways, and we will see more Throuc&\nou\"ﬂ/&.%mrkec



@ FormAL DEFINITONS

Lei: Z. bea’“é fate <ot and \et >0 e an if\\'ecdef.

DEF, A CodE C of BLOCKLENGTH o over

B an ALPRABET 2, is a suloset CQZW .
— | Soncfimes T vill sy
An eavent ce C s calld o CODEWURD. “leratin” i?sreadcﬁw
“bock\era
Qo For, tis is not 8 very m’rereﬁrmg de@nijr\'on.
EXAMPLE 1. E WELLOWORLD | BRUNCHTIME ALL‘IHETIME}
is o cade of ek lergfn 10 aver =1 AR, Y2}
_ This is ot
EXAMPLE 4 (O ,©, 0, D> aw\f\if\’reresﬁr\
(0,0, \, l) (odE,e\'Mow}hif
(Q‘ 1, 0,1) docs}rcnpture:;w.
\ask majon
C = (O/ I O) is a code, of m\i)*\lhoua\nfs,
(‘,O/O,l) OQ\CYW40VQ[‘
VL O) Z: {o) 1.}
(‘ ARV O> 1€ Z=1913, we sa Thls Selzo‘(ld
(v, 0,0) Cis « BINARY CODE. gxﬁ‘-v*v‘tmfc
in*eresh‘fg.

\What does fnis ave 4o do withie Je\cJ(ure o belore?  Ths o \1

Consider the map  Enc: 30, \3 e{Olg Swmb\l

——
— v ENCODE

ENC : (x”xz, )(S) —> (.XUX“ XS/ XX +X3 md?_B MESSAGE X
- ) of \encxl'hk
messuge X codlaword ¢

for examP\QJ EN(.(QO;\;\» = (9,1,1,0).

CODEWORD ¢ oFlewé‘}h n

C —"—

[ |

' SOMETHING BAD WMPENS

( |

\_/_N -
CORRUPTED CODEWORD c¢.

(ke some. enbries Lhaf dde\ed,chmyd,dr..

Then (= Tm(ENC). That is, Cis e st all codewords that could

be obtwined fusm% this encodif\a maP.



T\F\e secord Q)(um‘)kﬂ. can OC‘quH; =3 ’USQC‘ % %X \)ad B’ﬂlﬁ.

SUpPose You See

O O 1
R~ SOMETHING BAD Hat happened
obsuured this exr\r*y
What is the missing \oit 7 This is called an ERASURE.
1t must be o d | since O+&+O =4 wed a1 know which bit
8oi-eraszd, but we.
dont know what its
Suppose. idstesd You se ongired value was
O o1
Then we know SOMETHING went weong (ot Qa0st one ot V\qu\PPG'D but
we are viot sure whab it was. T — This is cslled an ERROR.
One bit may hsie been.
COK CT one \i !
\Ne 58y ot the code in EXAMPLE 2 can R —lor — ERASRE Kno v&h%mqw
DETECT one ERROR.

But it camot CORRECT e ERROR,  Let's see ct code, Hat can.

EXAMPLE 3. Gorodr fhe. encudiog op BC it 10/F Ve l2
ENC: (X‘J Xz, Xs, X,‘\ —> (Xn , Xo, Xs, Xq) Ko+ g+ Xy 5 ')C|+9¢3+9(‘U x\+x2+%‘\)
Lt C= Im(ENC). & Cos {o.t}f ako C is o BINARY CODE of LENGTHY

ANOTHER WA + VISUALIZE s CODE :

K:ﬁd -U/LQ WESS&(?' x‘ ) XZ, X'S/ Xl(
in e middle, and tan the circles

gb k\h&)\k how { &l in the vest.



l
PUzzLE : L took some ce C and ﬂiwed at mostone bit, o obfuin:

8:(0111010)

What is ¢7

ALTERNATIVE LOOK.
ot e PUYZZLE -

fb

oLUTION /' Tn lecd codewardd , all Haree circles Should]

sum 107 O. Here, both the green cirde and
feved cirde are messed up. T

ﬂne thing oze. cddes nave in Common,
s C. FT Tlip G T hould %da\ea‘(f

Codenord a%am:
6-(0,1,0,4,0,1,0) o q@

Md, C isthe ONLY solution because
{ “PP‘"S 3”3 othee bif would mess yp other cirdes




Hoora,\/! That works. Put it seems Poeﬁ ad hoc.
Fortne (estok this \ecture dd some. o nexdt one, welll

0 infoduce some oomalism fo mekathis sdution

wm less ad fhoc. At e e fime we will flesh out what
we, Care doout for ECCs.

O We ghould pe ddle T andle. e, SOMETHING BAD, whiatever st mears.
(D We should 'be doke Yo recover WHAT WE WANT 0 KNOW about x..

'Wusd'hirgs. @ We want 1o MiNMize OVERKEAD: ki Soukd e a5 wmell a5 posible.
(@ We wert to o all this EFFICIENTLY.

Trs some definitions:

] .
DEF.  The WAMMING DISNCE \etween x,gez“ s
A(X\‘J\ = Zti ﬂ-ixﬁ':y(} I NV

e RELAVE HAMMING DISTNCE bbwen nye i | o oo
y *ﬂan%\&mkuuqll\f.
Sy = 'KZ?:.ﬁXc*ga§ 1 N\:ﬁ _

DEF . The MINIMUM DISTANCE of o code C <2 s
Min A(C,C’)

C+C Somefivas Tl just
inC Call ths “distance

CLAM  The Code in EXAMPLE 3 hes  yninimum distonce 3.



[f the CLAIM i e, it explains why Thot Gude. can corved: one.enor:

af |93‘+3

' °‘°‘°‘°/\\
TN
‘.\.ma/\\a otherceC .

DISCLAIMER . ( ot (st &
T il frequertly dawo B i
pichires as thougn HsmmwaLdisfm& s Euclidean
dislnc, ond 303" is R®.

[Yldeed, i A(c,d) 23 _V[C-#C'GGJ {hen
A(te)=1 = A@Ec)2 Yeel o tonc

by the tianole. ine uo&iivé. Tt oorrect” codawerd ce C s
‘IAﬂ\'CQielg defined bé " e one et s dosestto €.

T ’k)mve e CLAIM:
) \(ou can ?mba\ol\/ CONVIACe, Yw(;qj]f bémma at @ (in the B W3y We convinceg)

ourselves we could a\wa\ls
Bk one emor).

» But welll see amuch less ad hoc W\ )
establish distance after we tuild Up Sormg W\achmw\a (b LINEAR CODES
n Lechure 7 , 50 lefts ’Pu’ri‘r sside. for now
The POINT off this dicugsion was that :

MINIMUM DISTANCE s a reasondola proxy for cobustness.

ok, ) Dwe should be e o hondle e SOMETHING BAD, whatewer st mears,
(D We should 'be doke Yo vecover WHAT WE WANT 10 KNOW about x..



Thatys,
N EXAMPLE 2, e code Pad minimum distance 2 (dheckthis!) and could CORRECT 1 ERASURE

and DETECT 1 ERRoR.
-l EXAMPLE 3, ta code Twd minimum distance 3, and could CORRECT 4 ERROR. .

Morc %ﬂmn\’) a code with distance d can:

e Covrect <d-1 evasures

o detect <d-1 erors <
—>+ correct < L-‘%‘—‘\ exrors

for these two, e (inefficient) al(aorﬁhm Is: for his one, e (inef&fm{) alﬁ. is -
“If you sex €, vetum ceC s clased o & “Ip 0§ C,y oyt some\hia% is wmr\é."

Th&?\d‘\,«ft, looks  ike, this:

® .o &
Cy
¢
2‘ \—"[hesz f«amwn'n% balls
of radivs d-4 “confered
& Codewrdg are nok
dis J'o'mt, but ey
each confwn exadl\/
one codeuwurd.
Trve codeword ¢ Sowu otier codewnrd ¢/

y I{ C iste “correct” codeword and € &dTIX emor's are intnduced, we Moy e\nd'ue
with G St gl (o ) balls aredigot, ve can fnd ¢ fom G

. HUWe,Vef, '\Q < -1 enors ar intruduced, We may end up wilh Ca . Nowit's possible
frot & @me fom Cor that it came fom ¢’ we can't el However since each

Oall doesn't  contain an| (odeiord  offer fhon s conter, we can tel( oot W‘”ﬂ
went Wmn%’



Remmm% 1o this, we can now dari\[\{ e fiesttwo ‘U/\mas.
('(;DW\ earlier)

THINGS WE CARE ABOUT :

O We should pe able 1o hendle the  SOMETHING BAD, whatever that mears.
(D We should e dde Yo recover WHAT WE WANT TO KNOW about X..

(@ We want fo MINIMIZE OVERHEAD: Rin ghould o g5 ymsl as Po&sibh.
(@D We want to toall this EFFICIENTLY.

\{3 we want :
) We should beabed hande LdZ'X WORST- CASE ERRORS o~ d-1 WORST-CASE ERASURES
@) We want I reover ALLOF % (gka correct e erors or erosures)

Toen we should say Wawev\t MINIMUM DISTANCE d.

Next we will wove o0 @

Asoe . A natwra\ questin &t tis Po'\/ﬁ 5, " Wwhat it T don't want
handle worst -case. ervors/erasures?” o example, if my ol Phas
Minimum  distence d, and I have two  Codaudords:

c-(000O 00 0000 QO o o0)cE
¢- (1 L 1 | OO0 OO0 0o0o0o0 O00)epl¥

._—W\J
d

Then if an ac\vmar% chooses o IV\l\\o e §rst two bifs, ved e coa\:used,
But \nsead W) fwo bits {-’{iPFed at vondom. The K)fdoabi\i‘r\l We%zt
ofied is (B wnth it be quite sl

(=)

The  vandom-envr medel  (also called e Shannon moclll” or “Stockashc model" )
is naturad and im])ortant'. We will discuss it @ ltfa Wit in tnis cless.  However,
most of our fous will e in e worst -esse. wodel (also called Yo * Hammmg wodel " or
"adversarigl mofel.”




Mwiﬂaof\ o @) what do we mean ‘01 “overhead"”?

f
DEF. The MESSAGE LENGTH  (somefimes cslled DIMENSION) of o code

ower anélp‘r\ebek 2 s deﬁ/\zd 1o be f( = lOSIZ\ \C| .

This de%nﬂx'om makes sengz witlh our oeemh‘onal unclm’rand\‘(\%:

(messa%xogﬁwg}b\elwerz> (—E—N; (a;dmmrd C€C/>
—
\Z| ¢ Passa\oi\(\fu ms

So \zlt=lel we k- Iy lCl
|
DeF. The RNTE of o wde C < ZVL with lock \eng(l’\ N Over an alPl'\ebatZ'_, s

R = loglz‘\C‘ - VYlessac?Dw%Wﬁ

o block Slqmc&k Mo

So £ R sdmetod, Yots Goop. Notmuch owerfiead
Aud i€ K is Close o O, Hhat's BAD. Lots of overhesd.

DEF A code with distance d, Message Qmégm 9< Uoctﬂmgdw\

‘ and olpraket 7 is clled o (n,k

QUESTION.  Whar sTie Best TRADE-OFF ReTWEEN RATE  AND D\STANCE?
[

“This question is I Open for binary codes!
Buﬁ:;ere 's lots we do knowwy



@ RM—E vs. D\SF!\NCE'- HAMV\\NC‘,] BDOND

What is the Dest tmde-oﬁr beteen vate and distance we can ﬁo?g @r?
The  HAMMING BOUND %iVeS one. Dound on This,

Let's retum to e Picture we %ad beﬁre_) with dl'sdoir\’r Hsmmm& balls
of radius %5 |

\ceC_) ces”
- \We have \C| o\(sjoinjr Hamming balls of raclius 5], I
* There can't be foo many of them o ey wouldn't all fit in 2.,

To be 8 bit yore P(m'se:

|
 DER  The HAMMING BNL in 7' of rodius e dbust xe 2 i

By = Tues  Bliglee])
The VOLUME of Bsn(xe) is VOJI\ZI (e,n)= |B,n (xe)]

Noti ce thait '%Z“ (X,e)l clues not 0(@%0/ on X . Notes:

'%ﬂomdims {I;w\:t\illdmp
_ e " fom the
Qoo 1Z0=g. Then B
=44 (" SV (™ No-1Noren (1 \(o- e - Somdives T will write.
\/Olfk(e,f\) "’1 (1) (% ” (1)(% ” (C>(% 1) Ezn(x, e/“) fits

5/ alli;‘ne elements Kallﬂr:z clemants _._Kc'i“ the. elemants of 3" miore convenient 1o fulk about
of T ofweght{ &I fueight ” of weight €. relative. distanca



So tat meansthat i a code C_ € 57 fus distnee. d and Wss%zﬁma‘}h 'fg) whare [zlz%)
. ii é "
lcl VOI% < 2 J ) VL> (L

\—’W\JW

fotal volume n The (o )ig fokal volume \‘/\,Z,Vb
0 king Q,o%; of both sides,
Lo 4 <
’ |03%(ICJ) + (oqu(\/OL()( z |, 3) YL
loa (1) =

L\ feg, (Vel, (L% 151)

= Rake = = )
This is called e HAMMING BOUND.
— Back b EXAMPLE 3, whidh was a ( :/7, L", 5).& coda.
VA RN
n k d %

- We have L%l‘i
Nol,(1,2)= £+ (G)M1=¢
. 2

e

& < { - loa(3) . 4 -3 - 4
7

*And i gad ko479 in s wse e Hammmé bond is h’(&lf\t .’

Notes  gbout this €X8‘MF(LZ

« Whort e Hamming bound is ﬁ%w, e sy e code is PERFECT
« EXaMPLE S (which iswéd) iS o special % of wmd%m«i colled 0. HAMMING, CODE:
* You will exP\ovc Hiis more in in-class exefcises and on Nomework .



® KECAP Now we undaestand v §rst Ogow* desiderats:

THINGS WE CARE ABOUT :

D We should pe adle To andle e SOMETHING BAD, whatever nat mears.
T“ESE “\REE (@D We should 'be doke Yo recover WHAT WE WANT 10 KNOW about ..

(3 We want 1o MINIMIZE OVERHEAD: R/ should ‘o2 s lorge. as possibla.

(D Wewatt 1 o all his EFFICIENTLY.

“That s, (ﬁo? now ), our 8061 isTo des’\cS\ cocles Ce)r so Thot :
+ The DISTANCE ! C s as\an&eas])uss‘nﬂa-.
T TRE o Csacosa to 4 asPossiHe-

Even without the algodjrhmic considerstions, ‘understending e trude o% betwean rate
and distance ums out o Br @ Quscinah‘v\s com\ai(\tédal C&uesh‘on./

Tn R, for iosn, codes (IZHB) Tis question is - STILL OPEN!
(We sew Yt EXAMPLE 3 wésth‘ma\ br n=7 and k=4, but what dpout in %emnﬂ? )

Next fime, we'\l give an oenview op obshrect o%e,\ora, ancl e 0\\’\% L
tore defaitions ol will further  de-ad-hot iF\% EXAMPLE 3 .
%at’s it ](\):;r 7’qu7/.

(QUESTIONS + PONDER:

 How would \ou %QW@H& e code in EXAMPLE R Yo \ar?fo.r n?

(2) What s e best bound \ou can- come up with 0N e ate o{ja code
C £%9,13" with distance d ?



