£ 3250/ EL3VT - LecTuRe 2 - Liar Coles and it ks

e enpA Tooax's Ocorey facT:
@ RECHP Qrmf\ LAST TIME The oldest  known ocﬁafms ﬁ:ssif
@ LiINEAR NGEBRA gver $0137 is pmm an animal that [ived almost

@ Five FlELDS 300 million years 650 K‘ds:l‘me-
(3) LiNerr (opES % s ..

(® Reawll gl tnis notation wehad fom  fost time:

N block QQ‘/\CJl'V\

' eSS QQY\CSW— @sw>
d: d\SﬁMUL (dsw)
2% dlpndoet

A CODE  |s o« Subset 652". lts elomants ave called CODEWORDS .
I 1CI= =% te RATE of C is K.

@U€S’nON ﬁum last bme :
What st best brade-off betwesn rateand distance?

(SHill open! )
In particular, recall EXAMPLE3 fom last time:

4
ENC: §03 —>§o,|37) %ivenb\/‘-
ENC - (X“Xl,)(s/ Xy ) — (%, y e, Xs, Ug, KatXs+%yq md2, Xi+Xgikqmd2, ,1-1,,,7:43

C = lmage(ENC). [

C s o binery code of Saugh 7, wessap S 4, distane3; e Re7.
We % itis a &7)4)353 Code,
nR

I=|



We  clled Hhiste HN\’\WNQ (ODE uh?) and we sawthod it wes
Opﬁm\ in ot it met e HAMMING, TAOUN D. ’\Ruu

HAMMING BOUND

Weo 4l came up (ort 0% with &
dzccudmcs &l%()ﬂﬂ\m ng s code :

e - £ < \~M)

Klgocithm Skelch: which flowed, from Hea fuck it \fou

con't chldoo m2ny Hammmta bellsin 3"
\vew e cacle L

Then ldanhH which ciccles don't sum fo O wmod 2) and Fh
UWnique bt tnot ameliorates e Sitadion .

\We waved our thands ot how Wis sort of ar(aummt an ko show at the distance
15 & least 3.

But this was 4l a ot wisakisfying.  While cleves, fhis conshuchon {’ea\s o bif ad hac
How can we W\& this coasfmcﬁon

How can we l?Q_. s &C&oﬂl"\ﬂm / distance argmmaml?

Todey we'll see an '\mpor‘favrk fumework.  in codm%ﬂ\eond) ot ot LINEAR (ODES,
which will WzlP W pu’v this example i context.



Asioe o far we've wentoned e Hamrming wodel, Hammfr\g lpownd
Hemmmg didance, ‘r\émmfng balls, and &mmmg codes .
Who was Tis au% Hammmg?

R\'C\nércl Hammin (H N I‘HK) WS WO(km% at BQU \&bS SJFéH\Y\(a I
e late 1940, where Viewas cdleaques with © Claude Shannon
(o€ e “Ynamnon model” which we also® mentioned ).

\'\8\«\1“'\(\(6\1\[&3 Wofkiﬂ(é on old-school COW\MeN (ca\cu\ehnc&mad/um) , and J(W\& would
elumn dn enor i? even one Dif wes enteved in errov.

This was  exdreme WSMMA ,and inspirec| Hamming to thdY nis
rate-vs - distane %ues’(\b/\, and o Conme up wifla Ha%wm%codes.

(L) Linene Aceers e 10,137

EXAMPLE 2 (R‘orv\mua on, THEHAMMlNG) CODE) 6\&5 ama‘l«s Nic R:D(‘M: )

N

ENC: (X‘J Xz, X, Xﬁ\ —> (Y., X2, Xs, %4, Ko+ Xg+Xy | K +Xg+%y, x‘f'xzm\)
ENC: % +—> QSZ) somo,\imar&o?x@odz\)

aRe, we (an wiite s 45 K > Gx mod2) | where G s e medvix.

1 0o 0o X,
ENC—(X): 031 Vo X, (VY\OC}\ 2_)
006 1o Xg
0o 01 Xy
ot 11
1 o011
G —t 1 01
NOTE : Some people waite.
(3 is called o GENERATOR MATRX. 1 |
‘ » C\ = ¢
SUPPOSE for Now fhet “|i(\eara\caghm works mod 2 aka, G is short and fat.
Then this View is P(E“‘\{ ‘\ASQ&U\. Tn this dass, Wbr mainces are
tall and sk‘mna{.



Whyis thig @ useful way o look af things?
Let us pretend it \inear a.Qch\om "works"  wod q, and see whait we Can do.

LINEAR CODES
C has dveny nice Pm\)ed’y . s closed under addition 3 it ceC} ¢'eC Han c%c'e C.
s View makes hat tery Clear : Umod2 mod 2.

6] B [o] 0= [o] D

—_— )
C ! also in C.

A, C= sun( ls(G)) is e LINEAR SUBSPACE, o¢ DIMENSoN4

VERY

it I € i Leme, o disrance (C) =minwt (C), Indsd, (a6}~ A(Ge00)
= wt(Gl-)).
PARiTY CHECK MATRACES, a N This can
. it much
The other Way we looked ot this exumd.m Was ng 21‘?2??0“
understand
e disfance.
We observed that gll e ciccles summed fo O wmod 2.
Ancther way of wrih‘né it :
d
Crrean Giccle's Constais = © 1 | 1 | o © q
Red Circle's (ustoit—>| | © | ] © | © C| - wod &
Blie Circles Qustwist—> [ | (O | O O | Cs
H o O
(s
Ce
Cs

Mka, ¢ceC 2 V=0 (wa2)

Quesnion: Does C=Ker(H)?



10 0o
ANSWER. YES, C=Ker(H). Z»Zv ;; <—-||-’seaua§\)seq.
ﬁ offts dim(colspun(6)) = 4
Wiy Dimension Cmnkn%'. cl\’m((),)"k. tto1] st idenfy mo
Q 'xs\')uersiW%W‘e.
‘ c‘im(k@r({-‘»: 7 —dim( owsan(H)) =7 -3 =4
- Qo C eKerH), ad dimQ) =dim(Ked i), \5 ol l} W
éa:K@F(HB |l (o] oo |
H is called o PARITY-CHECK mafnx of C. Acaou'n, its casaa’ro 2R
dim(rowspan( H)) =3
PARITY-CHECK  MATRICES ae USEFUL. becase of. fine denfiy.
Ot makes It easien o see e distance op C .
CLAM: dist(C)=3
Proof
hsbefore, sulficos to show Ml wtle) = 3,
ceC\1o3 _
SUPPOSe. CecenswtiOFZ. Than, CIJL|7:IJ'IO(|)2 /g
| o] o o | O
H
But fen il/gr one. column OCH is O (NoPE)
or e sumof two columisof | s O mod Q e
aka there s a repeated column  (NOPE) wlle)=lv2
So  ce G/ wt(e) =3,
Now, e codeword OLO[OIO  fas wdg}'\t exacHg 3, sothisis h’cdl'ré J

@ It Gives ‘us a nice decod\‘ng a%od%\m.

_— PuzzLe: Gwen € = 0111010 which. fs suﬂéxfcl ons. loib Pli{), whit is ¢ ?

Same puzz(a.
as last tmae.



ERROR. vechr which haswt 1
Soluh‘on fo Puzziz: Wik C=c+ 2 wodd

ON THE S 1 1V ] oo o \
oNEHAND: | L O ] © 10 o wod Q.
| (O | o o | 1 Q
H |
@)
|
Ol w»n
C
ON THE GTHER WAND:
Y + - H = The cdumnof H
where z Pasa 1.
- LN
e =/ 2 lepomi
Since : is The %Pd column oF H, The error gecured in PoSikon\S.
(v}
So Ahis SNQS US an eﬂq'ciuﬂ decodfna a‘a RPC’

“Thisis amugh wier waxé oQ S@inao\m circle-bawd algonhm .
“Wiidh irces fuil b s 101V istie s as “wichbts of Hxez) ae 1" and i
picks out which bt ve eeded o fip.

THE POINT R0 FAR:

Assumm% gt "h‘near&lﬁebfa works” in {O,la mod 9~)
this ﬂmaarf&(%bmic view 0/7 7’1/»;'/)(73 IS verY useful !




THe QUESTION ¢+ Dres  [inear sloghra'mabe sense. over 30,13 med 9 7
(And what does tnat mean?)

\wasm rblem? W\/\LéWOU\l({V\‘{' it work?
To se fha pom\hal) issue, “consider what happens for 30,1,2,3% md4,

— NON-EXAMPLE  (WARNING! FALSE STATEMEND BELOW)

Lot Q-=|*° be a %meior mahax | wod 4.

Defie. C= 16 | efoins] ] = dsan(G).

So dim(C) =2. ( T columns are ok scalar vulfipls of
eadnothur ka, Mﬂmlm@r{g u\dtgu\de)

Bu+ Cconsidesr~

H=12° °|. Now we fhave |2 © O[] 2 © _ |6 ©
o 2 © oc 20 |lo 2|l [0 D)

[

H G (mod %)
And H cortuinly seams to ?nsve'raﬂklélSo.
( The vows Jre ot scalar mu\hpl&s 0{1 ea,c’/\ UH’\Q/F\

So Avan b%%%m&ﬂumw‘cj C - colspan(G) = ker(H ).
So 2= dim(C) = dim (KeelH)) = 3 - dion( owspun()) = 3-2= 1

OH NoO I/




WHY Wes TMis A NON- EXAMPLE ?

\What went \Nnm%? L\(\eare(%ebm doesnet “work" aver 30,1235 md 4

| ASIDE :
 In pacticular, several imes in thdt e xample we said Comaling lle) You canmake
“honwed \fectors W and W are lmeaxlg independent iff it work @
thee s no 2 st V=2aw, little it
T\/&Gk«lbré
- Another dQﬁﬂ(th0€ \inear \'ﬂde()endw\(o, buezword is
¢ nonweny ectors V and W are Qmearl«a Inde V\de)/\{? J{E “module

Thore, 15 Nu NONzew® A2, Sk. r\VJ« AW =0O.

Over(R tase are the same:
?MF[Supposq_ A AL, FO sk AVHAW=0. Then v-@; W,
Conesely, i€ 3 A st V=AW, fien dioose a3, 5,1 -

and Al V+AW=Q).

- But over 30,1,2,3F mod 4 Yhese ave not the same.

2 | o | 4| o
2|lo|+ 2+ 2 =14]:<|0 W\Od4'}
| RN N N e
4 w

even ﬂ\ous\n vand w are ot scalar mulh’glgs of eacln othar,
+ The Proof above preaks: \What does ( > mean ?

<3/JL mod 4 does not \mw.d«o&ew ma\&s}m&a}

This does ot bode well e a\cajzb(a(c; chir\g J(moréi{2 QueN\
Qinear al%«bra doesn't work ...



(2) Finre Fiewns

FoeunatELY , ot stuff that we did mod A aghml(a was Q!

e diference befwean  30,1,2,3% mod 4 and 0,15 mod .
isthat 20,18 modd is a FTINITE FIELD.

nfomal defiarkion OQ @ Qe(d'-

A FIELD is any se€ o e,@zmwf:s that- you  can
Od(f subfruct, VV)u/ﬁF and divide ,?:aaeyau want 7o.

Tormal definifion of a field:

DEF A Rewd H? sa st o][‘ eiememts odoncé with oPenﬂ\ons +, X
( “addihon" and muthl\cq w\) So Wt :
N xyzelf:
' (AssouAﬂVnTY} (X‘r%} tZ = X+('\5 +Z)
(X%kp xZ = X X(sz)

* (CoumumnVITY)  XeY = Yex Xx Y= e

(DISRBUIVITY ) e (yyre) = (xey) + (x:2)

P—

* (oenTmes ) There is an element "0 and an element* 1" so-that
W+O = X YxelF
X-L =X W «xef

(\NVEKSES} V Xﬁﬁr 3 3 s.t. ')L.{—B:o (Ld_% CG“ m‘sj \\_xu)

Ve, Ay st xyet  (ebscaliiss L'
el gt oyt (scttisg gl )




Familiar examplos of fields: K, €

A FINITE FIELD is o foite field.  (cks, o field that is faite)

Familiar examp(sz: 1005 wed &
(Thzovllwmghduckis e iverses: -0=0, <=1, ["=1 gowg‘r(amd!)

Familiar non—examP(Q: 30|112;3} wod 4
(2 has no vnulﬁPl(caﬁve inverse.: 0-2-<0 W‘SV\QWﬂYk%& 1/ )
1-12=2
2:2=450 md{
3.a=6=2 meAl-‘f

“THEOREM:"  [inear a\%zbm “warks ), over fafle Gelds.
ENOuGH

“There dre somg things hat don't

Maost notabhj) ortfagonality doesn't mean what you Think it means
Theveckr u) IS 0(41/\(30/\& o ilvse(f over (io,l”ﬁ modl &> | wero.

Before we %o into ore defaulls, WHEN Do FINITE FIELDS £XIST ?
ARE WE STUck IN 3,13 mod &7

Theorem.  Yor evené Prime Power Pt , T is a w{c(m* f»'\n{#e gdd

Wit "Jt elements. We ' cal| fhis feld [F; .
—W\@re are o gHer Qm\le Gdds . \ Xl e
Proof . Exercise. \J‘Sovnfz peple
7! QQ” it C{(ﬁ)
Not req((a - Tl {m% sowmmed(/\a i Yoo QF stands for
inferested, \out if you are not You n “Gulois field
tala this Thin on éuﬁh. 1 W\iﬂhtmf&m{s

QoM NS,




EameE e =10,1,2,3,43 wod 5.

Aga(n, U/uoﬂ(d \'/Hemsimj Part is e  Inverses:

0+0 -0
-1 = 1 1+4 =O
2:3 = 1 (bmls) 2+3=0
3-2 = 41 3+2 =0
4:4 =1 (lbwdS) | 441 =0
X, %Fexcwpla) 5 =23 md3s SO,RWGXQMPQL) '1=‘}mm\5_

|

More %emm“g) H:T; i gO,IJ by ?—i} YY\OdP

EXAMPLE [y s NoT 70,,2,3% mod 4

Tostead, £is 30,1, 1,73 . with:

+]10 ' ¥ %" *[O VY ¥
ol o I Y ¥* ©10 0 O O
LY O Y L [O 1 ¥ ¥
T11 o ! T10 o !
¢lrg oo 1o " Y

Fun EXERCISE . Check that this sabshes Q//ﬂ& axioms.

Move o&zx\ucx\\\a) Eﬁ is NOT™ fhe same as {O)\,...)ﬁ-l} moc‘?twﬁﬂl\t>i.

Fun Exercise: § \ou hoven't seen «%nﬂ‘e Gelés before, pave botia £ M“W\ore%mvfalla” Shatements.



) Linerr CODES
Now that we \nave the él‘)p(l)])do«te \enau\ugy_ about {\?n'r}e {\?QUSJ We @an &m\aug
C\eﬁmW’W\imf Wwe were Jra\km% about before  withthe Hamming code.

A\l e definitions you know + love_ FJr inear alcaqu over K ke nge over finte @a[ds:

Let [ e a Gnite Geld.  "Then:
) “:“’: {(X\,_)yﬂ\: xieﬁ."}.

FUN EXERCISE -
Check that T "and ny @®)
o A SuBSPACE V_C_ T Yis a subset that is closed undev— Jdclifon % scalar mulﬁPlica’rion.

amésubcpm\/sﬂ:“
aka., V\/swe\/) Vael ) V4w eV.

isa VECTOR SPAE

over T Gnte

gﬁm o Vechs v,..,v e " are LINEARLY WNDEPENDENT ¢ ¥ 2, . 2 € F 4t
wecior ;f:ﬁm devitall O, 2w #0.

Yo fomedloe). O N,y — Vi G’Rj“) thar SPAN s SPSV\(\I\)...J\IA-"EZ‘-X;\I{ DA€ ﬁ-_}

and/or')tm'l- -
e o A BASIS R o subspae NeT" s a colleckion of vedrs V- Ve €V st
= Ny .o Vg are \(near\\ﬂ i(\dePe,(\dev\JC

Vechor. spaca 4EDeinition.
- \= 5@«\(\1\).,.}\/&\.

* The DIMENSION of o Subspace \1 is the number o elements in | hasis of V

N fnBeruse: Pavethet this is well-dfited .
(eg, all boses fhave e sawme, sz ) .

A LINER @DE C of lengfn n and dimension R owr g
'Ihna\phabd'oe)

DEF
Goite feld T s o kdimensonal linear subspoce off 7 (&F"55%

|

Now: We hawe overloaded £ (W\QS&%% QW‘%JW\ .é dimension).
T In fadt this mokes semse. 1€ C s a k-dimensional wbspice okr F then

ICI| = HF\\L , fnce. & - 103“” ICl = loj,ﬂ IC/[ =messa%¢len3'fh.

%
W\II%? Eveﬂd_ (ec Pus a 'IAm'({)ue re]:men'hah’on os Z YA ﬁr o besis Y sy Vi
1=1
That's  1F]¥ choicas for e a; .



|

OgseRVATION.  I€ C s« linear code, arer T 4ran thareis o max Ge F

sothat (= 56'% : Xeﬂ:k} =" CD\SPBY\LC_A),
R

ounced “column spanf'
Tre span oft e columns
Poof o2 oRSERVATION: (house Hhe columns of G to bea basis o (. of §

nxk

1 |
EF_ A wahix GIQFY\A so thed 6’- {G% : 9C€H:ﬁ3 N
called @ GENERATOR MATRIX i C.

Ni“ There can \zmana %ﬂ/\ﬂm*br manicas frthe same code.

The% all describe e sama. (0de, ‘m’r‘Wa imp \iciH\A cdescnle dif@@/\k
emod\ha maps.  Tor example,

1 200 I 0 oo
ol oo 11 60
d 010 00 IO
Q= [p° 01 a(d 0o 1] éYEbDM%@VlW
o { 14 Il o]
tosa G=|io o mabrices for e Hamming code.
101 RN J

(FuN exeruise: Check!)

Ho\myu‘/ some. %m’mr mahices may ke more useful than others.

foc example, Q sbove CorrcSPoﬂds foa SYSTEMATIC enCOdir\amaP.

Thiis means et Encg - (X\,Xz,%sﬂz})» (%)%, X5, X4 , SUFF).
L A Y

The messe s%cms Up 05 The
Rest pact “of Hhe codeword) .

G\' shil cocresponds fo o ﬂqc&i‘t anod(nj map,
but s not systematic.

)
DEE If C<IF" isa finear code over [ o CL is e DUAL CODE :

Ch=3veF {v,e>=0 Vel

This is e standard 1aner pmduc’c‘-
ey =200 e

NOTE: (€ dim(C) =k, fhan dim(Cl)=n-k. (ustikeoer RD. |.  Fun exercse: P

(Giventvat boses and dimansions
make sense )




ORSERVATION |

s a matrix He k\"_“—kxm

so that

It C 5 a linear code of  climension. J\)& over “:) Then there,

C=7 «F : He =O} aa C=led(H).

Fosor of OssEevaTion: | ot H be amatax whoe vows are a8 kusis e CF

PARITY CHECK manx for C.

Vee. A wanx HeF ™" vt C={celF " He=0] is caled a

‘\_\/\em»s oQ K (or any vebr v st <ved>=0 Vcce,> are culled PARITY CHECKS.

NOTE : A%ain , there is not a ’\)\Y\I'“QM M‘A check gradvix. for o cools @,

SOME FACTS :  (FUN EXERCISE: Verify fuse )

pasriha-c}/uok mabrin N,
- H Gl =0

Pa/rijrﬂ—cheok wafix G-

d Iinearlﬂ dePendemt columns.
o O F

e The dl'vaan&qp C s the MINNUY Wej ht of an
codeword in C_ = dist(C) = amia
ce C\30

H

1€ C < fF" is & Qinasr code. over H?of)dimens;bmﬁ w/ zjxmxnbr mabax G and

. C"‘ is o Jinesr code of dimension n-k with a,mxu’mrmajrﬁx HTcmc\

3 nonzexv

32}:\ II.{Q‘#O}.

« The distan e oF- C is the smallest pumber d o tat H has

& Gdkuord U’F

| o o o o

We('% htd

-
=

\ir\comoF J— |
d cols of #




Thats all @r {'bclcx\('.

UESTIONS 10 TONDER_

@ DO&S‘W\U’C_ a\waYs e Xist g%um'l-or mathx Gl so e t G\ looks |ike " }K

J—_F so, exow would You find Ny eﬁcfej\H\{? * }"'k
Wit dbout nonlingar cades? [ Yare aways an encodin% map So that C
M ) q%'il:alﬁv‘
messeqe X gppears a5 part of Enc(x): o e
NA»-S:QJ‘;Q“
%
S

@ How would you shuctuce  linear code i€ you warted 0 deccde i+
g&ﬁ'deﬂﬂi fom Ld—_f’j enors?
(What about %wmfﬁsxnéw Hammi/g codde Tt we &a.w?)



