Class 13

Markov Chains |



Warm-Up

e What is the transition matrix for this
Markov Chain?

* How would you compute
Pr[X, = 2|X, = 0]fort=1, 2, ..., 100?

* Ast — oo, what do you think this
probability should tend to?



Announcements

* HW6 due Friday!

* Midterm will be graded real soon now — thanks for your patience!



Recap
(Time homogeneous, finite) Markov Chains!

Memorylessness: Pr| X; = a | Xy, ..., X(—1] = Pr[X; = a | X;_4]

3unpjJopn
gupjiem
elpadp|ip

Walking 1 O O
0 0.2 0.8

am) .- (a3 0.2 05)

Wikipedia

Taking a Following

walk ~— links on ) 0.8

Wikipedia
0.2



e.g, P =((x; V) A(X{ Vx3) Ao A (x5 VX7)

Recap
Randomized algorithm for 2SAT!

* Algorithm:
* While not done:
* Find an unsatisfied clause, flip one of the variables at random.

e Analysis: This Markov chain hits’ in no more than 100n? steps whp:
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Questions?

Mini-lectures, quiz, warm-up?



Warm-Up

* Transition matrix? (1/3 1/3 0 1/3) - v
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In the mini-lectures

* We saw one way to analyze a chain that looked like this:
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* Whp, it took O(n?) steps to reach n.



Today

* We will see another way to use the transition matrix to analyze
(certain nice) Markov chains.

* We’ll analyze a Markov chain that looks like this: é‘%
* What should happen if the Markov 0 (o g \\
chain runs for long enough? =

* What’s your intuition about how &&69 /

long “long enough” is? @
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How long do you think it will take for the Markov chain to get "close" to uniform?

O(n) steps

O(n?) steps

O(n°) steps, forsome ¢ > 3

exp(n) steps

No idea
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Intuition?

* Maybe 0(n?)?
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* This T took ®@(n?) to get to n... :;(%\
* Same logic should apply to the number /:) \@‘9

of steps you need to “wrap around” the @ ek \\

cycle once... &\ o
* You can’t be close to uniform until you &@ /
can at least get around the cycle... --'@Q



Today...

* We'll see a different way to analyze this: spectral methods!



First group work! Qf

More details on handout! 1 1 1 1
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* Hint: show that the columns of F are eigenvectors of P. What are the
eigenvalues?

e Use this to find a nicer way of computing Pr[ X; = 2| X, = 0]
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A nicer way of computing
PriX, = 2|X,= 0]

0
(1,0,0,0) - Pt - 2
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Pt = (FAF*)t
= FAF*FNF*FAF*EAF* - FAF*FAF*
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A nicer way of computing F;(i Lo 1)
Pr[X, = 2|X,= 0] |
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Aside: Spectral analysis

e Say that a transition matrix P is symmetric.

* Write P = VAV™ where I/ is Hermitian and A is diagonal with real
values on the diagonal.

+ Pt = VA'V?



e Say that a transition matrix P is symmetric.
e Write P = VAV™ where V is Hermitian and A is
diagonal with real values on the diagonal.

Aside: Spectral analysis

« Pt = VA'V*
 What can we say about Pr[ X, = j | X, = i] = e/ Pte;?

i j?
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 What is 4,7 (The largest eigenvalue of P?) 1/3 0 1/3 1/3
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A1 = 1, because every row/column is a probability distribution.



e Say that a transition matrix P is symmetric.
e Write P = VAV™ where V is Hermitian and A is
diagonal with real values on the diagonal.

Aside: Spectral analysis

« Pt = VA'V*
* What can we say about Pr| X, =j | X, = i] = eiTPtej?
1
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All of these have = Ast — oo, all
4] <1 these get small*

*Assuming that [4;] < 1 ...



e Say that a transition matrix P is symmetric.
e Write P = VAV™ where V is Hermitian and A is
diagonal with real values on the diagonal.

Aside: Spectral analysis

« Pt = VA'V*
 What can we say about Pr[ X, = j | X, = i] = e/ Pte;?
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So we can compute this! (Up to

= Vyi" V1 4+ tiny XUyt Vg some small error term that we
can hopefully quantify!)



Back to group work!

Do the same thing for a large cycle.

 We'll do Part 1 together since the math is a bit gross.



Part 1: Decomposing the transition matrix

1
Let P be the transition matrix. /1
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Part 1: P = E,AFE ... why? “>

S w o) = 2cos<—
n

* As before, it's enough to show that each column of F;, is an |
1+2 COS(Z—:])

eigenvector of P, with corresponding eigenvalue /1, = 3

What goes in the k" position?
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ReSt Of th e g ro u p WO rk ! See handout for more details and hints

2. Come up with an expression for Pr|X; = 0 |X, = O]
3. Convince yourself that Pr[X; = 0 |X, = 0] - % ast - o
4. (If time) How large does t have to be before

Pr[X, = 0 |X, = 0] = 22D >

n

P = E,AF; F,
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Part 2: Pr|X; = 0 |Xy = 0]
Pr[X, =0|X, =0] = e} E,A'F e,
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Part 3: What happens as t gets big?

. t
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Part 4: How big does t need to be?
(1+2 cos(z%j))t

isreally smallforall1 <j <n—17?

Aka, how big does t need to be before

t Note: This approximation

t

21 j is only good for small j!
1+2 cos( ) 1 1 /2712 e /
n ~ | =. = J But if j is large enough,
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bounded away from 1,
¢ and so [that]t is very small

2
1/2mi anyway.

If this is going to be small

¢ for all j, we need t > n?
~ exp| — Y This matches our intuition

from the beginning! ©



Take-aways

* If we can diagonalize the transition matrix, it can make analyzing a
Markov chain easier.
* This is called “spectral analysis.”

* If the second eigenvalue of a (symmetric) transition matrix is bounded
away from 1, then the Markov chain “mixes” quickly.

 We’'ll see what it means to “mix quickly” more formally next time!



Next time

* More Markov chains!

* Heads up, there’s slightly more video content for next time, budget
time appropriately!
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