
Markov, Chebyshev, and 
Sampling-Based Median!

CS265/CME309, Class 4

As usual, come and grab a paper agenda from up front if you want one!
(And make a new nametag if you forgot yours!  Markers and paper up front).



As usual, come and grab a paper agenda from up front if you want one!
(And make a new nametag if you forgot yours!  Markers and paper up front).



Announcements

• HW1 due Friday!

• HW2 out now!
• Due a week from Friday!  



Recap

• Markov’s inequality: If 𝑋 ≥ 0, Pr 𝑋 ≥ 𝛼 ≤
𝐸 𝑋

𝛼

• Chebyshev’s inequality: Pr 𝑋 − 𝐸 𝑋 ≥ 𝑐 Var 𝑥 ≤
1

𝑐2



Questions?
Quiz, Videos, Warm-up?







Sampling-based Median



Finding the median of 𝑛 things

• You may have seen an 𝑂(𝑛) time algorithm in CS161.
• It was pretty complicated.

• Today: a simpler randomized algorithm!
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Group work!

1. Make sure you understand the alg.

2. Suppose that whp, median 𝑆 ∈ 𝑇, and whp, 𝑇 < 4𝑡. Explain 
why alg is correct whp (and if it’s not correct it says FAIL).

3. Show that median 𝑆 ∈ 𝑇 whp.  [See agenda for outline]

4. Show 𝑇 < 4𝑡 whp.  [See agenda for outline]

5. Put it all together

6. (Optional) A few bonus questions The plan is to regroup partway 
through class to go over 1-3.

(But keep working if you finish 
4 earlier, or jump to the first 

bonus question about the 
running time).

Typo on hint for 3b (in the printed agendas)!  
It says “Let 𝑋𝑖  be 1 iff 𝑟𝑖 ≤ 𝑚”, it should be “𝑟𝑖 < 𝑚”



Solutions to group work

2. Suppose that:
• With probability at least 0.9, the median of 𝑆 is in 𝑇.

• With probability at least 0.9, |𝑇|  <  4𝑡.

• Show that the algorithm returns the correct answer with probability 
at least 0.8, and otherwise returns FAIL.
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Solutions to group work

2. Suppose that:
• With probability at least 0.9, the median of 𝑆 is in 𝑇.

• With probability at least 0.9, |𝑇|  <  4𝑡.

• Show that the algorithm returns the correct answer with probability 
at least 0.8, and otherwise returns FAIL.

• If both events happen, then the algorithm never returns FAIL.
• Pr[ either happens ] ≤ Pr[ first happens ] + Pr[ second happens ] ≤ 0.1 + 0.1 = 0.2

• If it doesn’t return FAIL, then it returns the right answer by construction.



Solutions to group work

• Question 3: want to show that 𝑚𝑒𝑑𝑖𝑎𝑛 𝑆 ∈ 𝑇 w.h.p.
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Solutions to group work

• 3b. What’s the probability that 𝑟𝑖 ∈ 𝑅: 𝑟𝑖 < 𝑚 ≤
𝑡

2
− 𝑛 ?

Let  𝑋 = 𝑟𝑖 ∈ 𝑅: 𝑟𝑖 < 𝑚
• Then 𝑋 = σ𝑖 𝑋𝑖  where 𝑋𝑖 = 1 iff 𝑟𝑖 < 𝑚 and 0 otherwise, for 𝑖 = 1, … , 𝑡

• 𝐄 𝑋𝑖 = Pr 𝑟𝑖 < 𝑚 =
1

2
, 

• Var 𝑋𝑖 ≤
1

4

Pr ෍

𝑖

𝑋𝑖 ≤
𝑡

2
− 𝑛 ≤ Pr | σ𝑖 𝑋𝑖 − 𝐄𝑋𝑖 | ≥ 𝑛 ≤

𝑡/4

𝑛
 =

1

4𝑛1/4 = 𝑜(1)

Aka, first good event 
doesn’t happen

Technically a smidge less 
than ½ if n is odd



Solutions to group work

𝑟𝑖 ∈ 𝑅: 𝑟𝑖 < 𝑚 >
𝑡

2
− 𝑛 𝑟𝑖 ∈ 𝑅: 𝑟𝑖 > 𝑚 >

𝑡

2
− 𝑛
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Both have probability at least 1 − 𝑂 𝑛−1/4

Pr 𝑚 ∈ 𝑇 ≥ 1 − 𝑂(𝑛−1/4)

• 3c. Bound the probability that 𝑚 ∈ 𝑇.



Solutions to group work

• Question 4: Show that 𝑇 < 4𝑡 w.h.p.



Solutions to group work
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•           Say that 𝑏 is not one of the 
𝑛

2
− 2𝑡 largest elements of 𝑆

• Then 𝑇 < 4𝑡
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Solutions to group work
• 4(b) What’s the prob. 𝑎 is not one of the 

𝑛

2
− 2𝑡 smallest elements of 𝑆?

• Let 𝑌𝑖 = 1 iff 𝑟𝑖 is in the 
𝑛

2
− 2𝑡 smallest elements of 𝑆, 0 else
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• Claim:

• σ𝑖 𝑌𝑖 ≥
𝑡

2
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2
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Solutions to group work

• 𝐄𝑌𝑖 =
1

2
−

2𝑡

𝑛
=

1

2
−

2

𝑛1/4 

• Pr σ𝑖 𝑌𝑖 ≥
𝑡

2
− 𝑛 ≤ Pr σ𝑖(𝑌𝑖 − 𝐄𝑌𝑖) ≥

2𝑡

𝑛1/4 − 𝑛

•  = Pr σ𝑖(𝑌𝑖 − 𝐄𝑌𝑖) ≥ 𝑛

•                                     ≤
Var[σ𝑖 𝑌𝑖]

𝑛

•                                     ≤
𝑡

4𝑛
=

1

4𝑛1/4 = 𝑜(1)

• σ𝑖 𝑌𝑖 ≥
𝑡

2
− 𝑛 ⇔  𝑎 is among the 

𝑛

2
− 2𝑡 smallest elements of 𝑆 

Var σ𝑖 𝑌𝑖 = σ𝑖 Var 𝑌𝑖 ≤
𝑡

4
.

• 4(b) What’s the prob. 𝑎 is not one of the 
𝑛

2
− 2𝑡 smallest elements of 𝑆?

• Let 𝑌𝑖 = 1 iff 𝑟𝑖 is in the 
𝑛

2
− 2𝑡 smallest elements of 𝑆, 0 else

𝑡 = 𝑛3/4



Solutions to group work

• 4(c). What’s the probability that 𝑇 < 4𝑡?

• Say that 𝑎 is not one of the 
𝑛
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• Say that 𝑏 is not one of the 
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• Then 𝑇 < 4𝑡
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6. All together:

• Question 2: To show that this algorithm works whp, it’s enough to 
show that :
• whp, median 𝑆 ∈ 𝑇
• whp, 𝑇 < 4𝑡

• Question 3: whp, median 𝑆 ∈ 𝑇

• Question 4: whp, 𝑇 < 4𝑡

• So the algorithm works, and runs in time O(n)!
• In fact, the leading constant inside the big-Oh is also really small – way 

more efficient in practice than the recursive O(n)-time deterministic 
algorithm you may have seen in CS161.



What have we learned?

• Sampling-based median!
• Runs in time 𝑂(𝑛)

• Is correct with decent probability!
• Can amplify this to as high probability as you want by repeating a few times.

• Yay Chebyshev’s inequality!



Next time

• No class Monday!  MLK Day!

• After that, Chernoff Bounds!!
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