Markov, Chebyshev, and
Sampling-Based Median!

CS265/CME309, Class 4

As usual, come and grab a paper agenda from up front if you want one!
(And make a new nametag if you forgot yours! Markers and paper up front).



1 Warm-Up

Suppose vou flip a p-biased coin n times. What does Markov's inequality tell yvou about the
probability that you see more than 2pn heads? What does Chebyvshev’s inequality tell vou

about that probability?

As usual, come and grab a paper agenda from up front if you want one!
(And make a new nametag if you forgot yours! Markers and paper up front).



Announcements

* HW1 due Friday!

* HW2 out now!
* Due a week from Friday!



Recap

* Markov’s inequality: If X = 0, Pr|X = ] < X

a

* Chebyshev’s inequality: Pr[ 1 X — E|X]| = C\/VHI'(X)] = Ciz



1 Warm-Up

Qu e St I O n S ? Suppose vou flip a p-biased coin n times. What does Markov's inequality tell vou about the

probability that you see more than 2pn heads? What does Chebyshev's inequality tell yvou

QU 1Z, Vi d €os, Warm-u P ? about that probability?
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Flip a p-biased coin n times. Markov says Pr[>2pn heads ] <

1/2

1/v/n

1/n

None of the above
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None of the above.

Start the presentation to see live content. For screen share software, share the entire screen. Get help at pollev.com/app

0%

0%

0%

0%




Sampling-based Median



Finding the median of n things

* You may have seen an O(n) time algorithm in CS161.
* |t was pretty complicated.

* Today: a simpler randomized algorithm!



Array S of n distinct
numbers:

34

33

12

15

10

18

n =15
here.
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numbers:
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Choose a set R of size
n3/# py drawing that
many things uniformly at
random, independently.

12

15

10

33

n =15
here.



Array S of n distinct
numbers:

Choose a set R of size
n3/# py drawing that
many things uniformly at
random, independently.

Sort R:

34 1 2 33 | 12 4 15 10 | 18
12 15 5 10 33
5 5 10 | 12 | 15 | 33
i —— i
a b
Vn Vn

median(R)

n =15
here.



Array S of n distinct
numbers:

Choose a set R of size
n3/# py drawing that
many things uniformly at
random, independently.

Sort R:

Find all the thingsin S
between a and b (time
O(n)), toformalist T:

34 1 2 33 | 12 4 15 10 | 18

12 15 5 10 33

5 5 10 | 12 | 15 | 33

T —— i

a b
Vn Vn

median(R)
5 12 15 6 8 10

n =15
here.



Array S of n distinct
numbers:

10

18

Choose a set R of size
n3/# py drawing that
many things uniformly at
random, independently.

Sort R:

Find all the thingsin S
between a and b (time
O(n)), toformalist T:

If |T| < 4n3/%, sort T:
(otherwise output FAIL)

3 5 5 10 | 12 | 15 | 33

33

\ J }
CTl | | lTﬂ
Vn Vn
median(R)
9 5 12 15 6 8 10

n =15
here.



Array S of n distinct
numbers:

n =15
here.

Choose a set R of size
n3/# py drawing that
many things uniformly at
random, independently.

Sort R:

Find all the thingsin S
between a and b (time
O(n)), toformalist T:

If |T| < 4n3/%, sort T:
(otherwise output FAIL)

5 34 1 2 33 12 4 15 6 8 10 | 18 0
5 12 15 5 10 3 33
* We can see in time O(n) that
3 5 5 | 10 | 12 | 15 | 33 there are 5 thingsin S less
than a, and 3 thingsin S
1 \ Y } Y }T larger than b.
a b
\/ﬁ \/ﬁ 56| 8| 9|10 1215
median(R)
9 5 12 15 6 8 10
5 6 8 9 10 | 12 | 15




Array S of n distinct
numbers:

Choose a set R of size
n3/# by drawing that
many things uniformly at
random, independently.

Sort R:

Find all the thingsin S
between a and b (time
O(n)), toformalist T:

If |T| < 4n3/%, sort T:
(otherwise output FAIL)

3 5 5 10 | 12 | 15 | 33

i } i

| |

n =15
here.

* We can see in time O(n) that

there are 5 thingsin S less
than a, and 3 thingsin S
larger than b.

|| 5 6 8 9 10 | 12 | 15

a
i | v b
median(R)
9 5 12 15 6 8 10

1)

 The median is the 8’th
smallest thing in S, whichiis
the 8 — 5 = 3’rd smallest
thinginT.



Array S of n distinct
numbers:

n =15
here.

Choose a set R of size
n3/# by drawing that
many things uniformly at
random, independently.

Sort R:

Find all the thingsin S
between a and b (time
O(n)), toformalist T:

If |T| < 4n3/%, sort T:
(otherwise output FAIL)

3 5 5 10 | 12 | 15 | 33

i } i

33

* We can see in time O(n) that

there are 5 thingsin S less
than a, and 3 thingsin S
larger than b.

|| 5 6 8 9 10 | 12 | 15

| |
“® m | ow D
median(R)
9 5 12 15 6 8 10

1)

The median is the 8’th
smallest thing in S, whichiis
the 8 — 5 = 3’rd smallest
thinginT.

If this calculation shows
Return it! | & that the median is not
in T, output FAIL.




Array S of n distinct

m numbers:

Choose a set R of size
n3/# by drawing that
many things uniformly at
random, independently.

Find all the thingsin S
between a and b (time
toformalist T:

If |T| < 4n3/%, sort T:
(otherwise output FAI

34 | 1 33 | 12 15 6 | 8 | 10| 18 | O n=15
here
12 15 5 10 33
* We canseeintime O(n) tha
5 5 | 10 | 12 | 15 | 33 there are 5 thingsin S less
than a, and 3 thingsin S
1 \ Y } Y }T larger than b.
a b
\/ﬁ \/ﬁ ||5689101215
median(R) f
5 12 15 6 g 10 The median is the 8’th
smallest thing in S, which is
the 8 — 5 = 3’rd smallest
hinginT.
6 | 8 | 9 |10/ 12| 15 thing
If this calculation shows
e Returnit! | s that the median is not

in T, output FAIL.



Group work!

Make sure you understand the alg.

2. Suppose that whp, median(S) € T, and whp, |T| < 4t. Explain
why alg is correct whp (and if it’s not correct it says FAIL).

3. Show that median(S) € T whp. [See agenda for outline]
4. Show |T| < 4t whp. [See agenda for outline]
5. Putit all together

The plan is to regroup partway
through class to go over 1-3.
(But keep working if you finish
4 earlier, or jump to the first
bonus question about the
running time).



Solutions to group work

2. Suppose that:
* With probability at least 0.9, the medianof SisinT.
* With probability atleast 0.9, |T| < 4t.

* Show that the algorithm returns the correct answer with probability
at least 0.8, and otherwise returns FAIL.



Array S of n distinct . n =15
numbers: 9 34 1 2 33 12 4 15 6 8 10 | 18 here.
Choose a set R of size
3/4 -
n | by drayvmg that 5 12 15 5 10 33
many things uniformly at
random, independently.
* We can see in time O(n) that
Sort R: 3 5 5 | 10 | 12 | 15 | 33 there are 5 thingsin S less
than a, and 3 thingsin S
T\ Y } Y }T larger than b.
a b
\/ﬁ \/ﬁ ||5689101215
Find all the thingsin S median(R) f
between a and b (time — )
O(n)),toformalistT: | 9 || 5 || 12 || 15 || 6 || 8 || 10 * Themedianisthe 8'th
smallest thing in S, whichiis
the 8 — 5 = 3'rd sm
3/4 : thinginT.
If |T| < 4n>* sort T: 6 3 9 10| 12 | 15 g
(otherwise output FAIL) If this calculation shows

N

that the median is not
in T, output FAIL.

Return it




Solutions to group work

2. Suppose that:
e With probability at least 0.9, the medianof SisinT.
* With probability at least 0.9, |T| < 4t.

* Show that the algorithm returns the correct answer with probability
at least 0.8, and otherwise returns FAIL.

* If both events happen, then the algorithm never returns FAIL.
* Pr[ either happens | < Pr[ first happens ] + Pr[ second happens] < 0.1 + 0.1 = 0.2

e Ifitdoesn’t return FAIL, then it returns the right answer by construction.



Solutions to group work

* Question 3: want to show that median(S) € T w.h.p.



Sorted version of R:
Solutions to group work L,-T_,J

a | 5 b
median(R)
3a. Consider two events: th smalest n &
t t
I{riER:ri<m}|>E—\/ﬁ I{riER:ri>m}|>§—\/ﬁ
t
|{T'i ER:TL' <m}| >E—\/?l
A
| \
version of S:
“ >a<m

% — +/n’th smallest
thingin R.



Sorted version of R:
Solutions to group work L,-T_,J

a | b
median(R)
3a. Consider two events: th smalest n &
t t
I{riER:ri<m}|>E—\/ﬁ I{riER:ri>m}|>§—\/ﬁ
|{T'L' (S R:Ti > m}l >%—\/7l
A

| ]
Sorted
orte M 1 2 3 6891234
version of S:

b >b>m
é— \/n’th biggest
thingin R.




. 3b: So what’s the
SOIUt|OnS tO group WOrk probability of this?

3a. fgnsade—ﬁwo—eveb Ats: /
r t
{r; € R:1; < m}] >E—\/ﬁ> [{r; € R:1; > m}] >E—\/ﬁ

>a<s<m =>b>m

e Thena<m<b,akameT
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3(b) What's the (best) probability that the first event doesn't happen?

O(1/n)
O(1/+/n)

O(1/n'/%)
Atmost 0.01

Not sure (didn’t solve it yet)

None of the above
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Solutions to group work

* 3b. What's the probability that |[{r; € R:1; < m}| < % — e s good event

doesn’t happen

let X = |{r; € R:r; < m}|

* Then X = );; X; where X; = 1 iffr; < m and 0 otherwise, fori =1, ...,t

* E[X;] = Pr[r; <m] =,

. Var[x,] <2

2X<——

TN

Pr

< Pr[|Y;(X; — EX;)| = v/n] < Zhgs 4n11/4 =0(1)

n



Solutions to group work

* 3c. Bound the probabilitythatm € T.

r r
|{r; € R: rl<m}|>—— [{r; € R: rl>m}|>——\/ﬁ

>as<m =>b>m
e Thena<m<b,akameT

Both have probability at least 1 — 0(n‘1/4)

PrlmeT] =1 — 0(n~/*%)



Solutions to group work

* Question 4: Show that |[T| < 4t w.h.p.



Solutions to group work
4(b): So what’s the probability of this?

* 4(a). Say that a is not one of the % — 2t smallest elements of S

. Say that b is not one of the % — 2t largest elements of S

g’th smallest

g — 2t smallest TEL — 2t largest

element of S
elements AofS 2t (aka median) 2t elements of S

A A A
f o Ui | \

0 1 2 3“5 6 | 8 9‘ 12 1533 34

 Then |T| < 4t
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s

4(b) What's the (best bound on) the probability that a is one of the smallest (n/2-2t) itemsin S?

O(1/n)

0%
O(1/4/n)

0%
O(1/n'/*)

0%
At most 0.01

0%
Not sure (didn’t solve it yet)

0%
None of the above

0%
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Solutions to group work

* 4(b) What’s the prob. a is not one of the % — 2t smallest elements of S?

*LetY; = 1iff rjisinthe g — 2t smallest elements of §, 0 else

n’
g — 2t smallest 7 thsmallest Z — 2t largest
2

element of S

elements of S _
ZAt (aka median) 2t

elements of S

A )
: | : \
0 1 2 3 ) 6 | 8
\
|
>.; Yi = number of a

hings in R here.
things in R down here %—\/ﬁ’th smallest thing in R.

* Claim:
t .
DI i Vn & aisamongthe % — 2t smallest elements of S



t .
I S Jn © aisamong theg — 2t smallest elements of S

Solutions to group work

* 4(b) What’s the prob. a is not one of the % — 2t smallest elements of S?

*LetY; = 1iff rjisinthe g — 2t smallest elements of §, 0 else

1 2t 1 2
* EY; = 2 n - 2 nl/4 Var[Zi Yl] — Zivar[Yi] =

n

Sl B

+Pr[% Y > £ - va| < Prl5i(r - EY) = 25 — VA

. = Pr[¥,(Y; — EY;) > vl
. < Var[),; Y;]

n
° < i = ! — 0(1)

4n  4nl/4



Both have probability at
least 1 — O(n~1/4)

* 4(c). What’s the probability that |T| < 4t? /

» Say that a is not one of the 2 — 2t smallest elements of S

Solutions to group work

e Say that b is not one of theg — 2t largest elements of S

g’th smallest

Z _ 2t smallest L largest
2 2

element of S | e
2t (aka median) 2t € Gimen SO

| : ) \

8 9 ‘ 10 12 15 e 34
/
v T
a T b
* Then |T| < 4t = Pr[|T| < 4t] =1 — 0(n~ /%)

elements of S
|

[

0 1




6. All together:

e Question 2: To show that this algorithm works whp, it’s enough to
show that :
 whp, median(S) € T
 whp, |T| < 4t

e Question 3: whp, median(S) € T
* Question 4: whp, |T| < 4t

e So the algorithm works, and runs in time O(n)!

* In fact, the leading constant inside the big-Oh is also really small — way
more efficient in practice than the recursive O(n)-time deterministic
algorithm you may have seen in CS161.



What have we learned?

e Sampling-based median!
* Runsintime O(n)
* |s correct with decent probability!
e Can amplify this to as high probability as you want by repeating a few times.

* Yay Chebyshev’s inequality!



Next time

* No class Monday! MLK Day!

e After that, Chernoff Bounds!!
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