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Symmetry Gap Theorem for Submodular Optimization
Recap from last lecture

In the last lecture, we stated a powerful theorem which provides a lower bound for the query
complexity of maximizing submodular functions. Recall the following basic definitions.
Definition 1.1 (Submodular function). A function 𝑓 : 2[𝑛] → R+ is submodular if for all 𝑆 ⊆ 𝑇 ⊆
[𝑛] and 𝑖 ∈ [𝑛] ∖ 𝑇 , 𝑓 (𝑆 ∪ {𝑖}) − 𝑓 (𝑆) ≥ 𝑓 (𝑇 ∪ {𝑖}) − 𝑓 (𝑇 ).
Definition 1.2 (Multi-linear relaxation). Given a function 𝑓 : 2[𝑛] → R+ , we define the multi-linear
relaxation 𝐹 : [0, 1]𝑛 → R+ to be 𝐹 (𝑥) = E [𝑓 (𝑆)], where 𝑖 ∈ 𝑆 with probability 𝑥𝑖 .
𝑆∼𝑥

We say that 𝑓 is symmetric if 𝑓 (𝑆) = 𝑓 (𝑇 ) for all 𝑆, 𝑇 ⊆ 2[𝑛] of the same cardinality. Similarly,
a constraint 𝒞 ⊆ 2[𝑛] is symmetric if for all 𝑆 ∈ 𝒞, any 𝑇 ⊆ 2[𝑛] with |𝑇 | = |𝑆| is also an element in
𝒞. (In general, one can define the symmetry with respect to any symmetry group, but we use this
𝑛
specific definition for
¯ to
∑︁simplicity.) Furthermore, given 𝑥 ∈ [0, 1] , we define its symmetrization 𝑥
be such that 𝑥
¯𝑖 =
𝑥𝑗 /𝑛 for all 𝑖 ∈ [𝑛].
𝑗∈[𝑛]

Definition 1.3 (Symmetry gap). For a symmetric submodular function 𝑓 : 2[𝑛] → R+ and a
symmetric constraint 𝒞 ⊆ 2[𝑛] , the symmetry gap is defined to be 𝛾(𝑓, 𝒞) = max 𝐹 (¯
𝑥)/ max 𝐹 (𝑥).
𝑥∈𝒞

𝑥∈𝒞

As a running example, we let 𝑓 be the cut function of 𝐾2 (Figure 1) and 𝒞 is simply the 2[2] ,
i.e., unconstrained max-cut. It is easy to check that 𝛾(𝑓, 𝒞) = 1/2.
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Figure 1: Graph whose cut function has unconstrained symmetry gap 1/2.
The symmetry gap was introduced by Vondrák [4] to show the following theorem, which characterizes the query complexity of many submodular maximization problems.
Theorem 1.4 (Informal version of Theorem 1.6 of [4]). There is a ”natural” family of submodular
maximization problems, such that for any problem 𝒫 in this family, suppose 𝛾 is the minimum
𝛾(𝑓, 𝒞) for all instances (𝑓, 𝒞) ∈ 𝒫, then there exists an instance (𝑓 * , 𝒞 * ) of 𝒫 with 𝑓 * : 2[𝑛] → R+ ,
which requires 2Ω(𝑛) queries of 𝑓 * to find a (1 + 𝜖)𝛾-approximate solution, for any 𝜖 > 0.
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Proof of the Symmetry Gap Theorem

Proof sketch. The idea of the proof is that for any algorithm 𝒜, given an instance (𝑓0 , 𝒞0 ) of
symmetry gap 𝛾 and the multi-linear relaxation 𝐹0 , we can ”grow” this instance into a larger
instance (𝑓, 𝒞). Specifically, we use random permutations to ”symmetrize” the input to 𝑓 , feed
the symmetrized input to 𝐹0 , and then take the output of 𝐹0 as the output of 𝑓 . By this random
construction of 𝑓 , with high probability, the first query to 𝑓 in 𝒜 turns into a query, that is close
to some symmetric 𝑥
¯, to 𝐹0 . Hence, the first query returns a poor value of 𝐹0 at 𝑥
¯ because of the
symmetry gap of 𝑓0 . 𝐹0 (¯
𝑥) does not depend on the random permutations we used, so it gives no
information about these permutations. Hence, 𝑓 still looks like the same random construction to
𝒜 after its first query, so by induction, 𝒜 keeps getting stuck in the symmetry during its further
queries, and the symmetry gap serves as a lower bound of the approximation guarantee of 𝒜.
However, this argument has two fallacies. First, we did not explain how to define 𝒞, but we want
it to be of the same constraint type as 𝒞0 . There is a natural operation which ”grows” the instance
and preserves a wide array of constraint types (Definition 1.5 of [4]). We will not discuss this
operation for simplicity, and one may assume that we are dealing with unconstrained submodular
maximization. Second, the definition of the symmetry gap does not take care of those vectors that
are close to 𝑥
¯. We will ”smooth” the multi-linear relaxation 𝐹0 of 𝑓0 , so that the neighborhood
near 𝑥
¯ has the same value as 𝐹 (¯
𝑥), and we need to ensure that the function is still submodular and
optionally monotone. Now, we sketch the proof in three steps with some more details.
Step 1: ”Blow up” the instance. Given a submodular function 𝑓0 : 2[𝑘] → R+ , we construct
𝑓 : 2[𝑛]×[𝑘] → R+ as follows. For all 𝑖 ∈ [𝑛], we pick a random permutation 𝜋𝑖 : [𝑘] → [𝑘], and we
define 𝑓 to be
⎛
⎞
∑︁
∑︁
1
1
𝑓 (𝑧1,1 , . . . , 𝑧1,𝑘 , . . . , 𝑧𝑛,1 , . . . , 𝑧𝑛,𝑘 ) = 𝐹0 ⎝
𝑧𝑖,𝜋𝑖 (1) , . . . ,
𝑧𝑖,𝜋𝑖 (𝑘) ⎠ .
(1)
𝑛
𝑛
𝑖∈[𝑛]

𝑖∈[𝑛]

The construction of 𝑓 for the case where 𝑓0 is the cut function of 𝐾2 and 𝑛 = 3 is illustrated in
Figure 2. We create 3 copies of the vertex set of 𝐾2 , and for each copy 𝑖, we permute the two
vertices using 𝜋𝑖 . Then we take the fraction of the nonzero vertices on each side as the input to 𝐹0 .
1
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𝑧1,1

𝑧1,2

𝑧2,1

𝑧2,2

𝑧3,2

𝑧3,1

1
(𝑧1,1 + 𝑧2,1 + 𝑧3,2 )
3

1
(𝑧1,2 + 𝑧2,2 + 𝑧3,1 )
3

Figure 2: Illustration of how to ”blow up” the cut function of 𝐾2 .

2

Intuitively, it is not hard to see that under random permutations, it holds with high probability
that
1 ∑︁
1 ∑︁
1 ∑︁
𝑧𝑖,𝜋𝑖 (1) ≈
𝑧𝑖,𝜋𝑖 (2) ≈ · · · ≈
𝑧𝑖,𝜋𝑖 (𝑘) ,
(2)
𝑛
𝑛
𝑛
𝑖∈[𝑛]

𝑖∈[𝑛]

𝑖∈[𝑛]

i.e., the input to 𝐹0 is close to be symmetric. If the input to 𝐹0 is exactly symmetric, it will result
into poor output value, due to the symmetry gap. In step 2, we will smooth 𝐹0 so that those nearly
symmetric vectors also have poor values. But before that, we have not yet proved 𝑓 is submodular
or monotone (optionally) if 𝑓0 is. This follows from Lemma 3.1 in [4] and the observation that the
𝜋𝑖 ’s are simply a relabeling of the elements in [𝑛] × [𝑘].
Step 2: ”Smooth” the multi-linear relaxation. Given 𝐹0 as before, we want to construct a
function 𝐻 : [0, 1]𝑘 → R+ that satisfies the following conditions.
∙ If ‖𝑥 − 𝑥
¯‖2 ≤ 𝛿, then 𝐻(𝑥) = 𝐹0 (¯
𝑥).
∙ For 𝑥 with large ‖𝑥 − 𝑥
¯‖2 , 𝐻(𝑥) ≈ 𝐹0 (𝑥).
∙ ℎ : 2[𝑘] → R+ with ℎ(𝑧) = 𝐻(𝑧) is submodular and optionally monotone.
𝐻 is given as follows
𝐻(𝑥) = 𝜑(‖𝑥 − 𝑥
¯‖2 ) · 𝐹0 (¯
𝑥) + (1 − 𝜑(‖𝑥 − 𝑥
¯‖2 )) · 𝐹0 (𝑥).

(3)

Instead of defining the function 𝜑, we illustrate its plot in Figure 3. Observe that 𝜑(𝑥) = 1 when
𝑥 ≤ 𝛿. Hence the first condition is satisfied. When 𝑥 is sufficiently large, 𝜑(𝑥) is close to 0, and
hence the second condition is also satisfied.
𝜑(𝑥)
1

𝑥

𝛿
Figure 3: Plot of 𝜑(𝑥).

The third condition is actually not satisfied by this construction. However, it turns out that
𝐻 has well-bounded first and second partial derivatives, and therefore, we can add a regularizer to
𝐻, to make ℎ submodular and optionally monotone while preserving the desired properties of 𝐻.
Now we can replace 𝐹0 with 𝐻 in the step 1.
Step 3: Complete the proof. Assume that after the first 𝑡 queries, the algorithm did not
learn anything about the permutations. By Equation 2, the step 1 guarantees that with high
probability the first query 𝑧 of 𝒜 to 𝑓 turns into a nearly symmetric input 𝑥 to 𝐻, in the sense that
‖𝑥 − 𝑥
¯‖2 ≤ 𝛿. Hence the result of the first query 𝐻(𝑥) = 𝐹0 (¯
𝑥) is a bad approximation because of
the symmetry gap of 𝐹0 . Moreover, it is straightforward to see that 𝑥
¯ = 𝑧¯, hence the query result
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𝐹0 (¯
𝑥) does not depend on the 𝜋𝑖 ’s we used in the step 1. Therefore, after the first 𝑡 + 1 queries,
with high probability, 𝑓 is still looks like a random construction that can fool 𝒜. The proof finishes
by induction on 𝑡.
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Query complexity of finding fixed point

Brouwer’s fixed point theorem is well-known in topology and very useful in economics. However,
in order to approximately find the fixed point, exponential number of queries are necessary.
Theorem 2.1 (Brouwer’s fixed point theorem). If 𝑓 : [0, 1]𝑛 → [0, 1]𝑛 is continuous and Lipschitz,
then there exists some 𝑥* ∈ [0, 1]𝑛 such that 𝑓 (𝑥* ) = 𝑥* .
Theorem 2.2 (Query complexity of finding fixed point [2, 3]). There exists 𝜖 > 0, such that finding
𝑥 that satisfies ‖𝑓 (𝑥) − 𝑥‖22 < 𝜖𝑛 requires 2Ω(𝑛) queries.
One can think of the condition ‖𝑓 (𝑥) − 𝑥‖22 < 𝜖𝑛 as 𝜖-fraction of their coordinates are close.
Proof sketch of Theorem 2.2. We first introduce the end-of-a-line (EoaL) problem and its query
complexity. Then, we reduce an instance of the EoaL to an instance of finding the fixed point.
Step 1: End-of-a-line.
Input:
∙ Base graph 𝐺 = (𝑉, 𝐸).
∙ Successor function 𝑆 : 𝑉 → 𝑉 .
∙ Predecessor function 𝑃 : 𝑉 → 𝑉 .
∙ Start vertex 𝑣0 = 𝑃 (𝑣0 ) ̸= 𝑆(𝑣0 ).
Output: End of a line 𝑦 = 𝑆(𝑦) ̸= 𝑃 (𝑦).
Figure 4 shows an instance of the EoaL on the 𝑁 × 𝑁 directed-monotone grid (with self-loops).
It is not hard to see that the query complexity of this problem is Ω(𝑁 ). Intuitively, this is because
any algorithm can only try to find a “random” point on the line, or sequentially follow the line.

Figure 4: An end-of-a-line instance on an 𝑁 × 𝑁 grid (𝑁 = 3).
Step 2: EoaL −→ Brouwer.
Goal: Construct 𝑓 such that the following conditions are satisfied.
∙ 𝑓 is continous and Lipschitz.
4

Figure 5: A 2-dimensional example of “EoaL −→ Brouwer” (figure from [1]).
∙ The fixed point of 𝑓 is corresponding to the end of a line.
Now we construct such 𝑓 from an EoaL instance, by designing a vector field which characterizes
the 𝑓 . That is, for an arbitrary point 𝑥, 𝑓 (𝑥) is defined to be the endpoint of the arrow attached
to 𝑥. We will embed the EoaL instance into this vector field, and it follows that the end of the line
is a fixed point. Figure 5 illustrates the construction in the 2-dimensional case.

Attempt 1: 2-dimensional construction
∙ On the line, the arrows follow the direction of the line.
∙ Close to the line, the arrows go towards the line.
∙ At mid-distance to the line, the arrows follows the opposite direction of the line.
∙ Far away from the line, the arrows go towards the start vertex of the line (default).
Notice that for any point at the border of any two consecutive layers, the two different arrows
at this point, corresponding to the two layers, have a non-straight (sometimes orthogonal) angle.
Hence there is no bad fixed point anywhere else in the vector field, besides the end of the line.
Moreover, we can interpolate the arrows at the borders to make 𝑓 Lipschitz. Therefore, the query
complexity lower bound of the EoaL turns into the query complexity lower bound of finding the
fixed point.
Attempt 2: 𝑛-dimensional construction
However, we are not done yet, because we only showed how to construct 𝑓 in the 2-dimension,
but we actually want an 𝑛-dimensional 𝑓 . In particular, in constant dimensions, only finding
exponentially-good approximations can be hard.
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Figure 6: A facet of 𝑛-dimensional example of ”EoaL −→ Brouwer” (path going into the paper).
The idea is that we can embed the End-of-a-Line instance in an 𝑛-dimensional vector field,
following the same principles we used for the 2-dimensions. Figure 6 illustrates this approach.
Imagine that Figure 6 is a facet of the 𝑛-dimensional vector field. At the center point, we let the
lower-dimensional vector sub-field, that is orthogonal to this facet, embed the lower-dimensional
finding-fixed-point instance that we constructed from the EoaL. Furthermore, we arrange the directions of the arrows according to the distance to the center lower-dimensional vector sub-field on
this facet, such that there is no extra bad fixed point.
Final construction: 𝑂(𝑛) dimensions
[We did not cover this construction in class - it is included here just FYI.]
Our 𝑛-dimensional construction suffices to show that it is hard to find 𝑥 such that ‖𝑓 (𝑥)−𝑥‖2∞ <
𝜖. I.e. 𝑓 (𝑥) is far from 𝑥 on at least one dimension. In particular, most arrows in Figure 6 only
point in one dimension. To get the stronger statement that 𝑓 (𝑥) is far from 𝑥 on a constant fraction
of dimensions (i.e. ‖𝑓 (𝑥) − 𝑥‖22 < 𝜖𝑛 as in our theorem statement) we modify our construction.
We again follow the same principles for embedding the End-of-a-Line instance, but we use error
correcting codes to ensure that the embedding of any two vertices differs on a constant fraction of
the coordinates. Unfortunately, we don’t have another figure because we can’t really plot vector
fields in 𝑂(𝑛) dimensions, even for 𝑛 = 1...
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