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Introduction

In this lecture we discuss a bilinear optimization framework that includes several problems and
can be additively approximated in quasi-polynomial time. We introduce the Exponential Time
Hypothesis (ETH), which implies that those problems are not NP-hard. We use the same hypothesis
to show that some of them cannot be approximated in polynomial time. We do this using an
important technique called birthday repetition.
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Bilinear Optimization
maximize
𝑥, 𝑦

𝑥⊤ 𝐴𝑦

subject to

some constraints

Bilinear optimization problems are those which can be defined in the above form. Some examples
of bilinear optimization problems include:
1. Sparse PCA.
Given the covariance matrix 𝐴 = Σ of some data, find 𝑥 to maximize 𝑥𝑇 𝐴𝑥, subject to
‖𝑥‖2 = 1, such that ‖𝑥‖0 ≤ 𝑚 so that 𝑥 is sparse.
2. Densest 𝑘-subgraph.
{︂
Given the adjacency matrix 𝐴 of some graph, find a subset of 𝑘 vertices 𝑥 ∈

1
0,
𝑘

}︂𝑛
,‖𝑥‖1 = 1

that maximizes the number of edges 𝑥𝑇 𝐴𝑥.
3. 2-player Nash equilibrium.
Find a locally maximal strategy 𝑥, 𝑦 of the game by fixing 𝑦 and maximizing 𝑥⊤ 𝐴𝑦, as well
as fixing 𝑥 and maximizing 𝑥⊤ 𝐵𝑦. We need ‖𝑥‖1 = ‖𝑦‖1 = 1, and 0 ⪯ 𝑥, 𝑦 ⪯ 1.
4. Max-Cut
Find a maximum cut 𝑥 of a graph and its complement 𝑦 = 1 − 𝑥, with 𝑥𝑖 ∈ {0, 1}.
5. Community detection
Find a subset 𝑥 of vertices with many edges within the subset, but few outside the subset.
This is equivalent to maximizing 𝑥⊤ 𝐴𝑥 and minimizing 𝑥⊤ 𝐴(1 − 𝑥).
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Theorem 2.1 (Additive approximation in(︁ quasi-polynomial
time, informal [LMM03, AGSS12,
)︁
Bar15]). There is a quasi-polynomial 𝑁
bilinear optimization.

𝒪

log 𝑁
𝜀2

time algorithm that additively1 𝜀-approximates

It turns out that these problems are almost-polynomially approximable, by Theorem 2.1. The
proof follows from an approximate Carathéodory theorem from [Bar15].
Theorem 2.2 (Approximate Carathéodory). Take any 𝑥⊤ 𝐴 ∈ conv (𝐴1 , . . . , 𝐴𝑛 ) with bounded
𝑚
columns max‖𝐴𝑖 ‖∞ ≤ 1. A vector 𝑥 is a multiset of size 𝑘 if each 𝑥𝑖 =
for 𝑚 ∈ Z* , and ‖𝑥‖1 = 1.
𝐴𝑖
𝑘
)︂
(︂
⃦
⃦
log 𝑁
⃦ ⊤
⊤ ⃦
,
such
that
𝑥
𝐴
−
𝑥
ˆ
𝐴
For every 𝜀 > 0, ∃ˆ
𝑥 which is a multiset of size 𝒪
⃦
⃦ < 𝜀.
𝜀2
∞
)︂
(︂
log 𝑁
Proof of Theorem 2.1 (sketch). Enumerate all size-𝑘 = 𝒪
multisets, of which there are
𝜀2
𝑁 𝒪(log 𝑁 ) . For each 𝑥
ˆ⊤ 𝐴, maximize 𝑥
ˆ⊤ 𝐴𝑦 for 𝑦. (If 𝑦 is normalized appropriately, this produces
a 𝜀-approximation to the solution).
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Approximation-hardness and quasi-polynomial time

So, we know that those 5 bilinear optimization problems can be additively approximated in quasipolynomial time. But can we approximate them in polynomial time? It turns out that
MAX-CUT [AKK95] and Sparse-PCA [ALSV13, APKD15] can actually be approximated in polynomial time. The key idea is similar to the proof of Theorem 2.1: we can exhaustively enumerate
a smaller set of assignments, transform them in some way to a feasible solution, and the optimum
solution should appear as one of those solutions.
(︂
)︂
log 𝑁
Algorithm 3.1 (Approximate MAX-CUT in polynomial time). Sample a subset 𝑆 of 𝑘 = 𝒪
𝜀2
(︁ )︁
𝒪

1

vertices at random, and enumerate all 2𝑘 = 𝑁 𝜀2 assignments to those vertices. For each of the
other vertices, put it on the opposite side of the majority of its neighbors. Return the best cut.
Proof of Alg. 3.1 (sketch). [AKK95] With high probability, every unsampled vertex has at least
some of its neighbors sampled. In a maximal cut, every vertex has the majority of its neighbors on
the opposite side, otherwise it wouldn’t be maximal. In any cut, either the cut or its complement
has at least half of the vertices. Hence, we expect most of the sampled neighbors to be on the
opposite side of the unsampled vertex. The resulting error is additive.
Algorithm 3.2 (Approximate Sparse-PCA in polynomial time). [ALSV13], [APKD15] 𝐴 = Σ ⪰
ˆ ∈ R𝑛×𝑑 , with
0, so ∃𝐵,
= 𝐵𝐵 ⊤ . It is possible to construct a lower-rank representation 𝐵
(︂ 𝐴 )︂
⃦
⃦
log 𝑁
⃦
ˆ𝐵
ˆ ⊤⃦
𝑑=𝒪
such that ⃦𝐵𝐵 ⊤ − 𝐵
⃦ ≤ 𝜀 with high probability. Now, instead of enumerating
2
𝜀
∞
ˆ with an 𝜀-net of R𝑑 .
𝑥, we can enumerate 𝑥⊤ 𝐵
But for the other problems, Densest-𝑘-Subgraph, 2-NE and COMMUNITY we don’t know polynomial time approximation algorithms. Maybe none exist... and if so, can we explain why?
1

This additive approximation is w.r.t. an appropriate normalization.
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Exponential Time Hypothesis

Definition 4.1 (Exponential Time Hypothesis). 3-SAT takes 2Ω(𝑛) time.
Assuming the ETH, Densest-𝑘-Subgraph cannot be NP-Hard to approximate. But our main
result for this lecture and the next is that assuming the same ETH, Densest-𝑘-Subgraph also
doesn’t have polynomial time approximation algorithms.
Theorem 4.2 (Almost-polynomial ETH-hardness of approximating Densest-𝑘-Subgraph [Man17]).
There is no polynomial time algorithm distinguishing graphs with the following properties:
1. Completeness. There is a 𝑘-clique in the graph.
2. Soundness. Every 𝑘-subgraph has 𝑜(𝑘 2 ) edges.
Remark (Planted Clique Conjecture (PC) v.s. ETH). What is the relationship between PC and
ETH? Recall that the Planted Clique conjecture is that there is no polynomial time algorithm that
distinguishes random graphs with graphs that have a planted 𝑘-clique. Hence,
1. PC is a special (average) case of the

1
-v.s.-1 Densest-𝑘-Subgraph problem.
2

2. [AAM+ 11] showed that PC also implies hardness for the easier 𝑜(1)-v.s.-1 Densest-𝑘-Subgraph,
similarly to Theorem 4.2.
3. PC and ETH are incomparable, i.e. neither assumption implies the other one:
(a) On one hand, PC is a statement about average-case hardness. In this sense PC is a
stronger assumption, so ETH seems unlikely to imply PC.
(b) On the other hand, ETH asks for exponential hardness. In this sense ETH is stronger,
so it is also unlikely that PC implies ETH.
Remark (𝑘-CLIQUE). How hard is it to approximate 𝑘-CLIQUE? That depends on what we mean
by “approximation”. We can look at relaxing the “𝑘” in 𝑘-CLIQUE, namely look for a smaller clique
in a graph that contains a 𝑘-clique; this is NP-hard to approximate within 𝑁 1−𝜀 [Hås99, Zuc07].
Alternatively, we can consider relaxing the “clique” in 𝑘-CLIQUE, namely look for a dense 𝑘subgraph in a graph that contains a 𝑘-clique; as we show in this and the next lecture, the right
complexity here is quasi-polynomial.
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Hardness of exact 𝑘-CLIQUE

As a warmup to the next lecture (where we will sketch the reduction provided by [Man17]) let’s
prove the hardness of approximating 𝑘-CLIQUE assuming ETH. Firstly, to solve 𝑘-CLIQUE, we can
brute-force all 𝑘-subsets of vertices and check if they are cliques. This takes 𝑁 Ø(𝑘) . In addition,
assuming the ETH, this is optimal:
Theorem 5.1. Assuming ETH, the 𝑘-CLIQUE problem requires 𝑁 Ω(𝑘) time.
We reduce from 3-SAT to 3-COLOR to 𝑘-CLIQUE. There is a classical reduction from 3-SAT to
3-COLOR which produces 2 nodes per variable. Hence, it suffices to reduce 3-COLOR to 𝑘-CLIQUE.
3

5.1

Reducing 3-COLOR to 𝑘-CLIQUE

𝑛
Given a graph 𝐺 = (𝑉, 𝐸), partition the vertices 𝑉 = ⊔𝑘𝑖=1 𝑉𝑖 into 𝑘 sets of size |𝑉𝑖 | = 𝑙𝑖 = . Then,
𝑘
for each assignment 𝜎𝑖 : 𝑉𝑖 → [3], create a new vertex 𝑢𝑖,𝜎𝑖 ∈ 𝑉𝑐𝑙𝑖𝑞𝑢𝑒 . Hence, for each subset 𝑉𝑖
⃒
⃒
and each of the 3|𝑉𝑖 | = 3𝑛/𝑘 assignments 𝜎𝑖 we have one vertex 𝑢𝑖,𝜎𝑖 , so there are 𝑁 = ⃒𝑉𝑐𝑙𝑖𝑞𝑢𝑒 ⃒ =
𝑘3𝑛/𝑘 = 2Θ(𝑛/𝑘) vertices.
Create an edge (𝑢𝑖,𝜎𝑖 , 𝑢𝑗,𝜏𝑗 ) ∈ 𝐸𝑐𝑙𝑖𝑞𝑢𝑒 only between distinct subsets 𝑖 ̸= 𝑗, and only if the subsets
𝜎𝑖 , 𝜏𝑗 satisfy all the coloring constraints on 𝑉𝑖 , 𝑉𝑗 . (That is, all edges within 𝑉𝑖 and 𝑉𝑗 have endpoints
with different colors under the assignment provided by 𝜎𝑖 , 𝜏𝑗 .)
Intuitively, there are no edges within one subset 𝑉𝑖 ’s nodes. Hence, a 𝑘-clique in 𝐺𝑐𝑙𝑖𝑞𝑢𝑒 selects
an assignment for each of the 𝑘 subsets 𝑉𝑖 which satisfies all the coloring constraints in 𝐺. More
formally, For completeness, suppose there is some coloring 𝜎 : 𝑉 → [3]. Then let 𝜎𝑖 = 𝜎(𝑣𝑖 ).
𝑢1,𝜎1 , . . . , 𝑢𝑛,𝜎𝑛 form a clique because they satisfy all constraints. For soundness, each 𝑘-clique
must have one vertex for each 𝑖, which produces a coloring that satisfies all the constraints.
(︁
)︁𝑘
This implies a lower-bound for 𝑘-CLIQUE under ETH. Since 2Θ(𝑛) = 2Θ(𝑛/𝑘) = 𝑁 Θ(𝑘) , if it
takes at least 2Θ(𝑛) time to solve 3-COLOR, it must take at least 𝑁 Θ(𝑘) time to solve 𝑘-CLIQUE.
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Birthday Repetition

Suppose we wanted to use the above reduction to show hardness of Densest-𝑘-Subgraph, aka approximate 𝑘-CLIQUE. Consider a random or even arbitrary partial coloring 𝜎𝑖 , 𝜎𝑗 . Even if 𝜎𝑖 , 𝜎𝑗
don’t correspond to an (approximately) satisfying coloring, in the clique graph we would still have
an edge (𝑢𝑖,𝜎𝑖 , 𝑢𝑗,𝜎𝑗 ) if 𝑉𝑖 , 𝑉𝑗 don’t share any edges. For some fixed 𝑖, 𝑗, what is the probability that
the edge (𝑢𝑖,𝜎𝑖 , 𝑢𝑗,𝜎𝑗 ) is in the graph 𝐸𝑐𝑙𝑖𝑞𝑢𝑒 ? Note that
(︂ )︂|𝐸∩𝑉𝑖 ×𝑉𝑗 |
[︁
]︁
[︀
]︀
2
Pr (𝑢𝑖,𝜎𝑖 , 𝑢𝑗,𝜎𝑗 ) ∈ 𝐸𝑐𝑙𝑖𝑞𝑢𝑒 = Pr 𝜎𝑖 , 𝜎𝑗 satisfies constraints on 𝑉𝑖 , 𝑉𝑗 ≈
3
How large should |𝑉𝑖 | be for there
√ to be at least one edge between each 𝑉𝑖 , 𝑉𝑗 ? The birthday
paradox states that we need |𝑉𝑖 | ≈ 𝑛. This means
that to prove hardness of Densest-𝑘-Subgraph,
√
√
𝑛
we should set |𝑉𝑖 | ≈ 𝑛, which implies 𝑁 ≈ 2 . Hence, such a reduction could show that,
assuming ETH, Densest-𝑘-Subgraph takes 2Ω(𝑛) ≈ 𝑁 Ω(log 𝑁 ) time.
Constructing meta-vertices that correspond to a large set 𝑉𝑖 of 3-COLOR-nodes is closely related
to an important technique in hardness-of-approximation which is called parallel repetition. In typical
NP-hardness proofs|𝑉
√ 𝑖 | is constant so the reduction can run in polynomial time. As described above,
the use of |𝑉𝑖 | ≈ 𝑛 is inspired by the birthday paradox, and hence the name birthday repetition.
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