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We  use this to understandWe  use this to understand
human  relationshipshuman  relationships

It is the way evolution hasIt is the way evolution has
equipped  us to live by cooperationequipped  us to live by cooperation
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 This is the key capacity to doThis is the key capacity to do
mathematicsmathematics

 It is equivalent to having theIt is equivalent to having the
capacity for languagecapacity for language
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complexity of thought processes.complexity of thought processes.
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view it as a fictional analogue of parts ofview it as a fictional analogue of parts of

the real world, both the physical world andthe real world, both the physical world and

the social world.the social world.

 We take mental capacities developed toWe take mental capacities developed to

negotiate the physical and the social worldnegotiate the physical and the social world

and apply them to reason about a fictional,and apply them to reason about a fictional,

abstract world our mind creates.abstract world our mind creates.
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The The ““characterscharacters”” in the mathematical in the mathematical

soap opera are not people butsoap opera are not people but

mathematical objects mathematical objects —— numbers, numbers,

geometric figures, vectors, topologicalgeometric figures, vectors, topological

spaces, analytic functions, etc.spaces, analytic functions, etc.
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 Mathematicians donMathematicians don’’t have different brains.t have different brains.

 They have found a way to use a standard-issueThey have found a way to use a standard-issue

brain in a slightly different way.brain in a slightly different way.

 Mathematicians think about mathematicalMathematicians think about mathematical

objects and the mathematical relationshipsobjects and the mathematical relationships

between them using the same mental facultiesbetween them using the same mental faculties

that everyone uses to think about physicalthat everyone uses to think about physical

space and about other people.space and about other people.
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 Example 1:Example 1:  Take a number  Take a number
and double it.and double it.

 Example 2:Example 2:  Take a square  Take a square
and rotate it through 45and rotate it through 45oo..

 New concept:New concept:  A   A functionfunction is is
a process that takes a givena process that takes a given
object  of a certain kind andobject  of a certain kind and
transforms it.transforms it.

 New concept:New concept: A  A functionfunction is a is a
relation between sets relation between sets AA  and        and      BB
that to each object  that to each object  a a  in   in  A A  assigns assigns
a unique object a unique object bb   in in B.B.

 Example 1:Example 1:  Natural number  Natural number
doubling associates to each naturaldoubling associates to each natural
number number NN  the natural number 2  the natural number 2N.N.

 Example 2:Example 2:    4545oo rotation on all rotation on all
squares associates with any givensquares associates with any given
square another square at 45square another square at 45oo to the to the
first one.first one.
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 This is the answer given by the natural mathThis is the answer given by the natural math

concept. It is concept. It is ““wrongwrong””..
 The correct answer is  The correct answer is  5, 13, 9, 121, 17, 16, 213,  5, 13, 9, 121, 17, 16, 213,  i.e.i.e.

SS  itself, since applying a function does not change  itself, since applying a function does not change
the argument.the argument.
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a process that takes a givena process that takes a given
object  of a certain kind andobject  of a certain kind and
transforms it.transforms it.

 New concept:New concept: A  A functionfunction is a is a
relation between sets relation between sets AA  and        and      BB
that to each object  that to each object  a a  in   in  A A  assigns assigns
a unique object a unique object bb   in in B.B.

 Example 1:Example 1:  Natural number  Natural number
doubling associates to each naturaldoubling associates to each natural
number number NN  the natural number 2  the natural number 2N.N.

 Example 2:Example 2:    4545oo rotation on all rotation on all
squares associates with any givensquares associates with any given
square another square at 45square another square at 45oo to the to the
first one.first one.
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The function actsThe function acts
on single objectson single objects

The function The function ““actsacts””
on a set of objectson a set of objects



Example of a functionExample of a function
Uri Uri LeronLeron, , TechnionTechnion, Israel, Israel

uriluril@@techunixtechunix..techniontechnion.ac..ac.ilil

References:References:

Uri Uri LeronLeron:  :  Mathematical Thinking and Human NatureMathematical Thinking and Human Nature, in, in
preparation.preparation.
http://www.http://www.icmeicme--organisersorganisers..dkdk/tsg28//tsg28/Leron Leron Human Nature.docHuman Nature.doc

T Paz.  T Paz.  Natural ThinkingNatural Thinking vs vs. Formal Thinking: The Case of. Formal Thinking: The Case of
Functional ProgrammingFunctional Programming,        Ph.D. dissertation, ,        Ph.D. dissertation, TechnionTechnion, Israel,, Israel,
2003.2003.



NaturalNatural
mathematicsmathematics

 Given B balls, of which R areGiven B balls, of which R are
red and the rest white, thered and the rest white, the
proportion of red balls isproportion of red balls is
R/B.R/B.

 Hence:Hence:

    R/B + P/D = (R+P)/(B+D)    R/B + P/D = (R+P)/(B+D)

 ““Wrong.Wrong.””

 Definition:  R/B is that numberDefinition:  R/B is that number

which, when multiplied by B,which, when multiplied by B,

gives R.gives R.

 The The ““correctcorrect”” rule: rule:

     R/B + P/D = (RD+PB)/(BD)     R/B + P/D = (RD+PB)/(BD)

FormalFormal
mathematicsmathematics

The notorious KThe notorious K––12 killer12 killer
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 Intuitive idea:  A functionIntuitive idea:  A function
f f : : RR  →→  RR   is called   is called
continuouscontinuous if you can if you can
draw it without takingdraw it without taking
your pencil off the paper.your pencil off the paper.

 Definition: Definition: f f : : RR  →→  RR   is   is
continuouscontinuous if points if points
close together are sentclose together are sent
to points close together.to points close together.

 A function A function f f : : RR  →→  RR  is called  is called
continuouscontinuous if for every real if for every real
number number aa, for every positive, for every positive
real number real number εε,  there is a,  there is a
positive real number  positive real number  δδ  such  such
thatthat

             |              | f(x)f(x)  ––  f(a)f(a) | <  | < εε

     whenever |      whenever | xx  ––  a a |  < |  < δδ

FormalFormal
mathematicsmathematics

The notorious university killerThe notorious university killer
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1 .1 . FormalizedFormalized
common sense.common sense.

2 .2 . Meaning  Meaning  →→ rules. rules.

3 .3 . Accessible to all.Accessible to all.

1 .1 . Can be counter toCan be counter to
common sense.common sense.

2 .2 . Rules  Rules  →→ meaning. meaning.

3 .3 . Perhaps cannot bePerhaps cannot be
fully mastered byfully mastered by
all.all.





The four levels of abstractionThe four levels of abstraction
Level 1Level 1.. The objects thought about are real objects that The objects thought about are real objects that

are perceptually accessible.are perceptually accessible.
Level 2Level 2.. Involves real objects the thinker is familiar with Involves real objects the thinker is familiar with

but which are not perceptually accessible.but which are not perceptually accessible.
Level 3Level 3.. The objects of thought may be real objects the The objects of thought may be real objects the

individual has somehow learned of but never actuallyindividual has somehow learned of but never actually
encountered, or imaginary versions of real objects, orencountered, or imaginary versions of real objects, or
imaginary variants of real objects, or imaginaryimaginary variants of real objects, or imaginary
combinations of real objectscombinations of real objects..

Level 4Level 4.. The objects of thought are entirely abstract. The objects of thought are entirely abstract.



The four levels of abstractionThe four levels of abstraction
Some examples:Some examples:

 Level 1. Physical activity.Level 1. Physical activity.

 Level 2. Planning future action.Level 2. Planning future action.

 Level 3. Reading a novel.Level 3. Reading a novel.

 Level 4. Mathematical thinking.Level 4. Mathematical thinking.




