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Digital Communications

I Analog vs Digital Communication

I Pulse Code Modulation (PCM)

I Quantization

I Uniform Quantization

I Non-Uniform Quantization

I Quantization Error

I PCM Bandwidth

I PCM SNR

Based on lecture notes from John Gill



Analog vs. Digital Communication

I Analog communication (baseband and modulated) is subject to noise.

I Pulse modulations (PAM, PWM, PPM) represent analog signals by
analog variations in pulses and are also sunbject to noise.

I Long distance communication requires repeaters, which amplify signal
and noise. Each link adds noise.

I Digital communication suppresses noise by regenerating signal.



Pulse Code Modulation (PCM)

In PCM, a signal value is represented by a sequence of pulses (digits).

Width and spacing of pulses is constant. Value of pulse is chosen from a
small number of values.

Usually PCM uses only two pulse values, which represent 0 and 1.

If m bits are used, then 2m signal values can be represented

I unsigned linear: 0,∆ν, . . . ,∆ν(2m − 1)

I two’s complement: −∆ν2m−1, . . . ,∆ν(2m−1 − 1)

I A-law and µ-law: approximately logarithmic (more dynamic range)



PCM and Quantization

Quantization of a signal produces the closest representable value.

For fixed number of values, spacing between values increases with range.
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PCM Tradeoffs
I Signal bandwidth determines minimum sample rate

I Desired signal fidelity determines precision of reproduced signal

I Signals can be quantized using digital-to-analog converter (DAC)
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Uniform Quantization

An ideal uniform quantizer is a nonlinear time invariant system.
If there are L = 2N+1 levels of width ∆ν,

g̃(t) =


−N∆ν g(t) < −N∆ν

n∆ν (n− 1
2)∆ν < g(t) < (n+ 1

2)∆ν

N∆ν g(t) > N∆ν
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Nonuniform Quantization

Nonuniform quantizers increase quantization intervals as magnitude of
value. Interval proportional to value implies logarithmic curve.
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An analog compressor (semiconductor diode) can be used.



Nonuniform Quantization (cont.)

Logarithmic compression can be approximated by floating point, A-law, and
µ-law representations.

I Binary floating point corresponds to scientific notation:

±f × 2e

where f is significand or fraction and e is exponent. Both f and e are
represented in unsigned binary.

Example: 8-bit code with one bit for sign, 4 bits for f , 3 bits for e,

f = 0, 1, . . . , 15 , e = 0, 1, . . . , 7

The representable values range from −15 · 27 = −1920 to 1920.
Quantization spacing range from 1 for |y| < 16 to 128 for |y| > 960.

Disadvantage of floating point is that many values have multiple
representations. E.g., this scheme represents only 72 values.

Some writers use mantissa instead of significand.



Nonuniform Quantization (cont.)

Telephone systems use ITU standardized compression formula.

I µ-law: North America and Japan. For µ = 255 (for 8-bit codes),

y = sgn(x)
1

ln(1 + µ)
ln (1 + µ|x|) , (0 < x < 1)

I A-law: Europe, rest of world.

y =


sgn(x)

A|x|
1 + ln(A)

|x| < 1

A

sgn(x)
1 + ln(A|x|)

1 + ln(A)

1

A
< |x| < 1

The standard value is A = 87.7.

For both laws, the input to the compressor is

x =
m(t)

mp

where −mp ≤ m(t) ≤ mp.



Comparison of µ-Law and A-Law

0 0.2 0.4 0.6 0.8 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0 0.2 0.4 0.6 0.8 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

<latexit sha1_base64="wTsNdKgwIPed8asT733L+Y+1u8Y=">AAAB9HicbVA9SwNBEJ3zM8avqKXNYhBsDHcimjJgY2ERwXxA7gh7m71kye7eubsXCUd+h42FIrb+GDv/jZvkCk18MPB4b4aZeWHCmTau++2srK6tb2wWtorbO7t7+6WDw6aOU0Vog8Q8Vu0Qa8qZpA3DDKftRFEsQk5b4fBm6rdGVGkWywczTmggcF+yiBFsrBT4Is18JdD5HX6adEtlt+LOgJaJl5My5Kh3S19+LyapoNIQjrXueG5iggwrwwink6KfappgMsR92rFUYkF1kM2OnqBTq/RQFCtb0qCZ+nsiw0LrsQhtp8BmoBe9qfif10lNVA0yJpPUUEnmi6KUIxOjaQKoxxQlho8twUQxeysiA6wwMTanog3BW3x5mTQvKt5Vxbu/LNeqeRwFOIYTOAMPrqEGt1CHBhB4hGd4hTdn5Lw4787HvHXFyWeO4A+czx9vc5Ha</latexit>

µ�Law <latexit sha1_base64="Jzc9yAVl9kTRJ/pv4S5JoS7o7Z4=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgY7gT0ZQRGwuLCOYDLkfY2+wlS/Z2j909JRz5GTYWitj6a+z8N26SKzTxwcDjvRlm5oUJZ9q47rdTWFldW98obpa2tnd298r7By0tU0Vok0guVSfEmnImaNMww2knURTHIaftcHQz9duPVGkmxYMZJzSI8UCwiBFsrORnXRWj67M7/DTplStu1Z0BLRMvJxXI0eiVv7p9SdKYCkM41tr33MQEGVaGEU4npW6qaYLJCA+ob6nAMdVBNjt5gk6s0keRVLaEQTP190SGY63HcWg7Y2yGetGbiv95fmqiWpAxkaSGCjJfFKUcGYmm/6M+U5QYPrYEE8XsrYgMscLE2JRKNgRv8eVl0jqvepdV7/6iUq/lcRThCI7hFDy4gjrcQgOaQEDCM7zCm2OcF+fd+Zi3Fpx85hD+wPn8AZt5kMk=</latexit>

A � Law
<latexit sha1_base64="NEkYBuVUbY4/P5BxCSi0xejTIWU=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BIvgadkVsb0IFS8eK9gPaJeSTbNtaDa7JlmhLP0TXjwo4tW/481/Y9ruQVsfDDzem2FmXpAIro3rfqPC2vrG5lZxu7Szu7d/UD48auk4VZQ1aSxi1QmIZoJL1jTcCNZJFCNRIFg7GN/O/PYTU5rH8sFMEuZHZCh5yCkxVurc4GtcqzrVfrniOu4ceJV4OalAjka//NUbxDSNmDRUEK27npsYPyPKcCrYtNRLNUsIHZMh61oqScS0n83vneIzqwxwGCtb0uC5+nsiI5HWkyiwnRExI73szcT/vG5qwpqfcZmkhkm6WBSmApsYz57HA64YNWJiCaGK21sxHRFFqLERlWwI3vLLq6R14XhXjnd/WanX8jiKcAKncA4eVKEOd9CAJlAQ8Ayv8IYe0Qt6Rx+L1gLKZ47hD9DnD5imjlg=</latexit>

A = 87.7
<latexit sha1_base64="Ons3QFyx6gKAnerIr+xvSLWQLgQ=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kttvYiFLx4rGA/pF1KNs22oUl2SbJCWforvHhQxKs/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyG5tb2zv53cLe/sHhUfH4pK2jRBHaIhGPVDfAmnImacsww2k3VhSLgNNOMLmd+50nqjSL5IOZxtQXeCRZyAg2VnrsiwTdoEq1OiiW3LK7AFonXkZKkKE5KH71hxFJBJWGcKx1z3Nj46dYGUY4nRX6iaYxJhM8oj1LJRZU++ni4Bm6sMoQhZGyJQ1aqL8nUiy0norAdgpsxnrVm4v/eb3EhHU/ZTJODJVkuShMODIRmn+PhkxRYvjUEkwUs7ciMsYKE2MzKtgQvNWX10m7UvZqZe/+qtSoZ3Hk4QzO4RI8uIYG3EETWkBAwDO8wpujnBfn3flYtuacbOYU/sD5/AHt5Y8n</latexit>

µ = 255

I µ-law provides slightly larger dynamic range than A-law.

I A-law has smaller proportional distortion for small signals.

I A-law is used for international connections if at least one country uses it.



µ-Law Implementation

Both µ-law and A-law expanders are piecewise linear.

This table shows how 7 bits are expanded.

In practice this table is used by the µ-law encoder.



Quantization Error

Uniform quantization with L levels of a signal with peak amplitude mp has
maximum quantization error

max error =
mp

L
,

and mean square error

average square error =
m2

p

3L2

Example: signal quantized to 4 and 16 levels.
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Quantization Error (cont.)

Quantization error for quantizing to 4 and 16 levels.
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Power of quantization error for above example is

0.0863 ≈ 1
3 2−2 (L = 4) and 0.0180 ≈ 1

3 2−4 (L = 16)

Fact: for µ-law, SNR is
3L2

(ln(1 + µ))2
if µ� mp/rms(m(t)).



Bandwidth vs. Quantization Error

What bandwidth is needed to transmit a PCM encoded signal?

Example: suppose that we want maximum error 0.5%mp for a 3 kHz signal.

The maximum error is

∆ν

2
=

1

2

(
2mp

L

)
=
mp

L

We want this to be 0.5%mp,

mp

L
= 0.005 mp

which means L = 1
0.005 = 200.

We would round this up to 256, and use 8 bits per sample.



The number of samples we need per second is given by the Nyquist rate.
With a signal bandwidth of ± 3000 Hz we need a sampling rate of

RN = 2 · 3000 = 6000 Hz

Each sample requires 8 bits, so we need

6000 · 8 = 48000 bits/sec

I We will see that a bandlimited signal can convey two symbols per Hz.

I For binary PCM, we need 48000/2 = 24000 Hz.

I For practical reasons, we sample faster than the Nyquist rate. E.g., at
rate 4000 Hz, the required bandwidth is 32 kHz.



PCM SNR

The signal-to-noise ratio is

SNR =
average signal power

average noise power
For uniform quantization noise,

average signal power ≈ am2
p (a ≈ 1

2)

quantization error ≈ 1
3(mp/L)2

SNR ≈ cL2 = c22m

where m is the number of bits in the PCM sample, so L = 2m. c is a
constant.

SNR grows exponentially with the number of bits.

If we measure SNR in dB,

SNRdB = 10 log10(c2
2m) = 10 log10(c) + 2m log102 = (α+ 6m)dB

where α = 10 log10 c.

Increasing n by one bit improves SNR by 6 dB! One bit quadruples SNR.



PCM SNR

Consider two cases for a 4 kHz bandwidth signal
I L = 64, m = 6 bits

SNRdB = α+ 36 dB

I L = 256, and m = 8 bits

SNRdB = α+ 48 dB

We’ve gained 12 dB in SNR. However, the PCM bandwidth has increased
only from

(2× 4 kHz)(6 bits)/2 = 24 kbits/sec

to
(2× 4 kHz)(8 bits)/2 = 32 kbits/sec

We only need 1/3 greater bandwidth for a 12 dB improvements in SNR.
The value of α (and c) depend on the quantization method, but are
constants given that.



Logarithmic Units

In communications we often measure ratios using logarithms.
The bel (B) is the log10 of a ratio. More useful is the decibel (dB):

a

b
in dB is 10 log10

a

b
Examples: 2⇔ 3.01 ≈ 3 dB, 3⇔ 4.77 ≈ 5 dB
Why measure in dB?
I Some sensors (human eyes, ears) respond to logarithm of signal power.

I Many transmission media have attenuation that is exponential in length.
Thus the signal loss in dB is proportional to length.

I Calculating how much power is needed in a communications system
requires a link budget, which is additive in dB.

rcv power (dBm) = xmit power (dBm) + gains (dB)− losses (dB)

I Since dB measures ratio, we must specify a reference value for 0 dB.

I dbW: 0 dB = 1 W

I dBm: 0 dB = 1 mW



Audio Volume (Sound Pressure)

I The SI unit of pressure is the pascal (Pa): 1 N/m2

I Atmospheric pressure at sea level is 14.7 lb/in2 or 101325 Pa

I Audio reference level: 20 µPa, threshold of human hearing. Result is
called dBA, for dB relative to the auditory threshold.

I Example audio levels (rms of sound pressure):

I 20–30 dB: quiet room

I 60 dB: TV at normal volume

I 85 dB: hearing damage (long term)

I 100 dB: jack hammer

I 140 dB: aircraft carrier deck

I 120 dB: vuvuzuela, thunderclap, chain saw

I 175 dB: stun grenade

I 194 dB: atmospheric pressure (shock wave)



Wireless Receive Power and SNR

Data from John Gill.

Receive power ranges from −32 to −71 dB (6.3× 10−7 to 7.9× 10−11 W).

The most powerful transmitter was 4 feet from the receiver.



Next time

I Wednesday : Phone System PCM Network.

I Friday : Decoding On-Off Keying Digital Packets, ADSB

I Monday : Line Coding


