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Line Coding for Digital Communication

How do you transmit bits over a wire, RF, fiber?
I Line codes, many options

I Power spectrum of line codes, how much bandwidth do they take

I Clock signal and synchronization

I Common serial communications systems

Based on lecture notes from John Gill



Line Coding for Digital Communication

I Goal is to transmit binary data (e.g., PCM encoded voice, MPEG
encoded video, financial information)

I Transmission distance is large enough that communication link
bandwidth is comparable to signal bandwidth.

In comparison connections between nearby logic gates have bandwidth
greater than switching speed, so no line coding is needed. But longer
connections use pulse shaping.

I Multiple links may be used, with regenerative repeaters



Line Coding Requirements

I Small transmission bandwidth

I Power efficiency: as small as possible for required data rate and error
probability

I Error detection/correction

I Suitable power spectral density, e.g., little low frequency content

I Timing information: clock must be extracted from data

I Transparency: all possible binary sequences can be transmitted



Line Code Examples

Many different waveforms are used to transmit bits

1 1 1 0 0 1 0 1 1 0 1 0

t
On-Off (RZ)

t
Polar (RZ)

t
Bipolar/AMI (RZ)

t
On-Off (NRZ)

t
Polar (NRZ)

RZ = Return to Zero NRZ = Non-Return to Zero

Bits

Some of the features we would like are
I Easy to extract timing

I Zero average value



Timing Signal

I We’d like to be able to extract the timing information from the signal
easily.

I Consider the polar RZ r(t) waveform shown below. If we take the
absolute value

r(t)

|r(t)|

t

t

we get a timing signal.

I A line code where it is easy to extract the timing signal is called a
transparent code. This is the reason many codes are designed the way
they are.

I In practice the timing signal will be cleaned up by a narrowband
bandpass filter before it is used to extract the bits in the input signal.



Timing Signal

I Another is OOK, with either RZ or NRZ codes. The RZ case is shown
here

r(t)

t

t

t

r(t) � c(t)

c(t)

I The RZ OOK signal is a RZ binary signal plus a RZ clock signal.



Timing and Bit Stuffing

I The NRZ codes can be more problematic. Long strings of 1’s or 0’s can
cause the loss of synchronization.

t

r(t)

1 0 0 1 1 1 1 01 1

I Many codes limit the number of consecutive runs of 1’s or 0’s, and force
bit changes after a given number of bits.

I The example we’ll look at in the next lab forbids 6 1’s in a row, and
adds an extra zero bit (bit stuff) after 5 1’s. We’d transmit

1 0 0 1 1 1 1 01 1S

r(t)

t

When we decode the waveform, we’ll have to watch for this, and throw
the extra bits away.



Power Spectral Density (PSD) of Line Codes

I We’d like to get as many bits/s across the channel as we can for a given
channel bandwidth

I That will be limited by the power spectrum of the signal

I This will depend on

I Pulse Rate (spectrum widens with pulse rate)

I Pulse Shape (smoother or longer pulses have narrower PSD)

I Pulse Distribution (line code)

I Today we’ll look at the effect of the line code and several simple pulses

I Next time will look more carefully at pulse shaping



Power Spectral Density (review)

I For an energy signal g(t) the energy spectral density is the Fourier
transform of the autocorrelation:

ψg(t) = Rg(t) =

∫ ∞

−∞
g(u)g(u+ t) du ⇒ |G(f)|2 = F{Rg(t)}

I For a power signal, autocorrelation and PSD are average over time.

I If we take a signal g(t), and extract a segment of length T ,

gT (t) = Π(t/T )g(t) =

{
g(t) |t| < T/2

0 |t| > T/2

I Then, if we let T get large, the autocorrelation and the power spectral
density are

Rg(t) = lim
T→∞

RgT (t)

T
⇒ Sg(f) = lim

T→∞

|GT (f)|2
T



PSD of Line Codes

I The PSD of a line code depends on the shapes of the pulses that
correspond to digital values. Assume the pulses p(t) are amplitude
modulated (PAM),

<latexit sha1_base64="W08TP9s+r5DOFkExebMn5Vexwxw=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lE1GPBi8cK9gPaUDbbTbt0dxN2J0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKWw6Lrfztr6xubWdmmnvLu3f3BYOTpu2ygxjLdYJCPTDajlUmjeQoGSd2PDqQok7wSTu9zvPHFjRaQfcRpzX9GRFqFgFHMpruHFoFJ16+4cZJV4BalCgeag8tUfRixRXCOT1Nqe58bop9SgYJLPyv3E8piyCR3xXkY1Vdz66fzWGTnPlCEJI5OVRjJXf0+kVFk7VUHWqSiO7bKXi/95vQTDWz8VOk6Qa7ZYFCaSYETyx8lQGM5QTjNCmRHZrYSNqaEMs3jKWQje8surpH1Z967r3sNVteEWcZTgFM6gBh7cQAPuoQktYDCGZ3iFN0c5L86787FoXXOKmRP4A+fzB3Ifjcs=</latexit>

p(t)
<latexit sha1_base64="emzqdfvp2W6jnj5MV5dGAwnb8wo=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUREPRa8eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBtMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK/51xa9flateHkcBTuEMLsCHG6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDct4zs</latexit>

t

<latexit sha1_base64="emzqdfvp2W6jnj5MV5dGAwnb8wo=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUREPRa8eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBtMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK/51xa9flateHkcBTuEMLsCHG6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDct4zs</latexit>

t

<latexit sha1_base64="zNE3rkONsy9sRqVkopdxj3HXbbM=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lE1GPBi8cK9gPaUDbbbbt0dxN2J0II/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKSw6Lrfztr6xubWdmmnvLu3f3BYOTpu2zA2jLdYKEPTDajlUmjeQoGSdyPDqQok7wTTu9zvPHFjRagfMYm4r+hYi5FgFHMpqeHFoFJ16+4cZJV4BalCgeag8tUfhixWXCOT1Nqe50bop9SgYJLPyv3Y8oiyKR3zXkY1Vdz66fzWGTnPlCEZhSYrjWSu/p5IqbI2UUHWqShO7LKXi/95vRhHt34qdBQj12yxaBRLgiHJHydDYThDmWSEMiOyWwmbUEMZZvGUsxC85ZdXSfuy7l3XvYerasMt4ijBKZxBDTy4gQbcQxNawGACz/AKb45yXpx352PRuuYUMyfwB87nD3/ejdQ=</latexit>

y(t)

<latexit sha1_base64="XidlyTw9qJLgRee8iCiVmju82j4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W9WtVrXlfqbh5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AdaeMqA==</latexit>

0
<latexit sha1_base64="QHabxhoyMN6rsF2x2HeyQPEQxVk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48V+wVtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/udJ1Sax7Jppgn6ER1JHnJGjZUem4NgUK64VXcBsk68nFQgR2NQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz1JJI9R+tjh1Ri6sMiRhrGxJQxbq74mMRlpPo8B2RtSM9ao3F//zeqkJb/2MyyQ1KNlyUZgKYmIy/5sMuUJmxNQSyhS3txI2pooyY9Mp2RC81ZfXSfuq6tWq3sN1pe7mcRThDM7hEjy4gTrcQwNawGAEz/AKb45wXpx352PZWnDymVP4A+fzBxuqjaE=</latexit>

Tb

<latexit sha1_base64="HndxJWIdab2YWhjWehcfV9oKp2M=">AAAB83icbVBNS8NAEN34WetX1aOXxSLUgyURUY8FLx4r9AvaEDbbTbtks1l2J0IJ/RtePCji1T/jzX/jts1BWx8MPN6bYWZeqAQ34Lrfztr6xubWdmmnvLu3f3BYOTrumDTTlLVpKlLdC4lhgkvWBg6C9ZRmJAkF64bx/czvPjFteCpbMFHMT8hI8ohTAlYakCBWNbiMW0F4EVSqbt2dA68SryBVVKAZVL4Gw5RmCZNABTGm77kK/Jxo4FSwaXmQGaYIjcmI9S2VJGHGz+c3T/G5VYY4SrUtCXiu/p7ISWLMJAltZ0JgbJa9mfif188guvNzLlUGTNLFoigTGFI8CwAPuWYUxMQSQjW3t2I6JppQsDGVbQje8surpHNV927q3uN1teEWcZTQKTpDNeShW9RAD6iJ2ogihZ7RK3pzMufFeXc+Fq1rTjFzgv7A+fwB/tuQ8w==</latexit>

akp(t � kTb)

I The transmitted signal is the sum of weighted, shifted pulses.

y(t) =

∞∑

k=−∞
akp(t− kTb)

where Tb is spacing between pulses.

I Pulse may be wider than Tb, which leads to inter-symbol interference
(ISI), which we will look at next class.



PSD of Line Codes (cont.)

I PSD depends on pulse shape, rate, and digital values {ak}.
I We can simplify analysis by representing y(t) as impulse train convolved

with p(t)

<latexit sha1_base64="W08TP9s+r5DOFkExebMn5Vexwxw=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lE1GPBi8cK9gPaUDbbTbt0dxN2J0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKWw6Lrfztr6xubWdmmnvLu3f3BYOTpu2ygxjLdYJCPTDajlUmjeQoGSd2PDqQok7wSTu9zvPHFjRaQfcRpzX9GRFqFgFHMpruHFoFJ16+4cZJV4BalCgeag8tUfRixRXCOT1Nqe58bop9SgYJLPyv3E8piyCR3xXkY1Vdz66fzWGTnPlCEJI5OVRjJXf0+kVFk7VUHWqSiO7bKXi/95vQTDWz8VOk6Qa7ZYFCaSYETyx8lQGM5QTjNCmRHZrYSNqaEMs3jKWQje8surpH1Z967r3sNVteEWcZTgFM6gBh7cQAPuoQktYDCGZ3iFN0c5L86787FoXXOKmRP4A+fzB3Ifjcs=</latexit>

p(t)
<latexit sha1_base64="emzqdfvp2W6jnj5MV5dGAwnb8wo=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUREPRa8eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBtMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK/51xa9flateHkcBTuEMLsCHG6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDct4zs</latexit>

t
<latexit sha1_base64="XidlyTw9qJLgRee8iCiVmju82j4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W9WtVrXlfqbh5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AdaeMqA==</latexit>

0
<latexit sha1_base64="QHabxhoyMN6rsF2x2HeyQPEQxVk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48V+wVtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/udJ1Sax7Jppgn6ER1JHnJGjZUem4NgUK64VXcBsk68nFQgR2NQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz1JJI9R+tjh1Ri6sMiRhrGxJQxbq74mMRlpPo8B2RtSM9ao3F//zeqkJb/2MyyQ1KNlyUZgKYmIy/5sMuUJmxNQSyhS3txI2pooyY9Mp2RC81ZfXSfuq6tWq3sN1pe7mcRThDM7hEjy4gTrcQwNawGAEz/AKb45wXpx352PZWnDymVP4A+fzBxuqjaE=</latexit>

Tb

<latexit sha1_base64="emzqdfvp2W6jnj5MV5dGAwnb8wo=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUREPRa8eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBtMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK/51xa9flateHkcBTuEMLsCHG6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDct4zs</latexit>

t

<latexit sha1_base64="zNE3rkONsy9sRqVkopdxj3HXbbM=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lE1GPBi8cK9gPaUDbbbbt0dxN2J0II/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKSw6Lrfztr6xubWdmmnvLu3f3BYOTpu2zA2jLdYKEPTDajlUmjeQoGSdyPDqQok7wTTu9zvPHFjRagfMYm4r+hYi5FgFHMpqeHFoFJ16+4cZJV4BalCgeag8tUfhixWXCOT1Nqe50bop9SgYJLPyv3Y8oiyKR3zXkY1Vdz66fzWGTnPlCEZhSYrjWSu/p5IqbI2UUHWqShO7LKXi/95vRhHt34qdBQj12yxaBRLgiHJHydDYThDmWSEMiOyWwmbUEMZZvGUsxC85ZdXSfuy7l3XvYerasMt4ijBKZxBDTy4gQbcQxNawGACz/AKb45yXpx352PRuuYUMyfwB87nD3/ejdQ=</latexit>

y(t)

<latexit sha1_base64="HndxJWIdab2YWhjWehcfV9oKp2M=">AAAB83icbVBNS8NAEN34WetX1aOXxSLUgyURUY8FLx4r9AvaEDbbTbtks1l2J0IJ/RtePCji1T/jzX/jts1BWx8MPN6bYWZeqAQ34Lrfztr6xubWdmmnvLu3f3BYOTrumDTTlLVpKlLdC4lhgkvWBg6C9ZRmJAkF64bx/czvPjFteCpbMFHMT8hI8ohTAlYakCBWNbiMW0F4EVSqbt2dA68SryBVVKAZVL4Gw5RmCZNABTGm77kK/Jxo4FSwaXmQGaYIjcmI9S2VJGHGz+c3T/G5VYY4SrUtCXiu/p7ISWLMJAltZ0JgbJa9mfif188guvNzLlUGTNLFoigTGFI8CwAPuWYUxMQSQjW3t2I6JppQsDGVbQje8surpHNV927q3uN1teEWcZTQKTpDNeShW9RAD6iJ2ogihZ7RK3pzMufFeXc+Fq1rTjFzgv7A+fwB/tuQ8w==</latexit>

akp(t � kTb)

<latexit sha1_base64="/sjeQxV9d9Cy2cs+d8eIDZobo7k=">AAAB+3icbVBNS8NAEN34WetXrEcvi0WoB0sioh4LXjxW6Be0IWw2m3bpZhN2J2IJ/StePCji1T/izX/jts1BWx8MPN6bYWZekAquwXG+rbX1jc2t7dJOeXdv/+DQPqp0dJIpyto0EYnqBUQzwSVrAwfBeqliJA4E6wbju5nffWRK80S2YJIyLyZDySNOCRjJtyvEH+NByASQGlyMW35w7ttVp+7MgVeJW5AqKtD07a9BmNAsZhKoIFr3XScFLycKOBVsWh5kmqWEjsmQ9Q2VJGbay+e3T/GZUUIcJcqUBDxXf0/kJNZ6EgemMyYw0sveTPzP62cQ3Xo5l2kGTNLFoigTGBI8CwKHXDEKYmIIoYqbWzEdEUUomLjKJgR3+eVV0rmsu9d19+Gq2nCKOEroBJ2iGnLRDWqge9REbUTRE3pGr+jNmlov1rv1sWhds4qZY/QH1ucPnNOTdg==</latexit>

ak�(t � kTb)<latexit sha1_base64="lxHqO5Lnv37KfkQr+kWx7wTvIEw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BItQLyURUY8FLx4r2A9oQ9lsN+3S3U3YnYil9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZeJUU9aksYh1JySGCa5YEzkK1kk0IzIUrB2ObzO//ci04bF6wEnCAkmGikecEsykpyqe98sVr+bN4a4SPycVyNHol796g5imkimkghjT9b0EgynRyKlgs1IvNSwhdEyGrGupIpKZYDq/deaeWWXgRrG2pdCdq78npkQaM5Gh7ZQER2bZy8T/vG6K0U0w5SpJkSm6WBSlwsXYzR53B1wzimJiCaGa21tdOiKaULTxlGwI/vLLq6R1UfOvav79ZaXu5XEU4QROoQo+XEMd7qABTaAwgmd4hTdHOi/Ou/OxaC04+cwx/IHz+QN+V43T</latexit>

x(t)
<latexit sha1_base64="Yt+bze9GQhor+trpKFfjJRdz0OQ=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSKIh5KIaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxmW/VHYr7hxklXg5KUOOer/01RvELI1QGiao1l3PTYyfUWU4Ezgt9lKNCWVjOsSupZJGqP1sfuiUnFtlQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNW/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynaELzll1dJ66ri3VS8xnW5Vs3jKMApnMEFeHALNbiHOjSBAcIzvMKb8+i8OO/Ox6J1zclnTuAPnM8fbveMqg==</latexit>⇤

<latexit sha1_base64="s1h1KcnoTfeWDnysQjH+rh6L3pk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomI9iIUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut7O2vrG5tV3YKe7u7R8clo6OWzpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38389hMqzWP5YCYJ+hEdSh5yRo2VGrf9UtmtuHOQVeLlpAw56v3SV28QszRCaZigWnc9NzF+RpXhTOC02Es1JpSN6RC7lkoaofaz+aFTcm6VAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU1Y9TMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZoQ/CWX14lrcuKd13xGlflWjWPowCncAYX4MEN1OAe6tAEBgjP8ApvzqPz4rw7H4vWNSefOYE/cD5/AIvDjL0=</latexit>=
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t

I Then Y (f) = P (f)X(f), and the PSD of y(t) is

Sy(f) = |P (f)|2Sx(f)

I P (f) depends only on the pulse, independent of digital values or rate.

I Sx(f) increases linearly with rate 1/Tb and depends on distribution of
values of {ak}. E.g., ak = 1 for all k has narrower PSD.



PSD of Impulse Train

We like to find the autocorrelation of an impulse train

x(t) =

∞∑

k=−∞
akδ(t− kTb)

In discrete time the signal is

x[n] =

∞∑

k=−∞
akδ[n− k]

This is illustrated below

t

x(t) =
X

k

ak�(t � kTb)

Tb

1

n

x[n] =
X

k

ak�[n � k]
ak

ak



The autocorrelation in discrete time is

Rn = lim
N→∞

1

2N

N∑

k=−N
akak−n

The continuous time autocorrelation is then

Rx(t) =
1

Tb

∞∑

n=−∞
Rnδ(t− nTb)

1

n

Tb

0

Rn

Rx(t)

t

R0
R1

Rx(0)
Rx(Tb)

0



The PSD is then

F {Rx(t)} = Sx(f) =
1

Tb

∞∑

n=−∞
Rne

−jn2πfTb

Hence, if we know the discrete time autocorrelation of the transmitted bits,
we know the continuous time power spectral density.
Then, given a PAM pulse sequence

y(t) =

∞∑

k=−∞
akp(t− kTb)

the PSD of the encoded signal is

Sy(f) = |P (f)|2
(

1

Tb

∞∑

n=−∞
Rne

−jn2πfTb

)

We will look at the effect of each of the terms on the right.



PSD of Polar Signaling

I The polar signally waveform looks like this:

t
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I ak and ak+n are independent and equally likely for n 6= 0

I With zero shift

R0 = lim
N→∞

1

2N

N∑

k=−N
a2
k = lim

N→∞

1

2N

N∑

k=−N
1 = 1

I If there is a shift, the akak+n is equally likely to be ±1, and

Rn = lim
N→∞

1

2N

N∑

k=−N
akak+n = 0

I As a result, only the zero shift term comes through, and

Sy(f) =
|P (f)|2
Tb

R0 =
|P (f)|2
Tb



Polar DIgnalling PSD Examples:

I NRZ (100% pulse)

p(t) = Π(t/Tb)

P (f) = Tb sinc(πTbf)

|P (f)|2 = T 2
b sinc2(πTbf)

I RZ half-width:

p(t) = Π(t/(Tb/2))

P (f) = 1
2Tb sinc(1

2πTbf)

|P (f)|2 = 1
4T

2
b sinc2(1

2πTbf)

I RZ half-width has twice the spectral width, as expected



PSD of Polar Signaling (Half-Width Pulse)

For the RZ pulse,

Sy(f) =
|P (f)|2
Tb

=
1
4T

2
b sinc2(1

2πTbf)

Tb
=
Tb
4

sinc2

(
πTbf

2

)

<latexit sha1_base64="DVsQlZD+7SNfreUXIZrZOzMJEwg=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCBymJiHoRCl48VugXtCFstpt26WYTdjdiCfkrXjwo4tU/4s1/47bNQVsfDDzem2FmXpBwprTjfFultfWNza3ydmVnd2//wD6sdlScSkLbJOax7AVYUc4EbWumOe0lkuIo4LQbTO5mfveRSsVi0dLThHoRHgkWMoK1kXy7GvrBLRqEEpPMzbOWH+S+XXPqzhxolbgFqUGBpm9/DYYxSSMqNOFYqb7rJNrLsNSMcJpXBqmiCSYTPKJ9QwWOqPKy+e05OjXKEIWxNCU0mqu/JzIcKTWNAtMZYT1Wy95M/M/rpzq88TImklRTQRaLwpQjHaNZEGjIJCWaTw3BRDJzKyJjbHLQJq6KCcFdfnmVdC7q7lXdfbisNc6LOMpwDCdwBi5cQwPuoQltIPAEz/AKb1ZuvVjv1seitWQVM0fwB9bnD3SRlAE=</latexit>

fb =
1

Tb

<latexit sha1_base64="c2xhT5J4OVlFctOD7e5BAI6z1H4=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBA8SNgNoh4DXjxGMA9IljA7mU2GzGOZmRXCkl/w4kERr/6QN//G2WQPmljQUFR1090VJZwZ6/vf3tr6xubWdmmnvLu3f3BYOTpuG5VqQltEcaW7ETaUM0lblllOu4mmWEScdqLJXe53nqg2TMlHO01oKPBIspgRbHOpHg+iQaXq1/w50CoJClKFAs1B5as/VCQVVFrCsTG9wE9smGFtGeF0Vu6nhiaYTPCI9hyVWFATZvNbZ+jcKUMUK+1KWjRXf09kWBgzFZHrFNiOzbKXi/95vdTGt2HGZJJaKsliUZxyZBXKH0dDpimxfOoIJpq5WxEZY42JdfGUXQjB8surpF2vBde14OGq2rgs4ijBKZzBBQRwAw24hya0gMAYnuEV3jzhvXjv3seidc0rZk7gD7zPH6cojes=</latexit>

2fb
<latexit sha1_base64="0MXcTmWYxVPWK7hqbuMTzTQR728=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5RERD0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKDbdfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LqXVe9xlWldpHHUYQTOIVz8OAGanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fdHOMpA==</latexit>

0
<latexit sha1_base64="NSERh/E0gAb59ofYJulZKSZoDBM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBg5akiHosePFYwbSFNpTNdtMu3WzC7kQopb/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NYW9/Y3Cpul3Z29/YPyodHTZNkmnGfJTLR7ZAaLoXiPgqUvJ1qTuNQ8lY4upv5rSeujUjUI45THsR0oEQkGEUr+Ze1qBf2yhW36s5BVomXkwrkaPTKX91+wrKYK2SSGtPx3BSDCdUomOTTUjczPKVsRAe8Y6miMTfBZH7slJxZpU+iRNtSSObq74kJjY0Zx6HtjCkOzbI3E//zOhlGt8FEqDRDrthiUZRJggmZfU76QnOGcmwJZVrYWwkbUk0Z2nxKNgRv+eVV0qxVveuq93BVqV/kcRThBE7hHDy4gTrcQwN8YCDgGV7hzVHOi/PufCxaC04+cwx/4Hz+ABEJjiI=</latexit>�2fb

<latexit sha1_base64="Lz4ywTakgDYB/E99ggS3LWjeAIY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBg5ZEinosePFYwbSFNpTNdtMu3WzC7kQopb/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NYW9/Y3Cpul3Z29/YPyodHTZNkmnGfJTLR7ZAaLoXiPgqUvJ1qTuNQ8lY4upv5rSeujUjUI45THsR0oEQkGEUr+Ze1qBf2yhW36s5BVomXkwrkaPTKX91+wrKYK2SSGtPx3BSDCdUomOTTUjczPKVsRAe8Y6miMTfBZH7slJxZpU+iRNtSSObq74kJjY0Zx6HtjCkOzbI3E//zOhlGt8FEqDRDrthiUZRJggmZfU76QnOGcmwJZVrYWwkbUk0Z2nxKNgRv+eVV0ryqetdV76FWqV/kcRThBE7hHDy4gTrcQwN8YCDgGV7hzVHOi/PufCxaC04+cwx/4Hz+ABQXjiQ=</latexit>�4fb

<latexit sha1_base64="TDzPC2jH03CB+pzkuMkUlMKKGj0=">AAAB63icbVBNSwMxEJ34WetX1aOXYBE8SNmVoh4LXjxWsB/QLiWbZtvQJLskWaEs/QtePCji1T/kzX9jtt2Dtj4YeLw3w8y8MBHcWM/7RmvrG5tb26Wd8u7e/sFh5ei4beJUU9aisYh1NySGCa5Yy3IrWDfRjMhQsE44ucv9zhPThsfq0U4TFkgyUjzilNhcqkeDcFCpejVvDrxK/IJUoUBzUPnqD2OaSqYsFcSYnu8lNsiItpwKNiv3U8MSQidkxHqOKiKZCbL5rTN87pQhjmLtSlk8V39PZEQaM5Wh65TEjs2yl4v/eb3URrdBxlWSWqboYlGUCmxjnD+Oh1wzasXUEUI1d7diOiaaUOviKbsQ/OWXV0n7quZf1/yHerVxWcRRglM4gwvw4QYacA9NaAGFMTzDK7whiV7QO/pYtK6hYuYE/gB9/gCqNo3t</latexit>

4fb

<latexit sha1_base64="EAEe1G7CJsSQ7tValdn2/MfeApI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5RERD0WvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKjbBfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LqXVe9xlWldpHHUYQTOIVz8OAGanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fxkuM2g==</latexit>

f

<latexit sha1_base64="WbEALradIIzEkxw1Xto5ceXUb7M=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBg9REinosePFYobGFNpTNdtMu3WzC7kQopb/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NYW9/Y3Cpul3Z29/YPyodHjybJNOM+S2Si2yE1XArFfRQoeTvVnMah5K1wdDfzW09cG5GoJo5THsR0oEQkGEUr+c1eeFnrlStu1Z2DrBIvJxXI0eiVv7r9hGUxV8gkNabjuSkGE6pRMMmnpW5meErZiA54x1JFY26CyfzYKTmzSp9EibalkMzV3xMTGhszjkPbGVMcmmVvJv7ndTKMboOJUGmGXLHFoiiTBBMy+5z0heYM5dgSyrSwtxI2pJoytPmUbAje8sur5PGq6l1XvYdapX6Rx1GEEziFc/DgBupwDw3wgYGAZ3iFN0c5L86787FoLTj5zDH8gfP5A/ytjhQ=</latexit>

Tb/4

The bandwidth 2fb is 4× theoretical minimum of 2 bits/Hz/sec.



PSD of On-Off Keying

I OOK looks like

r(t)

t

I As we saw earlier, OOK is shifted polar signaling:

yon-off(t) = 1
2

(
1 + ypolar(t)

)

I R0 is 1
2 because half the time the signals are 1, and half the time they

are zero,

R0 =

(
1

2

)
1 +

(
1

2

)
0 =

1

2

I The issue is with all the higher order terms. If we look at Rn, 1/4 of the
time two bits separated by n are both 1, 1/2 the time one is one and one
is zero, and 1/4 the time they are both zero. The autocorrelation is then

Rn =

(
1

4

)
1 +

(
1

2

)
0 +

(
1

4

)
0 =

1

4

This contributes a constant term of 1/4 for any n 6= 0



The expression for the PSD is

Sy(f) = |P (f)|2
(

1

Tb

∑

n

Rne
j2πfnTb

)

Since R0 = 1
2 and Rn = 1

4 for n 6= 0,

Sy(t) =
|P (f)|2
Tb


1

2
+

1

4

∑

n6=0

ej2πfnTb




=
|P (f)|2
Tb

(
1

4
+

1

4

∑

n

ej2πfnTb

)

=
|P (f)|2

4Tb

(
1 +

1

Tb

∑

n

δ(f − n/Tb)
)

Hence the constant term in the autocorrelation leads to impulses in the
power spectrum.



I The impulses in the power spectrum are extra frequency components
that don’t carry information.

I This is a DC current that just heats up the wires! This makes sense, this
is a sequence of positive or zero pulses. There willl be a net current.

I We can eliminate impulses by using a pulse p(t) with

P
( n
Tb

)
= 0 , n = 0,±1,±2, . . .

I Overall, on-off is inferior to polar. For a given average power, noise
immunity is less than for bipolar signaling.

I However, OOK is very simple (you just have to gate an oscillator on and
off), so it shows up widely in lower power systems (like key fobs) or very
high frequency systems (where modulation can be difficult).



Split Phase (Manchester) Encoding

I As we saw with OOK, line codes with a DC value lower performance,
because a DC component with no information heats up the wires.

I There are two alternatives

I Use pulses p(t) that have zero average value (split phase, or Manchester
encoding, now)

I Use sequences of pulses that have average values that go to zero (bipolar
signaling, next)

I Split phase encoding looks like this:

t

p(t)

t

1 0 1 1 1 0 1 10 1



I By the same reasoning as we used for polar signalling, R0 = 1, and
Rn = 0 for n 6= 0, since offset pulses are independent, and their product
is just as like to be ±1.

I The PSD is then

Sy(f) = |P (f)|2
(

1

Tb

∞∑

n=−∞
Rne

−jn2πfTb

)

= |P (f)|2 1

Tb

I In addition, P (0) = 0, which we’ll see in a few slides

I It is also very easy to get the timing signal from the coding waveform.

I This was first introduced with the development of magnetic disk drives
in the late 1940’s and early 1950’s. Read heads were only sensitive to
transitions in magnetization, so this approach guaranteed at least one
transition per bit.

I This is widely used in wired ethernet. Also common in RF, particularly in
low power near field RF (NFRF) devices.



Alternate Mark Inversion (Bipolar) Signaling

AMI encodes 0 as 0 V and 1 as +V or −V , with alternating signs.

t
Bipolar/AMI (RZ)

t
Bipolar/AMI (NRZ)

1 1 1 0 0 1 0 1 1 0 1 0Bits

AMI was used in early PCM systems.

I Eliminates DC build up on cable.

I NRZ bipolar reduces bandwidth compared to polar RZ.

I Guarantees transitions for timing recovery with long runs of ones.

I Provides error detecting; every bit error results in bipolar violation.

AMI is also called bipolar and pseuodternary.



PSD of AMI Signaling

I If the data sequence {ak} consists of equally likely and independent 0s
and 1s, then the autocorrelation function of the sequence is for R0 is

R0 =

(
1

2

)
1 +

(
1

2

)
0 =

1

2

I For R±1 there are four possibilities, 11, 01, 10, and 00. Since the signs
change for successive 1’s, and all the others have autocorrelations of
zero,

R±1 =

(
1

4

)
(−1) +

(
3

4

)
0 = −1

4

I For n = 2, the various permutations of 1’s and 0’s are either zero, or
cancel out and give R2 = 0. This continues for n > 2.



I Therefore

Sy(f) =
|P (f)|2
Tb

∑

n

Rne
j2πnfTb

=
|P (f)|2
Tb

(
R0 +R−1e

j2πfTb +R1e
−j2πfTb

)

=
|P (f)|2
Tb

(
1

2
−
(

1

4

)
2 cos(2πfTb)

)

=
|P (f)|2

2Tb
(1− cos(2πfTb))

=
|P (f)|2
Tb

sin2(πTbf)

This PSD falls off faster than sinc(πTbf).

I The PSD has a null at DC, which aids in transformer coupling.



PSD Comparison

The PSDs of RZ polar, split phase, and NRZ bipolar (AMI) line codes look
like this:
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Bipolar

Split Phase
Polar

These all allow easy clock recovery.



Data Transfer in Digital System

I In a synchronous digital system, a common clock signal is used by all
devices.

data + clock

Multiple data signals can be transmitted in parallel using a single clock
signal.

I Serial peripheral communication schemes (RS-232, USB, FireWire) use
various clock extraction methods

I RS-232 is asynchronous with (up to) 8 data bits preceded by a start bit (0)
and followed by optional parity bit and stop bit (1); clock recovery by
“digital phase-locked loop”

I USB needs a real phase-locked loop and uses bit stuffing to ensure enough
transitions

I FireWire has differential data and clock pairs; clock transitions only when
data does not



Serial Communication: RS-232 Signaling

RS-232 is a standard for asynchronous serial communication.

I 1 is -12V, 0 is 12V

I Parity bit to detect errors

I Stop and start bits to help synchronization

I Each transition resynchronizes the receiver’s bit clock.



Serial Communications: USB
I For USB 1.1 a data packet consists of

I NRZI Encoding: 0 is a transition, 1 stays the same

I Synchronization bits 00000001

I The 4 bit packet ID followed by its complement (little endian)

I Payload, if any, with CRC

I End of packet (EOP) sequence LLH

I For a NAK packet (1010) this looks like

0 0 0 0 0 0 0 1 1 0 10 1 0 1 0 L L H

tNAK NAK
Packet ID

EOPSync Bits

I Bit stuffing is used after 6 bits in a row.

I USB is actually differential pair (plus on one line, minus on the other).

I We’re only showing the positive line.



Next Classes

I Wednesday : Pulse shaping and intersymbol interference (ISI)

I Friday : Simple FSK Packet Radio (APRS)

I Next Monday : Digital encoding, M-ary digital encoding schemes

I Next Wednesday : Error Correction and CRC codes

I Next Friday : Final project discussion

I Thanksgiving Break

I Following Monday : Radar, Doppler, Ultrasound

I Following Wednesday : Spread Spectrum, CDMA, GPS

I Final project due any time before the end of finals.


