Solutions For Homework #7

Problem 1:[10 pts]

Let
flr) =t = ®
r T2 + y2
We compute the Hankel Transform 6fr) by first computing its Abel Transform
and then calculating the 1D Fourier Transform of the result.

o= [ [ | ﬁ dy] e gy @

In the above, the inner integral can be seen as the Abel tiangif f(r), while
the outer integral is the 1D Fourier transform evaluatedeafuency.
We make the following variable substitutions
x = rcos(f)
y = rsin(f)
In other words, we change coordinate systems from Cartésif@olar. Notice
that

dxdy = rdrdf (3)
Thus, the integral for the Hankel Transform above becomes
2w | ]
H(q) = / / = em2mreos(0) ydrdp (4)
o Jo T

Recalling the definition of the Bessel function
2T
27TJ0(27rrq) — / 6—i27rrqcos(6) (5)
0
we see that,
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where we have made a change of variables in the second liveabe- 2xqgr.
Thus, we see that the Hankel Transformf¢f) = L is

Problem 2:[10 pts]

(&) We model the aperture illumination function as a circpilbox as follows

f(r) = rect(+) ©)

whereD = 2.5 meters. We know that the Hankel Transformfgf) is a

jinc function
Ji(mDq)

7
2Dy (7)
The Fraunhofer approximation gives the power-pattern@tifitenna in the

far-field
Po) = 1F (M)

.. 0
~ |D%inc (DX) |2

where we have applied the small-angle approximaﬁ%@ R~ § Figure 1
shows the 2D power-pattern, while a cut through the powéepais shown
in Figure 2. The cut through the power-pattern is denotedhbylbtted line
in Figure 2. As we can see, the null-to-null width is about €etonds of
arc. Note: The horizontal axis of Figure 2 is plotted in tewhseconds of
arc by the following relation

A 180°

q@ X

whereq = % is spatial frequency. We anticipate this value of 0.1 arosds

for the null-to-null width of the untapered power-pattelnnaugh recogniz-

ing that the first null of the jinc function given above occatghe value of
1.22, corresponding to a value @fin arc seconds, of

A 180
1.22 x — x — x 3600 = 0.05 (9)
D T

F(q) = D%jinc(Dq) = D?

X 3600 (8)

thereby yielding a null-to-null width of about 0.1 arc seden
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Far-field power pattern (point intensity response)
_05 e o "' ™~ ~—

angle (seconds)
o

0
angle (seconds)

Figure 1:

(b) We also note from Figure 2 that the peak-to-sidelobe rati dB, is about
18.

(c) Figure 3 shows a 1D profile of the Bessel tapering functidm compute
this tapering function, we first note that the first minimumtoé J,(z)
function occurs at, = 3.82, with a corresponding value ef0.4028. Now,
our tapering function, which multiplies the original aped illumination
function, is described as follows

h(r) = Jo(ar) — (—0.4028) (10)

where the scale factar is determined so that the minimum of the Bessel
function coincides with the edges of the aperture. SincaihmeterD of
the aperture is 2.5 meters, we know that D3 Thus, when = D/2 (i.e.
at the aperture edges), the tapering function) = h(z,) = 0 as desired.
The power pattern, in dB, of the tapered aperture illumoratunction is
shown in Figure 4. A cut through this power pattern in showthassolid
line in Figure 2. As can be seen, the peak-to-sidelobe rataout 35 dB,
implying a significant reduction of sidelobe level in the gletied-aperture
power-pattern. The reduction of sidelobe level in the wigdlaperture case
is important for the detection of a weak start. This is beeangerfering
radiation from a strong star that is located off the maireldiyection would
be supressed. However, this reduction in sidelobe levebsanthe expense
of a broadening of the main lobe. The null-to-null width o tmain lobe of
the tapered-aperture power pattern is about 0.18 secorats,ofompared
with 0.1 seconds for the untapered case.
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Cut through center of 2D power patterns

——tapered aperture
——untapered aperture

|
=
o
T

|
N
o
T

|

w

o
e

normalized power (dB)
A
S

|
a
o

|
(o2}
o
I

econds)

angle

Figure 2:

(d) We inspect the plots of the power-patterns correspanithe tapered and
untapered aperture, looking for the 3dB point (correspogth half power)
down from the peak. We take the half-power width to be twieewhdth
from O to the location on thé axis where the power-pattern is 3dB down
from the peak. We find thdbr the untapered aperture, the half-power
width is about 0.04 seconds of arc, while for the tapered aperture the
half-power width is about 0.06 seconds of arc.

Problem 3:[10 pts]

(a) We wish to numerically evaluate the Hankel Transformhaf tollowing
function

f(r)= a /2) rect< ) (12)

where, for this partg = 32 and the spatial variable = 0,1,2,....n — 1
andn is the first power of 2 greater thala. Thus,n = 256 and the spatial
variable ranges from 0 to 255. We recognize the function alag\a circular
pillbox. The integral definition of the Hankel Transform is

= /OO f(r)Jo(2mqr) rdr (12)
0
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Cut through aperture function and Bessel taper

3 0 5
Figure 3:

Far—field power pattern of tapered aperture
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Figure 4:

We approximate this integral as a sum, as follows

F(q)= )  f(r)Jo(2mqr)rAr (13)

r=0

where, of course, the step si2e- = 1. In addition, the frequency variable
¢ assumes the valué€ss-, ..., %=1, To implement the Bessel function, we
make use of the MATLAB command

besselj(0,r)



(b) We implement the same functigiir) given in Part (a) in two-dimensions

as follows
2 2
rect(L‘ﬂ ) 14)

a

1
=y

wherex = —n,n+1,...0,..n—1andy = —n,n+1,...0,..n—1. The Han-
kel Transform of this 2D circularly symmetric function cae easily com-
puted using the 2D FFT (remember that for a circularly-sytniméinction,
the Hankel Transform is identical to the two-dimensionalifier Trans-
form). The Hankel Transform of the 2D function is shown in uig 5.
We are required to take cuts through the 2D function showrignrg 5 in
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Figure 5:

the directions defined by the lines at anglesand45° from the horizontal
axis. The cut ab’ is easily obtained by extracting values along a horizontal
line passing through the center of the function. The codedktracts the
cut at45° is given at the back. Note: when displaying the cut&t, the

1D frequency axis needs to be stretched by a factoydf reflecting the
fact that discrete steps (in the— v plane) atd5° are+/2 times longer than
corresponding discrete steps along the horizontal axis.

(c) We know that the analytical form of the Hankel transforiwhe circularly
symmetric functionf (r) == —_'5rect(%) is

CL2

F(q) = Wﬁnc(@@ (15)
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Recall that the jinc function is given by jitie) = 2™ and so we again
make use of MATLAB’sbesselj routine to compute the analytical answer.
Figure 6 shows the results the numerical evaluation of thekklantegral
(solid line), cuts through the 2D Fourier Transform alomg$ at angles®
and45° from the horizontal axis (dotted lines and dots respectjveet well

as the analytical solution (crosses). We see that the thetleaus of eval-
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Figure 6:

uation produces answers that are very similar. The effeappfoximating
an integral by a discrete sum is evident as the numericatisoldiverges
slightly from the other solutions.

(d) Here,a = 8 and son = 64. We perform the same summation as in Part (a)
as well as form the 2D function as in Part (b). Now, of courise 2D grid is
smaller since we are only using 64 points. The 2D FFT of theutar pill-
box function whem = 64 is shown in Figure 7. The comparison between
the various solutions is shown in Figure 8. From Figure 8, lgarty see
a divergence between the analytical solution and the naalesne. This
is due to the fact that the approximation of the Hankel IrdkQy the sum
given above is poor due to the limited number of points{ 64). Further-
more, we also notice that the cuts through the 2D FFT of crcpillbox
deviates from the analytical solution. As can be seen froguféi 7, the
fewer number of grid points used in the definition of the 2[@@lar pillbox
function f(r) destroys some of the circular symmetry, causing a disparity
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in profiles along the horizontall{) and45° lines.
Problem 4:[10 pts]

(&) In this problem, we seek to recover the 2D, circularly syatric function
from its Abel Transform. Recall the definition of the Abelrisfiorm:

< f(r) rdr

Here, we are given the dat&r) evaluated at discrete valuesofNote that

the spacing between points in the profile’) is Az = 0.01 and the number
of samples in file is 600. Our task is to recover the 2D, cindylsymmetric

function f(r) using the Abel-Fourier-Hankel relationship. Note: to laad
the text file, we make use of MATLAB'’s

a(r) =2 (16)

load

command. The first column gives the values a long the axisepelipular
to the projection direction where the projection is evatdatThis function
is plotted in Figure 9
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(b) Recall the Abel-Fourier-Hankel relationshijre Hankel Transfor m of the
2D circularly-symmetric function isequivalent tothe 1D Fourier Trans-
form of the function’s Abel Transform. Mathematically, letting”(¢q) de-
note the Hankel Transform of the functigifr),

F(q) = /_OO A(x)e 2™ dg (17)

[e.e]

where A(z) is as was given in Part (a). To recover the 2D function, we
would simply compute the Inverse Hankel Transforn¥d#). Note that the
profile contained in the filaw7p4datais essentiallyd(z). Notice, however,
that the Abel Transform should return even functions. Tliie,data we
are given, shown in Figure 9, is probably the right half of thi, even
Abel Transform of the desired 2D functigitr). We thus form a new, even

function as follows (@)
i g alxr) >0
a'(x) =1{ a(—x) <0

We then compute the 1D FFT of’(z) to get the 1D profile of the de-
sired function’s spectrum. Remember that the desired immaes$ in two-
dimensions, but circularly-symmetric, implying that allts through the
origin of the functionor its spectrum should be identical. The 1D FFT
of d’(z) is exactly one such radial cut of the 2D spectrum the desikzd 2

(18)
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function. Let this spectrum be denoteddq). To recover a radial cut of
the desired 2D circularly-symmetric functiditr), we compute the Inverse
Hankel Transformin one dimension, of the 1D spectrumi(q). The Inverse
Hankel Transform is defined as

fip(r) = / A(q)Jo(2mqr) qdg (19)
0
We approximate this integral by a sum, as we did in Problem 3.
N-1
fip(r) ~ Z A(qi)Jo(2mqir)q: Aq (20)
=0

Here,Aq refers to the frequency spacing in the FFT domain. We know tha
the spatial separation of points in the datalfile’/p4datais Ax = 0.01 and

the number of sample§ = 2 x 600 = 1200 (remember, the length af ()

is twice the length ofi(z)). Therefore, the frequency spacidg = Nlm
and the FFT frequencies= 0, ﬁv cey %—;}1. Plugging these values in the
discrete sum above, we recover the 1D cut, shown in Figurthidgh the

desired radially-symmetric 2D functiofy(r).

The MATLAB code that we use to form the “image” from the 1&iral cut
fip(r) shown in Figure 10 is given at the back. Essentially, we eraajrid
(x,y) and copy the-th value in the 1D profilef; »(r;) to all locations where
Vvx? 4+ y? = r;. The recovered 2D, circularly-symmetric functigivr) is
shown in Figure 1% (r).
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recovered 2D circularly symmetric function
-6

vertical distance

0
horizontal distance

Figure 11:

Problem 5:[10 pts]

The integral definition of the Bessel function of First Kiradder 0,.J,(2mgr)
is given by

2m
Jo(2mqr) = % / cos(2mqr cos(0)) df (21)
0

In the abovey denotes frequency. For this problem, we are asked to prativee
Bessel functions of frequencies 4,7 and 10. This equatisesiby adding up 2D
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cosine functions rotated from the x-axis at various angléhat is,

1 .
Jo(2m qr) ~ Dy ; cos(2mq(x cos(0;) + ysin(6;))) A (22)
Here,q = mhis the spatial frequency, and we define Waveleng%%sm =

4,7,10, whereN is the number of points along one dimension in our gddis
the spacing between points amdindicates number of cycles over the span of the
grid. The MATLAB code implementing this is given at the back.

Figure 12 gives the three plots. The dots indicate the sunmoappation,
while the solid line is the theoretical curvg(2mqr) where, of courser =

Va2 +y2.
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© sum approx|  sum approx
—theoretical ——theoretical
0.5¢ 0.5¢
Oof or
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ok
0% 10 20 30 40 50 60

Figure 12:

MATLAB code for Problem 4
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% load in data

im = load(’hw7p4data’);

data2 = im(;,2); x = im(;,1); data2 = data2’;
Delta = x(2)-x(1);

% plot noisy projection

figure(1); plot(x,data2);grid on;
h=gca;set(h,’FontSize’,20); xlabel(’spatial variable’
hl=title('noisy projection’);set(hl,’FontSize’,20);

% make data an even function
data = [fliplr(data2(2:end-1)) data2];
N = length(data);

% Abel to Hankel - take FFT of data,

% but keep only positive Fourier coefficients since functio
% real and even

F = real( fft(fftshift(data)) ); F = F(1:N/2);

q [0:N/2-1]/N/(Delta);

% Inverse Hankel Transform, approximated by
% sum_{i=1}'N/2 F(q_i) g_i JO(2 pi q_i r) Delta g

r = [0:N/2-1] *(Delta *sqrt(2));
f = zeros(size(r));

Delta_q = q(2) - q(1);

for k=1:length(r)

f(k) = sum(F(’). *Delta_gq. =*q(). =+besselj(0,2 *pi *r(k).

end

% plot recovered 1D function

figure(2); plot(r, f); grid on;
h=gca;set(h,’FontSize’,20); xlabel(’'spatial variable’
hl=title({'recovered 1D profile of,’circularly-symmet
set(hl,’FontSize’,20);

13
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% create 2D function from 1D profile

rmax = max(r); NN = 4 =«ceil(rmax./Delta/sqrt(2));
horiz = [-NN/2:NN/2-1] * Delta; vert = [-NN/2:NN/2-1] * Delta;
theta = linspace(0,2 *pi,2 *length(f));

f2D = zeros(NN,NN); counts = zeros(NN,NN);
for k = 1:length(f)
if(r(k) "= 0)

Rows + NN/2 + 1;
Cols + NN/2 + 1;

Rows = round( r(k) =*sin(theta)./Delta/1 ); Rows
Cols = round( r(k) * cos(theta)./Delta/l ); Cols
ind = find((Rows <= NN) & (Cols <= NN) );
Rows = Rows(ind); Cols = Cols(ind);

f2D(sub2ind(size(f2D),Rows,Cols)) =
f2D(sub2ind(size(f2D),Rows,Cols)) + f(Kk);

counts(sub2ind(size(f2D),Rows,Cols)) =
counts(sub2ind(size(f2D),Rows,Cols)) + 1;

else
f2D(ceil(NN/2),ceil(NN/2)) = f(k);
end
end
f2D(find(counts™=0)) = f2D(find(counts™=0))./counts(f ind(counts™=0));

figure(3); imagesc(horiz,vert,f2D); grid on;

h=gca;set(h,’FontSize’,20); xlabel(’horizontal distan ce”);
ylabel('vertical distance’); axis image;

hl=title('recovered 2D circularly symmetric function’);
set(hl,’FontSize’,20); colorbar\\

MATLAB codefor Problem 5

14



% parameters

N = 1024,
Delta = 0.1;
a = [N/4 N/7 N/10] =+ Delta; % wavelength

% create spatial array

horiz = [-N/2:N/2-1] * Delta; vert = [-N/2:N/2-1] * Delta;
[Cols,Rows] = meshgrid(horiz,vert);

rr = sqgrt(Rows.”2 + Cols."2);

% create angles between 0 and 2 pi radians

% Angles are measured from Xx-axis;

theta = linspace(0,2 * pi,20);

% create cosines of varying wavelengths

for k = 1:length(a)
% create horizontal and vertical spatial frequencies
% from theta definition and wavelengths
u = a(k) =*cos(theta); v = a(k) * sin(theta);
q 1./sgrt( u."2 + v."2 );

% perform sum of 2pi radians as
% (1/2/pi) sum_{i=1}'N cos( q r cos(theta) )Delta_theta
map2 = zeros(size(Cols));
for m = l:length(theta)
disp(m);
map2 = map2 +
cos( 2 *pi *(g(m) =*cos(theta(m)) *Cols + g(m) =sin(theta(m)) * Rows) );

end
map2 = map2./length(m);

0% extract horizontal cut and store

num_bessel2(k,:) = map2(N/2+1,N/2+1:N)./max(map2(N/2+ 1,N/2+1:N));
theo_bessel(k,:) = besselj(0,2 *pi xg(l) *[0:N/2-1] =*Delta);
end
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