Solutions For Homework #8

Problem 1:[10 pts]

(a) In this problem, the circular aperture functions repnéig Polyphemus’
and Odysseus’ eyes are expressed as functions of the anittependent
variablery, = £, where) is the wavelength of 0.am. Polyphemus’ eye
can be modeled as a uniformily-illuminated circular apestwf diameter

&M — 200,000 wavelengths.
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Odysseus’ eyes can each be modeled as a uniformily-illuedheound
aperture of diamet@ = 20, 000 wavelengths,

r
fodysseus (T)\> = rect ( QOOAOO ) (2)

The impulse responses are the far-field power patterns ointieidual
apertures, which in turn are proportional to the squarednitade of the
Fourier Transform of the individual aperture illuminatifumctions
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Ppolyphemus = ‘/OOO FPotyphemus(Tx) Jo <2W§T) rdr
= 20000* jinc? (200000 6)
where, in the above, we make a change of variables 1. Similarly,
Poayesseus = 20000* jinc? (20000 6) (3)

Figure 1 illustrates the definition of the angle Under the small-angle
approximation, we assume thain Figure 1 can be related to the angies
and~ as follows

0~ ¢+ (4)
The angles) and~ can be interpreted as azimuth and elevation (in spher-
ical coordinate terminology) or longitude and latitudepegively. Due to



(b)

L/2 sin @

Figure 1:

the circular symmetry of the aperture illumination funatithe impulse re-
sponse is also rotationally-symmetric with its argumérieing defined as
shown in the figure. Figure 2 plots the impulse responses lgpRemus’
and each of Odysseus’ eyes. As Odysseus’ eye is 10 timesesrttadin
Polyphemus’, its impulse response is 10 times broader, sisoiwn in Fig-
ure 2. We would expect Polyphemus’ eye to have a width of X @@@rees
by recalling that the width of the mainlobe of the jinc-fuioct response is

equal to2 x 1.22550 % 180/m = 0.000699 degrees.

The transfer function for each eye is the autocorratadidhe eye’s aperture
illumination function. Put another way, the transfer fuantis the Fourier
Transform of the aperture (power) impulse responses. Agdhsfer func-
tion and impulse response form a Fourier Transform paiir trguments
must have reciprocal units. We know that the far-field powatguns (i.e.
the impulse responses) of the apertures are a functi@math units of ra-
dians. Therefore, the units of the argument of the transiectfon should
be reciprocal, i.e. cycles per radians. Furthermore, weexhe transfer
function to be circularly symmetric since the impulse res® possesses
rotational symmetry. Consequently,
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Figure 2:

whereq = vu? + v? has units of cycles/radians. The functidmat is the
Chinese Hat function, defined as

chatg) =, (cos™ ol — lal/1 — ¢)rect0.5q) (5)

The transfer functions for each of Odysseus’ eyes and Pelypls’ eye is
shown in Figure 3.
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Figure 3:

(c) Let Fy (0) be the far-field amplitude pattern (as opposed to poweepgtt
of an aperture. We know thd, (¢) and the aperture illumination function
form a Fourier Transform pair. This function describes thgpktude and



phase of the (say, electric) field in the far-field. By the peacity theo-
rem of antennas, this amplitude pattern also describes ¢ghting - as a
function of angle - applied to waves incident on the aperture

Each of Odysseues eyes hasshament pattern given by
Fy (%) = 200007 jinc (20000 6) (6)

The eyes are separated by 20000 wavelengths. An interfériornembi-
nation of signals (waves) received at both eyes would yietitad signal

F(0) = Fy(o) (/%500 4 o hame)

2F, (0) cos (mLy sin ¢)
2F, (0) cos (L)

where L, = § the separation of Odysseus’ eyes in terms of number of
wavelengths. In the abové; (¢) gives the amplitude response to a point
source at anglé. Further, we note that additional phase delays associated
with signals incident on each of Odysseus’ eyes depend. ohhis is be-
cause, with reference to Figure 1, Odysseus’ eyes are despleorizontally
causing the extra phase delays of waves to depend on thetazamgie¢

only, as shown in Figure 1. Of course, the far-field powergrattesulting
from interferometrically combining the signals at the twegis simply the
squared-magnitude of this effective amplitude pattern,

Poaysseusint = 4 % 20000 jinc? (20000 6) cos® (wLy¢)
= 2 x 20000 jinc? (20000 ) [1 + cos (2w Lx¢)]

The new transfer function is the Fourier Transform of thefi@ld power
patternPogysseus,int ADOVE,

POdyesseus.int = 2% 200007 Chat(zo?w) sk [0(u,v) +0(u— Ly,v) + d(u+ Ly,v)]
(7)

The transfer function of the pair of Odysseus’ eyes is shawRigure 4

along with the transfer function of Polyphemus’ eye. As carsben from

Figure 4, the interferometric combination of signals reediat both of
Odysseus eyes allows him to have additional sensitivityidgb bBpatial fre-
guency energy. However, due to the fact that Odysseus’ egesatimes
smaller than Polyphemus’, the transfer function widthscareespondingly

small.
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(d) Odysseus could rotate his head to obtain more spectratage.

Problem 2:[10 pts]

This is a Fourier synthesis problem. To recover the intgmkstribution of the
object, we need to form a weighted sum of complex exponentibhe weights
in the sum are the complex Fourier amplitudes from the dadiBprob2data,
while the frequencies of the complex exponentials in the aterderivable from
the interferometer baseline spacings in the same data file.

Why is this the case? Recall from Handout #34 thatcttraplex visibility of
a 2-element correlating interferometer, illuminating #kg in some directiord,
is related to Fourier decomposition of the target’s brigissdistribution:

V(vg) = / b(x + 0y) e 7207 dy (8)

wherev, = %cos(@) and L is the interferometer baseline spacing. The integral
above describes a Fourier decomposition of the brightnisssbdition b(z) of

the target into a weighted sum of complex exponentials. Eftehland side in
the above describes the weighting applied to the complesretiale /270 in
that sum, and that weight is exactly the complex visibilifus, if we knew the
“spectrum” of the target’s brightness distribution - i.es complex visibilities for

all vy - we could, in principle, recover the object’s brightnesstribution b(x)
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exactly by the following integral:

b(x) :/ V (vg)e??™0% duy 9)

which is, essentially, a sum of complex exponentials weidtty complex visi-
bility values.

Let us assume that the interferometer is pointed verticatlythattd, = 0.
Then, the transform variable = LT varies according to baseline spacibg We
are told that the given values of interferometer baselineitless, as we would
expect the transform variablgeto be. Thus, we take the unitless values contained
in the first column in data filéw8prob2data to represent different values of,
the transform variable. We synthesize the brightnessiloligion of the target as
follows

b(x) = Z V; e (10)

In the aboveg denotes the spatial axis of the brightness funckian; it is an ar-
ray of length\V = 256. The sum runs over the number of different interferometer
baseline spacings in the data fil@8prob2data. Figure 5 shows the result.

90

Figure 5:

Problem 3:[10 pts]



(a) The geometry of this problem is similar to that in Probl&pexcept that
the elevation angle is used here instead of azimuth To see this, refer to
Figure 6 which shows a mirror image of the antenna locategtante2 H
below the aperture seated on the edge of the cliff. The patitedifference
Ax between the direct ray and reflected ray, from geometry, is

H H
Ar = —— — < —— —2H siny) = 2H sin~y (11)
sin 7y sin

This difference in path length is exactly equal to the paffeddnce of

Figure 6:

two rays, one incident at the antenna on the cliff and theraha mirror
image point B as shown in Figure 1. Combining the direct arfigécted
signal would thus be equivalent to interferometrically dmning signals at
the two apertures vertically spaced by . Following Problem 1, we would
expect a far-field amplitude pattern resulting from theltsignal as follows

F(0) = Fo(0) (/5% g e

= 2F, () cos (27rHSH)1\7)

~ 2Fy (0)cos (2mHy7)



whereFy (%) is the far-field element pattern arising of the circular &oer
of diameter‘%m = 4 wavelengths and, as befor, = % That is,

Fy (0) = 4*jinc (4 0) (12)

Consequently, the far-field power pattern of this earlyrfiet®@meter is given
by

P(¢,v) =4 x 4*jinc? (4 0) cos® (2 Hy) (13)
where, as before, the small angle approximation gi¥es ¢ +~2. We see
that the elevation-dependent component of the total poatem destroys
the circular symmetry due to the round aperture. Now, thesfex function
of this early interferometer is given by the Fourier Tramsfof the far-field
power pattern. Thus,

p(u,v) = 2x42rect<%) sk [0(u,v)+0(u, v—2Hy)+0(u,v+2H,)] (14)

whereq = vu? + v2. Figure 7 shows a comparison of the transfer function
of the original circular aperture with that of the interfareter. As we can
see, the interferometer has a nonzero respongtical spatial frequencies
around 0 meters anet400 cycles/rad. This additional spectral response
in the verticalv direction is due to the elevation-dependent interferoimetr
combination of the direct and reflected signals. In contiashe response
of the circular aperture, which is centered at the origin laasl a width of
about 8 cycles/rad.

(b) We observe from Figure 7 that the transfer function ofititerferometer
is zero for spatial frequencies in the range from 10 cycekto about 390
cycles/rad. This implies that sinusoidal components offtie e =722
for 10 < L < 390 cycles/rad in the target’s brightness distribution would
be effectively invisible to the interferometer. Similgrgmusoidal compo-
nents with spatial frequencies in the azimuth directioratgethan about 10
meters would also appear invisible to the interferometer.

(c) Parts (a) and (b) assume that the sea is a flat, mirroslikace that reflects
incoming radiation at an angle equal to the incident angend®m waves
on the ocean surface will effectively tilt the surface at agla from the
horizontal dependent on the rms roughness of the sea. Irésence of a
rough sea, the response of the interferometer will be

P(¢,7) = [2 x 4% jinc (4 0) cos(27 Hyampaa (7 — @))]? (15)
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Figure 7:

whereq is the tilt angle caused by waves at the reflection pointé&ing:
7?2 + ¢?, as before. Knowing the elevation of the incoming radiatigrwe
would measure the above intensity response and deduceciiealuglec.
Of course, this measurement would have to be performed tegigaver
time, and an average value of rms sea surface roughnesstmdituced.

Problem 4:[10 pts]

The spectral coverage of the aperture array is determinets [ autocor-
relation function. The autocorrelation function is alse @D transfer function
whose support determines the spatial frequency passbadhd system. We com-
pute the autocorrelation of the aperture array numericdfigure 8 shows the
aperture array, where we assume uniform illumination o ed¢he rectangular
apertures. We are not given a coordinate system, and so wéthtakop left hand
corner to be the origin.

Figure 9 shows a contour map of the 2D autocorrelation of pleetare array.
The horizontal and vertical axis are spatial frequency. ihdezidual rectangular-
like segments are, in fact, lazy pyramid functions, as showiigure 10. This
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function is the result of correlating a 2D rect function wittkelf. Figure 9 shows
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the extent of the: — v plane covered by the transfer function of the aperture array
The MATLAB code for this problem is given at the back.

Problem 5:[10 pts]

(&) This problem involves convolving the brightness digttion given in the

10



Figure 10:

data filehw8prob5data with impulse responses derived from a circular aper-
ture as well as from the antenna array shown in Problem 4.

We first note that we are told that the angular spacing of therelie-spaced
brightness distribution of the target, here term®ed = Ay = 71.5 mil-
lidegrees. Herep and~ refer to azimuth and elevation angles for locating
objects in the sky. Knowing the angular spacing allows usedove the
spacingAzx, Ay between grid points in the spatial domain, thereby allow-
ing us to define the aperture functions on a grid. This is darfellows (for
thex case; they case follows similarly):

1
The spacing between grid points in thespatial dimensionAx, above, is
expressed in terms of wavelengths. That is,

Axry = — 17
A= 17)
We could make use of grid spacing in meters following the idarabove.
However, for this problem, the circular aperture and ardesimay are ex-
pressed as functions of independent variablgs= { andy, = ¥. The
circular aperture is defined as follows

folra) = re‘:t(gf;ﬁ) (18)

wherer, = /23 + y3 and, when the wavelength of radiation is 80 cm, the
circular aperture has a diameter®8™ = 312.5 wavelengths. The impulse

11
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response of the circular aperture is the squared-magndatids element
pattern. The element pattern is given by the Fraunhofegiatéa Fourier
Transform) of the circular aperture illumination function

Q

Fcirc(e) /0 fcirc(r)\) JO(27T9T)\) TAdTA

= 312.5%jinc(312.5 0)
= Pu.(0) = 312.5* jinc*(312.5 6)

whereP,;,..(f) denotes the impulse response of the circular aperture. This
impulse response is convolved with the brightness diginhuobtained
from the data fildw8prob5data and shown in Figure 11 to obtain an image
shown in Figure 12. The circular aperture has a diameter@h2&ters. The

degrees

-10 o0 10
degrees

Figure 12:

area in square meters of this aperture is tﬂmxs(z—go)2 = 49,087 meters.

12



(b) The aperture array shown in Problem 4 and shown in FiguseFurier-
Transformed to give the element pattern (according to tlaeifhrofer re-
lationship). Squaring the element pattern’s magnitudesyihe impulse
response, which is convolved with the brightness distidlouin Figure 11
to produce an image shown in Figure 13. Each rectangulatuapen the
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Figure 13:

array has an area 6f) x 50 = 2500 meters. Five rectangular apertures
comprise the whole array, giving a total are&of2500 = 12, 500 meters.

Figures 14 and 15 show the transfer function footprints axth- v plane
of the circular aperture and antenna array respectively area in white
denotes regions in the — v plane where the individual antennas produce
a non-zero spatial frequency response. By inspection, weea that the
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Figure 14:

transfer functions corresponding to both apertures cdwernt— v plane
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roughly equally.
MATLAB codefor Problem 1

parameters - Note: all distances in units of wavelengths

lambda = 0.5e-6;
D_poly = 0.1/lambda;
D_ody = 0.01/lambda;
L = 0.1l/lambda;
Delta = 1000;

N = 1000;

% create aperture illumination functions

horiz = [-N/2:N/2-1] * Delta; vert = [-N/2:N/2-1] * Delta;
[X,y] = meshgrid(horiz, vert);

r = sgrt(x.”2 + y."2);

f_poly = zeros(size(r)); f_poly(find(r<=D_poly/2)) = 1,
f_ody = zeros(size(r)); f_ody(find(r<=D_ody/2)) = 1;
% Part (a)

% Take FFT and find far-field power pattern

14



P poly = fftshift( abs( fft2( fitshift(f_poly) ) )."2 ):
P ody = fitshift( abs( fft2( fftshift(f_ody) ) )."2 );

% create azimuth and elevation angles, phi and gamma
horiz_trans_freq = 2 *pi *[-N/2:N/2-1] * (1/N) =+ (1/Delta);
vert_trans_freq = 2 *pi *[-N/2:N/2-1] * (1/N) =« (1/Delta);

phi = horiz_trans_freq * 180/pi/2/pi;
gamma = vert_trans_freq * 180/pi/2/pi;

% extract cut horizontally through both power patterns

Pcut_poly = P_poly(N/2+1,:); Pcut_ody = P_ody(N/2+1,));
% Plot cuts, normalized in amplitude, on dB scale

figure(1);

plot(phi,10 * log10(Pcut_poly./max(Pcut_poly)));

hold on;

plot(phi,10 * |og10(Pcut_ody./max(Pcut_ody)),’-.");

h = gca;set(h,’FontSize’,20); xlabel('\theta (degrees)’ );

ylabel('normalized power (dB)’); grid on;
legend(’Polyphemus’, 'Odysseus’,0);

% Part (b)

% transfer function is Fourier Transform of far-field
% power pattern. Take cuts

Delta_phi = pi/180 * (phi(2)-phi(1));
Delta_gamma = pi/180 =*(gamma(2)-gamma(l));
p_poly = real( fftshift( ifft2( fftshift(P_poly) ) ) );
p_ody = real( fftshift( ifft2( fftshift((P_ody) ) ) );

% create spatial frequency arrays (in cycles/rad) from
% angular arrays Phi and Gamma

u [-N/2:N/2-1] * (1/N) = (1/Delta_phi);

v [-N/2:N/2-1] * (1/N) = (1/Delta_gamma);

15



pcut_poly = p_poly(N/2+1,:); pcut_ody = p_ody(N/2+1,:);

% Plot cuts, normalized in amplitude,

figure(2);

plot(u,pcut_poly./max(pcut_poly));

hold on;

plot(u,pcut_ody./max(pcut_ody),’-.");

h = gca;set(h,’FontSize’,20); xlabel(’spatial freq (cycl es/rad)’);
ylabel('normalized power’); grid on;

legend(’Polyphemus’, 'Odysseus’,0);

% Part (c)

% Multiply Odysseus’ element power pattern with cosine-squ ared
% factor due to the interferometer
P_int_ody =4 =*P_ody. *...

cos((L/2).  *repmat( horiz_trans_freq,[size(P_ody,1) 1]) )."2;

p_int_ody = real( fftshift( fft2( fftshift( P_int_ody ) ) ) ) ;
pcut_int_ody = p_int_ody(N/2+1,.);

figure(3);

plot(u,pcut_poly./max(pcut_poly));

hold on;

plot(u,pcut_int_ody./max(pcut_int_ody),’-.");

h = gca;set(h,’FontSize’,20); xlabel(’spatial freq (cycl es/rad)’);

ylabel('normalized power’); grid on;
legend(’Polyphemus’, 'Odysseus, interferometric’,0);

MATLAB codefor Problem 2

% load in data file
g = load(’hw8prob2data’);

% form complex Fourier coefficients (visibilities)
data = q(;,2) + sqrt(-1) *q(:,3);
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% form array of spatial frequencies (interferometer
% baseline spacings)

v = q(,1);

% create spatial axis of 256 points
x = [0:256-1];

% perform Fourier synthesis of brightness distribution
% recall that brightness is a real quantity
s = 0;
for k = 1:length(v)
t = data(k) *exp(sqrt(-1) * 2% pi *Vv(K) *x/length(x));
tconj = data(k) *exp(sqrt(-1) * 2% pi *V(K) * (length(x)-x)/length(x));

S = s +t + tcon;j;
end

% plot out results - there’s a little bit of imaginary part
% left in the sum.
plot(x, real(s));

MATLAB code for Problem 5

% parameters

lambda = 0.8;

N = 512;

Delta_phi = 71.5e-3 * pi/180;
Delta_gamma = Delta_phi;

D = 250/lambda;

w = 50/lambda;

% create angular grid

Phi= [-N/2:N/2-1] * Delta_phi; Gamma = [-N/2:N/2-1] * Delta_gamma,;

[phi,gamma] = meshgrid(Phi,Gamma);

% Note: if angular spacing is Delta (in radians)

17



% then 1/N/Delta_x = Delta => Delta_x = 1/N/Delta in units of
% wavelengths

Deltax = 1/N/Delta_phi; Deltay = 1/N/Delta_gamma;

horiz_x = [-N/2:N/2-1] * Deltax; horiz_y = [-N/2:N/2-1] * Deltay;
[X,y] = meshgrid(horiz_x,horiz_y);

r = sgri(x.”2 + y."2);

% create uniformily illuminated, circular aperture
f = zeros(size(x));
f(find(r<=D/2)) = 1,

% compute spatial frequencies

u = [-N/2:N/2-1] * (1/N) =*(1/Delta_phi);
v = [-N/2:N/2-1] * (1/N) = (1/Delta_gamma);
% take absolute value squared of Fourier Transform to comput e impulse

% response of circular aperture
F = fftshift( abs(fft2( fftshift(f) )).”2 );
F = F./prod(size(f));

% load in sky data
fid = fopen(’hw8prob5data’,’rb’);
data = fread(fid, inf, 'uint8’);fclose(fid);
im = reshape(data, [N N]);
% part (a)
% convolve brightness image with impulse response
im2 = real(ifft2( fft2(im). = fft2( fftshift(F) ) ) );
% part (b)
% center locations of apertures
coords = [0 O; O 0-150; O 0+100;...
0-100 0-100; 0+100 0-100j;

coords = coords/lambda;

18



% create aperture array
map = zeros(size(X));
for k=1:size(coords,1)

I = find( ( abs(x-coords(k,2))<=w/2) & ...
( abs(y-coords(k,1))<=w/2) );
map(l) = 1;

end

% compute far-field power pattern of aperture array
H = fftshift( abs( fft2( fftshift(map) )).”2 );
H H./prod(size(map));

% convolve brightness image with impulse response of apertu re array
im3 = real(ifft2( fft2(im). = fft2( fftshift(H) ) ));

% compute autocorrelation of aperture array
u = [-N/2:N/2-1] * (1/N) = (1/Delta_phi);

v = [-N/2:N/2-1] * (1/N) = (1/Delta_gamma);
autocorr_array = fftshift(real(ifft2(fftshift(H))));
autocorr_circ = fftshift(real(ifft2(fftshift(F))));

% plot out results

figure();

imagesc(Phi  +180/pi,Gamma =*180/pi,10 *log10(im));
colormap bone; axis image;colorbar
h=gca;set(h,’FontSize’,20);xlabel('degrees’);
ylabel('degrees’);

figure(2);

imagesc(Phi  *180/pi,Gamma =*180/pi,10 *logl0(im2));
colormap bone; axis image;colorbar
h=gca;set(h,’FontSize’,20);xlabel('degrees’);
ylabel('degrees’);
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figure(3);

imagesc(Phi = 180/pi,Gamma =*180/pi,10 *log10(im3));
colormap bone; axis image;colorbar;
h=gca;set(h,’FontSize’,20);xlabel('degrees’);
ylabel('degrees’);

% footprint of circular aperture autocorrelation
figure(4)

imagesc(u,v,autocorr_circ>1e-10);

colormap bone; axis image;caxis([0 1]);
h=gca;set(h,’FontSize’,20);xlabel(’cycles/rad’);
ylabel('cycles/rad’);

% footprint of antenna array autocorrelation
figure(5)

imagesc(u,v,autocorr_array>1le-10);

colormap bone; axis image;caxis([0 1]);
h=gca;set(h,’FontSize’,20);xlabel(’cycles/rad’);
ylabel('cycles/rad’);
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