
EE 270: Large Scale Matrix Computation and Optimization Winter 2020

Lecture 6 — Jan 23

Lecturer: Mert Pilanci Scribe: Albert Gural

6.1 Dimension Reduction

A common theme for dealing with computations on large scale matrices has been to reduce
the dimension of the problem, trading off non-deterministic inexact answers for computa-
tional efficiency. Examples include:

• Approximate matrix multiplication of A ∈ Rn×d with B ∈ Rd×p, where for an appro-
priately chosen random matrix S ∈ Rm×d, m � d, the computational complexity
drops from O(ndp) to O(nmp).

• Matrix multiplication verification using Freivalds’ algorithm, where with high proba-
bility, a random test vector r applied to the difference (AB −M) between the true
and reported matrix multiply results is non-zero iff AB 6= M . This process can be
repeated for greater verification and only requires matrix-vector rather than matrix-
matrix products to compute.

• Trace estimation, where an appropriately generated random test vector r can be used
to approximate the trace: rᵀMr ≈ tr(M).

The generic dimension reduction problem is to compress the data in n vectors x1, . . . , xn ∈
Rd into a lower dimensional representation y1, . . . , yn ∈ Rm with m < d. For our analyses, we
consider a compression to be good if it preserves distances between pairs of points. Explicitly,
we desire

1− ε ≤ ||yi − yj||
2
2

||xi − xj||22
≤ 1 + ε ∀ i, j (6.1)

for error threshold ε.
The phrasing of our problem might bring to mind standard deterministic compression

schemes such as singular value decompositions. But SVDs are both computationally costly
and exploitable — an adversary could design a maximally bad x1, . . . , xn such that distances
are not preserved under SVD-based compression.

Instead, we consider an alternative linear compression scheme - random projection,
or more generally, random linear transform onto a lower-dimensional subspace1. This is
achieved by transforming yi = Sxi ∀ i using random matrix S ∈ Rm×d (S in general need
not be a projection matrix). This should remind you of the approximate matrix multiplica-
tion sketching matrix S. In the next section, we discuss how well this technique works and
develop intuition for the bounds to guarantee (6.1) holds with high probability.

1In these notes, we will sometimes refer to this “linear transform to subspace” as a “projection” to follow
common parlance.
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6.2 Johnson-Lindenstrauss

6.2.1 Johnson-Lindenstrauss Lemma

The Johnson-Lindenstrauss Lemma [JL84] allows us to find the following bounds on the
random projection problem. For ε ∈ (0, 1/2) and given any set of points {x1, . . . , xn} ∈ Rd,
there exists a map S : Rd → Rm with m = 9 log(n)/(ε2 − ε3) such that:

1− ε ≤ ||Sxi − Sxj||
2
2

||xi − xj||22
≤ 1 + ε ∀ i, j

and note that m only depends on the number of points n and the accuracy parameter ε.
Furthermore, picking S = (1/

√
m)G with Gij i.i.d. random normal N (0, 1) works with

high probability. It is not hard to see that distances are preserved in expectation:

E[||Sx||22] = E[xᵀSᵀSx] = xᵀE[SᵀS]x = xᵀ
1

m
E[GᵀG]x = xᵀ

1

m
mIx = xᵀx = ||x||22

However, we would like (6.1) to hold with high probability (say, 1− δ for δ ∈ (0, 1)). In
other words, we need to know the random variable ||Sx||22 does not deviate from its expected
value by much. To do this, we analyze its concentration around the EV. Note that because
S is a linear map, we can equivalently analyze a normalized version of the differences xi−xj:

uij :=
xi − xj
||xi − xj||2

where we note ||uij||2 = 1. As before, we see that this linear transform preserves distances in
expectation: E[||Su||22] = ||u||22 = 1. However, we still need to make sure that it is sufficiently
concentrated around this expected value. Now we can state the JL Lemma:

Lemma 1. P [||Suij||2 ∈ (1± ε) ∀ i, j] ≥ 1− δ where δ ∈ (0, 1) for large enough m.
In Lecture 5, we saw an algebraic proof for a specific bound on this Lemma:

P
[
||Su||22 ≥ (1 + ε)||u||22

]
≤ e−(ε

2−ε3)m/4

P
[
||Su||22 ≤ (1− ε)||u||22

]
≤ e−(ε

2−ε3)m/4

As a brief reminder, this bound followed by applying a Chernoff bound with an extra constant
λ > 0 multiplied to both sides of the inequality within the P[·], then optimizing λ to get the
tightest upper bound. For more, see [Mah13]. Combining those bounds, we have:

P
[
|||Su||22 − ||u||22| > ε||u||22

]
≤ 2e−(ε

2−ε3)m/4 (6.2)

Now, what we are really interested in is (6.1), which gives the probability that the distance
preserving property holds for all pairs of points. Then:

P
[
1− ε ≤ ||yi − yj||

2
2

||xi − xj||22
≤ 1 + ε ∀ i, j

]
= P

[
|||Suij||22 − ||uij||22| ≤ ε||uij||22 ∀ i, j

]
= 1− P

[
|||Suij||22 − ||uij||22| > ε||uij||22 ∀ i, j

]
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However, P [|||Suij||22 − ||uij||22| > ε||uij||22 ∀ i, j] ≤
∑

ij P [|||Suij||22 − ||uij||22| > ε||uij||22] ≤(
n
2

)
P [|||Suij||22 − ||uij||22| > ε||uij||22] by the union bound. And

(
n
2

)
≤ n2/2. So:

P
[
1− ε ≤ ||yi − yj||

2
2

||xi − xj||22
≤ 1 + ε ∀ i, j

]
≤ 1− n2

2
P
[
|||Suij||22 − ||uij||22| > ε||uij||22

]
≤ 1− n2e−(ε

2−ε3)m/4 (6.3)

For example, setting an upper bound on error probability 1/2 = n2e−(ε
2−ε3)m/4, we get

that m = 9 log n/(ε2 − ε3) is sufficiently large as long as n > 16. For a more general bound
on the error probability, we find m = (some constant) · log n/(ε2 − ε3) ∈ Ω(ε−2 log n).

6.2.2 Intuition for Concentration of Measure

Equation (6.2) suggests that as m increases, the transformed distances concentrate exponen-
tially quickly around the expected value. In this section, we look at a geometric proof for
exponential concentration for a similar problem to gain an intuition for where exponential
concentration bounds come from.

Consider projection to an m = 1 dimensional space. Then S ∈ R1×d is a row vector
gᵀ ∼ N (0, Id). Note that g/||g|| is uniformly distributed over the d-sphere so we can say that
P[|gᵀu| ≥ ε] = P[|gᵀe1| ≥ ε], where e1 = (1, 0, . . . , 0)ᵀ. Simplifying, P[|gᵀu| ≥ ε] = P[|g1| ≥ ε].
We will come up with a bound for this probability using a geometric argument.

Lemma 2. P
[
|g1| ≥ t||g||2/

√
d
]
≤ 2e−t

2/2

Proof. Consider the sphere diagram in Figure 6.1, which has radius 1. g/||g||2 represents
some point on the surface of the sphere and g1/||g||2 selects just one coordinate (WLOG,
assume it is the vertical coordinate). A cap is drawn a distance t/

√
d away from the center of

the sphere (this distance is indicated by the dashed vertical line). Then P
[
|g1|/||g||2 ≥ t/

√
d
]

is simply the ratio of the surface area of the outer portion of the caps (top, as pictured, and
another equivalent one at the bottom) to the surface area of the d−sphere as a whole.

Figure 6.1. d−sphere cartoon for geometric analysis of concentration of measure.
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One way to bound the area of the caps is to imagine squeezing them together to form
a saucer shape whose surface area is equivalent to the sum of outer surface areas of the
caps. The surface area of this saucer is certainly upper-bounded by the surface area of a
circumscribed d−sphere which has radius Rcap (the upper horizontal radius drawn in Figure

6.1). Using the Pythagorean theorem on Rcap, dotted vertical line t/
√
d, and radius 1 of the

sphere, we find Rcap =
√

1− t2/d.
Overall, we have:

P
[
|g1| ≥ t||g||2/

√
d
]

= P
[
|g1|/||g||2 ≥ t/

√
d
]

=
Acap,top + Acap,bot

Asphere

≤ ARcap−sphere
Asphere

=

(
Rcap

��
���: 1

Rsphere

)d−1

=
(√

1− t2/d
)d−1

=

(
1− t2/2

d/2

)d/2
√

1− t2/d

≤ e−t
2/2√

1− t2/d
≤ 2e−t

2/2

where in the second-to-last inequality, we used the fact that (1 − x/n)n ≤ e−x and the
last inequality holds when t ≤

√
3d/4. Thus we see an exponentially decaying bound in

the probability of failure. This kind of exponential concentration of measure applies more
generally to a large array of problems.

6.2.3 True Projections

Instead of the i.i.d. random Gaussian matrices from above, we could use true projection
matrices. These can be generated in several ways, for example by building up row-by-row
unit-norm vectors that are orthogonal to all previous vectors (see, e.g., the Gram-Schmidt
process). For such a uniformly random projection matrix, it can be shown that [Ver18]:

P
[∣∣∣∣||Su||2 −√m

d

∣∣∣∣ > t

]
≤ 2e−t

2d/2

Applying t = ε
√
m/d and union bound for all i, j gives a similar result to (6.3). While

a nice result, random i.i.d. S, as analyzed above, is easier to generate and has similar
performance. This might be expected, since a random Gaussian matrix with 1/

√
m scaling

is approximately orthogonal: E[SᵀS] = I.

6.2.4 Computationally Cheaper Matrices

Besides random i.i.d. Gaussian matrices and uniform random projection matrices, there are
other cheaper options. We briefly describe some:

• Rademacher: A random matrix whose elements are ±1/
√
m with equal probability

for either sign.
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• Bernoulli-Rademacher: A random matrix whose elements are 0 with probability
2/3 and ±

√
3m with equal probability 1/6 each.

• Count Sketch: A random matrix with one non-zero ±1 element per column (d total
non-zero elements).

• Other Sparse Matrices.

• Fourier Transform Based Matrices.

6.2.5 Optimality

In Section 6.2.1, we saw a randomly generated linear mapping S with m ∈ Θ(ε−2 log n) could
satisfy (6.1) with high probability. One might wonder whether it is possible to do better,
i.e., use m ∈ o(ε−2 log n), perhaps by choosing a nonlinear map S. It turns out the answer is
no, as was recently shown in [LN17]. There exists a set of vectors such that any embedding
satisfying (6.1) must have m ∈ Ω(ε−2 log n).

6.3 Applications of JL Embeddings

JL embeddings can be used to reduce the computational costs in a variety of applications.
In general, the idea is to run a given classical algorithm on Sx1, . . . , Sxn ∈ Rm instead of
x1, . . . , xn ∈ Rd, which can be faster since m < d.

6.3.1 Approximate Nearest Neighbor Search

We are given a set of points P = {x1, . . . , xn} ∈ Rd and wish to find the closest one to a
query point q ∈ Rd. Applying the algorithm on Sq with point set {Sx1, . . . , Sxn} gets us
the ε-approximate nearest neighbor as seen in Figure 6.2.

Figure 6.2. ε-approximate nearest neighbor.
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6.3.2 Estimating p-norms

Consider streaming updates on a vector of elements: xt+1 = xt + δt. At any moment, we
would like to know ||x||2. Using an appropriately scaled sketching matrix S : xt → yt, we can
approximate ||xt||2 ≈ ||Sxt||2 = ||yt||2. Performing streaming updates to y can be cheaper
in memory since y is smaller than x and we can compute Sδt as the elements of δt stream
in (never requiring storage exceeding O(m)). Updates look like yt+1 = yt +Sδt. These ideas
for L2-norm can extend to Lp-norms.

6.3.3 Music Similarity Prediction

An useful algorithm for music services is to predict similarity between songs. To do this,
frequency features may be generated from 200ms segments of a 30s portion of the song,
yielding ≈ 106 features in total per song. Subsampling these features by randomly picking
m features and then applying ordinary least squares (OLS) performs fairly poorly, as seen
in Figure 6.3. On the other hand, applying a random projection to dimension m before
performing least-squares (compressed ordinary least squares, or COLS) shows significant
improvement, especially at small m [FGPP12].

Figure 6.3. Training and testing error for OLS and COLS versus projection size (m). COLS achieves much
better performance for small m, although COLS test error increases for large m, probably due to over-fitting.

6.3.4 Approximate Matrix Multiplication

Earlier in class, we saw a matrix multiplication method for A ∈ Rn×d with B ∈ Rd×p that
involved randomly selecting m columns of A and the matching rows of B weighted by the
associated column/row squared norms. Using this weighted sampling, we were able to bound
the Frobenius norm of the approximation error:

P[||AB − CR||F > ε||A||F ||B||F ] ≤ δ (6.4)

where CR was our approximate matrix multiplication and we take m = 1
δε2

.
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Now we consider using projection matrix S to reduce from d dimensions to m dimensions.
We therefore want to know how good C = ASᵀSB is at approximating AB. For our analysis,
based on [Nel17], we will consider S matrices that satisfy the “JL moment property”:

Definition 1. (ε, δ, p ≥ 2) JL moment property: E |||Sx||22 − 1|p ≤ εpδ for all unit norm x.

Many common matrices satisfy the JL moment property [Nel17]:

• S ∈ Rm×d ∼ 1√
m
× random i.i.d. sub-Gaussian with m = c1

ε2
log 1

δ
satisfies (ε, δ, log 1

δ
)

JL moment property. Sub-Gaussian distributions are ones whose tails eventually fall
below (or equal to) those of a Gaussian distribution, for example N (0, 1), ±1, etc.

• S ∈ Rm×d ∼ 1√
m
× CountSketch matrix (one randomly located nonzero ±1 per column)

with m = c2
ε2δ

satisfies (ε, δ, 2) JL moment property.

• S ∈ Rm×d ∼ 1√
m
× Fast JL Transform (similar to an FFT) with m = c3

ε
log 1

δ
satisfies

(ε, δ, log n
δ
) JL moment property2.

These examples can be proved by using:

E|Z|p =

∞∫
0

p xp−1 P (|Z| > x) dx

An useful fact will be to look at what the JL moment property implies about inner prod-
ucts xᵀy and (Sx)ᵀ(Sy) instead of just xᵀx and (Sx)ᵀ(Sx) as in the definition. Using the fact
that xᵀy = 1

2
(||x||22 + ||y||22 − ||x− y||22) and xᵀSᵀSy = 1

2
(||Sx||22 + ||Sy||22 − ||S(x− y)||22),

which can be easily verified by expanding out the || · ||22 terms, we find:

E |xᵀSᵀSy − xᵀy|p = E
∣∣∣∣12 (||Sx||22 + ||Sy||22 − ||S(x− y)||22 − ||x||22 − ||y||22 + ||x− y||22

)∣∣∣∣p
= E

∣∣∣∣12 ((||Sx||22 − ||x||22)+
(
||Sy||22 − ||y||22

)
− 4

(
||Sz||22 − ||z||22

))∣∣∣∣p
where z = (x− y)/2 has norm ≤ 1

≤ E
∣∣∣∣12 (∣∣||Sx||22 − ||x||22∣∣+

∣∣||Sy||22 − ||y||22∣∣+ 4
∣∣||Sz||22 − ||z||22∣∣)∣∣∣∣p

≤ E
∣∣∣∣12
(

6 max
x̃∈{x,y,z}

∣∣||Sx̃||22 − ||x̃||22∣∣)∣∣∣∣p
≤ 3p max

||x̃||=1
E
∣∣||Sx̃||22 − ||x̃||22∣∣p

≤ (3ε)pδ

We now aim to find a similar bound to (6.4) for the case of random projection approximate
matrix multiplication. To aid in this process, we introduce a fudge factor k in the threshold.

2The specifics of matrix multiplication allow us to improve the bound on m by a factor of 1/ε and therefore
does not violate optimality of JL embeddings.
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P [||AB − C||F > kε||A||F ||B||F ] = P [||AB − C||pF > (kε||A||F ||B||F )p]

≤ E||AB − C||pF
(kε||A||F ||B||F )p

by Markov’s inequality

Letting ai = A(i), bi = B(i), and using the notation that ||X||p = (E[Xp])1/p (note that
this is a norm and obeys the triangle inequality if p ≥ 1),

E||AB − C||pF =

((
E
[(
||ASᵀSB − AB||2F

)p/2])1/(p/2))p/2

=

∣∣∣∣∣
∣∣∣∣∣∑
ij

((Sai)
ᵀ(Sbj)− aᵀi bj)

2

∣∣∣∣∣
∣∣∣∣∣
p/2

p/2

p ≥ 2 (see Def. 1), so p/2 ≥ 1. By the triangle inequality,

≤

(∑
ij

∣∣∣∣∣∣((Sai)ᵀ(Sbj)− aᵀi bj)2∣∣∣∣∣∣
p/2

)p/2

=

(∑
ij

||ai||22||bj||22
∣∣∣∣∣∣∣∣((Sâi)

ᵀ(Sb̂j)− âᵀi b̂j
)2∣∣∣∣∣∣∣∣

p/2

)p/2

=

(∑
ij

||ai||22||bj||22
(
E
[(

(Sâi)
ᵀ(Sb̂j)− âᵀi b̂j

)p])2/p)p/2

≤

(∑
ij

||ai||22||bj||22 ((3ε)pδ)2/p
)p/2

=
(

((3ε)pδ)2/p ||A||2F ||B||2F
)p/2

= (3ε||A||F ||B||F )pδ

From above,

P [||AB − C||F > kε||A||F ||B||F ] ≤ E||AB − C||pF
(kε||A||F ||B||F )p

≤ (3ε||A||F ||B||F )pδ

(kε||A||F ||B||F )p

= δ if k = 3

Putting it all together:

P [||AB − C||F > 3ε||A||F ||B||F ] ≤ δ (6.5)
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Thus, we see similar bounds to the sampling-based approximate matrix multiply method,
but in a way that is agnostic to the contents of A and B (oblivious) - we do not, for example,
need to take row/column norms to decide appropriate weightings. Random projection may
also be more efficient in m, especially using Sparse JL and Fast JL for S (recall m = 1/(δε2)
for the original AMM, but m = (c3/ε) log(1/δ) for Fast JL).
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