EE276: Homework #38 Solutions
Due on Friday March 13, 11:59pm - Gradescope entry code: E6VP4X

1. Shannon lower bound.
Let X be a continuous random variable with mean zero and variance 0. R(D) is the
corresponding rate-distortion function for mean-squared distortion.

(a) Show the lower bound:
1
h(X) — 3 log(2meD) < R(D).

(b) Using the joint distribution shown in Figure 1, show the upper bound on R(D):
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of achieving small mean squared error distortion - than other random variables
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Figure 1: Joint distribution for upper bound on rate distortion function. The circle with the
dot represents multiplication.

Solution:

(a) To prove the lower bound, we use the same techniques as used for the Guassian
rate distortion function. Let (X, X) be random variables such that E(X — X)? <
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D. Then

1(X; X) = h(X) — h(X|X)
— h(X) — h(X — X|X)
> h(X) - h(X — X)
> h(X) — h(N(0, E(X — X)2))
=h(X) - %10g(27re)E(X — X)?
> h(X)— %log(Qﬂe)D

(b) Note that you could have used any constant instead of (0% — D)/c?, since the
mutual information in question will be the same for all choices. Here, we’ll use
the one in the problem.

To prove the upper bound, we consider the joint distribution as shown in Figure 1,
and calculate the distortion and the mutual information between X and X. Since
. o?—D
X = (X +2),

o2

we have

D\? 2_D\?
_ (;) ]EX2+(U = > EZ>

_(DV? 2, (0°=D > Do?
-\ o2 4 o2 c2—D

since X and Z are independent and zero mean. Also the mutual information is

I(X: X) = h(X) — h(X]|X)
o> —D

Now

>2E(X+Z)2

(
_ ("2 - D>2 (EX? + EZ?)
(

o2 — D\’ 2 Do?
o2 g c2—D
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Hence, we have

I(X;X) = h(X) - h( 0_2 Z)
2 _
= h(X) ~h(Z) ~tog T D
1 2 o> —D
< h(N(0,0% — D)) — 3 10g(27re)02 —— — log o

1 1 Do*> 1 2-D\?
=5 log(2me)(c* — D) — 5 10g(27re)02 jD ~3 log (U )

1 | o?
= — 10 -,
2 %D
which combined with the definition of the rate distortion function gives us the
required upper bound.

For a Gaussian random variable, h(X) = log(2me)o? and the lower bound is
equal to the upper bound. For any other random variable, the lower bound is
strictly less than the upper bound and hence non-Gaussian random variables
cannot require more bits to describe to the same accuracy than the corresponding
Gaussian random variables. This is not surprising, since the Gaussian random
variable has the maximum entropy and we would expect that it would be the
most difficult to describe.

2. Rate distortion for uniform source with Hamming distortion.
Consider a source X uniformly distributed on the set {1,2,...,m}. Find the rate
distortion function for this source with Hamming distortion, i.e.,

=

d(z, i) = {0’ z;x

via the following steps:

()

Argue that R(D) =0 when D >1— X,

Show that for D < 1 — X, I(X;X) > logym — hy(D) — Dlogy(m — 1) for any
joint distribution (X, X ) satisfying the distortion constraint D.
Hint: Fano’s inequality.

Find distribution p(&|x) that achieves the above lower bound when 0 < D < 1—-L.
Hint: Consider the form below.

R a, T=21
p(Zlr) = {
xr

Use the above parts to write down the rate-distortion function R(D) for D > 0.
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Solution:

X is uniformly distributed on the set {1,2,...,m}. The distortion measure is

0 _
ﬂ@@:{’x
xXr

=>

£ 3

For (a), it’s enough to see that setting X =1 independently of X achieves distortion
1—1/m.

For (b), consider any joint distribution that satisfies the distortion constraint D. Since
D > Pr(X # X), we have by Fano’s inequality

A 1
H(X|X) < hy(P.) + P.log(m — 1) < hyo(D) + Dlog(m — 1) for0< P, <1-— -

and hence

I(X;X)=H(X) - H(X|X)
> logm — ha(D) — Dlog(m — 1)

For (c), we can achieve this lower bound by choosing p(Z) to be the uniform distribu-
tion, and the conditional distribution of p(Z|z) to be

. 1-D, z=12
p(Zlz) =1 , .

£ 3

m—1’
It is easy to verify that this gives the right distribution on X and satisfies the bound
with equality for D <1 —1/m.
For (d),
1 — hy(D) — D1 —-1), 0<Db<1-41
R(D) = ogm 2( ) Og(m )’ - - . m
0, D>1---

3. Rate distortion for two independent sources. Can one simultaneously compress
two independent sources better than by compressing the sources individually? This
problem addresses this question. Let {X;} be iid ~ p(x) with distortion d;(z, ) and
rate distortion function Ry (D). Similarly, let {Y;} be iid ~ p(y) with distortion ds(y, 9)
and rate distortion function Ry (D).

Suppose the {X;} process and the {Y;} process are independent of each other.

Suppose we now wish to describe the process {(X;, Y;)} subject to distortions E[d; (X, X)) <
D, and E[dy(Y,Y)] < Dy. Thus a rate Rxy (D1, Do) is sufficient, where

Rx.y(Dy,Dy) = min I(X,Y;X,Y)

p(&,9|z,y)Eld (X,X)]< D1, Eld2(Y,Y)]< Do
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(a) Show that o R R
I(XY;X,Y) > I(X; X) + (Y3 Y)

(b) Hence conclude
Rxy(Dy,D3) > Rx(D1) + Ry (Ds).

(c¢) Show that the above actually holds with equality.
Solution:
(a) Given that X and Y are independent, we have

p(z,y,2,9) = p(z)p(y)p(2, Jlz, v)
Then

I(X,)V:X,Y)=H(X,Y) - HX,Y|X,Y)
HX)+HY)-HX|X,Y)- H(Y|X,X,Y)

> H(X)+ H(Y) - HX|X)-HY|Y)

I(X; X))+ 1(Y;Y)

where the inequality follows from the fact that conditioning reduces entropy.

(b) From part (a), we can write

Rxy(Dy,Dy) = min I(X,Y;X,Y)
p(&,§|z,y):Ed(X,X)<D1,Ed(Y,Y)<Ds
> min ) (I(X;X)—FI(Y;Y))
p(i,@|x,y):Ed(X,X)§D1,Ed(Y,Y)SDg

= min I(X;X) + min_ I(Y:;Y)
p(#[x): Ed(X,X)<D1 p(9ly):Ed(Y,Y)<D2

= Rx(D1) + Ry (D)

Thus we cannot simultaneously compress two independent sources better than by
compressing the sources individually.

(c) If

then

(X,Y)— H(X,Y|X,Y)
—HX)+HY)-HX|X,Y)- H(Y|X,X,Y)
H(X)+H(Y) - HX|X)-HY[Y)

= I(X; X))+ I(Y;Y)

~
<
=
=
5 >
I
=

Let p(x, ) be a distribution that achieves the rate distortion Rx(D;) at distortion
Dy and let p(y,y) be a distribution that achieves the rate distortion Ry (D) at
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distortion D,. Then for the product distribution p(z,y,Z,y) = p(z,2)p(y,7),
where the component distributions achieve rates (Dy, Rx(D;)) and (Ds, Rx(D3))
the mutual information corresponding to the product distribution is Rx (D) +
Ry (D5). Thus

Y

Rxy(Dy,Dy) = min I(X,Y;X,Y) = Rx(D1) + Ry (D>)

p(@,9lz,y): Bd(X,X)<D1,Ed(Y,Y)< Dy

Thus by using the product distribution, we can achieve the sum of the rates.

Therefore the total rate at which we encode two independent sources together
with distortions D; and D, is the same as if we encoded each of them separately.

4. In what follows, all random variables have finite alphabet, and all pmfs are defined on
finite alphabets. First, recall the definitions from class:

Strongly typical. A sequence 2" € X™ is strongly J-typical with respect to a proba-
bility mass function P € M(X) if

|Ppn(a) — P(a)] <6 - Pla), VaeX

where P,n(a) is the empirical probability of seeing a based on sequence z™.

In words, a sequence is strongly d-typical with respect to P if its empirical distribution
is close to the probability mass function P. (¢ is some fixed number, typically small.)
The strongly 6-typical set (ie. strongly typical set) of P, T5(P), is defined as the set of
all sequences that are strongly d-typical with respect to P, i.e.

Ts(P) ={x" : |Pp(a) — P(a)| <40 - P(a),Va € X}

Recall: the weakly e-typical set, which you are familiar with, of an IID source P is
defined as

A (P) :={a": —%logP(a:”) — H(P)| <e€}.

(Strongly) Jointly typical. In the following, we refer to the sequences z" =
(x1, T, ..., xy,), v; € X and y" = (y1,Y2,---,Yn), ¥; € )V, where X and ) are fi-
nite alphabets.

The joint empirical distribution of (x",y™) is:

Pon o (2,y) = %N(w,ylx”,y")
where .
N, yla",y") = Laimaymy)-
i=1
(x™,y") is jointly o-typical with respect to P € M(X x Y) if
| Py g (2,y) — P(x,y)| <6- Plz,y), VexeX,yel.
The jointly §-typical set with respect to P € M(X x ) is
Ts5(P) = {(z",y") : (2", y") is jointly o-typical with respect to P}.
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(a) Let Z be a random variable with pmf p, and alphabet Z. Let Ts(p,) be the set
of strongly d-typical sequences with respect to p..

Show that for any nonnegative g : Z — R™, and 2" € Ts(p,), we have

% > g(=) ~ Elg(2)]| < 3Blg(2))

In what follows, it may be useful to invoke part (a) in your arguments.

(b) Let (X,Y) be random variables with joint pmf p,,. Let T5(p,,) be the set of
jointly d-typical sequences with respect to p,,. Show that

—dez,yz < (1+0E[d(X,Y)]

for any distortion function d(z,y) and (2", y") € Ts5(psy)-

(c¢) Let A.(p) denote the (weakly) typical set with respect to p, and T5(p) be the set
of d-typical sequences with respect to p. Show that

T5(p) € Ac(p)
for e = 0H(p).

(d) Let @ and P be pmfs over X', and T5(P) be the set of d-typical sequences with
respect to P. Assuming D(P||Q) is finite, show that

Q(Ts(P)) = Q*TL(D(J'DHC»?)*CV((;))7
where () > 0 and «(5) — 0 as 6 — 0.
Solution:
(a) From the definition of strong typicality, we know
pan(2) — po(2)| < 0p.(2) Vz€E Z.

With nonnegative function g,

2€EZ z2EZ z2EZ

Plugging in E[g(Z)] = Zzez 9(2)p=(z), we get

—0E[g(Z2)] <) 9(2)par(2) — Elg(Z)] < 0E[g(2)].
Since "
=3 ) = Y g2
we conclude )
—3E[g Zg %) — E[g(2)] < 0E[g(Z)].
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(b) Let Z = (X,Y) and apply part (a) with g(2) = d(zx,y).
(¢) Let X ~ p. Applying part (a) to Z = X and g(z) = — logp(z) gives

(1= 8)H() < — S logp(w) < (1+HH()

for any ™ € Ts(p). Rearranging and raising to the exponent then gives

9—n(146)H (p) < p(mn) < 9—n(1=0)H (p)

which implies 2" € A.(p) with e = dH (p).

(d) For the upper bound, we have via a union bound

Q(Ts(p)) = Q U " :pe =5}

PEP,:|p—p|<dp

< Y Qurp)

PEP,:|p—p|<dp

é Z 9—nD(plq)

pEPy:|p—p|<dp
Since there are at most |P,| terms in the sum, we further bound this by

} : oD@l < P,| pH‘IAaXK(; 9—nD(pllg)
A - PEPy:[p—p|<dp
PEP:|p—p|<dp L

Using |P,,| < (n + 1)I*I=1 < 27 for some small a, we get

IP,| max 2 nD@lla) < g=nminger,:p—pi<sp DBlle)
ﬁepnzlﬁ_pls(sp

For the lower bound, we bound the probability of the union by the probability of
the most probable set:

Q(Ty(p)) = Q U " ipe =5}
PEP:|p—p|<dp

> max _Q(T(p))

T pEPR:[p—p|<p
PEP:[p—p|<dp

— 9 nmilep,:|5—p|<sp D(Blla)

This shows that
Q(T§<p)> = 2_nminﬁepnilﬁ—p\§5p D(ﬁHQ)'
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Now let p* be the minimizer in the above expression. Since the type of p* is in
the typical set, we have by (a) that

[D(p*|lg) — D(plla)| = [Ep[log(p*/q)] — Ey[log(p/q)]]
< [Ep-[log(p*/q)] — Ep-[log(p/@)]| + |Ep-[log(p/q)] — Epllog(p/q)]l-

The first term can be bounded by

[Eyp-[log(p*/q)] — Eyp-[log(p/q)]| = |Ep-[log(p”/p)]| < max{|log(1 + d)[,[log(1 — )]}

This converges to zero as § — 0. The second term can be bounded by

[Ey-[log(p/q)] — Epllog(p/q)] < |Ep-[log(p)] — Ey[log(p)] + [Ep-[log(q)] — Ey[log(q)]
< 5(Ep[_ lOg(p)] + Ep[_ log(q)]),

where in the last step we apply (a) to —log(p) and —log(q). Since the alphabet
is finite, E,[— log(p)] is finite; since D(pl|q) is finite, E,[—log(q)]) is finite. Thus,
thi term also converges to 0 as 6 — 0. Combing these two, we have shown that

|D(p*[lg) — D(pllg)| — 0

as 6 — 0.
Meanwhile, by definition,
D(p*llq) < D(pllg),
hence we must have
D(p*llq) = D(pllq) — a(0),

where a(d) > 0 and a(d) — 0 as § — 0.
Note: Students can argue for the above expression without showing all the math
by just saying that D(p*||q) < D(p||q) and as § — 0, p* gets close to p.
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