Lecture Notes 7
Stationary Random Processes

e Strict-Sense and Wide-Sense Stationarity

e Autocorrelation Function of a Stationary Process
e Power Spectral Density

e Continuity and Integration of Random Processes

e Stationary Ergodic Random Processes
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Stationary Random Processes

e Stationarity refers to time invariance of some, or all, of the statistics of a
random process, such as mean, autocorrelation, n-th-order distribution

e We define two types of stationarity: strict sense (SSS) and wide sense (WSS)

e A random process X (t) (or X,,) is said to be SSS if all its finite order
distributions are time invariant, i.e., the joint cdfs (pdfs, pmfs) of

X(t1),X(t2),..., X(tr) and X(t14+7),X(to+7),...., Xt +7)
are the same for all k, all t1,to,...,tx, and all time shifts 7

e So for a SSS process, the first-order distribution is independent of ¢, and the
second-order distribution —the distribution of any two samples X (¢;) and
X (ty) —depends only on 7 =ty — 14

To see this, note that from the definition of stationarity, for any ¢, the joint
distribution of X (¢1) and X (¢2) is the same as the joint distribution of
X(tl + (t — tl)) = X(t) and X(tg + (t — tl)) = X(t + (t2 — tl))
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e Example: The random phase signal X (t) = a cos(wt + ©) where © € U|0, 27]
is SSS

o We already know that the first order pdf is

1
fX(t)(aj) — 7'('04\/1 — (.CC/O()2 )

which is independent of ¢, and is therefore stationary

—a < x <+«

o To find the second order pdf, note that if we are given the value of X (¢) at
one point, say t;, there are (at most) two possible sample functions:
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The second order pdf can thus be written as

fx ), x2) (@1, 72) = fx ) (T1) fx ) x(21) (T2]T1)
— fX(tl)(CUl) (%5(@ - $21) =+ %5(5172 - 51722)) 7
which depends only on t5 — ¢, and thus the second order pdf is stationary

o Now if we know that X (¢1) = x1 and X (t2) = x5, the sample path is totally
determined (except when x; = x2 = 0, where two paths may be possible),
and thus all n-th order pdfs are stationary

e |ID processes are SSS
e Random walk and Poisson processes are not SSS

e The Gauss-Markov process (as we defined it) is not SSS. However, if we set X
to the steady state distribution of X,,, it becomes SSS (see homework exercise)
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Wide-Sense Stationary Random Processes

e A random process X (t) is said to be wide-sense stationary (WSS) if its mean
and autocorrelation functions are time invariant, i.e.,

o E(X(t)) = u, independent of ¢
o Rx(t1,t2) is a function only of the time difference t5 — ¢4

o E[X(t)?] < co (technical condition)

e Since Rx(t1,t2) = Rx(to,t1), for any wide sense stationary process X (t),
Rx(t1,t2) is a function only of |ty — 1]

e Clearly SSS = WSS. The converse is not necessarily true
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e Example: Let
,
+sin¢ with probability 5

—sint with probability +
X(t) = 4 . o
+cost with probability 7

—cost with probability %

\

o E(X(t)) =0 and Rx(t1,t2) = 5 cos(ta — t1), thus X (¢) is WSS

o But X(0) and X (%) do not have the same pmf (different ranges), so the first
order pmf is not stationary, and the process is not SSS

e For Gaussian random processes, WSS =- SSS, since the process is completely
specified by its mean and autocorrelation functions

e Random walk is not WSS, since Rx(n1,n2) = min{ny,no} is not time
invariant; similarly Poisson process is not WSS
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Autocorrelation Function of WSS Processes

o Let X (t) be a WSS process. Relabel Rx(t1,t2) as Rx(7) where 7 =t; — t
1. Rx(7) is real and even, i.e., Rx(7) = Rx(—7) for every T

2. |Rx(7)] < Rx(0) = E[X?(t)], the “average power” of X ()
This can be shown as follows. For every ¢,
(Rx(7))* = [E(X ()X (t +7))]°
< E[X?(t)]E[X?(t +7)] by Schwarz inequality
= (Rx(0))* by stationarity
3.1f Rx(T) = Rx(0) for some T # 0, then Rx(7) is periodic with period T and
so is X (t) (with probability 1) !l That is,
Rx(t)=Rx(t+T), X({t)=X({+T)w.p.1 for every 7
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e Example: The autocorrelation function for the periodic signal with random

2
(87

phase X (t) = acos(wt + ©) is Rx(7) = - CoswT (also periodic)

e To prove property 3, we again use the Schwarz inequality: For every T,

[Rx(7) — Rx(r+T)]* = [E(X()(X(t+7) = X(t+7+T)))]°

<EX’Q)E[(X(t+7) - X({t+7+T))"]
= Rx(0)(2Rx(0) — 2Rx(T))
= Rx(0)(2Rx(0) —2Rx(0)) = 0

Thus Rx(7) = Rx(t7+T) for all 7, i.e., Rx(7) is periodic with period T

e The above properties of Rx(7) are necessary but not sufficient for a function to
qualify as an autocorrelation function for a WSS process
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e The necessary and sufficient conditions for a function to be an autocorrelation
function for a WSS process is that it be real, even, and nonnegative definite

By nonnegative definite we mean that for any n, any t1,%o,...,%, and any real
vector a = (aq,...,ay),

zn: zn: CLZ'CLjR(ti — tj) Z 0

i=1 j=1

To see why this is necessary, recall that the correlation matrix for a random
vector must be nonnegative definite, so if we take a set of n samples from the
WSS random process, their correlation matrix must be nonnegative definite

The condition is sufficient since such an R(7) can specify a zero mean
stationary Gaussian random process

e The nonnegative definite condition may be difficult to verify directly. It turns
out, however, to be equivalent to the condition that the Fourier transform
of Rx(7), which is called the power spectral density Sx(f), is nonnegative for
all frequencies f
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Which Functions Can Be an Rx(7)?

1 2.
A e 7 A 6_a|7|
- T - T
3 4,
A :
A S1INC 7
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Which Functions can be an Rx(7)?

5 6.
A Tg—w
— ke — 1 __________ -
T /\
/\ /\ ? > T o ° T I I T ? e - 1
\/ [\/ " “rsail 1234
_______ e
7 8.
A A
1 1
= T = T
T T
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Interpretation of Autocorrelation Function

o Let X(t) be WSS with zero mean. If Rx(7) drops quickly with 7, this means
that samples become uncorrelated quickly as we increase 7. Conversely, if
Rx(7) drops slowly with 7, samples are highly correlated

| B (7) | B, (7)

N

B T B T

e So Rx(7) is a measure of the rate of change of X (¢) with time ¢, i.e., the
frequency response of X (t)

e It turns out that this is not just an intuitive interpretation —the Fourier
transform of Rx(7) (the power spectral density) is in fact the average power
density of X (¢) over frequency
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Power Spectral Density

e The power spectral density (psd) of a WSS random process X (t) is the Fourier
transform of Rx(7):

oo

Sx(f) = F(Rx(1)) = / Rx(m)e ™ dr

— 00

e For a discrete time process X,,, the power spectral density is the discrete-time
Fourier transform (DTFT) of the sequence Rx(n):

Sx(f)= > Rx(n)e ™ |fl <3

n=—oo

e Rx(7) (or Rx(n)) can be recovered from Sx(f) by taking the inverse Fourier
transform or inverse DTFT:

Rx(r) = [ " Sx (e df

Rx(n)= [ Sx(f)e™ df
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Properties of the Power Spectral Density

1. Sx(f) is real and even, since the Fourier transform of the real and even
function Rx(7) is real and even

2. |7 Sx(f)df = Rx(0) = E(X?(¢)), the average power of X (t), i.e., the area
under Sx is the average power

3. Sx(f) is the average power density, i.e., the average power of X (¢) in the
frequency band [f1, f2] is

—f1 f2 f2
/ SAﬂ#ﬁ/sMﬂﬂ:;/Sﬂﬂ#
— f2 f1 f1

(we will show this soon)
e From property 3, it follows that Sx(f) > 0. Why?

e In general, a function S(f) is a psd if and only if it is real, even, nonnegative,
and

| st <o

— o0
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Examples

1. | Bx(r)=e" ) XU =7 (27 f)?
2 y Bx(7) = %COSM‘ A Sx(f)
g c
VALV
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Rx(n :2_|n| _ 3
3. A ( ) A SX(f) 5 —4cos2nf
Q?T[ XT?Q»n UU»f
—4-3-2-1| 1 2 3 4 —3 :
4. Discrete time white noise process: X1, Xs,...,X,,... zero mean, uncorrelated,
with average power N
N n=0
Rx(n) = Sx(f)
A x(n) {O otherwise A
N
N ¢
- N - f
1 1
32 T3

If X,, is also a GRP, then we obtain a discrete time WGN process
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5. Bandlimited white noise process: WSS zero mean process X (t) with

A Sx(f) — NBsinc2BT

R
~ AN \

-/ ~ L T
2B

N
2

2

2B

For any t, the samples X(t + %) forn=0,1,2,... are uncorrelated

6. White noise process: If we let B — oo in the previous example, we obtain a
white noise process, which has
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If, in addition, X (%) is a GRP, then we obtain the famous white Gaussian noise
(WGN) process

HIHA ul‘ “I I 1, l.lhllwl’J
O QT TRy ALY T TV

e Remarks on white noise:

o For a white noise process, all samples are uncorrelated
o The process is not physically realizable, since it has infinite power

o However, it plays a similar role in random processes to point mass in physics
and delta function in linear systems

o Thermal noise and shot noise are well modeled as white Gaussian noise, since
they have very flat psd over very wide band (GHz)
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Continuity and Integration of Random Processes

e We are all familiar with the definitions of continuity and integration for
deterministic functions as limits

e Using the notions of convergence discussed in Lecture Notes 5, we can define

these notions for random processes. We focus only on m.s. convergence

e Continuity: A process X (t) is said to be mean square continuous if for every t

lim E[(X (s) — X(t))*] =0

e The continuity of X (¢) depends only on its autocorrelation function Rx(t1,t2)

In fact, the following statements are all equivalent:
1. Rx(t1,t2) is continuous at all points of the form (¢,1)

2. X (t) is m.s. continuous

3. Rx(t1,t2) is continuous in t1,ts
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Proof:
1. 1 implies 2: Since if Rx(t1,t2) is continuous at all points (t,t),
E[(X(t) — X(5))?] = Rx(t,t) + Rx(s,5) —2Rx(s,t) = 0as s — ¢

2. 2 implies 3: Consider
Rx(s1,82) = E[X(s1) X (s2)]

= E[(X(t1) + (X(s1) — X (1)) (X (t2) + (X (s2) — X(2)))]

= Rx(t1,t2) + E[X(81)(X (s2) — X (t2))] + E[X (£2)(X (s1) — X (¢1))]
+ E[(X(s1) — X(£1))) (X (s2) — X(t2)))]

< Rx(t1,t2) + VE[X2(t1)] E[(X (s2) — X (t2))?
+ VE[X2(t2)| E[(X (s1) — X (t1))?]
+VE[(X(51) — X(t1))2] E[(X (s2) — X (t2))?] Schwartz inequality

— Rx(tl,tg) as s1 — 1y and So — 19

since X (t) is m.s. continuous

3. Since 3 implies 1, we are done

EE 278B: Stationary Random Processes 7—-20



e Example: The Poisson process N(t) with rate A > 0 is m.s. continuous, since
Its autocorrelation function,

RN(tl, tz) = A min{tl, tg} + )\2t1t2
Is a continuous function

e Integration: Let X(t) be a RP and h(t) be a function. We can define the
integral

/ : h(t) X (t)dt

as the limit of a sum (as in Riemann integral of a deterministic function) in m.s.

Let A > 0 such that b — a = nA and
a<T <a+A<7m<a+2A< - <71 1 <a+(n—1)A <7, <a+nA =0,
then the corresponding Riemann sum is

The above integral then exists if this sum has a limit in m.s. as A — 0

EE 278B: Stationary Random Processes 7-21



Moreover, if the random integral exists for all a, b, then we can define

/ T MOX(Hdt = Tim bh(t)X(t)dt in m.s.

a,b— oo

— OO a

e Fact: The existence of the m.s. integral depends only on Rx and h

More specifically, the above integral exists iff

[ astetonwnaina

exists (in the normal sense)

e Remark: We are skipping several mathematical details here. In what follows, we
use the above fact to justify the existence of integrals involving random
processes and in interchanging expectation and integration

EE 278B: Stationary Random Processes 7—22



Stationary Ergodic Random processes

o Let X (¢) be SSS or only WSS

e Ergodicity of X (¢) means that certain time averages converge to their
respective statistical averages

e Mean ergodic process: Let X (t) be a WSS and m.s. continuous RP with mean

HX
To estimate the mean of X (¢), we form the time average

X(t) = %/o X(7)dr

The RP X (t) is said to be mean ergodic if X (t) — ux ast — 0o in m.s.

Similarly for a discrete RP, the time average (same as sample average) is
1 mn
Xn = — Z;Xn
1=

and the RP is mean ergodic if X,, — px in m.s.
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e Example: Let X,, be a WSS process with C'x(n) =0 for n # 0, i.e., the X;s
are uncorrelated, then X,, is mean ergodic

e The process does not need to have uncorrelated samples for it to be mean
ergodic, however

e Whether a WSS process is mean ergodic again depends only on its
autocorrelation function

By definition, mean ergodicity means that

lim B[(X(t) - px)*] = 0

t—00

Since E(X(t)) = px, the condition for mean ergodicity is the same as

lim Var(X(¢)) =0

t—00
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Now, consider

E(X%(t)) =E

G /O tX(T)dT) 2]
~E (%2 /Ot /OtX(Tl)X(TQ)dTldTQ)
— t%/Ot /OtRX(ﬁ,TQ)dﬁdTQ

1 t t
:t—2/ / Rx(Tl—Tg)dTldTQ
0 J0

From figure below, this double integral reduces to the single integral

= 2

E(X?(t)) = _/0 (t — T7)Rx(7)dT

t2
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T =1
> 71
T T+ AT t
e Hence, a WSS process X (t) is mean ergodic iff
5 [t
: _ 2
lim 2 [ (=D Rx ()i =
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e Example: Let X (¢) be a WSS with zero mean and Rx(7) = e~ |"!

Evaluating the condition on mean ergodicity, we obtain

2

t_Q/O (t—T)Rx(T)dT:t%(e_t—l—t—l),

which — 0 as t — oo. Hence X (t) is mean ergodic

e Example: Consider the coin with random bias P example in Lecture Notes 5.
The random process X, X, ... is stationary

However, it is not mean ergodic, since X,, — P in m.s.
e Remarks:

o The process in the above example can be viewed as a mixture of 11D
Bernoulli(p) processes, each of which is stationary ergodic (it turns out that
every stationary process is a mixture of stationary ergodic processes)

o Ergodicity can be defined for general (not necessarily stationary) processes
(this is beyond the scope of this course, however)
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