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Chapter 1

Overview of Wireless Communications

Wireless communication is one of the most impactful technologies in history, drastically affecting the way we live,
work, play, and interact with people and the world. There are billions of cellphone subscribers worldwide, and
a wide range of devices in addition to phones use cellular technology for their connectivity. Wireless network
technology using the Wi-Fi standard has been incorporated into billions of devices as well, including smartphones,
computers, cars, drones, kitchen appliances, watches, and tennis shoes. Satellite communication systems support
video, voice, and data applications for receivers on earth, in the air, and in space. Revenue across all areas of
wireless technology and services is trillions of dollars annually. The insatiable demand for wireless data along
with new and compelling wireless applications indicate a bright future for wireless systems. However, many
technical challenges remain in designing wireless networks and devices that deliver the performance necessary
to support existing and emerging applications. In this introductory chapter we will briefly review the history of
wireless communications, from the smoke signals of antiquity to the rise of radio communication that underlies
the Wi-Fi, cellular, and satellite networks of today. We then discuss the most prevalent wireless communication
systems in operation today. The impact of spectrum properties and regulation as well as standards on the design
and success of wireless systems is also illuminated. We close the chapter by presenting a vision for the wireless
communication systems of the future, including the technical challenges that must be overcome to make this
vision a reality. Techniques to address many of these challenges are covered in subsequent chapters. The huge
gap between the capabilities of current systems and the vision for future systems indicates that much research and
development in wireless communications remains to be done.

1.1 History of Wireless Communications

1.1.1 Origins of Radio Technology

The first wireless networks were developed in antiquity. These systems transmitted information visually over
line-of-sight distances (later extended by telescopes) using smoke signals, torch signaling, flashing mirrors, signal
flares, or semaphore flags. An elaborate set of signal combinations was developed to convey complex messages
with these rudimentary signals. Observation stations were built on hilltops and along roads to relay these messages
over large distances. These early communication networks were replaced first by the telegraph network (invented
by Samuel Morse in 1838) and later by the telephone.

The origins of radio communications began around 1820 with experiments by Oersted demonstrating that an
electric field could move a compass needle, thereby establishing a connection between electricity and magnetism.
Work by Ampére, Gauss, Henry, Faraday, and others further advanced knowledge about electromagnetic waves,
culminating in Maxwell’s theory of electromagnetism published in 1865. The first transmission of electromagnetic



waves was performed by Hertz in the late 1880s, after which he famously declared to his students that these waves
would be “of no use whatsoever.” He was proved wrong in 1895 when Marconi demonstrated the first radio trans-
mission across his father’s estate in Bologna. That transmission is considered the birth of radio communications,
a term coined in the early 1900s. Marconi moved to England to continue his experiments over increasingly large
transmission ranges, culminating in the first trans-Atlantic radio transmission in 1901. In 1900 Fessenden became
the first person to send a speech signal over radio waves, and six years later he made the first public radio broad-
cast. From these early beginnings, described in more detail in [1], radio technology advanced rapidly to enable
transmissions over larger distances with better quality, less power, and smaller, cheaper devices, thereby enabling
public and private radio communications, television, and wireless networking.

1.1.2 From Analog to Digital

Radio systems designed prior to the invention of the transistor, including AM/FM radio, analog television, and
amateur radio, transmitted analog signals. Most modern radio systems transmit digital signals generated by digital
modulation of a bit stream. The bit stream may represent binary data (e.g., a computer file, digital photo, or digital
video stream) or it may be obtained by digitizing an analog signal (e.g., by sampling the analog signal and then
quantizing each sample). A digital radio can transmit a continuous bit stream or it can group the bits into packets.
The latter type of radio is called a packet radio and is characterized by bursty transmissions: the radio is idle
except when it transmits a packet. When packet radios transmit continuous data such as voice and video, the delay
between received packets must not exceed the delay constraint of the data. The first wireless network based on
packet radio, ALOHAnet, was developed at the University of Hawaii and began operation in 1971. This network
enabled computer sites at seven campuses spread out over four islands to communicate with a central computer
on Oahu via radio transmission. The network architecture used a star topology with the central computer at its
hub. Any two computers could establish a bi-directional communications link between them by going through
the central hub. ALOHAnet incorporated the first set of protocols for channel access and routing in packet radio
systems, and many of the underlying principles in these protocols are still in use today.

The U.S. military saw great potential for communication systems exploiting the combination of packet data
and broadcast radio inherent to ALOHAnet. Throughout the 70’s and early 80’s the Defense Advanced Research
Projects Agency (DARPA) invested significant resources to develop networks using packet radios for communi-
cations in the battlefield. The nodes in these packet radio networks had the ability to configure (or reconfigure)
into a network without the aid of any established infrastructure. Self-configuring wireless networks without any
infrastructure were later coined ad hoc wireless networks.

DARPA’s investment in packet radio networks peaked in the mid 1980’s, but these networks fell far short of
expectations in terms of speed and performance. This was due in part to the limited capabilities of the radios and in
part to the lack of robust and efficient access and routing protocols. Packet radio networks also found commercial
application in supporting wide-area wireless data services. These services, first introduced in the early 1990’s,
enabled wireless data access (including email, file transfer, and web browsing) at fairly low speeds, on the order
of 20 Kbps. The market for these wide-area wireless data services did not take off due mainly to their low data
rates, high cost, and lack of “killer applications”. All of these services eventually folded, spurred in part by the
introduction of wireless data in 2G cellular services [2], which marked the dawn of the wireless data revolution.

1.1.3 Evolution of Wireless Systems and Standards

The ubiquity of wireless communications has been enabled by the growth and success of Wireless Local Area Net-
works (WLANS), standardized through the family of IEEE 802.11 (Wi-Fi) protocols, as well as cellular networks.
Satellite systems also play an important role in the wireless ecosystem. The evolution of these systems and their
corresponding standards is traced out in this subsection.



Wi-Fi Systems

The success story of Wi-Fi systems, as illuminated in [3], began as an evolution of the Ethernet (802.3)
standard for wired local area networks (LANs). Ethernet technology, developed at Xerox Parc in the 1970s and
standardized in 1983, was widely adopted throughout the 1980s to connect computers, servers, and printers within
office buildings. WLANSs were envisioned as Ethernet LANs with cables replaced by radio links. In 1985 the
Federal Communications Commission (FCC) enabled the commercial development of WLANSs by authorizing for
unlicensed use three of the Industrial, Scientific, and Medical (ISM) frequency bands: the 900 MHz band spanning
902-928 MHz, the 2.4 GHz band spanning 2.4-2.4835 GHz, and the 5.8 GHz band spanning 5.725-5.875 GHz. Up
until then, these frequency bands had been reserved internationally for radio equipment associated with industrial,
scientific and medical purposes other than telecommunications. Similar rulings followed shortly thereafter from
the spectrum regulatory bodies in other countries. The new rulings allowed unlicensed use of these ISM bands by
any radio following a certain set of restrictions to avoid compromising the performance of the primary band users.
Such radios were also subject to interference from these primary users. The opening of these ISM bands to “free”
use by unlicensed wireless devices unleashed a flurry of research and commercial wireless system development,
particularly for WLANS.

The first WLAN product for the ISM band, called WaveLL AN, was launched in 1988 by the NCR corporation
and cost several thousand dollars. These WLANSs had data rates up to 2 Mbps and operated in the 900 MHz and
2.4 GHz ISM bands. Dozens of WLAN companies and products appeared over the ensuing few years, mostly
operating in the 900 MHz ISM band using direct-sequence spread spectrum, with data rates on the order of 1-
2 Mbps. The lack of standardization for these products led to high development costs, poor reliability, and lack
of interoperability between systems. Moreover, Ethernet’s 10 Mbps data rate and high reliability far exceeded the
capabilities of these early WLAN products. Since companies were willing to run cables within and between their
facilities to get this better performance, the WLAN market remained small for its first decade of existence. The
initial WLAN products were phased out as the 802.11 standards-based WLAN products hit the market in the late
1990s. In Europe a WLAN standard called HIPERLAN was finalized in 1996. An improved version was launched
in 2000, but HIPERLAN systems never gained much traction.

The first 802.11 standard, finalized in 1997, was born from a working group within the IEEE 802 LAN/MAN
Standards Committee that was formed in 1990. This standard, called 802.11-1997, operated in the 2.4 GHz ISM
band with data rates up to 2 Mbps. The standard used channel sensing with collision avoidance for medium access
as well as frequency hopping or direct-sequence spread spectrum to mitigate the main sources of interference in
that band which, at the time, consisted primarily of microwave ovens, cordless phones, and baby monitors. Also in
1997, the FCC authorized 200 MHz of additional unlicensed spectrum in the 5 GHz band, with certain constraints
to avoid interfering with the primary users, mostly radar systems, operating in this band. Two years later, in 1999,
the standard that would ignite the Wi-Fi revolution, 802.11b, was finalized. This standard increased data rates to 11
Mbps and eliminated the frequency-hop option of its predecessor. A plethora of 802.11b products soon appeared.
Their interoperability, coupled with dramatically lower costs relative to earlier WLAN products, led to widespread
use of this new technology. Millions of 802.11b products were shipped in 2000, just one year after the standard was
finalized, and these shipments grew tenfold by 2003. The year 1999 marked two other important milestones for
WLANS. That year the 802.11a standard for the SGHz ISM frequency band was finalized to capitalize on the new
unlicensed spectrum in that band. This standard enabled 54 Mbps data rates in 20 MHz channels and introduced
orthogonal-frequency-division-multiplexing (OFDM) coupled with adaptive modulation as a new physical layer
design. Also in 1999 the Wireless Ethernet Compatibility Alliance was formed to facilitate interoperability and
certification of WLAN products. The name of this group was later abbreviated to the Wi-Fi Alliance, thereby
coining the widely used moniker for WLAN technology and standards today.



The Wi-Fi standard has evolved rapidly since its early days, with new versions developed about every five
years, as described in more detail in Appendix D.1. The 802.11g standard, introduced in 2003, is essentially the
same in its physical layer and multiple access design as 802.11a, but operates in the 2.4 GHz ISM frequency
band. Later standards provided improvements over these first OFDM Wi-Fi systems, including wider channels,
multiple transmit and receive antennas to enable multiple spatial streams and improved robustness through beam-
forming, larger signal constellations, improved error-correction codes, and coordinated multiple access. These
improvements have led to highly-reliable Wi-Fi products that are capable of 10 Gbps data rates within a building
or outdoor area. Wi-Fi has also moved into the unregulated 60 GHz frequency band through the 802.11ad standard.
Even its name has evolved; In 2018 the 802.11 standards body abandoned using letter suffixes for new generations
of the standard. Instead it coined the sixth generation of the WiFi standard, originally named 802.11ax, as Wi-Fi
6. Today Wi-Fi technology is pervasive indoors and out even in remote corners of the world. In addition to its
pervasiveness, Wi-Fi has experienced an explosion of applications beyond its original use of connecting computers
to each other and their peripheral devices. In addition to computers, smartphones, and tablets, many electronic
devices today, from medical devices to refrigerators to cars, are equipped with Wi-Fi, allowing them to download
new software, exchange data with other devices, and take advantage of cloud-based storage and computation.

Cellular Systems

Cellular systems are another exceedingly successful wireless technology. The convergence of radio and tele-
phony began in 1915, when wireless voice transmission between New York and San Francisco was first established.
The first analog mobile telephone system was deployed in St. Louis Missouri in 1946, launching AT&T’s Mobile
Telephone Service (MTS). Within two years AT&T had deployed MTS over approximately 100 cities and highway
corridors. Only six channels were allocated by the FCC for the service and, due to their close spacing in frequency,
only three were usable at any given time. Hence only three people within a city could make a call simultaneously.
The monthly service and per-call cost was very high, and the equipment bulky and heavy. Evolution of the system
was slow; while the equipment improved and spectrum to support up to 12 channels was added, the system capacity
remained extremely limited.

Ironically, about the same time MTS was first being deployed, a solution to this capacity problem had already
emerged from researchers at AT&T Bell Laboratories: the notion of cellular systems. The cellular system concept,
articulated in a 1947 Bell Laboratories Technical Memo by D. H. Ring [4], exploited the fact that the power of
a transmitted signal falls off with distance. Thus, channels using the same frequency can be allocated to users at
spatially-separate locations with minimal interference between the users. To exploit this principle of frequency
reuse, a cellular system partitions a geographical area into non-overlapping cells, as shown in Fig. 1.3 below. Sets
of channels are assigned to each cell, and cells that are assigned the same channel set are spaced far enough apart
so that interference between the users in these cells is small. In early cellular systems the distance between cells
using the same channel set was relatively large, but today sophisticated interference mitigation techniques allow
channels to be reused in every cell. As a user moves between adjacent cells, its call is handed off to a channel
associated with the new cell. Frequency reuse enables much more efficient use of spectrum as the number of
simultaneous users is no longer limited to the number of available channels. Indeed, while many aspects of cellular
system technology have changed over time, frequency reuse remains at the heart of cellular system design.

Although the cellular concept was introduced in the late 1940s, it was not implemented for several decades,
as technology was not yet ripe to realize the system in practice. In the mid-1960s engineers at Bell Laboratories
began work on a design and feasibility study for a metropolitan analog cellular system. The details of the design
and analysis, along with successful system tests in Newark and Philadelphia, formed the basis of an AT&T FCC
proposal in 1971 to approve cellular service and allocate spectrum for it [5]. The FCC approved experimental
cellular licenses to telephone companies in 1974, which led to the construction of several cellular systems. Fol-



lowing a long and convoluted process, in 1981 the FCC finalized its ruling for the issuance of commercial cellular
licenses, instituting a duopoly in every metropolitan area whereby one license would be granted to a traditional
phone company, and the other to a non-traditional operator. The first generation cellular system for U.S. deploy-
ment, called the advanced mobile phone system (AMPS) and described in [6], was launched in Chicago in 1983.
A similar service had been launched in Tokyo in 1979 and in Scandinavia in 1981, although those systems were
incompatible with AMPS. Cellular service in many other countries launched in the ensuing years, mostly with
incompatible standards, which precluded cellular roaming between countries. These first generation systems are
referred to as 1G systems.

Like Wi-Fi, the exponential growth of the cellular industry exceeded all expectations, increasing by at least
an order of magnitude every decade, from a modest 100,000 subscribers in 1984 to tens of millions in 1994,
hundreds of millions in 2004, and billions in 2014. To meet the growing demand for wireless data along with a
diverse requirements for different types of wireless devices, a new generation of cellular systems and standards
has emerged approximately every decade. In fact, that timeline was compressed for 1G systems, since the analog
cellular system deployed in Chicago in 1983 was already saturated by 1984. At that point the FCC increased the
cellular spectral allocation from 40 MHz to 50 MHz. As cellular systems throughout more and more cities became
saturated with demand, the development of digital cellular technology for increased capacity and better perfor-
mance became essential. These enhanced system requirements launched the process to create a second generation
(2G) cellular standard in the late 1980s with deployments in the early 1990s. In addition to voice communication,
the move to digital technology paved the way for these systems to support low-rate data as well, in particular
short texts, voice mail, and paging services. Unfortunately, the great market potential for cellular phones led to a
proliferation of 2G cellular standards, with three different standards in the U.S. alone. One of these matched the
European standard; Japan adopted a separate standard. Hence global roaming required a multi-mode phone. This
deficiency was corrected for the third generation of cellular standards (3G), for which seven telecommunications
standards bodies across Asia, Europe and the United States formed the third-generation partnership project (3GPP)
to develop a single worldwide standard. The 3G cellular systems based on the 3GPP standard, whose deployments
began in the early 2000s, provided an order of magnitude higher peak data rates than 2G systems. Indeed, it was
the capabilities of 3G systems that transitioned the “killer application” of cell phones from voice to wireless data.
The proliferation of smart phone technology in the mid-2000s, which were designed to consume vast amounts of
wireless data, greatly stressed the capacity of 3G networks. Moreover, the 3G networks had far lower data rates
than Wi-Fi, which became the access mode of choice for high-speed data. These developments paved the way for
the next-generation 4G “long term evolution (LTE)” cellular standard. These systems, deployed in the early 2010s,
supported an order-of-magnitude peak data rate increase over 3G systems. The 5G cellular standard supports
higher data rates than 4G systems, as well as lower latency and better energy efficiency. System deployments for
5G began in 2019, continuing the trend of new cellular systems and standards every decade. Starting with the 3G
systems, each generation of cellular standard has been developed to meet a set of International Mobile Telecom-
munications (IMT) requirements outlined by the International Telecommunications Union (ITU). The ITU certifies
which cellular standards meet its IMT requirements; the 3GPP standard is designed to meet these requirements, as
are alternate standards developed by specific countries or other standards organizations. More details on current
cellular technology will be given in Chapter 15, with the evolution of cellular standards described in Appendix D.2.

Satellite Systems

Satellite communication systems are another major component of today’s wireless communications infras-
tructure. Commercial satellite systems can provide broadcast services over very wide areas, fill the coverage gap
in locations without cellular service, and provide connectivity for aerial systems such as airplane Wi-Fi. Satellite
systems are typically categorized by the height of the satellites’ orbit: low-earth orbit (LEO) satellites operate at



roughly 2000 km altitude, medium-earth orbit (MEO) satellites at roughly 9000 km altitude, and geosynchronous
orbit (GEO) satellites at roughly 40,000 km altitude. GEO satellites with geostationary orbits are seen as station-
ary from the earth, whereas GEO satellites with other orbits (such as elliptical) have their coverage area change
over time. The disadvantage of high altitude orbits is that it takes a great deal of power to reach the satellite,
and the propagation delay is typically too large for two-way delay-constrained applications like voice, video, and
gaming. However, satellites at these orbits tend to have larger coverage areas, so fewer satellites are necessary to
provide wide-area or global coverage. In addition to communication services, satellites are used for many other
applications including weather monitoring, earth observation, surveillance, imaging, navigation, and localization.

The concept of using GEO satellites for communications was first suggested by Herman Potocnik in 1928 and
later popularized through a 1945 article in Wireless World written by the science fiction writer Arthur C. Clarke.
However, the first deployed satellites, the Soviet Union’s Sputnik in 1957 and the Nasa/Bell Laboratories’ Echo-1
in 1960, were not geosynchronous due to the difficulty of lifting a satellite into such a high orbit. Following these
launches, in 1962 the Communications Satellite Corporation (Comsat) was formed in the United States to develop
commercial communication satellite systems. Two years later, the International Telecommunications Satellite
Consortium (IntelSat) emerged as a public-private consortium of 18 countries with the goal of enabling global
telecommunications connectivity. SYNCOM 2, the first communication satellite to successfully reach geosyn-
chronous orbit, was launched in 1963. The following year SYNCOM 3 was launched into geostationary orbit,
providing a two-way 10 MHz communication channel at a carrier frequency of 1.8 GHz for the satellite-to-earth
link (downlink) and at 7.3 GHz for the reverse link (uplink). Shortly after its launch, SYNCOM 3 was used to
provide live television coverage to US viewers of the 1964 Summer Olympics in Tokyo. The IntelSat consortium
launched a number of satellites during the late 1960s in order to reach near-global coverage, culminating in the
broadcasting of the 1969 landing of the first human on the moon to 600 million viewers. In addition to television
broadcasting, these early systems also supported voice, teletype, and paging.

GEO satellite technology has evolved continuously since its early days. The C band of the radio spectrum
(4-8 GHz) was used in early GEO systems, but subsequent systems have taken advantage of the larger bandwidths
available at the higher frequency X (8-12.5 GHz), Ku (12.5-18 GHz), and Ka (26.5-40 GHz) bands in order to
provide higher data rates. Antenna system technology for GEOs has also evolved to focus the transmission energy
more precisely, leading to higher signal quality and hence higher data rates. There are hundreds of GEO satellites
deployed today, with some capable of a total data rate in excess of one hundred Gbps. For individual users, typical
data rates are on the order of ten Mbps in the downlink and several Mbps in the uplink [7]. Due to their large
coverage regions, geosynchronous satellites are the primary communications mechanism for vessels at sea and in
the air. They are also well-suited for broadcast entertainment where round-trip delay is not a consideration; they
support hundreds of channels of digital television and radio at very high quality.

As cellular systems were rolled out in the late 1980s, the focus for satellite technology turned to building LEO
systems that might compete with them. This led to the launch of several LEO communication systems in the late
1990s, including Globalstar and Iridium [8]. These LEOs provided global coverage but the link rates remained
low due to power and bandwidth constraints. The handsets for these systems were also much larger and heavier
than their cellular counterparts, primarily due to their large batteries. The LEO satellite systems deployed in the
1990s did not experience significant commercial success as, for most users, they provided worse performance
and coverage than the competing 2G cellular phone technology at a higher cost. While these satellite systems
provided coverage to remote areas without access to cellular service, the cost was prohibitive for the large majority
of people in these areas. As a result, pretty much all the initial LEO companies, including Globalstar and Iridium,
filed for bankruptcy protection within a few years of launching their service. Teledesic, which was planning a very
ambitious LEO system with more than 800 satellites, declared bankrupcy before a single launch. After several
iterations of restructuring, Iridium and Globalstar emerged as profitable services and today provide global Internet
connectivity, albeit for a relatively small number of subscribers compared to that of cellular service. Interest in



LEO satellites resurfaced as 4G cellular systems rolled out due to increased demand for connectivity in remote
locations not served by cellular, better technology for both satellites and ground transceivers, and reduced launch
costs. Significant commercial development of LEO satellites emerged concurrent with 5G cellular rollouts as a
means to provide broadband Internet service to the billions of people worldwide that do not have access to high-
speed connectivity. It is anticipated that such systems will each deploy hundreds to thousands of satellites.

Today we take for granted the magic of wireless communications, which allows us and our devices to be
connected anywhere in the world. This magic has been enabled by the pioneers that contributed to advances in
wireless technology underlying the powerful systems ubiquitous today.

1.2 Current Systems

This section provides a design overview of the most prevalent wireless systems in operation today. The design
details of these systems are constantly evolving, incorporating new technologies and innovations. This section
will focus mainly on the high-level design aspects of these systems. More details on these systems and their
underlying technologies will be provided in specific sections of the book. A summary of Wi-Fi, cellular, and
short-range networking standards can be found in Appendix D with more complete treatments of recent standards
in [9, 10, 11, 12, 13].

1.2.1 Wireless Local Area Networks

WLANS support data transmissions for multiple users within a “local” coverage area whose size depends on the
radio design, operating frequency, propagation characteristics, and antenna capabilities. A WLAN consists of one
or more access points (APs) connected to the Internet that serve one or more WLAN devices, also called clients.
The basic WLAN architecture is shown in Figure 1.1. In this architecture clients within the coverage area of an
AP connect to it via single-hop radio transmission. For better performance and coverage, some WLANS use relay
nodes to enable multi-hop transmissions between clients and APs, as shown in Figure 1.2. WLANSs today follow
the 802.11 Wi-Fi family of protocols. Handoff of a moving client between APs is not supported by the 802.11
protocol, however some WLAN networks, particularly corporate and campus systems, incorporate this feature into
their overall design.
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Figure 1.1: Basic wireless LAN architecture

While early WLANs were exclusively indoor systems, current WLANs operate both indoors and outdoors.
Indoor WLAN:S are prevalent in most homes, offices, and other indoor locations where people congregate. Outdoor
systems are generally deployed in areas with a high density of users such as corporate and academic campuses,
sports stadiums, and downtown areas. The range of an indoor WLAN is typically less than 50 meters and can
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Figure 1.2: Wireless LAN architecture with multihop transmissions

be confined to a single room for those operating at 60 GHz. Outdoor systems have a bigger range than indoor
systems due to their higher power, better antennas, and lower density of obstructions between the transmitter and
receiver. WLANS generally operate in unlicensed frequency bands, hence share these bands with other unlicensed
devices, such as cordless phones, baby monitors, security systems, and Bluetooth radios. Interference between
WLAN devices is controlled by the WLAN access protocol, whereas interference between WLAN devices and
other unlicensed devices is mitigated by a limit on the power per unit bandwidth for such devices.

WLANS use packet data transmission for better sharing of the network resources. Hence, data files are seg-
mented into packets. Sharing of the available bandwidth between different APs and, for most systems, between
clients accessing the same AP is typically controlled in a distributed manner using the carrier sense multiple access
with collision avoidance (CSMA/CA) protocol. In CSMA/CA, energy from other transmissions on a given channel
is sensed prior to a transmission and, if the energy is sensed above a given threshold, the transmitter waits a random
backoff time before again attempting a transmission. A transmitted packet is acknowledged by the receiver once
received. If a transmitted packet is not acknowledged, it is assumed lost and hence retransmitted. As discussed in
more detail in Chapter 14, the CSMA/CA access protocol is very inefficient, which leads to poor performance of
WLANS under moderate to heavy traffic loads. As a result, some WLANSs use more sophisticated access protocols,
similar to those in cellular systems, that provide centralized scheduling and resource allocation either to all clients
served by a given AP or, more generally, to all APs and clients within a given system.

1.2.2 Cellular Systems

Cellular systems provide connectivity to a wide range of devices, both indoors and out, with a plethora of features
and applications including text messages, voice calls, data and video transfer, Internet access, and mobile “apps”
(application software tailored to run on mobile devices). Cellular systems typically operate in licensed frequency
bands, whereby the cellular operator must purchase or lease the spectrum in which their system operates. These
licenses typically grant the operator exclusive use of the licensed spectrum. Starting in 2017 regulators in several
countries began allowing cellular systems to operate in the 5 GHz unlicensed band in addition to within their
licensed spectrum. Given the large amount of spectrum in these unlicensed bands compared to what is available in
the licensed bands, this development has the potential to drastically increase cellular system capacity. However, it
will also increase interference in the unlicensed bands, particularly for Wi-Fi systems.

The basic premise behind cellular system design is frequency reuse, which exploits the fact that signal power
falls off with distance to reuse the same frequency spectrum at spatially separated locations. Specifically, a cellular



system consists of multiple cells, where each cell is assigned one or more channels to serve its users. Each channel
may be reused in another cell some distance away, and the interference between cells operating on the same
channel is called intercell interference. The spatial separation of cells that reuse the same channel set, the reuse
distance, should be as small as possible so that frequencies are reused as often as possible, thereby maximizing
spectral efficiency. However, as the reuse distance decreases, the intercell interference increases owing to the
smaller propagation distance between interfering cells. Early cellular systems had reuse distances greater than one,
but current systems typically reuse each channel in every cell while managing the resulting interference through
sophisticated mitigation techniques.

The most basic cellular system architecture consists of tessellating cells, as shown in Figure 1.3, where C;
denotes the channel set assigned to cell 7. The two-dimensional cell shapes that tessellate (cover a region without
gaps or overlap) are hexagons, squares, and triangles. Of these, the hexagon best approximates an idealized omni-
directional transmitter’s circular coverage area. Early cellular systems followed this basic architecture using a
relatively small number of cells to cover an entire city or region. The cell base stations in these systems were
placed on tall buildings or mountains and transmitted at very high power with cell coverage areas of several square
miles. These large cells are called macrocells. The first few generations of macrocell base stations used single-
antenna omni-directional transmitters, so a mobile moving in a circle around these base station had approximately
constant average received power unless the signal was blocked by an attenuating object. In deployed systems cell
coverage areas overlap or have gaps as signal propagation from a set of base stations never creates tessellating
shapes in practice, even if they can be optimally placed. Optimal base station placement is also impractical, as
zoning restrictions, rooftop availability, site cost, backhaul and power availability, as well as other considerations
influence this placement.

Figure 1.3: Cellular network architecture (homogeneous cell size).

Macrocells have the benefit of wide area coverage, but they can often become overloaded when they contain
more users than channels. This phenomenon has led to hierarchical cellular system architectures, with macrocells
that provide wide area coverage and small cells embedded within these larger cells to provide high capacity, as
shown in Figure 1.4. Not only do the small cells provide increased capacity over a macrocell-only network,
but they also reduce the transmit power required at both the base station and mobile terminal, since the maximum
transmission distance within the small cell is much less than in the macrocell. Cellular systems with heterogeneous
cells sizes are referred to as Hetnets. In current cellular systems, channels are typically assigned dynamically
based on interference conditions. Another feature of many current cellular system designs is for base stations in



adjacent macrocells to operate on the same frequency, utilizing power control, adaptive modulation and coding, as
well as interference mitigation techniques to ensure the interference between users does not preclude acceptable
performance.

Figure 1.4: Hierarchical cellular network architecture (a Hetnet with macrocells and small cells).

All base stations in a given geographical area, both macrocells and small cells, are connected via a high-speed
communications link to a mobile telephone switching office (MTSO), as shown in Figure 1.5. The MTSO acts as a
central controller for the cellular system, allocating channels within each cell, coordinating handoffs between cells
when a mobile traverses a cell boundary, and routing calls to and from mobile users. The MTSO can route calls to
mobile users in other geographic regions via the local MTSO in that region or to landline users through the public
switched telephone network (PSTN). In addition, the MTSO can provide connectivity to the Internet.

A new user located in a given cell requests a channel by sending a call request to the cell’s base station over
a separate control channel. The request is relayed to the MTSO, which accepts the call request if a channel is
available in that cell. If no channels are available then the call request is rejected. A call handoff is initiated when
the base station or the mobile in a given cell detects that the received signal power for that call is approaching a
given minimum threshold. In this case the base station informs the MTSO that the mobile requires a handoff, and
the MTSO then queries surrounding base stations to determine if one of these stations can detect that mobile’s
signal. If so then the MTSO coordinates a handoff between the original base station and the new base station.
If no channels are available in the cell with the new base station then the handoff fails and the call is dropped.
A call will also be dropped if the signal strength between a mobile and its base station falls below the minimum
threshold needed for communication due to signal propagation effects such as path loss, blockage, or multipath
fading. These propagation characteristics are described in Chapters 2-3.

Spectral sharing in cellular systems, also called multiple access, is done by dividing the signaling dimensions
along the time, frequency, code, and/or the spatial dimensions. Current cellular standards use a combination of
time and frequency division for spectral sharing within a cell. However, there are still 2G and 3G systems in
operation that use code-division multiple access based on direct sequence spread spectrum. Channels assigned to
users within a cell may be orthogonal or non-orthogonal. In the latter case the channels of two users within a cell
will overlap in time, frequency, code or spatial dimensions, which is referred to as intracell interference. More
details on multiple access techniques and their performance analysis will be given in Chapters 13 and 14.

Efficient cellular system designs are interference limited — that is, interference from within and outside a
cell dominates the noise floor, since otherwise more users could be added to the system. As a result, any tech-
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Figure 1.5: Cellular network architecture evolution.

nique to reduce interference in cellular systems leads directly to an increase in system capacity and performance.
Some methods for interference reduction in cellular systems include cell sectorization, power control, directional
antennas and antenna-array signal processing, multiuser detection and interference cancellation, base station co-
operation, and user scheduling. Details of these techniques will be given in Chapters 14 and 15.

1.2.3 Satellite Systems

Satellite systems are another major component of the wireless communications infrastructure [14, 15]. There is a
plethora of satellite communications services available today, including mobile service to airplanes, ships, vehicles,
and hand-held terminals, fixed satellite service to earth stations, as well as broadcast radio and television service.
Fig. 1.6 illustrates the satellite architecture supporting all such services. One of the biggest advantages of satellites
over terrestrial wireless systems is their ability to provide coverage in remote areas.
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Figure 1.6: Satellite System Architecture

Satellite communication systems consist of one or more satellites communicating with stations on earth or
in the air. Communication satellites typically serve as relays between stations on the ground and in some cases
provide direct links to other satellites as well. Ground stations may be at fixed locations, in which case their
antennas may be large to maximize received signal strength. Mobile stations and indoor fixed stations have smaller
antennas, typically on the order of 1-3 meters. The coverage area or footprint of a satellite depends on its orbit. A
GEO satellite can cover one or more continents, hence only a handful are needed to provide coverage for the entire
globe. However, the transmission latency between the earth and a GEO satellite is high, on the order of 300 ms.
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MEO satellites have a coverage area of around ten thousand square kilometers and a latency of around 80 ms. A
LEO coverage area is about a thousand square kilometers with a latency of around 10 ms.

A GEO satellite provides continuous coverage to any station within its footprint, whereas a satellite with a
different orbit will have a fixed station within its footprint for only part of a 24 hour period. GEO satellites are
heavy, sophisticated, and costly to build and launch. Portable stations or handsets for GEOs tend to be large and
bulky due to the power required to reach the satellite. In addition, the large round-trip propagation delay to a GEO
satellite is quite noticeable in two-way voice communication. The most common service offered by GEO satellites
is radio and TV broadcasting since delay is not a constraint and the satellite construction, launch, and operational
costs are amortized over the many users within the GEO footprint. GEO satellites are also commonly used as a
backbone link for terrestrial networks, for airplane and maritime communications, and for connectivity in remote
locations.

LEO satellites are much lighter and lower in cost than GEOs to manufacture, launch, and operate. In addition,
the stations and handsets in a LEO system have smaller size, transmit power, and latency than GEO systems due
to the closer proximity of LEO satellites to the earth. Hence, most mobile services use LEO satellites, typically
in a constellation of dozens to hundreds of satellites whose total footprint covers the locations around the globe
supported by the system. Continuous coverage of a given location in a LEO system requires handoff between
satellites as a fixed location on earth is within the footprint of a given LEO satellite for only 10-40 minutes. Hence,
when the footprint of a LEO satellite moves away from a given station or handset, its connection is handed off
to another LEO satellite so as to maintain continuous connectivity. Sophisticated antennas on LEO satellites can
create very small spotbeams for mobile terminals that focus that transmission energy within a small footprint.
These spotbeams allow for frequency reuse similar to that of cellular systems.

For the reasons outlined in the previous paragraph, LEOs tend to support the highest data rates, best per-
formance, and lowest cost among satellite services. As expected, MEO satellite systems provide a compromise
between the system requirements, performance, and costs compared with those of GEO and LEO systems. MEO
satellite services mainly compete with GEO systems by offering better performance at a lower cost for users in
relatively remote locations that are not well served by LEO or terrestrial systems.

1.2.4 Fixed Wireless Access

Fixed wireless access (FWA) systems support wireless communications between a fixed access point and multiple
terminals. The FWA system architecture is shown in Fig 1.7. The access point transmits to the receivers of multiple
terminals in the downlink direction, and receives signals from the transmitters of multiple terminals in the uplink
direction. Different multiple access techniques can be used to share the system spectrum between the multiple
terminals.

FWA systems provide an alternative to the wired broadband options of DSL, cable and fiber, whose availability
may be limited in rural areas. In the United States, two frequency bands were set aside for these systems in the late
1990s: part of the 28 GHz spectrum for local distribution systems (local multipoint distribution service, LMDS) and
a band in the 2 GHz spectrum for metropolitan distribution service (multichannel multipoint distribution services,
MMDS). MMDS systems were never widely deployed, and are used today in sparsely populated rural areas,
where laying cables is not economically viable. The initial LMDS systems were expensive and performed poorly
due to the challenges of providing service at such high frequencies. As a result these systems did not succeed
commercially and were discontinued. The LMDS spectrum is just below the millimeter wave band of 30-300
GHz. Recent interest in utilizing the large amount of unregulated millimeter wave spectrum has led to advances in
system, circuit, and antenna design at these high frequencies, which in turn has renewed interest in FWA systems
using the LMDS and millimeter wave bands.

One of the main growth drivers of FWA was the IEEE 802.16 (WiMAX) standard, finalized in 2001. The
first WiMAX standard defined operation between 2 GHz and 11 GHz for non-line-of-sight links and between
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Figure 1.7: Fixed Wireless Access System

10 GHz and 66 GHz for line-of-sight links, however WiMAX systems generally operate below 6 GHz. The first
commercial WiMAX systems followed the 802.16d standard with data rates of around 40 Mbps. A later version,
802.16e, was developed in the mid-2000s to support mobile users with a system design similar to that of cellular.
The 802.16e systems offered 15 Mbps data rates, much higher than that of 3G cellular systems. The significantly
higher data rates of 802.16e over 3G led to speculation that it would be adopted for 4G cellular. However, in the
end 4G cellular adopted the LTE standard, which ultimately pushed WiMAX systems out of most mobile service
markets. WiMAX is still used to support mobile services in areas where LTE has not been deployed, as well as in
industrial markets such as aviation, utilities, and transportation. FWA systems based on the LTE and 5G cellular
standards have been deployed to provide high-speed connectivity for homes, apartments, and office buildings.

1.2.5 Short Range Radios with Multihop Routing

As radios decrease their cost and power consumption, it becomes feasible to embed them into more types of
electronic devices, which enables applications such as smart homes, sensor networks, vehicular networks, and
other interconnected systems. The most common radio standards that have emerged to support this trend are
Bluetooth, ZigBee, and Z-Wave. All of these radios support a multihop routing protocol, whereby a given radio
can communicate with any other radio in its transmission range. If the destination radio is not within this range,
intermediate radios relay the message to this destination. Radios with multihop routing form an ad hoc wireless
network since they can reconfigure and have no established infrastructure. Such ad hoc wireless networks are
commonly used by the military as well as for emergency response. In principle a multihop routing protocol can
support hundreds or even thousands of nodes, but network performance generally degrades as the number of
nodes increases. The short range radios described in this section have not yet demonstrated that their multihop
routing protocols are feasible in practice for large numbers of nodes. In addition to Bluetooth, Zigbie, and Z-
Wave, proprietary radios have been used in a number of devices, products, and military systems to support their
communication requirements.

The Bluetooth standard is based on a small radio transceiver microchip built into digital devices.! The standard
and device certification is managed by the Bluetooth Special Interest Group. In most applications the Bluetooth

'The Bluetooth standard is named after Harald I Bluetooth, the king of Denmark between 940 and 985 A.D. who united Denmark and
Norway. Bluetooth proposes to unite devices via radio connections, hence the inspiration for its name.
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radio takes the place of a connecting cable for electronic devices such as cell phones, tablets, headsets, audio
equipment, cameras, watches, and smart meters. Bluetooth has also been integrated into larger devices such as
cars and medical equipment. Bluetooth is mainly for short-range communications — for example, from a laptop
to a nearby printer or from a cell phone to a wireless headset. Its normal range of operation is 10 m (at 2.5-mW
transmit power), and this range can be increased to 100 m by increasing the transmit power to 100 mW. The system
operates in the unlicensed 2.4-GHz frequency band, so it can be used worldwide without any licensing issues. The
Bluetooth standard provides one data channel at 723.2 kbps. In this mode, there is a reverse channel with a data
rate of 57.6 kbps. The specification also allows up to three additional channels each at a rate of 64 kbps, which
are primarily used for voice connections with headsets. These different modes result in an aggregate bit rate of
approximately 1 Mbps. An enhanced data rate mode provides up to 3 Mbps, while a low-energy mode significantly
reduces power consumption at the expense of range or data rate.

Bluetooth uses frequency hopping for multiple access with a carrier spacing of 1 MHz. Typically, up to eighty
different frequencies are used for a total bandwidth of 80 MHz. At any given time, the bandwidth available is
1 MHz. Bluetooth radios form small ad hoc networks of up to eight devices sharing the same logical channel (same
hop sequence), which is called a piconet. Different channels (different hopping sequences) can simultaneously
share the same 80 MHz bandwidth. Collisions will occur when devices in different piconets that are on different
logical channels happen to use the same hop frequency at the same time. As the number of piconets in an area
increases, the number of collisions increases and performance degrades. The original Bluetooth standard was
developed jointly by 3 Com, Ericsson, Intel, IBM, Lucent, Microsoft, Motorola, Nokia, and Toshiba. Many
additional manufactures have contributed to each new generation of the standard. Bluetooth is integrated into a
wide range of electronic devices with several billion Bluetooth-enabled devices shipped annually.

The ZigBee? radio specification is designed for lower cost and power consumption than Bluetooth. It follows
the IEEE 802.15.4 standard with device certification managed by the Zigbie Alliance. The radio operates in the
same 2.4 GHz ISM band as Bluetooth. Zigbee radios support data rates of up to 250 kbps at a range of up to 30 m.
These data rates are slower than Bluetooth, but in exchange the radio consumes significantly less power with a
larger transmission range. Zigbee also operates in a “green” mode whereby the radio is powered through energy
harvesting of its environment, reducing or in some cases completely elimiating the need for battery power. The
goal of ZigBee is to provide radio operation for months or years without recharging, thereby targeting devices such
as smart tags, meters, lights, and thermostats, as well as those used for sensing and automation.

Z-Wave radios are designed primarily for smart home applications with operation in the 900 MHz ISM band.
Since power falls off more slowly in this band than at the higher 2.4 GHz spectrum, Z-Wave radios have a higher
range than standard Zigbee or Bluetooth radios, on the order of 100 m. In addition, there is no interference between
Z-Wave radios and those operating in the crowded 2.4 GHz band, including Wi-Fi as well as Bluetooth and Zigbee.
On the downside, Z-Wave has significantly lower data rates than either Bluetooth or Zigbee, ranging from 10 to
100 Kbps. The Z-Wave standard and device certification is managed by the Z-Wave Alliance.

1.3 Wireless Spectrum

1.3.1 Regulation

Most countries have government agencies responsible for allocating and controlling use of the radio spectrum.
In the United States, spectrum is allocated by the Federal Communications Commission (FCC) for commercial
use and by the Office of Spectral Management (OSM) under the auspices of the National Telecommunications
and Information Administration (NTIA) for government use. Countries throughout the world have similar regula-

2ZigBee takes its name from the dance that honey bees use to communicate information about newly found food sources to other
members of the colony.
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tory agencies to regulate spectrum within their borders. Certain regions of the world have a common regulatory
agency for spectrum allocation, e.g. commercial spectral allocation across Europe is governed by the European
Telecommunications Standards Institute (ETSI). Satellite systems cover large areas spanning many countries and
sometimes the globe. Globally, spectrum is allocated by the International Telecommunications Union Radio Com-
munications group (ITU-R) through its World Radiocommunication Conferences (WRC). The standards arm of
this body, ITU-T, adopts telecommunication standards for global systems that must interoperate across national
boundaries. Regulatory agencies typically have many competing considerations in deciding how to allocate any
given block of spectrum, including whether to allocate it for commercial, military, or shared use. These deci-
sions are generally driven by a broad mandate to regulate spectrum “in the public interest,” as stated in the U.S.
Communications Act of 1934 establishing the FCC.

Historically government agencies allocated spectral blocks for specific uses and assigned licenses to use these
blocks to specific groups or companies. For example, in the 1980s the FCC allocated spectrum around 850 MHz
for analog cellular phone service, in particular 824-849 MHz for the downlink (base station to mobile) and 869-894
MHz in the uplink (mobile to base station). Spectral licenses were provided to two operators in each geographical
area based on a number of criteria. While this method of licensed spectral allocation is still used in some circum-
stances, a fundamental shift occurred worldwide in the early 1990s for licensed spectrum to be auctioned to the
highest bidder, with some restrictions in place to ensure fairness and competitive use of the spectrum. The basis for
the shift was the market-based reasoning that auctions provide the fairest and most efficient way for governments
to allocate the limited spectral resource and, moreover, this method provides significant revenue to the government.
However, auctions are not universally supported for spectral allocation based on the contention that they can stifle
innovation, limit competition, and hurt technology adoption. Specifically, the high cost of spectrum dictates that
only large companies or conglomerates can purchase it. Moreover, the large investment required to obtain spectrum
can delay, sometimes indefinitely, the ability to invest in infrastructure for system rollout. Finally, high spectral
cost is usually passed on to the end user. The early 3G spectral auctions, with suspected collusion between bidders,
low bids, and several auction winners that ultimately defaulted, provided ammunition to the opponents of spectral
auctions. Lessons learned from these early auctions were adopted in the design of subsequent auctions, which
generally went smoothly and raised up to tens of billions of dollars. In addition, reverse or incentive auctions were
initiated starting in 2016, whereby license holders could sell back their spectrum to regulatory bodies for future
auctioning. A comprehensive treatment of spectrum regulation and its allocation through auctions can be found in
[16].

In addition to spectral auctions, spectrum can be set aside in specific frequency bands, called unlicensed
bands, that are free to use without a license according to a specific set of rules. The rules may correspond to a spe-
cific access protocol to ensure fairness, restrictions on power levels, and so forth. The purpose of these unlicensed
bands is to encourage innovation and low-cost implementation. Wi-Fi is often associated with the unlicensed fre-
quency bands, however it is just one of the hundreds of successful unlicensed systems, which include standardized
short-range radio systems as well as proprietary radios in cordless phones, wireless home security systems, baby
monitors, medical equipment, inventory systems, smart meters, and keyless automobile entry systems. Indeed,
it is estimated that unlicensed wireless devices contribute tens of billions of dollars annually to the US economy
alone. A major difficulty of unlicensed bands is that they can be killed by their own success. If many unlicensed
devices on the same channel are used in close proximity then they interfere with each other, which can make the
band unusable. Cellular systems can also operate in the unlicensed bands by following the unlicensed spectrum
rules. However, since these systems can use their licensed bands for control, they have an advantage over systems
such as Wi-Fi that use the unlicensed bands for both control and data transmission and can crowd out Wi-Fi users
as a result [17]. Much of the spectrum above 30 GHz is unregulated or lightly regulated, and hence can be used by
unlicensed users with little to no restriction.

Underlay systems are another alternative for allocating spectrum. An underlay system operates as a secondary
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user in a licensed frequency band simultaneous with the licensed users in a manner such that the licensed users
experience minimal interference from them. This is usually accomplished by spreading the signal over a very
wide bandwidth, typically more than 500 MHz, and restricting its power per Hertz. The first underlay standard
approved for operation was ultrawideband (UWB) communications [18]. Specifically, in 2002 the FCC approved
7500 MHz of spectrum for the use of UWB devices, with the very stringent power restriction of no more than 75
nW/MHz. This sparked regulatory activities in countries throughout Europe and Asia to also enable UWB, albeit
with different restrictions than those in the US. Indeed, regulatory approval of UWB proved to be quite contro-
versial given the complexity of characterizing how interference affects the primary band users, and the fact the
UWB transmissions span many licensed users across both commercial and government domains. The regulatory
challenges coupled with the severe power constraints on UWB systems ultimately proved insurmountable for most
commercial systems, hence the technology failed to achieve much success [19]. The interference constraint for
underlay users may alternatively be met without restricting power per Hertz by using multiple-antenna techniques
to guide the underlay signals away from the spatial dimensions occupied by licensed users [20].

Following the introduction of underlay systems, regulatory bodies began exploring other innovative technolo-
gies that could make spectrum utilization in the licensed bands more flexible and efficient. This push for innovation
was long overdue; other than spectral auctions and underlay systems, the basic mechanisms for licensed spectral
allocation had not changed much since the inception of regulatory bodies in the early to mid-1900s. Many of the
compelling ideas for exploiting technology to better utilize licensed spectrum fall under the notion of a cognitive
radio. A cognitive radio utilizes advanced radio and signal processing technology along with novel spectrum al-
location policies to support unlicensed users operating in the existing licensed spectrum, without degrading the
performance of the licensed users. In particular, a cognitive radio “learns” about coexisting licensed users within
its spectrum and then uses this information to utilize the spectrum without degrading the transmissions of these
users [21]. Based on the nature of the coexisting user information the cognitive radio can collect, as well as a priori
rules about spectrum usage, a cognitive radio seeks to overlay or interweave its signal with the transmissions of
licensed nodes. Spatial underlay systems that dynamically avoid the spatial dimensions of licensed users also fall
within the paradigm of cognitive radios. Cognitive radio techniques can also be applied in the unlicensed bands to
reduce interference between users and thus improve spectral efficiency in these bands as well.

Interweave cognitive radios utilize unused parts of the licensed spectrum. The idea of interweave radios
came about after studies conducted by the FCC and industry showed the existence of space-time-frequency voids,
referred to as spectrum holes, in both the licensed and unlicensed bands that are not in constant use. These spectrum
holes, which can change with time and geographic location, can be exploited by interweave radios to support their
communication. In some cases the spectrum holes are permanent, either because a certain block of licensed
spectrum is unused, or because “guard channels” between occupied channels are needed in the overall design to
reduce interference between the licensed users. Such guard channels, or “white spaces,” were specified in the
analog television broadcast standard. As analog television bands transitioned to digital, arguments were made that
such guard bands were no longer needed, and hence these white spaces could be freed up for other uses. Despite
resistance from the television broadcasters, unlicensed use of television white spaces was approved by regulatory
bodies in multiple countries starting in 2010. White space devices must generally consult a database of available
spectrum holes in their geographical area before using them, and such databases are relatively static. A more
sophisticated interweave radio looks for dynamic spectrum holes by periodically monitoring the radio spectrum,
detecting spectrum holes as they occur in time, space, and/or frequency, and then using such holes opportunistically
to communicate over them. Such opportunistic use of white spaces, which was the original motivation behind the
notion of cognitive radio [22], has yet to be approved for spectrum allocation.

In overlay systems the cognitive transmitter has some knowledge about the transmissions of noncognitive
users in the band. This knowledge can be exploited in two ways: to mitigate the interference caused to licensed
users and to improve the performance of licensed users by amplifying (relaying) their signals. In particular, an
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overlay user with knowledge of the licensed user’s transmitted signal can use a special type of signal encoding to
completely cancel the interference caused by this licensed user at its own receiver. While this coded signal will
cause interference to the licensed user, by also using part of its power to amplify the licensed user’s signal, the
impact of this interference can be completely mitigated and, in fact, the licensed user might even experience better
performance than without the existence of the overlay user. The overlay cognitive radio paradigm was originally
proposed in [23] and capacity limits as well as practical implementations of overlay systems have been extensively
studied since then. However, regulatory agencies have not yet considered allowing overlay systems to operate in
the licensed spectrum.

Overlay, underlay, and interweave radio innovations could make spectrum utilization far more efficient than it
is today, in both the licensed and unlicensed bands, thereby enabling new wireless systems, products, and applica-
tions. More details on the technologies behind these cognitive radio paradigms will be discussed in Chapter 16.7.
However, even once these and other cognitive radio technologies are fully developed, changing regulatory policies
to include these novel mechanisms will likely be fraught with conflicting opinions from government, industry, and
the end users about what best serves the public interest in the allocation of spectrum.

1.3.2 Properties and Existing Allocations

Most wireless communication systems operate in the radio spectrum between 30 MHz and 30 GHz, with some
in the millimeter wave frequency band (30 GHz-300 GHz) as well. For communication systems at frequencies
below 800 MHz, antenna sizes are too large for small devices, and at frequencies above 3 GHz, signal attenuation
with distance precludes long-range transmission. Given these tradeoffs, the primary frequency bands that fueled
the extraordinary grown of cellular, Wi-Fi, and short-range radios like Bluetooth were in the 0.8-3 GHz range.
As those frequency bands became congested, these systems moved to adjacent bands (0.6-0.8 for cellular and 3-5
GHz for cellular and Wi-Fi). Cellular and Wi-Fi systems started to expand into the millimeter wave bands as well
due to the plentiful spectrum there. A similar evolution into higher frequency bands occured in satellite systems.
In particular, early satellite systems used the 4-8 GHz C band, but over time moved into the X (8-12.5 GHz), Ku
(12-18 GHz), K (18-26 GHz) and Ka (26-40 GHz) bands. The K bands were assigned to terrestrial fixed wireless
services as well, including LMDS. Note that the required antenna size for good reception is inversely proportional
to the signal frequency, so moving systems to a higher frequency allows for more compact antennas. However,
received signal power with nondirectional antennas is proportional to the inverse of frequency squared, so it is
harder to cover large distances with high-frequency signals.

As discussed previously, spectrum is allocated either in licensed bands (which regulatory bodies assign to
specific operators) or in unlicensed bands (which can be used by any system subject to certain operational re-
quirements). Often different countries try to match their frequency bands for licensed and unlicensed use so that
technology developed for that spectrum is compatible worldwide, however that isn’t possible if a country has al-
located one of these frequency bands to another use. Figure 1.8 shows the unlicensed spectrum allocations in
the United States. In most cases there are similar frequency allocations in Europe and Asia. ISM Band I at 900
MHz has limited spectrum availability as well as licensed users transmitting at high power who interfere with the
unlicensed users. Since performance in this band is somewhat poor, it is not heavily utilized by unlicensed devices.
The U-NII bands have a total of 555 MHz of spectrum in four separate bands, with different power restrictions.
In addition, some countries have imposed restrictions on parts of the U-NII bands so that unlicensed systems must
avoid interference with radar systems licensed to operate in those bands.

Figure 1.9 shows the frequency bands allocated to current and legacy cellular systems in the United States
along with their band name abbreviations®. Note from this table that 4G (LTE) systems operate in the 3.5 GHz

3Specialized Mobile Radio (SMR); Personal Communication System (PCS); Advanced Wireless Services (AWS); Digital Dividend
(DD); Wireless Communications Services (WCS); Broadband Radio Service (BRS); Citizen’s Broadband Radio Service (CBRS).
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Hand Narve Frequency Total Bandwidth Transmit Power
Range (GHz) (MHz) Restriction (W)

ISM band | Cordless phones, Z-Wave,

First-generation WLANs 09020328

Cordless phones, Bluetooth,

ISM band II b B0 14 2.4-2.4835 83.5 1
ISM band IiI Wi-Fi 6, 802.11a/n/ac 5.725-5.875 150 1
U-Nil band | Wi-Fi 6, 802.11a/n/ac CHEEI 100 0.05
U-Nil band II Wi-Fi 6, 802.11a/n/ac 5.25-5.35 GHz 100 0.25
U-NIl band Iil Wi-Fi 6, 802.11a/n/ac 5.47-5.725 GHz 255 0.25
U-NIl band IV Wi-Fi 6, 802.11a/n/ac e L 100 1

Figure 1.8: Unlicensed Frequency Bands

CBRS band and the 5.2 GHz U-NII band, which are unlicensed bands, and hence must be shared with other
unlicensed users. Prior to 4G, cellular systems operated only in dedicated licensed spectrum and hence interference
was centrally managed. Under this new paradigm of spectrum sharing, the licensed and unlicensed users using the
same band must manage shared access and interference between the different systems.

|| 2Gsystems | 3G Systems m 56 Systems

Approximate Carrier 1700 1700
Prequency (MHz) 800 850 1900 850 0o 1900 600 850 J100 1900 2300 2500 3500 5200 600 2500 28000 39000
Band Acronym SMR  Cellular PCS Cellular AWS PCS DD SMH Cellular AWS PCS WCS BRS CBRS U-NII-1 DD BRS K Ka
Jatal Bandwidth 14 70 200 70 9 200 70 88 70 %0 200 30 70 150 100 70 140 850 3000

(MHz)

Figure 1.9: Cellular Frequency Band Allocations in the US and their Band Abbreviations: 2G-5G Systems.

The licensed and unlicensed frequencies allocated to different wireless systems are constantly evolving to
meet their capacity demands. For example, once the unlicensed spectrum in the 900 MHz and 2.5 GHz spectrum
opened up, many new products and services were launched to exploit this spectrum. This led to the opening of
the 3 U-NII bands for unlicensed use. TV broadcasters that were allocated spectrum in the 700 MHz band back in
the 20th century were gradually moved out of these bands to open up this spectrum for cellular systems. Cellular
systems are now operating in several unlicensed bands and may move into more of them. Millimeter wave spectrum
above the 39 GHz Ka band is also being considered for 5G cellular systems.

1.4 Communication Standards

Communication systems that interact with each other require standardization. Standards are typically decided on
by national or international committees; in the United States this role is played by the Telecommunications Indus-
try Association (TTA) while ETSI plays this role in Europe. The IEEE is the major player for WLAN standards
development through its 802.11 working group. Other IEEE 802 working groups develop standards for wire-
less networks, such as short-range or fixed-wireless access networks, to complement WLANs. Cellular system
standards are primarily developed by 3GPP. Standards groups typically follow a lengthy process for standards
development that entails input from companies and other interested parties as well as a long and detailed review
process. The standards process is a large time investment, but companies participate because incorporating their
ideas into the standard gives them an advantage in developing the resulting system. In general, standards do not
include all the details of the system design, rather only those needed for interoperability. This allows companies
to innovate and differentiate their products from other standardized systems. The main goal of standardization is
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enabling systems to interoperate.

In addition to ensuring interoperability, standards also allow economies of scale and pressure prices lower. For
example, WLANS typically operate in the unlicensed spectral bands, so they are not required to follow a specific
standard. The first generation of WLANs were not standardized and so specialized components were needed for
many systems, leading to excessively high cost that, when coupled with poor performance, led to limited adoption.
This experience resulted in a strong push to standardize the next WLAN generation, which yielded the highly
successful IEEE 802.11 family of standards. Adherence of products to the 802.11 standard is certified by the
Wi-Fi Alliance.

There are, of course, disadvantages to standardization. The standards process is not perfect, as company
participants often have their own agendas, which do not always coincide with the best technology or the best
interests of consumers. In addition, the standards process must be completed at some point, after which it becomes
more difficult to add new innovations and improvements to an existing standard. Finally, the standards process
can become quite politicized. This happened in Europe with 1st generation cellular systems, where each country
had its own standard, and with the second generation of cellular phones in the United States which ultimately
adopted three different standards. The formation of the 3GPP standards body to create a single unified cellular
standard throughout much of the world was a response to these pitfalls in earlier cellular standards, and is largely
responsible for the massive growth in and success of cellular technology. Hence, despite its flaws, standardization
is often an essential component of wireless system design and operation in order to ensure its success.

1.5 Wireless Vision

“It is always wise to look ahead, but difficult to look further than you can see.” - Winston Churchill

Wireless communication is ubiquitious in the world we live in, enabling vast connectivity among people and
devices as well as rapid access to information. Wireless technology impacts every aspect of modern life: culture,
business, politics, economics, health, entertainment, and education. So what might the future bring?

Demand for higher data rates seems unending, hence future wireless systems could support peak speeds of
hundreds or perhaps thousands of Gigabits per second. There are billions of people and locations throughout the
world today without wireless (or wired) connectivity, so perhaps future systems will fill in these coverage holes
so that no person or place on the planet lacks wireless connectivity. Wireless devices might shrink to such small
sizes that they can be deployed within any object or living being. Some wireless devices may be powered from a
very small battery or even self-power through energy harvesting or wireless charging, eliminating the need to ever
plug in. Wireless technology might evolve to support the “five-nines” standard in reliability for tradition telephone
service, meaning that the service is reliable 99.999% of the time in any location, indoors and out. Finally, wireless
systems must be extremely secure against natural impairments as well as eavesdroppers, attackers and spoofers.

If this vision of wireless technology comes to pass, what will it enable? In addition to providing people
with voice, high-speed data, and broadcast entertainment, future wireless networks will also support machine-to-
machine communications for tens of billions of devices. In the home these networks will enable a new class of
intelligent electronic devices that can interact with each other and with the Internet. Such “smart” homes will
drastically improve energy efficiency, security, emergency response, as well as help the elderly and disabled with
assisted living. Other applications of these networks include sensing and data collection in the power grid to
improve robustness and efficiency, “smart cities” that provide services such as trash collection and road mainte-
nance when the need is detected, and in-body communications for medical devices, biosensors, and targeted drug
delivery. Wireless video and virtual reality will permeate the home and any place that people congregate with
entertainment, and also enable remote classrooms, remote training facilities, and remote hospitals anywhere in
the world. Wireless sensor networks will improve monitoring of and response to fire hazards, toxic waste sites,
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stress and strain in buildings and bridges, carbon dioxide movement, and the spread of chemicals and gases at
disaster sites. Finally, wireless networks with very low latency will enable distributed control systems with remote
devices, sensors, and actuators linked together via wireless communication channels. Such systems will in turn en-
able intelligent transportation systems including self-driving vehicles, mobile robots and drones, as well as easily
reconfigurable industrial automation.

The exponential growth of smartphone use and wireless Internet access has led to great optimism about
wireless technology in general. Obviously not all wireless applications will flourish. While many wireless systems
and companies have enjoyed spectacular success, there have also been many failures along the way, including
the first generation of wireless LANs and LEO satellite systems, as well as wide area data services, and fixed
wireless access to the home. Indeed, it is impossible to predict what wireless failures and triumphs lie on the
horizon. Moreover, there must be sufficient flexibility and creativity among both engineers and regulators to allow
for accidental successes. It is clear, however, that the current and emerging wireless systems of today — coupled
with the vision of applications that wireless can enable — ensure a bright future for wireless technology.

1.6 Technical Challenges

This section provides an overview of the many technical challenges that must be addressed to make the wireless
vision a reality. These challenges extend across all aspects of the system, including hardware design, channel
characterization, physical layer and multiple access techniques as well as networking protocols and architectures.
Techniques to address many of these challenges are described in subsequent chapters of the book.

The design of wireless systems begins with a model for the underlying channel through which the signals will
propagate. In all such channels, signal power decreases with distance due to the physics of propagation as well as
attenuation from blocking objects. These signal propagation models are developed in Chapter 2. If the transmitter,
receiver, or surrounding objects are moving, the channel changes randomly with time due to changing reflections
and attenuation. These random channel variations, whose statistical models are developed in Chapter 3, make it
difficult to design reliable systems with guaranteed performance. Channel characteristics, including signal attenu-
ation, also depend on the frequency of operation. In particular, received power generally decreases with the carrier
frequency and, in the case of free space propagation with omnidirectional antennas, it is inversely proportional
to the square of this frequency. Thus, most wireless systems today operate at carrier frequencies below 5 GHz
to ensure good coverage, leading to a spectrum shortage in this range of frequencies. Moving to higher carrier
frequencies, such as millimeter wave (30-300 GHz) or terahertz (.3-3 THz), provides much more spectrum than
what is available in the lower frequency bands. However, these higher frequencies of operation reduce range unless
energy is directionally focused using multiple or directional antenna techniques. Signal propagation characteristics
at these frequencies create challenges in designing reliable communication links, as described in Chapter 2.9.5. In
addition, hardware components are expensive and power hungry.

The maximum data rate that can be reliably sent over a wireless (or wireline) channel is its Shannon capacity,
which is derived in Chapter 4. This capacity is directly proportional to the channel bandwidth, i.e. the amount of
spectrum allocated to the channel. This rate also depends on the number of antennas at the transmitter and receiver,
as multiple-input multiple-output (MIMO) techniques allow for independent data streams to be transmitted along
the independent spatial dimensions these multiple antennas create, as described in Chapter 10. Achievable data
rates for a given wireless system also depend on signal propagation and interference characteristics. Due to these
challenges, data rates for both cellular and Wi-Fi systems are several orders of magnitude lower than for a fiber
optic cable, but that could change as millimeter wave systems are deployed.

In terms of hardware challenges, as the size of wireless devices shrink, breakthroughs are needed to make
both the analog and digital circuitry significantly smaller, cheaper, and more energy efficient. Wireless systems
operating at millimeter wave and higher frequencies require cheap and reliable RF components, which remains a
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significant challenge. The size, power consumption, and precision of analog-to-digital converters is also becoming
a bottleneck as systems move to larger bandwidths. Finally, large antenna arrays that improve signal propagation
and mitigate interference require hardware innovations, including hybrid analog and digital processing, to reduce
their footprint, power consumption, and cost.

The physical layer design of wireless systems today is quite sophisticated, with dense-constellation modula-
tion (Chapters 5-6), diversity and adaptive modulation techniques to combat random signal variations (Chapters
7 and 9), powerful error-correction coding (Chapter 8), as well as techniques to combat intersymbol interference
caused by delayed signal components that arise from channel reflections (Chapters 11-13). Systems operating in
rapidly changing environments require new modulation, coding, detection, and multi-antenna techniques that are
robust to such changes when adaptation to them is infeasible. Machine learning may play a role in improving
physical layer techniques for channel estimation, signal detection, decoding, and equalizaiton, particularly when
channels are hard to model, hard to estimate, or rapidly varying [24, 25]. In addition, algorithms that best exploit
the many spatial degrees of freedom offered by large antenna arrays are needed. For energy-constrained systems,
particularly those running off non-rechargeable batteries, communication schemes must be developed that can meet
performance requirements while minimizing total system power consumption (for signal transmission, reception,
and processing).

Multiple access techniques, developed in Chapter 14, allow users to share the same system bandwidth. This
bandwidth sharing is done either through coordinated access, as in cellular systems and current Wi-Fi standards,
or through distributed techniques, as used in early generations of Wi-Fi systems. Most wireless systems use access
schemes that assign orthogonal time and frequency slices of the total system bandwidth to different users. For
MIMO systems, independent spatial dimensions can be used as separate channels as well. Non-orthogonal access
designs improve spectral efficiency by overlapping channels in the time, frequency, code, or spatial dimensions
while managing the interference that results. Channel assignment is done by the base stations in cellular systems
and by access points in Wi-Fi systems. Wireless access techniques are ripe for innovation, in the centralized and
distributed mechanisms used to assign channels as well as in slicing up channels in a non-orthogonal manner to
increases spectral efficiency with minimal interference. Machine learning is also being applied to multiple access,
resource allocation, and scheduling [24].

The network architectures and protocols for future wireless systems must support a much wider range of
devices and applications than exist today. For infrastructure-based systems like cellular networks (Chapter 15),
this will require a more flexible architecture, with a range of cell sizes, greater densification of cells, as well as
significant data processing, dynamic optimization, and resource allocation that may be centralized, decentralized,
or centralized within a subsets of nodes (coined neighborhood or “fog-based” optimization). Rethinking cellular
system architectures to take into account novel forms of cooperation across base stations and users to exploit rather
than mitigate interference may lead to significantly higher capacity and robustness. Reduction of latency and over-
head for applications with short delay-constrained messages is also needed, as are innovations in energy-efficient
architectures, e.g. for systems whose backbone is powered by batteries, solar, other forms of energy harvesting, or
wireless power transfer. In ad hoc wireless networks (Chapter 16), advances in cooperative techniques for trans-
mission, reception, and relaying have the potential to significantly improve coverage, reliability, and data rates.

Seamless handoff between different wireless networks, such as Wi-Fi and cellular, is precluded by existing
protocols and addressing mechanisms, which must evolve to allow a device to continuously connect on any and all
available networks. How best to utilize a multiplicity of available networks for a given device or application is an
open challenge. Many wireless systems consist of predominantly wired links, with wireless as the last hop only.
Hence, challenges in wired networking, such as latency and bandwidth shortages, impact wireless networks as
well. Deployment of caching and computation capabilities in base stations and Wi-Fi access points give rise to new
design challenges; should applications utilize these edge capabilities or rely on more powerful capabilities situated
farther from the network edge, which entail more latency to access. Security is also more difficult to implement for
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signals traveling over wireless channels, since the airwaves are susceptible to snooping and jamming by anyone
with an RF antenna.
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Chapter 1 Problems

1.

10.

As storage capability increases, we can store larger and larger amounts of data on smaller and smaller
storage devices. Indeed, we can envision microscopic computer chips storing terraflops of data. Suppose
this data is to be transfered over some distance. Discuss the pros and cons of putting a large number of these
storage devices in a truck or drone and driving or flying them to their destination rather than sending the data
electronically.

Describe two technical advantages and disadvantages of wireless systems that use bursty data transmission
rather than continuous data transmission.

. Fiber optic cable typically exhibits a probability of bit error of P, = 1072, A form of wireless modulation,

DPSK, has P, = 1/27% in some wireless channels, where 7 is the average SNR. Find the average SNR
required to achieve the same P}, in the wireless channel as in the fiber optic cable. Because of this extremely
high required SNR, wireless channels typically have P, much larger than 10712,

Find the round-trip delay of data sent between a satellite and the earth for LEO, MEO, and GEO satellites
assuming the speed of light is 3 - 10® m/s. If the maximum acceptable delay for a voice system is 30 ms,
which of these satellite systems would be acceptable for two-way voice communication?

. What applications might significantly increase the demand for wireless data?

This problem illustrates some of the economic issues facing service providers for mixed-media systems.
Suppose you are a service provider with 120 kHz of bandwidth that you must allocate between voice and
data users. The voice users require 20 kHz of bandwidth and the data users require 60 kHz of bandwidth. So,
for example, you could allocate all of your bandwidth to voice users, resulting in six voice channels, or you
could divide the bandwidth into one data channel and three voice channels, etc. Suppose further that this is a
time-division system with timeslots of duration 7'. All voice and data call requests come in at the beginning
of a timeslot, and both types of calls last 7" seconds. There are six independent voice users in the system:
each of these users requests a voice channel with probability .2 and pays $.20 if his call is processed. There
are two independent data users in the system: each of these users requests a data channel with probability .5
and pays $.50 if his call is processed. How should you allocate your bandwidth to maximize your expected
revenue?

. Describe three disadvantages of using a fixed wireless access systems instead of DSL or cable. Describe

three scenarios where the disadvantages override the advantages.

. Cellular systems have migrated to Hetnets consisting of a mix of macrocells and small cells in order to

increase system capacity and energy efficiency. Name at least three design issues that are complicated by
this trend.

Why does minimizing the reuse distance maximize the spectral efficiency of a cellular system?

This problem demonstrates the capacity increase associated with a decrease in cell size. Consider a square
city of 100 square kilometers. Suppose you design a cellular system for this city with square cells, where
every cell (regardless of cell size) has 100 channels and so can support 100 active users. (In practice, the
number of users that can be supported per cell is mostly independent of cell size as long as the propagation
model and power scale appropriately.)

(a) What is the total number of active users that your system can support for a cell size of 1 km??
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(b) What cell size would you use if your system had to support 250,000 active users?

Now we consider some financial implications based on the fact that users do not talk continuously. Assume
that Friday from 5-6 P.M. is the busiest hour for cell-phone users. During this time, the average user places a
single call, and this call lasts two minutes. Your system should be designed so that subscribers need tolerate
no greater than a 2% blocking probability during this peak hour. (Blocking probability is computed using
the Erlang B model: P, = (A°/C!)/ (3_5_o A¥/k!), where C is the number of channels and A = UpH
for U the number of users, 1 the average number of call requests per unit time per user, and H the average
duration of a call [5, Chap. 3.6].

(c) How many total subscribers can be supported in the macrocell system (1-km? cells) and in the microcell
system (with cell size from part (b))?

(d) If a base station costs $500,000, what are the base station costs for each system?

(e) If the monthly user fee in each system is $50, what will be the monthly revenue in each case? How long
will it take to recoup the infrastructure (base station) cost for each system?
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Chapter 2

Path Loss, Shadowing, and Multipath

The wireless radio channel poses a severe challenge as a medium for reliable high-speed communication. Not only
is it susceptible to noise, interference, and other channel impediments, but these impediments change over time in
unpredictable ways as a result of user movement and environment dynamics. In this chapter we characterize the
primary phenomena that affect signal propagation: path loss and shadowing, as well as signal reflection, diffraction,
and scattering. Path loss characterizes how a signal’s received power decreases with transmit-receive distance. It
is caused by dissipation of the power radiated by the transmitter as well as by effects of the propagation channel.
Path-loss models assume that path loss is the same at a given transmit-receive distance (assuming that the path-
loss model does not include shadowing effects). Shadowing is the attenuation caused by obstacles between the
transmitter and receiver that absorb the transmitted signal. When the attenuation is strong, the signal is blocked.
The number and type of objects that cause shadowing at any given receiver location is typically unknown. Hence
attenuation due to shadowing is modeled as a random parameter. Unlike path loss, shadowing does not depend
on the transmit-receive distance itself but rather on the objects between the transmitter and receiver. Reflection,
diffraction, and scattering are caused by a transmitted signal interacting with objects in the environment around
the transmitter or receiver. The signal components that arise due to these objects are called multipath components.
Different multipath components arrive at the receiver with different time delays and phase shifts. When the phase
shifts are aligned, the multipath components add constructively; when they are not aligned, they add destructively.
This constructive and destructive addition of multipath components leads to significant variations in the received
signal power.

Received power variation due to path loss occurs over long distances (100-1000 m), whereas variation due to
shadowing occurs over distances that are proportional to the length of the obstructing object (10-100 m in outdoor
environments and less in indoor environments). Since variations in received power due to path loss and shadowing
occur over relatively large distances, these variations are sometimes referred to as large-scale propagation effects.
The received power variations due to constructive and destructive addition of multipath components occur over
very short distances, on the order of the signal wavelength, since each component’s phase rotates 360 degrees
over that distance. Hence, power variations due to multipath are sometimes referred to as small-scale propagation
effects. Figure 2.1 shows an example of the received-to-transmit power ratio in decibels' (dB) versus log distance
for the combined effects of path loss, shadowing, and multipath. As indicated in the figure, received power due to
path loss alone is generally modeled as decreasing linearly with respect to the log of the transmit-receive distance,
with additional slow variations due to shadowing and fast variations due to multipath.

After a brief introduction to propagation and a description of our signal model, we present the simplest model
for signal propagation: free-space path loss. A signal propagating between two points with no attenuation or
reflection follows the free-space propagation law. We then describe the two-ray multipath model, which augments

'The decibel value of x is 10 log;, .
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---------- Shadowing and Path Loss
Multipath, Shadowing, and Path Loss

Figure 2.1: Effects of path loss, shadowing, and multipath on received power as a function of distance.

the free-space model with a single reflected ray. The two-ray model introduces the notion of a variable path-loss
exponent, which gives rise to more general path loss exponent models. After introducing these models, we discuss
the commonly-used log-normal model for shadowing. General ray tracing is then introduced to model the multipath
components that arise due to signal reflections, diffraction, and scattering. These models approximate signal
propagation according to Maxwell’s equations and depend heavily on the geometry and dielectric properties of the
region through which the signal propagates. If the number of multipath components is large or if the geometry and
dielectric properties of the propagation environment are unknown, then statistical multipath models must be used
instead of ray tracing. These statistical multipath models will be described in Chapter 3. We close the chapter by
describing empirical channel models with parameters for path loss and shadowing based on measurements for both
indoor and outdoor channels.

Although this chapter gives a brief overview of channel models for path loss, shadowing, and multipath,
comprehensive coverage of channel and propagation models at different frequencies of interest merits a book in
its own right, and in fact there are many excellent references on this topic including [1, 2, 3, 4, 10, 6]. Models
specialized to multiple antenna, ultrawideband, and millimeter wave channels can be found in [7], [8], and [9],
respectively.

2.1 Radio Wave Propagation

The initial understanding of radio wave propagation goes back to the pioneering work of James Clerk Maxwell,
who in 1864 formulated a theory of electromagnetic propagation that predicted the existence of radio waves. In
1887, the physical existence of these waves was demonstrated by Heinrich Hertz. However, Hertz saw no practical
use for radio waves, reasoning that since audio frequencies were low, where propagation was poor, radio waves
could never carry voice. In 1894 Oliver Lodge used these principles to build the first wireless communication
system, though its transmission distance was limited to 150 meters. By 1897 the entrepreneur Guglielmo Marconi
had managed to send a radio signal from the Isle of Wight to a tugboat eighteen miles away, and in 1901 Marconi’s
wireless system could traverse the Atlantic ocean. These early systems used telegraph signals for communicating
information. The first transmission of voice and music was made by Reginald Fessenden in 1906 using a form of
amplitude modulation, which circumvented the propagation limitations at low frequencies observed by Hertz by
translating signals to a higher frequency, as is done in all wireless systems today.
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Electromagnetic waves propagate through environments where they are reflected, scattered, and diffracted
by walls, terrain, buildings, and other objects. The ultimate details of this propagation can be obtained by solving
Maxwell’s equations with boundary conditions that express the physical characteristics of these obstructing objects.
This often requires the calculation of the radar cross-section (RCS) of large and complex structures. Since these
calculations are difficult and since the necessary parameters are often not available, approximations have been
developed to characterize signal propagation without resorting to Maxwell’s equations.

The most common signal propagation approximations use ray-tracing techniques based on ray-optic theory
[10]. Ray-tracing approximates the propagation of electromagnetic waves by representing the wavefronts as dis-
crete narrow beams or rays. This approximation determines the reflection and refraction effects on the wavefront
but ignores the more complex scattering phenomenon predicted by Maxwell’s coupled differential equations. The
ray-tracing model most accurately approximates Maxwell’s equations when the wavelength of the signal is much
less than the size of the objects off of which it is reflected, refracted, or scattered. The simplest ray-tracing model is
the two-ray model, which accurately describes signal propagation when there is one direct path between the trans-
mitter and receiver and one reflected path. The reflected path typically bounces off the ground, and the two-ray
model is a good approximation for propagation along highways or rural roads and over water. We will analyze the
two-ray model in detail, as well as more complex models with additional reflected, scattered, or diffracted compo-
nents. Many propagation environments are not accurately characterized by ray-tracing models. In these cases it is
common to develop analytical models based on empirical measurements, and we will discuss several of the most
common of these empirical models.

Often the complexity and variability of the radio channel make it difficult to obtain an accurate deterministic
channel model. For these cases, statistical models are often used. The attenuation caused by signal path obstruc-
tions such as buildings or other objects is typically characterized statistically, as described in Section 2.7. Statistical
models are also used to characterize the constructive and destructive interference for a large number of multipath
components, as described in Chapter 3. Indoor environments tend to be less regular than outdoor environments,
since the geometric and dielectric characteristics change dramatically depending on whether the indoor environ-
ment is an open factory, cubicled office, or metal machine shop. For these environments computer-aided modeling
tools are available to predict signal propagation characteristics [11].

2.2 Transmit and Receive Signal Models

The transmitted and received signals in any wireless system are real-valued. The channel introduces an amplitude
and phase change at each frequency of the transmitted signal so that the received signal is also real-valued. Real
modulated and demodulated signals are often represented as the real part of a complex signal in order to facilitate
analysis. This model gives rise to the equivalent lowpass representation of bandpass signals, which we use for our
transmitted and received signals. More details on the equivalent lowpass representation of bandpass signals and
systems can be found in Appendix A.

We model the transmitted signal at carrier frequency f. as

s(t) = Re{u(t)e??m /<ty
= Re{u(t)} cos(2m ft) — Im{u(t)} sin(27 f.t)
= s7(t) cos(2m ft) — sq(t) sin(27 fet), (2.1)
where u(t) = sy(t)+jsq(t) is a complex baseband signal with in-phase component s;(t) = Re{u(t)}, quadrature
component sg(t) = Im{u(t)}, bandwidth B,,, and power P,. The signal u(t) is called the complex envelope or

equivalent lowpass signal of s(t). We call u(t) the complex envelope of s(¢) because the magnitude of u(t) is the
magnitude of s(¢). The phase of u(¢) includes any carrier phase offset. The equivalent lowpass representation of
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band-pass signals with bandwidth B < f,. allows signal manipulation via u(t) irrespective of the carrier frequency.
The power in the transmitted signal s(t) is P, = P, /2.

For time-invariant channels, the received signal is the convolution of s(t) with the channel impulse response
h(t) plus an additional noise component n(t) introduced by the channel: r(¢) = s(t) * h(t) + n(t). It can be
written in a similar form as the transmitted signal as:

r(t) = Re{v(t)e?*™ '} + n(t), (2.2)

where v(t) is the equivalent lowpass signal for the received signal without the noise. This equivalent signal depends
on h(t). In particular, as discussed in Appendix A, v(t) = u(t) * c(t), where c(¢) is the equivalent lowpass channel
impulse response for A(t). Time-varying channels will be treated in Chapter 3.

The received signal in (2.2) consists of two terms, the first term corresponding to the transmitted signal after
propagation through the channel, and the second term corresponding to the noise added by the channel. The signal-
to-noise power ratio (SNR) of the received signal is defined as the power of the first term divided by the power
of the second term. In this chapter (and in Chapter 3) we will neglect the random noise component n(t) in our
analysis, since these chapters focus on signal propagation, which is not affected by noise. However, noise will play
a prominent role in the capacity and performance of wireless systems studied in later chapters.

When the transmitter or receiver is moving, the received signal will have a Doppler shift of fp = ¥ cos?
associated with it, where 6 is the arrival angle of the received signal relative to the direction of motion, v is
the receiver velocity toward the transmitter in the direction of motion, and A = ¢/ f, is the signal wavelength
(c = 3-10% m/s is the speed of light). The geometry associated with the Doppler shift is shown in Figure 2.2.
The Doppler shift results from the fact that transmitter or receiver movement over a short time interval At causes
a slight change in distance Ad = vAt cos § that the transmitted signal needs to travel to the receiver. The phase
change due to this path-length difference is A¢ = %T”At cos . The Doppler frequency is then obtained from the
relationship between signal frequency and phase:

fp=—— = —cos@. (2.3)

If the receiver is moving toward the transmitter (i.e., if —7/2 < 6 < 7/2) , then the Doppler frequency is positive;
otherwise, it is negative. We will ignore the Doppler term in the path loss models of this chapter, since for typical
vehicle speeds (75 km/hr) and frequencies (about 10 GHz) it is small, on the order of 1 KHz [1]. However, we
will include Doppler effects in Chapter 3 on statistical fading models where it is used to characterize a random
channel’s rate of change.

Suppose a signal s(t) of power P; is transmitted through a given channel with corresponding received signal
r(t) of power P,, where P, is averaged over any random variations due to shadowing. We define the linear path
loss of the channel as the ratio of transmit power to receive power:

P
P = B

We define the path loss of the channel as the value of the linear path loss in decibels or, equivalently, the difference
in dB between the transmitted and received signal power:

2.4)

P
Pr, dB = 101log, (ﬁ) dB. (2.5)

T

The dB path loss is a nonnegative number since the channel does not contain active elements, and thus it can
only attenuate the signal. The dB path gain is defined as the negative of the dB path loss: Po = —FPr =
10 log;o( P,/ P;) dB. Due to the laws of physics underlying signal propagation, the dB path loss generally increases
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Figure 2.2: Geometry associated with Doppler shift.

with distance, as illustrated in Figure 2.1 (note that this figure shows a decreasing path gain or, equivalently, an
increasing path loss). The path loss generally increases with distance, which means the received power in dB
decreases with distance, as illustrated in Figure 2.1. With shadowing, also illusrated in Figure 2.1, the received
power is random owing to random blockage from objects, as we discuss in Section 2.6.

2.3 Free-Space Path Loss

Consider a signal transmitted through free space to a receiver located at distance d from the transmitter. Assume
there are no obstructions between the transmitter and receiver and that the signal propagates along a straight line
between the two. The channel model associated with this transmission is called a line-of-sight (LOS) channel, and
the corresponding received signal is called the LOS signal or ray. Under free-space path loss the received signal is
given by [2]:

MWGGru(t = n)e T oy
47d

r(t) = Re (2.6)
where G; and G, are, respectively, the transmit and receive antenna power gains in the LOS direction relative to a
unity gain isotropic antenna, 7; = d/c is the signal propagation delay of the LOS signal traveling the distance d, and
the phase shift e =727/ is due to the distance d that the wave travels?. Transmit and receive directional antennas
have gains (G; and (5, greater than unity in one or more angular directions relative to the idealized isotropic antenna
gains Gy = (G, = 1. Directional antenna gains can range from 2.15 dB for a half-wavelength dipole to tens of dB
in horn or dish antennas. More details on directional antenna designs and their gains can be found in [12].

2When the transmit and receive antennas are at the same height, the distance d equals the horizontal separation distance between the
transmitter and receiver. When the transmitter and receiver are at different heights, the distance the wave travels exceeds this separation
distance. These different distances will be characterized in the two-ray model (Section 2.4).
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The power in the transmitted signal s(¢) is P;, so from (2.6), the linear path loss for free-space propagation, a
formula first introduced by Friis [13], is

P, AP
2 =G, [m] | @.7)

The Friis formula (2.7) dictates that the receive power P, equals the transmit power per unit area under free space
propagation that is incident on the receive antenna, given by P;G/(4mwd?), multiplied by that antenna’s effective
area A,, a quantity that determines how effectively the receive antenna captures this incident power. From (2.7)

this effective area equals

226,
A= 2.8)

The dependence of A, on A\? is due to the resonance of a signal with a given wavelength on a linear conductor half
that size. Since A\ = ¢/ f,, the Friis formulae indicates that, as the carrier frequency increases, the received power
decreases as the square of the increase. Antenna arrays, discussed in Chapter 10, create a different effective area
than single-element antennas, which can mitigate or remove the dependence of received power on A [14]. The Friis
formula also indicates that the received signal power falls off in inverse proportion to the square of the distance
d between the transmit and receive antennas. We will see in the next section that, for other signal propagation
environments, the received signal power falls off more quickly relative to this distance.
The received power can be expressed in dBm as®

P, (dBm) = P, (dBm) + 10logo(G:G) + 201og;g(A) — 20 logq(4m) — 2010g;o(d). (2.9)

Equation (2.9) is an example of a link budget equation, which expresses the received power of a signal transmitted
through a given channel (or link) as a function of the transmit power and all the losses the signal experiences on
that link. Free-space path loss is defined as the path loss of the free-space model:

T

P 2
Pr, (dB) = 101log; (ﬁ) = —10log;, (GtGT [ﬁd] ) . (2.10)

The free-space path gain is thus

A 2
PG = _PL = 1010g10 (GtGT [m] ) . (211)

Example 2.1: Consider an outdoor small cell with f. = 2.5 GHz, cells of radius 10 m, and isotropic antennas.
Under the free-space path loss model, what transmit power is required at the base station in order for all terminals
within the cell to receive a minimum power of 0.1 W ? How does this change if the system frequency is 5 GHz?

Solution: We must find a transmit power such that the terminals at the cell boundary receive the minimum required
power. We obtain a formula for the required transmit power by inverting (2.7) to obtain:

2
Pt:Pr[ 4d7d ]

VGG A

*The dBm value of a power z is its dB value relative to a milliwatt: 10 log,o(x/.001). The dBW value of a power z is its dB value
relative to a watt: 10 log,, , so W corresponds to 30 dBm.
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Substituting in Gy = G, = 1 (isotropic antennas), A\ = ¢/f. = 0.12m,d = 10 m, and P, = 0.1 yW yields
P, = .1097 W. At 5 GHz only A = .06 changes, so P, = .4388 W. We see that doubling the carrier frequency
leads to a requirement for four times more transmit power, illustrating the power consumption challenges in moving
wireless systems to high-frequency spectral bands.

2.4 Two-Ray Multipath Model

The two-ray model is used when a single ground (or other) reflection dominates the multipath effect, as illustrated
in Figure 2.3. The received signal consists of two components: the LOS component or ray, which corresponds to
the transmitted signal propagating through free space, and a reflected component or ray, which is the transmitted
signal reflected off the ground. The received LOS ray is given by the free-space propagation loss formula (2.6)
with the distance the signal travels set to dy. The reflected ray shown in Figure 2.3 travels distance d; = dy1 + dqo.
Since the two signal components in this model travel different distances, we use d in this model and all subsequent
propagation models in this chapter to denote the horizontal distance between the transmitter and receiver. The
distances dy and d; then depend on d as well as the transmitter and receiver heights h; and h,.. We see from Figure
2.3 that when h; = h,., d = dg, and when d is very large relative to h; and h,., d = dy = d;.

If we ignore the effect of surface wave attenuation® then, by superposition, the received signal for the two-ray
model is

A
Tg_ray(t) = Re {E

where 79 = dp/c is the time delay of the LOS ray, ;1 = dj/c is the time delay of the ground reflection ray,
VGo = /G4,Gr, is the product of the transmit and receive antenna field radiation patterns in the LOS direction,
R is the ground reflection coefficient, and /G = , /G, Gy, is the product of the transmit and receive antenna
field radiation patterns corresponding to the ground reflection. The delay spread of the two-ray model equals the
difference between the delay of the LOS ray and that of the reflected ray: (d; — dp)/c.

If the transmitted signal is narrowband relative to the delay spread such that (71 —79 < B, !) thenu(t—71) ~
u(t — 79). With this approximation, the received power of the two-ray model for narrowband transmission is

(2.12)

d(] dl

VGou(t — To)e_jzﬁdo/k n RVGhu(t — 71)e_j27rd1/>\] ej27rfct} :

- d |

Figure 2.3: Two-ray model.

“This is a valid approximation for antennas located more than a few wavelengths from the ground.
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4 do dy

where A¢ = 27(dy — dy) /) is the phase difference between the two received signal components. Equation
(2.13) has been shown [15] to agree closely with empirical data. From the geometry of the two-ray model, d; =
(ht + hy)? + d? and dy = /(hy — hy)? + d?. Hence

(2.13)

dy —do = \/(he + hy)2 +d2 — \/(hs — hy)2 + d2. (2.14)

When d is very large compared to h; + h,, we can use a Taylor series approximation in (2.14) to get

2 4dmhih
Ag = Tﬂ (\/(ht+h7~)2+d2— \/(ht—hf)2+d2> ~ %. (2.15)
The ground reflection coefficient is given by [1, 16]
sinf — 7
S — 2.16
sinf + Z’ (2.16)
where
Ve, —cos? /e, for vertical polarization,
Z = , o 2.17)
Ve, —cos? 0 for horizontal polarization,

and ¢, is the dielectric constant of the ground. For earth or road surfaces this dielectric constant is approximately
that of a pure dielectric (for which ¢, is real with a value of about 15).

Since for asymptotically large d, d; ~ dg ~ d, G1 = Gy where we denote this approximate antenna gain as
(G, and 6 ~ 0 which by (2.16) then implies that R ~ —1. Substituting these approximations into (2.13) yields

/\\/_

P.~P
" 4rd

|1 — e 7892, (2.18)

Using the approximation for A¢ in (2.15) at large d we get the final approximation for received power at large
distance d as

2
MG | [4rnhih, VGhih,
iRl e [ Ad ] b | @19
or, in dB,

Thus, in the limit of asymptotically large d, the received power falls off inversely with the fourth power of d and is
independent of the wavelength A. This is in contrast to free-space propagation where power is inversely proportion
to d? and proportional to A\2. The received signal power becomes independent of A\ because directional antenna
arrays have a received power that does not necessarily decrease with A\, and combining the direct path and reflected
signal at the receiver effectively forms an antenna array.

A plot of (2.13) as a function of the transmit-receive separation distance d is shown in Figure 2.4 for f. = 900
MHz, R = —1, hy = 50 m, h, = 2 m, Gy = G; = 1, and received power normalized to O dB at a reference
distance of 1 m. This plot reflects the case where the transmit antenna height h; is much larger than the receiver
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Figure 2.4: Received power versus distance for two-ray model. The received power is normalized to 0 dB at a
reference distance d, = 1 m (so 10log(d/d,) = 0 dB for d = 1 m).

antenna height h,., as is typical in an urban cellular system where macrocell base stations are located on top of tall
buildings with mobile devices near street level. The plot can be separated into three segments. For small distances
(d < hy) the two rays add constructively as d increases from zero. The local maximum over this segment occurs
for d such that A¢ = 7in (2.15). At that distance the phases of the two multipath components are perfectly aligned
(Re72¢ = 1). With this phase alignment the path loss over this segment is roughly proportional to 1/(d? + h?)
since both multipath components travel roughly the same distance \/d? + h?. That is because, for h, << hy,

di = /d?+ (hy + h)2 = do = \/d? + (hy — h,)? = \/d? + h3. (2.21)

After this first local maximum and up to a certain critical distance d., the wave experiences constructive and
destructive interference of the two rays as A¢ changes with d, resulting in a wave pattern with a sequence of
maxima (when |A¢| is an odd integer multiple of 7) and minima (when |A¢| is an even integer multiple of ).
These maxima and minima are also referred to as multipath fading, discussed in more detail in the next chapter.
At the critical distance d., the final maximum is reached, after which the signal power falls off proportionally
with d—*. This rapid falloff with distance is due to the fact that, for d > d., the signal components only combine
destructively since A¢p — 0 as d — oo. Since the final maximum is achieved for d such that A¢ = =, an
approximation for d. can be obtained by setting A¢ = 7 in (2.15), obtaining

de = Ahsh, /). (2.22)

For the parameters used to generate Figure 2.4, d. = 1.2 Km (log;( d. = 3.08), which is also shown in the figure.

The power falloff with distance in the two-ray model can be approximated by averaging out its local maxima
and minima. This results in a piecewise linear model with three segments, which is also shown in Figure 2.4
slightly offset from the actual power falloff curve for illustration purposes. In the first segment, in order to get a
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constant power falloff we assume dy ~ d; = h?, leading to a power falloff proportional to 1/h? that is independent
of d; for distances between h; and d., power falls off at —20 dB/decade; and at distances greater than d., power
falls off at -40 dB/decade.

The critical distance d. is proportional to the transmit antenna height h; and to the carrier frequency f. = ¢/\.
Thus, for small cells and indoor systems where h; is ten meters or less, for f. on the order of 1 GHz, d.. is hundreds
of meters, as illustrated in Example 2.2. On the other hand, for millimeter wave systems where f. is tens of GHz,
d. typically well exceeds a kilometer. The value of d. can be used for system design. For example, if propagation
in a cellular system obeys the two-ray model then the critical distance would be a natural size for the cell radius,
since the path loss associated with interference outside the cell would be much larger than path loss for desired
signals inside the cell. However, setting the cell radius to d, could result in very large cells, as illustrated in Figure
2.4 and in the next example. Since smaller cells are more desirable — both to increase capacity and reduce transmit
power — cell radii are typically much smaller than d.. Thus, with a two-ray propagation model, power falloff within
these relatively small cells goes as distance squared. Moreover, propagation in cellular systems rarely follows a
two-ray model, since cancellation by reflected rays rarely occurs in all directions.

Example 2.2: Determine the critical distance for the two-ray model in an outdoor cell with hy = 10 m, h, =3 m
and in an indoor cell with h; = 3 m, h, = 2 m for f. = 2 GHz.

Solution: d. = 4hih, /X = 800 m for the outdoor cell and 160 m for the indoor cell. A cell radius of 800 m in
an outdoor cell is typical for a macrocell but a bit large for a small cell which today are on the order of 10-100 m
to maintain large capacity. However, for a macrocell with an 800 m radius under these system parameters, signal
power would fall off as d? inside the cell, while interference from neighboring cells would fall off as d* and thus
would be greatly reduced. Similarly, 160 m is quite large for the cell radius of an indoor system, as there would
typically be many walls the signal would have to penetrate for an indoor cell radius of that size. Hence an indoor
system would typically have a smaller cell radius: on the order of 10-20 m, the size of one room or a few adjacent
rooms in a typical building.

2.5 Path Loss Exponent Models

2.5.1 Single-Slope

The complexity of signal propagation makes it difficult to obtain a single model that characterizes path loss accu-
rately across a range of different environments and frequencies. Accurate path loss models can be obtained from
complex analytical models or empirical measurements when tight system specifications must be met or the best
locations for base stations or access-point layouts must be determined. However, for general trade-off analysis of
various system designs it is sometimes best to use a simple model that captures the essence of signal propagation
without resorting to complicated path loss models, which are only approximations to the real channel anyway.
The following single-slope model for path loss as a function of distance is a simple model that captures several
important propagation characteristics.

d Y
P.=PK [ﬂ , (2.23)
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Table 2.1: Typical path loss exponents

Environment + range
Urban macrocells 3.7-6.5
Urban microcells 2.7-3.5
Office building (same floor) 1.6-3.5
Office building (multiple floors) 2-6
Store 1.8-2.2
Factory 1.6-3.3
Home 3

where d, is a reference distance for the antenna far field,  is the path-loss exponent, and K is a unitless constant
equal to the path gain P, /P, at distance d = d,.. The dB attenuation is thus

P, (dBm) = P, (dBm) + K dB — 10vlog, (d/d,) , (2.24)

and the path loss consists of two terms, where all environment and antenna parameters are captured by the first
term, and the path loss due only to distance is captured by the second term:

PL (dB) = 1010g10 (Pt/PT) = —1010g10 K+ 10’7 loglo(d/dT). (225)

The values for K, d,, and v can be obtained to approximate either an analytical or empirical model. In
particular, the free-space path-loss model and some of the empirical models described in Section 2.7 are all of the
same form as (2.24). Because of antenna near field effects at transmit distances on the order of a signal wavelength,
the model (2.24) is generally valid only at transmission distances d > d,., where d, is typically assumed to be 1 m
for systems transmitting over distances greater than this nominal value.

When the single-slope model is used to approximate empirical measurements, the value of X' < 1 is some-
times set to the free-space path gain at distance d, assuming isotropic antennas:

and this assumption is supported by empirical data for free-space path loss at a transmission distance of 100 m [17].
Alternatively, K can be determined by measurement at d,. or optimized (alone or together with ) to minimize the
mean-square error (MSE) between the model and the empirical measurements [17]. The value of v depends on the
propagation environment: for propagation that approximately follows a free-space or two-ray model, 7y is set to 2 or
4 respectively. The value of « for more complex environments can be obtained via a minimum mean-square error
(MMSE) fit to empirical measurements, as illustrated in Example 2.3. Alternatively, v can be obtained from an
empirically based model that takes into account frequency and antenna height [17]. Table 2.6 summarizes values
of the path loss exponent ~y for different environments based on data from [11, 17, 18, 19, 20, 21, 52]. Empirical
measurements indicate that path loss exponents at higher frequencies tend to be higher [19, 23, 21, 22, 57, 59]
whereas path loss exponents at higher antenna heights tend to be lower [17, 57, 59]. The more complex empirical
models described below in Section 2.7, particularly the widely used 3GPP and WINNER II channel models [57,
59], have additional terms that explicitly capture the dependence of path loss on frequency and antenna height.
Note that the wide range of empirical path-loss exponents for indoor propagation may be due to attenuation caused
by floors, objects, and partitions (see Section 2.5.5).

Example 2.3: Consider the set of empirical measurements of P,/ P; given in Table 2.2 for an indoor system at 900
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MHz. Find the path loss exponent «y that minimizes the MSE between the single-slope model (2.24) and the empir-
ical dB power measurements, assuming that d, = 1 m and K is determined from the free-space path-gain formula
at this d,.. Find the received power at 150 m for the single-slope path loss model with this path loss exponent and a
transmit power of 1 mW (0 dBm). Note that, since the path loss model in dB is linear, minimizing the MSE of the
empirical data in dB (versus in linear units) relative to this model is a simple linear regression.

Solution: We first set up the MMSE error equation for the dB power measurements as

5

F('Y) = Z[Mmeasured(di) - Mmodel(di)]27
=1

where Myeasured(d;) is the path loss measurement in Table 2.2 at distance d; and where Mpogel(d;) = K —

10y1ogo(d;) is the path loss at d; based on (2.24) since d, = 1. Now using the free-space path gain formula
yields K = 20log;((.3333/(47)) = —31.53 dB. Thus

Table 2.2: path loss measurements

Distance from transmitter M = P,./P;
10m -70dB
20m -75dB

50 m -90dB

100 m -110dB
300 m -125dB

F(y) = (=70 + 31.53 4+ 107)? + (=75 + 31.53 + 13.017)?
+ (=90 + 31.53 + 16.997)% + (=110 + 31.53 + 20v)?
+ (—125 + 31.53 + 24.777)?
= 21682.50 — 11656.607 + 1571.477% (2.27)

Differentiating F'(y) relative to «y and setting it to zero yields

OF (v)
dy

— —11656.60 + 3142.94y = 0 = v = 3.71.

For the received power at 150 m under the single-slope path loss model with K = —31.53,y = 3.71,and P, =0
dBm, we have P, = P, + K — 10ylog;¢(d/d,) =0 — 31.53 — 10 - 3.711og;((150) = —112.26 dBm. Clearly
the measurements deviate from the single-slope path loss model; this variation can be attributed to shadow fading,
described in Section 2.7.

2.5.2 Multi-Slope

The multi-slope path loss model, which is piecewise linear in dB, generalizes the single-slope model by allowing
for different path loss exponents at different distances. Given this greater flexibility, the multi-slope model is
commonly used to analytically model empirical measurements. The multi-slope path loss model and a set of
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measurement data on which it would be based is illustrated in Figure 2.5 for dB attenuation versus log distance,
where the dots represent hypothetical measurements and the multi-slope model is the analytical approximation to
these measurements. A multi-slope model with N segments must specify N — 1 breakpoints dy,...,dy_1 as
well as the slopes corresponding to each segment sq,...,sy. The slope of the ith segment is s; = —10+; for
v; the path loss exponent on that segment. Different methods can be used to determine the number and location
of breakpoints to be used in modeling the empirical data. Once these are fixed, the slopes corresponding to each
segment can be obtained by linear regression on the data. The transition to a new slope might be instantaneous at a
given breakpoint distance or entail some smoothing. Multi-slope models capture the analytical two-ray propagation
model of Section 2.4. They also fit well to empirical measurements in propagation environments where the path
loss exponent increases with distance [52], where the LOS path loss differs from that of non-LOS path loss [98],
and in heterogeneous cellular networks where users may connect to a relatively distant macrocell base station while
experiencing interference from a nearby small cell [99].

A special case of the multi-slope model is the dual-slope model. The dual-slope model is characterized by a
constant path loss factor K and a path loss exponent y; above some reference distance d,- and up to some breakpoint
distance dpp, after which power falls off with path loss exponent ;. The dB path loss is thus given by:

Pt + K — 10’71 1Og10(d/d7')7 d7- S d S dBP,

(2.28)
P+ K —10m logm(dBP/dr) — 1072 loglo(d/dBp), d > dgp.

£(d) (dB) = {

The path loss exponents, K, and dpp are typically obtained via a regression fit to empirical data [17, 92]. The two-
ray model described in Section 2.4 for d > h; can be approximated by the dual-slope model, with the breakpoint
distance dgp = d, given by (2.22) and path loss exponents y; = 2 and 3 = 4. Many of the measurement-based
models described in Section 2.9 use the dual-slope model for path loss.
The transition between the multiple equations in the dual-slope model (2.28) can be smoothed by the following
model [34, 93]:
P.K

= Ty (2.29)

d 71 d (m—2)q 1/q
L(d)é(d_> <1+<@> ) : (2.30)

In this expression, ¢ is a parameter that determines the smoothness of the path loss at the transition region close to
the breakpoint distance dpp. This smoothing in this model can be extended to more than two regions [91].

where

2.6 Shadowing

A signal transmitted through a wireless channel will typically experience random variation due to blockage from
objects in the signal path, giving rise to random variations of the received power at a given distance. Such variations
are also caused by changes in reflecting surfaces and scattering objects. Thus, a model for the random attenuation
due to these effects is also needed. The location, size, and dielectric properties of the blocking objects — as well as
the changes in reflecting surfaces and scattering objects that cause the random attenuation — are generally unknown,
so statistical models must be used to characterize this attenuation.
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Figure 2.5: Multi-slope model for path loss.

The most common model for this additional attenuation is log-normal shadowing; under this model the dB
value of the random attenuation is Gauss-distributed. The log-normal shadowing model has been empirically con-
firmed to model accurately the variation in received power in both outdoor and indoor radio propagation environ-
ments (see, e.g., [17, 102]). In the log-normal shadowing model, the ratio of transmit-to-receive power ¢ = P,/ P,
is assumed to be random with a log-normal distribution given by

_ 2
£ _(1010g10¢ /‘%B) LY >0, (2.31)

= ——ex
V2701 g 205&13

where £ = 10/1n10, j1y,, is the mean of 1)gg = 10log;y ¢ in decibels, and oy, is the standard deviation of
14p (also in dB). The mean can be based on an analytical model or empirical measurements. For empirical mea-
surements /L, equals the empirical path loss, since average attenuation from shadowing is already incorporated
into the measurements. For analytical models, ji,,,, must incorporate both the path loss (e.g., from a free-space or
ray-tracing model) as well as average attenuation from blockage. Alternatively, path loss can be treated separately
from shadowing, as described in the next section.

A random variable with a log-normal distribution is called a log-normal random variable. Note that if
is log-normal then the received power and received SNR will also be log-normal, since these are just constant
multiples of . For received SNR the mean and standard deviation of this log-normal random variable are also in
decibels. For log-normal received power the random variable has units of power, so its mean and standard deviation
will be in dBm or dBW instead of dB. The mean of ¢ (the linear average path gain) can be obtained from (2.31) as

p()

2
Py | s
=E[y] = S 2.32
oy = E[Yp] = exp BT (2.32)
The conversion from the linear mean (in dB) to the log mean (in dB) is derived from (2.32) as
2
Tpgp
101logyg pyy = fapgs + . (2.33)

26
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Performance in log-normal shadowing is typically parameterized by the log mean iy, , which is referred to
as the average dB path loss and is given in units of dB. We can compute the distribution of the dB value of 1,
g = 101log; ¢ from the distribution of ¢/ given in (2.31). This computation reveals that ¢4p is Gauss-distributed
with mean 1, and standard deviation oqg:

p(ap) =

2
(¢dB - IUdeB) ] ‘ (2.34)

1
———exp | — 5
vV 27TO'¢dB [ 20-de
The log-normal distribution of ¢ or, equivalently, the Gaussian distribution of ¢4p is defined by two parameters:

My and oy, Given that 1)gg is based on the ratio of transmit and receive powers, it can be expressed as a
difference of these powers in either dBW or dBm, as follows:

Yag = 10log,o(P,/P,) = P, dBW — P, dBW = P, dBm — P, dBm. (2.35)

Since 14 is Gauss-distributed, by (2.35) and properties of Gaussian random variables we have that F,, dBW is
also Gauss-distributed with mean P; dBW — f1,,,, and standard deviation oqg, i.€. the same standard deviation as
tgp. Similarly, P. dBm is Gauss-distributed with mean P; dBm — 1, and standard deviation oyqg.

The log-normal distribution is an imperfect approximation to the effect of shadowing because it has a non-zero
probability that the received power exceeds the transmit power, which violates the laws of physics. In particular,
since the transmit power should always exceed the received power, ¢ = P,/ P, should always be greater than unity.
Thus shadowing models set jiy,,, to be greater than zero. Note, however, that the log-normal distribution (2.31)
takes values for 0 < ¢ < oo. Hence, for ¢y < 1 we have P, > P;, which is physically impossible. However, this
probability will be very small when i, is large and positive. Thus, the log-normal model captures the underlying
physical model for shadowing most accurately when fi,,,, > 0.

If the mean and standard deviation for the shadowing model are based on empirical measurements, then the
question arises as to whether they should be obtained by taking averages of the linear or rather the dB values of the
empirical measurements. In other words, given empirical (linear) path loss measurements {p; } f\il, should the mean
path loss be determined as ., = (1/N) Zf\il Pi O as fLy,, = (1/N) Zf\il 101og;opi? A similar question arises
for computing the empirical variance. In practice it is more common to determine mean path loss and variance
based on averaging the dB values of the empirical measurements for several reasons. First, as we shall see, the
mathematical justification for the log-normal model is based on dB measurements. In addition, the literature
shows that obtaining empirical averages based on dB path loss measurements leads to a better approximation for
the physical channel being modeled [103]. Finally, as we saw in Section 2.5.4, power falloff with distance models
are often obtained by a piecewise linear approximation to empirical measurements of dB power versus the log of
distance [11].

Most empirical studies for outdoor channels support a standard deviation o, ranging from 4 dB to 13 dB
[1, 34, 104, 105, 106]. Larger deviations are associated with environments that contain a high density of blocking
objects such as buildings and foliage outdoors, or walls and furniture indoors. Moreover, since attenuation by ob-
jects is more severe and more variable at high frequencies, and there is more variance in the number of attenuating
objects at large distances, oy, generally increases with both frequency and distance [72].The mean power i,
depends on the path loss and building properties in the area under consideration. The mean power (i, varies with
distance; this is due to path loss and to the fact that average attenuation from objects increases with distance owing
to the potential for a larger number of attenuating objects.

The Gaussian model for the distribution of the mean received signal in dB can be justified by the following
attenuation model when shadowing is dominated by the attenuation from blocking objects. The attenuation of a
signal as it travels through an object of depth d is approximately equal to

s(d) = ce™ 4, (2.36)

41



where « is an attenuation constant that depends on the object’s interior materials and associated dielectric properties
while cis a fixed attenuation constant that doesn’t depend on the object’s depth (e.g. the penetration loss the signal
experiences in entering and exiting the object). If we assume that « is approximately equal for all blocking objects
and that the ¢th blocking object has a random depth d;, then the attenuation of a signal as it propagates through this
region is

s(dy) = ce™*¥i% = cem U, 2.37)

where d; = ), d; is the sum of the random object depths through which the signal travels. If there are many
objects between the transmitter and receiver, then by the central limit theorem we can approximate d; by a Gaussian
random variable. Thus, In s(d;) = —ad; will have a Gaussian distribution with mean p and standard deviation o.
The value of o will depend on the environment.

Example 2.4: In Example 2.3 we found that the exponent for the single-slope path loss model that best fits the
measurements in Table 2.2 was v = 3.71. Assuming the single-slope path loss model with this exponent, d, = 1m,
and the same K = —31.53 dB, find aidB, the variance of log-normal shadowing about the mean path loss based
on these empirical measurements.

Solution:
The sample variance relative to the simplified path loss model with v = 3.71 is

5
1
0-772[)(13 = 5 Z[Mmeasured(di) - Mmodel(di)]za
=1

where Mmeasured(d; ) 1s the path loss measurement in Table 2.2 at distance d; and Myodel(d;) = K —37.11log;y(d;)since
d, = 1m. This yields

1
Ot = 5[(—70 +31.53 +37.1)% 4+ (—75 + 31.53 + 48.27)?

+ (=90 + 31.53 + 63.03)% + (—110 + 31.53 + 74.2)?
+ (=125 4+ 31.53 4+ 91.90)]
= 13.28.

Thus, the standard deviation of shadow fading on this path is oy, = 3.64 dB. Note that the bracketed term in the
displayed expression equals the MMSE formula (2.27) from Example 2.3 with v = 3.71.

Extensive measurements have been taken to characterize the empirical autocorrelation function of the shadow
fading process over distance for different environments at different frequencies (see e.g. [105, 107, 108, 109,
110]). The most common analytical model for this function, first proposed by Gudmundson [105] and based
on empirical measurements, assumes that the shadowing ¢ (d) is a first-order autoregressive process where the
covariance between shadow fading at two points separated by distance ¢ is characterized by
6/D

A(6) = El(Yan(d) — jrug ) (Lan(d + 8) — juy)] = 73,015 (2.38)
where pp is the normalized covariance between two points separated by a fixed distance D. This covariance
must be obtained empirically, and it varies with the propagation environment and carrier frequency. Measurements
indicate that for suburban macrocells with f. = 900 MHz, pp = 0.82 for D = 100 m and for urban microcells
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with f. =2 GHz, pp = 0.3 for D = 10 m [105, 109]. This model can be simplified and its empirical dependence
removed by setting pp = 1/e for distance D = X, which yields

A(0) = o} e X, (2.39)

The decorrelation distance X in this model is the distance at which the signal autocovariance equals 1/e of its
maximum value and is on the order of the size of the blocking objects or clusters of these objects. For outdoor
systems, X typically ranges from 50 m to 100 m [108, 109]. For users moving at velocity v, the shadowing decor-
relation in time 7 is obtained by substituting v7 = § in (2.38) or (2.39). For a linear array of antennas, discussed
in Chapter 10, shadowing can vary with the angle between the array and the signal’s LOS path. Autocorrelation
relative to this angle has been investigated in [107, 109].

The first-order autoregressive correlation model (2.38) and its simplified form (2.39) are easy to analyze and
to simulate. Specifically, one can simulate ¢4 by first generating a white Gaussian noise process with power

aidB and then passing it through a first-order filter with response péD/D for a covariance characterized by (2.38)
or response e ~9/Xe for a covariance characterized by (2.39). The filter output will produce a shadowing random

process with the desired correlation properties [105, 106].

2.7 Combined Path Loss and Shadowing

Models for path loss and shadowing can be combined to capture power falloff versus distance along with the
random attenuation about this path loss from shadowing. In this combined model, average dB path loss (1t ) is
characterized by the path loss model while shadow fading, with a mean of 0 dB, creates variations about this path
loss, as illustrated by the path loss and shadowing curve in Figure 2.1. Specifically, this curve plots the combination
of the single-slope path loss model (2.23) and the log-normal shadowing random process defined by (2.34) and
(2.39).

2.7.1 Single-Slope Path Loss with Log-Normal Shadowing

For the combined model of single-slope path loss (2.24) and log-normal shadowing (2.33), the ratio of received to
transmitted power in dB is given by

by
t

where 14p is a Gauss-distributed random variable with variance aidB. The mean of 4 is assumed to be zero when
the term 10 log;, K captures average shadowing. When this is not the case, for example when K is calculated from
the free-space path gain formula at d = d,., then the mean of g is positive and equal to the average shadowing
loss over all distances. In (2.40), and as shown in Figure 2.1, the path loss increases linearly relative to log,, d/d,
with a slope of —10y dB/decade, where -y is the path loss exponent. The variations due to shadowing change more
rapidly, on the order of the decorrelation distance X..

Examples 2.3 and 2.4 illustrated the combined model for single-slope path loss and log-normal shadow-
ing based on the measurements in Table 2.2, where path loss obeys the single-slope path loss model with K =
—31.53 dB and path loss exponent v = 3.71 and where shadowing obeys the log-normal model with mean given
by the path loss model and standard deviation oy, = 3.65 dB.
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2.7.2 Outage Probability

The combined effects of path loss and shadowing have important implications for wireless system design. In
wireless systems there is typically a target minimum received power level Py, or, equivalently, a minimum SNR
SNRpin = Puin/(NoB) below which performance becomes unacceptable (e.g., the caller’s voice on a cell phone
is unintelligible). However, with shadowing the received power at any given distance from the transmitter is log-
normally distributed with some probability of falling below Ppi,. We define outage probability Pyy( Prin, d) to be
the probability that the received power at a given distance d, P,(d), falls below Ppin: Pout(Pmin, d) = p(Py(d) <
Phin)- For the combined path loss and shadowing model of Section 2.8 this becomes

Phin — (P 101 K —10~1 .
p(Po(d) < Pon) = 1 — @( (P; + 10logy K — 10y logyg(d/d >>> |

Otap

where the (Q-function is defined as the probability that a Gaussian random variable X with mean 0 and variance 1
is greater than z:

(2.41)

1

2 A2

The conversion between the ()-function and complementary error function is

Q) 2p(X >2) = e 2y, (2.42)

Q(z) = % erfe (%) . (2.43)

We will omit the arguments P, and d of Py, when the context is clear or in generic references to outage proba-
bility.

Example 2.5: Find the outage probability at 150 m for a channel based on the single-slope path loss and shadowing
models of Examples 2.3 and 2.4, assuming a transmit power of P, = 10 mW and minimum power requirement of
Ppin = —110.5 dBm.

Solution: We have P, = 10 mW = 10 dBm. Hence,

Pou(—110.5 dBm, 150 m)
= p(P,(150m) < —110.5 dBm)
_1.Q (Pmin — (P, +10logy g K — 10710g10(d/d7«))>
Oan

_1.g —110.5 — (10 — 31.53 — 37.11og;((150))
- 3.65

= 0.0120.

An outage probability of 1% is a typical target in wireless system designs.

2.7.3 Cell Coverage Area and Percentage

The coverage area of a given cell in a cellular system is defined as the area of locations within the cell where the
received power is above a given minimum. Consider a base station inside a circular cell of a given radius R. All
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Figure 2.6: Contours of constant received power.

mobiles within the cell require some minimum received SNR for acceptable performance. Assuming a given model
for noise, the SNR requirement translates to a minimum received power P, throughout the cell. The transmit
power at the base station is designed for an average received power at the cell boundary of P, averaged over the
shadowing variations. In the absence of shadowing, the coverage area of this system is 7 R? since all locations
have received power above the required minimum. However, shadowing will cause some locations within the cell
to have received power below P g, and others will have received power exceeding P . This is illustrated in Figure
2.6, where we show contours of constant received power based on a fixed transmit power at the base station for
path loss and average shadowing and for path loss and random shadowing. For path loss and average shadowing,
constant power contours form a circle around the base station because combined path loss and average shadowing
is the same at a uniform distance from the base station. For path loss and random shadowing, the contours form an
amoeba-like shape due to the random shadowing variations about the average.

The constant power contours for combined path loss and random shadowing indicate the challenge that shad-
owing poses in cellular system design. Specifically, it is not possible for all users at the cell boundary to receive the
same power level. Thus, either the base station must transmit extra power to ensure users affected by shadowing
receive their minimum required power P, which causes excessive interference to neighboring cells, or some
users within the cell will find their minimum received power requirement unmet. In fact, since the Gaussian distri-
bution has infinite tails, under this model any mobile in the cell has a nonzero probability of experiencing received
power below its required minimum, even if the mobile is close to the base station. The model matches propagation
scenarios in practice since a mobile may be in a tunnel or blocked by a large building, regardless of its proximity
to the base station.

The cell coverage percentage is defined as the expected percentage of locations within a cell where received
power exceeds Ppin. The cell coverage percentage under path loss and shadowing, also referred to as the fraction
of useful service area, was derived by Reudink in [1, Chapter 2.5.3] as follows. The percentage of area within a cell
where the received power exceeds the minimum required power P, is obtained by taking an incremental area d A
at radius r from the base station in the cell, as shown in Figure 2.6. Let P, (r) be the received power in dA from
combined path loss and shadowing. Then the total area within the cell where the minimum power requirement is
exceeded is obtained by integrating over all incremental areas where this minimum is exceeded:
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1

—E|—
¢ [sz

/ 1[Po(r) > PoinindA] dA
cell area

1

= — / | E[U[P(r) > Poinin dA] dA, (2.44)

where 1[-] denotes the indicator function. Define P4(r) = p(P,(r) > Pnin) in dA. Then P4(r) = E[1[P(r) >
Phin in dA]]. Making this substitution in (2.44) and using polar coordinates for the integration yields

1

— P2
TR cell area

1 2 rR
Py(r)dA = R, /0 Pa(r)r drdf. (2.45)

The outage probability within the cell is defined as the percentage of area within the cell that does not meet its
minimum power requirement Pyy,; that is, PSSl = 1 — C. Given the log-normal distribution for the shadowing,
we have

Prin — (P + 101og; o K — 10v1logyo(r/d
PA=p<Pr<r>2pmm>:Q< (P gfw Y loguo(r/ 0))>
dB

- 1 - Pout(Pmina T)a (246)

where P,y is the outage probability defined in (2.41) with d = r. Locations within the cell with received power
below P, are said to be outage locations.
Combining (2.45) and (2.46) yields>

2 R r
C= ﬁ/o rQ (a +bIn E> dr, (2.47)
where
Prin — P, 101
o= (R)’ b— Oy 0g10(e)’ (2.48)
O Ovag

and Pr = P, +101log;y K —107v1og;o(R/dyp) is the received power at the cell boundary (distance R from the base
station) due to path loss alone. Applying integration by parts to solve this integral yields a closed-form solution for
C in terms of a and b:

C=Q(a)+ exp [2 _bfab] Q (2 —bab> ) (2.49)

If the target minimum received power equals the average power at the cell boundary, Py, = P,(R), thena = 0
and the cell coverage percentage simplifies to

1 2 2
C= 2 + exp [b_2] Q (Z) . (2.50)

SRecall that (2.46) is generally valid only for > do, yet to simplify the analysis we have applied the model for all 7. This approximation
will have little impact on cell coverage percentage, since do is typically very small compared to R and the outage probability for r < dy is
negligible.
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Note that with this simplification C' depends only on the ratio /oy,,. Moreover, owing to the symmetry of the

Gaussian distribution, under this assumption the outage probability at the cell boundary Py (P, (R), R) = 0.5.

Example 2.6: Find the cell coverage percentage for a cell with the combined path loss and shadowing models of
Examples 2.3 and 2.4, a cell radius of 600 m, a base station transmit power of P, = 100 mW = 20dBm, and a
minimum received power requirement of P, = —110dBm and also one of Py, = —120dBm.

Solution: We first consider Pp;, = —110 and check if ¢ = 0 to see whether we should use the full formula (2.49)
or the simplified formula (2.50). We have P,.(R) = P, + K — 10ylog;(600) = 20 — 31.53 — 37.1 log;,(600) =
—114.6 dBm # —110 dBm, so we use (2.49). Evaluating a and b from (2.48) yields a = (—110 + 114.6)/3.65 =
1.26 and b = (37.1-0.434)/3.65 = 4.41. Substituting these into (2.49) yields

O = Q(1.26) + exp 2 —2(1.26-4.41)] (2 - (1.26)(4.41)> _ 5.

4.412 4.41
which would be a very low cell coverage percentage value for an operational cellular system (lots of unhappy
customers). Now considering the less stringent received power requirement P, = —120dBm yields a =

(=120 + 114.6)/3.65 = —1.479 and the same b = 4.41. Substituting these values into (2.49) yields C' = .988, a
much more acceptable value for cell coverage percentage.

Example 2.7: Consider a cellular system designed so that Ppi, = P,.(R). That is, the received power due to path
loss and average shadowing at the cell boundary equals the minimum received power required for acceptable per-
formance. Find the cell coverage percentage for path loss values v = 2,4, 6 and oy, = 4, 8,12, and explain how
cell coverage percentage changes as v and o, increase.

Solution: For Ppi, = P.(R) we have a = 0, so cell coverage percentage is given by the formula (2.50). The cell
coverage percentage thus depends only on the value for b = 107 logy(e)/0y,,, Which in turm depends only on
the ratio y/oy,,. Table 2.3 contains cell coverage percentage evaluated from (2.50) for the different v and oy,
values.

Table 2.3: cell coverage percentage for different v and o,

v | 0yy=4dB | 4, =8 dB | 04,,=12 dB
2 77 67 63
4 85 77 71
6 90 83 77

Not surprisingly, for fixed - the cell coverage percentage increases as oy, decreases; this is because a smaller
045 Means less variation about the mean path loss. Without shadowing we have 100% cell coverage percentage
(since Puin = P,.(R)) and so we expect that, as o4y decreases to zero, cell coverage percentage increases to
100%. It is a bit more puzzling that for a fixed oy, the cell coverage percentage increases as -y increases, since a
larger v implies that received signal power falls off more quickly. But recall that we have set Py, = P,(R), so the
faster power falloff is already taken into account (i.e., we need to transmit at much higher power with v = 6 than
with v = 2 for this equality to hold). The reason cell coverage percentage increases with path loss exponent under
this assumption is that, as v increases, the transmit power must increase to satisfy Ppi, = P,(R). This results in
higher average power throughout the cell, yielding a higher percentage of locations in the cell that have the desired
minimum power.
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2.8 General Ray Tracing

In a typical urban or indoor environment, a radio signal transmitted from a fixed source will encounter multiple
objects in the environment, as shown in Figure 2.7. These objects produce reflected, diffracted, or scattered copies
of the transmitted signal, which are not captured by the free-space and two-ray models discussed earlier. These
additional copies of the transmitted signal, known as multipath components, can be attenuated in power, delayed
in time, and shifted in phase and/or frequency with respect to the LOS signal path at the receiver. The transmitted
signal and its multipath components are summed together at the receiver, which can produce rapid fluctuations in
received signal power due to constructive and destructive combining of the components. This multipath fading was
also exhibited in the two-ray model. If the arriving signal components have delay differences that exceed a symbol
time, this leads to distortion in the received signal relative to the transmitted signal.

AN

Figure 2.7: Reflected, diffracted, and scattered wave components.

In ray tracing we assume a finite number of reflectors with known location and dielectric properties. The
details of the multipath propagation can then be solved using Maxwell’s equations with appropriate boundary
conditions. However, the computational complexity of this solution makes it impractical as a general modeling
tool. Ray-tracing techniques approximate the propagation of electromagnetic waves by representing the wavefronts
as simple particles. Thus, the effects of reflection, diffraction, and scattering on the wavefront are approximated
using simple geometric equations instead of Maxwell’s more complex wave equations. The error of the ray-
tracing approximation is smallest when the receiver is many wavelengths from the nearest scatterer and when all
the scatterers are large relative to a wavelength and fairly smooth. Comparison of the ray-tracing method with
certain empirical data sets shows that it can accurately model received signal power in rural areas [24], along city
streets when both the transmitter and receiver are close to the ground [24, 26, 27], and in indoor environments with
appropriately adjusted diffraction coefficients [28].

If the transmitter, receiver, and reflectors are all immobile, then the characteristics of the multiple received
signal paths are fixed. However, if the transmitter or receiver are moving then the characteristics of the multiple
paths vary with time. These time variations are deterministic when the number, location, and characteristics of the
reflectors are known over time. Otherwise, statistical models must be used. Similarly, if the number of reflectors
is large, or if the reflector surfaces are not smooth such that each reflector generates many signal paths, then we
must use statistical approximations to characterize the received signal. We will discuss statistical fading models
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for propagation effects in Chapter 3. Hybrid models, which combine ray tracing and statistical fading, can also be
found in the literature [29, 30]; however, we will not describe them here.

The most general ray tracing model includes all attenuated, diffracted, and scattered multipath components.
This model uses all of the geometrical and dielectric properties of the objects surrounding the transmitter and
receiver [37, 38, 39, 31]. Since this information is site-specific, general ray tracing methods are not used to
obtain general theories about system performance and layout but rather for modeling propagation for a given
transmit-receive configuration in a given environment. General ray tracing uses geometrical optics to trace the
propagation of the LOS and reflected signal components as well as signal components from object diffraction
and diffuse scattering. There is no limit to the number of multipath components at a given receiver location: the
strength of each component is derived explicitly based on the locations and dielectric properties of the objects
that generate them. In general, the LOS and reflected paths provide the dominant components of the received
signal, since diffraction and scattering losses are high. However, in regions close to scattering or diffracting
surfaces these other multipath components may dominate, especially if the LOS and reflected rays are blocked.
Open source and commercial software for ray tracing has been developed for propagation modeling in both indoor
and outdoor environments. In some of these programs, computer graphics are combined with aerial photographs
(outdoor channels) or architectural drawings (indoor channels) to obtain a three-dimensional geometric picture of
the environment.

The following section describes a ray tracing model capturing reflected rays only, including the commonly-
used 6-ray and 10-ray models for a signal propagating along a straight street or hallway. We then present ray tracing
models for signals that are reflected as well as diffracted and scattered. We also define the important parameter of
local mean received power associated with these ray tracing models.

2.8.1 Multi-Ray Reflections

Most wireless channels have more than just the single reflected ray captured in the two-ray model described in
Section 2.4. The multi-ray reflection model, developed in [25, 26], is a generalization of the two-ray model based
on a propagation environment called a dielectric “canyon.” This model captures all rays that experience one or
more reflections on the path between the transmitter and receiver up to a certain maximum number of reflections.

In an outdoor setting, a dielectric canyon approximates propagation in a city with rectilinear streets® with
buildings along both sides of the street as well as transmitter and receiver antenna heights that are close to street
level. Theoretically, an infinite number of rays can be reflected off the building fronts to arrive at the receiver;
in addition, rays may also be back-reflected from buildings behind the transmitter or receiver. However, since
some of the signal energy is dissipated with each reflection, signal paths corresponding to more than two or three
reflections can generally be ignored. When the street layout is relatively straight, back reflections are usually
negligible also. Experimental data show that the dielectric canyon model of ten rays closely approximates signal
propagation through cities with a rectilinear street layout [26]. The ten-ray model incorporates the LoS path as well
as all nine paths with one, two, or three reflections: specifically, there is the ground-reflected, single-wall reflected,
double-wall reflected, triple-wall reflected, wall-ground reflected, and ground-wall reflected paths. There are two
of each type of wall-reflected path, one for each side of the street. An overhead view of the ten-ray model is shown
in Figure 2.8. A simpler model, the six-ray model, includes a subset of these ten rays: the LOS, ground reflection,
two single-wall reflections, and two double-wall reflections.

For the ten-ray model, the received signal is given by

9 _iond;
A ZRM/@U@—TDG §2ndi/ A 2l

Am d;

7”10-ray(7§) = Re (2.51)

=0

®A rectilinear city is flat and has linear streets that intersect at 90° angles, as in midtown Manhattan.
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Figure 2.8: Overhead view of the ten-ray model. Includes the line-of-sight (LOS), ground-reflected (GR), two
single-wall (SW) reflected, two double-wall (DW) reflected, two triple-wall (T'W) reflected, wall-ground (W G)
reflected, and ground-wall (GW) reflected rays

where d; denotes the total distance traveled by the ith ray, 7; = d;/c, and G; is the product of the transmit and
receive antenna power gains corresponding to the ¢th ray. The first two terms in the summation of (2.51) correspond
to the LoS and ground reflected path in the two-ray model (2.12), hence Ry = 1 since there is no reflection of
the LoS path. For the ith reflection path, ¢ > 0, the coefficient R; is either a single reflection coefficient given by
(2.16) or, if the path corresponds to multiple reflections, the product of the reflection coefficients corresponding
to each reflection. The dielectric constants used in (2.51) are approximately the same as the ground dielectric, so
er = 15 1s used for all the calculations of ;. The delay spread of the 10-ray and 6-ray models equals the difference
between the delay of the LOS ray and that of the reflected ray with the largest delay: max; 7; — 9.

If we again assume a narrowband model such that u(t — 79) ~ u(t — 7;) for all ¢, then the received power

corresponding to (2.51) is
2

A% | Riv/Gie 929
P. =P, [E] ;d— , (2.52)

where A¢; = 27(d; — dg) /.

Power falloff with distance in both the ten-ray model (2.52) and urban empirical data [15, 32, 33] for transmit
antennas both above and below the building skyline is typically proportional to d~2, even at relatively large dis-
tances. Moreover, the falloff exponent is relatively insensitive to the transmitter height. This falloff with distance
squared is due to the dominance of the multipath rays, which decay as d~2, over the combination of the LOS and
ground-reflected rays (two-ray model), which decays as d—*. Other empirical studies [34, 35, 36] have obtained
power falloff with distance proportional to d~7, where ~y lies anywhere between 2 and 6.

2.8.2 Diffraction

The propagation model for the LOS and reflected paths was outlined in the previous section. Diffraction allows
a radio signal to “bend around” an object in its path to the receiver, as shown in Figure 2.9 for a wedge-shaped
object. This bending phenomenon can be explained using Huygen’s principle, which states that all points on
the signal wavefront can be considered as point sources for a secondary wavefront called a wavelet. When a
signal is diffracted, these wavelets combine together to produce a wavefront in the new direction of propagation
caused by the bending [29, Chapter 4.3]. Diffraction results from many phenomena, including hilly or irregular
terrain, building and rooftop edges, or obstructions blocking the LOS path between the transmitter and receiver
[2, 11, 16]. Diffraction can be accurately characterized using the geometrical theory of diffraction (GTD) [40], but
the complexity of this approach has precluded its use in wireless channel modeling. Wedge diffraction simplifies
the GTD by assuming the diffracting object is a wedge rather than a more general shape. This model has been
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used to characterize the mechanism by which signals are diffracted around street corners, which can result in
signal attenuation exceeding 100 dB for some incident angles on the wedge [28, 39, 41, 42]. Although wedge
diffraction simplifies the GTD, it still requires a numerical solution for the resulting attenuation [40, 43] and thus
is not commonly used. Diffraction is most commonly modeled by the Fresnel knife-edge diffraction model because
of its simplicity. The geometry of this model is shown in Figure 2.9, where the diffracting object is assumed to be
asymptotically thin, which is not generally the case for hills, rough terrain, or wedge diffractors. In particular, this
model does not consider diffractor parameters such as polarization, conductivity, and surface roughness, which can
lead to inaccuracies [41].

Transmitter @ ---ceeeeeeeeo A . Recei
ecelver

Figure 2.9: Knife-edge diffraction.

The diffracted signal of Figure 2.9 travels a distance d* + d*, resulting in a phase shift of ¢ = 27(d* 4+ d*)/\.
For a LOS path of distance d, the geometry of Figure 2.9 indicates that, for & small relative to d* and d*, the signal
must travel an additional distance relative to the LOS path of approximately

h%(d* + d*)
Ad=d"+d"—d~ ———;
" 2ddr
the corresponding phase shift relative to the LOS path is approximately
2rAd 7w
Ap = ~ —v? 2.53
¢ \ R (2.53)
where
2(d* + d*)
=h\ ———— 2.54
! A d* 29

is called the Fresnel-Kirchhoff diffraction parameter. The path loss of a signal at distance d* + d* experiencing
knife-edge diffraction at distance d* is generally a function of v. However, computing this path loss is fairly
complex, requiring the use of Huygens’s principle, Fresnel zones, and the complex Fresnel integral [2]. Moreover,
the resulting diffraction loss cannot generally be found in closed form. Approximations for the additional path loss
due to knife-edge diffraction relative to free-space path loss (in dB) as a function of v in (2.54) are given in [16, 44]
as

0, v < —1,
201og;o[.5 — .620], -0.8<v <0,
L(v)dB = < 20log;o[.5e%%"], 0<wv<l, (2.55)
20log;o[-4 — /1184 — (.38 — .1v)?], 1< v <24,
201og;o[.225/v], v>2.4.
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The knife-edge diffraction received signal model is obtained by adding this loss to the free-space path loss of
(2.11), yielding the following formula for the received diffracted signal:

_ —j2m(d*+d*) /A )
’I"(t) _ Re{ A [L(U)\/CTdu(t 7_)6 J ] ey27rfct}’ (256)

e d* + d*

where /G is the antenna gain and 7 = (d* + d*)/c is the delay associated with the defracted ray.

In addition to diffracted rays, there may also be rays that are diffracted multiple times, or rays that are both
reflected and diffracted. Models exist for including all possible permutations of reflection and diffraction [45];
however, the attenuation of the corresponding signal components is generally so large that these components are
negligible relative to the noise. Diffraction models can also be specialized to a particular environment or frequency
band. For example, a model for diffraction from rooftops and buildings in cellular systems was developed by
Walfisch and Bertoni in [46]. This rooftop diffraction model was extended to multi-antenna base stations in [47],
where it produced a “keyhole” phenomenon that reduced the effective spatial dimensions of the channel. Two-
dimensional diffraction models for urban small cells, where signals propagate below rooftop levels, is developed
in [48]. Application of knife-edge and more general diffraction models to millimeter wave propagation is discussed
in [49, 50].

2.8.3 Scattering

Transmitter @

@ Receiver

Figure 2.10: Scattering.

A scattered ray, shown in Figure 2.10 by the segments s, and sg, has a path loss proportional to the product
of s, and sg. This multiplicative dependence is due to the additional spreading loss that the ray experiences after
scattering. The received signal due to a scattered ray is given by the bistatic radar equation [51]:

_ e a2n(s*+s) /A
r(t) = Re {% VGsou(t —T1)e ] ey%fct} ’
T

v (2.57)
where 7 = (s* + s*)/c is the delay associated with the scattered ray; o (in square meters) is the radar cross-section
of the scattering object, which depends on the roughness, size, and shape of the scatterer; and G is the antenna
power gain. The model assumes that the signal propagates from the transmitter to the scatterer based on free-space
propagation and is then re-radiated by the scatterer with transmit power equal to o times the received power at the
scatterer. From (2.57), the path loss associated with scattering is
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PT dBm = Pt dBm + 10 10g10(Gs) + 20 loglo(/\) + 10 loglo(U)
—30log(4m) — 20log;o(s*) — 201og;o(s*). (2.58)

Empirical values of 10 log;, o were determined in [52] for different buildings in several cities. Results from this
study indicate that 10 log;, o in dBm? ranges from —4.5 dBm? to 55.7 dBm?, where dBm? denotes the dB value
of the 0 measurement with respect to one square meter.

2.8.4 Multipath Model with Reflection, Diffraction, and Scattering

The received signal is determined from the superposition of all the components due to the multiple rays. Thus, if
we have a LOS ray, NV, reflected rays, V4 diffracted rays, and IV, scattered rays, the total received signal is

—j2mdo /X Ny RZ Gz t— : —j2nd; /A
Fiotal(t) = Re {477[\/ ou(t)e +Z VGiu(t — 7)e

do i=1 di
Ny —j2m(dE+d*) /A
Lj( Gg.u(t—T))e 3T
- Z — (2.59)
75

n Z skO'k’LL (t —7i)e” 32”(3k+3k)/>‘] ejzwfct}
VATS) S); ’

where 7; and 7, are, respectively, the time delays of the given diffracted and scattered rays, (da;,dg,;) and
(Says S8,) are, respectively, the distance pair the signal travels before and after the object causing the diffrac-
tion or scattering, and the other parameters are as defined in the model (2.51) with the LoS and reflections only.
The received power P, of r1 () and the corresponding path loss P,/ P; are then obtained from (2.59). The delay
spread of this model equals the difference between the delay of the LOS ray and that of the reflected, diffracted, or
scattered ray that has the largest delay.

Any of these multipath components may have an additional attenuation factor if its propagation path is blocked
by objects such as buildings outdoors or walls indoors. In this case, the attenuation factor of the obstructing object
multiplies the component’s path loss term in (2.59). This attenuation loss will vary widely, depending on the
material and depth of the object [11, 53]. Models for random loss due to attenuation are described in Section 2.6.

2.8.5 Multi-Antenna and MIMO Systems

The ray tracing techniques described in Sections 2.8.1- 2.8.4 assume single antennas at the transmitter and receiver.
The same ray tracing techniques can be used for systems with multiple antennas at the transmitter and/or receiver by
superposition, whereby the single-antenna analysis is applied to each transmit-receive antenna pair and the results
are summed together. When both the transmitter and receiver have multiple antennas, the system is called multiple-
input multiple output (MIMO) system. While the application of ray tracing to MIMO systems is straightforward,
the computational complexity of this approach grows linearly with the product of the number of transmit and
receive antennas. As a result, ray tracing approximations to lower this complexity have been developed, including
clustering of rays [54] and preprocessing environmental data [56]. A summary of ray tracing methods for MIMO
systems can be found in [55].
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2.8.6 Local Mean Received Power

The path loss computed from all ray-tracing models is associated with a fixed transmitter and receiver location. In
addition, ray tracing can be used to compute the local mean received power P, in the vicinity of a given receiver
location by adding the squared magnitude of all the received rays. This has the effect of averaging out local spatial
variations due to phase changes around the given location. Local mean received power is a good indicator of link
quality and is often used in cellular system functions like power control and handoff [83].

2.9 Measurement-Based Propagation Models

Most mobile communication systems operate in complex propagation environments that cannot be accurately
modeled by free-space path loss or ray tracing. A number of analytical path loss models have been developed over
the years by researchers as well as standards bodies to model path loss in typical wireless environments including
urban macrocells and small cells, suburban areas, rural areas, and inside buildings with different characteristics
[11,57,59, 74, 17]. These models are generally based on large empirical measurement campaigns that can range
over a variety of distances, frequency ranges, geographical regions for outdoor models, and building types for
indoor models. These analytical models have the highest accuracy when they are applied to propagation conditions
similar to those under which the empirical measurements that the models are based on were made. In this section
we describe the most common analytical path loss models based on empirical measurements for both indoor and
outdoor systems.

Analytical models characterize P,/P; as a function of distance, so path loss is well-defined. In contrast,
empirical measurements of P, /P, as a function of distance include the effects of path loss, shadowing, multipath,
and other site-specific factors that affect propagation. In order to remove multipath effects, empirical measurements
for path loss typically average their received power measurements and the corresponding path loss at a given
distance over several wavelengths. This average path loss is called the local mean attenuation (LMA) at distance
d, and it generally decreases with d owing to free-space path loss and signal obstructions. The LMA in a given
environment, such as a city, depends on the specific location of the transmitter and receiver corresponding to
the LMA measurement. To characterize LMA more generally, measurements are typically taken throughout the
environment and possibly in multiple environments with similar characteristics. Thus, the empirical path loss
Ppr(d) for a given environment (a city, suburban area, or office building) is defined as the average of the LMA
measurements at distance d averaged over all available measurements in the given environment. For example,
empirical path loss for a generic downtown area with a rectangular street grid might be obtained by averaging
LMA measurements in New York City, downtown San Francisco, and downtown Chicago. The empirical path loss
models given in this section are all obtained from average LMA measurements. Empirical path loss models can
also be developed or refined using measurement-driven learning applied to continuous LMA data collection [75].

2.9.1 Okumura Model

One of the most well-known models for signal prediction in large urban macrocells is the Okumura model [84].
This model is applicable over distances of 1-100 km and frequency ranges of 150-1500 MHz. Okumura used
extensive measurements of base station-to-mobile signal attenuation throughout Tokyo to develop a set of curves
giving median attenuation relative to free space of signal propagation in irregular terrain. The base station heights
for these measurements were 30—-100 m, a range whose upper end is higher than typical base stations today. The
empirical path loss formula of Okumura at distance d parameterized by the carrier frequency f. is given by

Pr(d) dB = L(fe, d) + Au(fe, d) — G(h) — G(hr) — GarEa, (2.60)
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where L( f., d) is free-space path loss at distance d and carrier frequency f., A,( f, d) is the median attenuation in
addition to free-space path loss across all environments, G(h;) is the base station antenna height gain factor, G(h,.)
is the mobile antenna height gain factor, and Garga is the gain due to the type of environment. The values of
A, (fe, d) and GArga are obtained from Okumura’s empirical plots [84, 11]. Okumura derived empirical formulas
for G(h;) and G(h,) as follows:

G(ht) = 20 log;o(ht/200), 30m < hy < 1000 m; (2.61)
101 hy/3), h, <3 m,
(hy) = 0g1o(hr/3) m 2.62)
20 loglo(hq-/3), 3m < h7- < 10 m.

Correction factors related to terrain are also developed in [84] that improve the model’s accuracy. Okumura’s
model has a 10-14 dB empirical standard deviation between the path loss predicted by the model and the path loss
associated with one of the measurements used to develop the model. The expected error in using Okumura’s model
for environments not based on these measurements is generally higher.

2.9.2 Hata Model

The Hata model [85] is an empirical formulation of the graphical path loss data provided by Okumura and is valid
over roughly the same range of frequencies, 150-1500 MHz. This empirical model simplifies calculation of path
loss because it is a closed-form formula and is not based on empirical curves for the different parameters. The
standard formula for empirical path loss in urban areas under the Hata model is

The parameters in this model are the same as under the Okumura model, and a(h,) is a correction factor for the
mobile antenna height based on the size of the coverage area [85, 11]. For small to medium-sized cities, this factor
is given by

and for larger cities at frequencies f. > 300 MHz by

a(h,) = 3.2(logy(11.75h,))% — 4.97 dB.
Corrections to the urban model are made for suburban and rural propagation, so that these models are (respec-
tively)
Pr suburban(d) dB = Pr, uban(d) dB — 2[log;o(f./28)]* — 5.4 (2.64)

and
Prrural(d) dB = Ppuban(d) dB — 4.78[logy o (f.)]? + 18.33 logyo(fe) — K, (2.65)

where K ranges from 35.94 (countryside) to 40.94 (desert). Unlike the Okumura model, the Hata model does
not provide for any path-specific correction factors. The Hata model well approximates the Okumura model for
distances d > 1 km. Hence it is a good model for early-generation cellular systems operating in cities, but it
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does not model propagation well in cellular systems with smaller cell sizes, multiple antennas, or higher frequen-
cies. Indoor environments are also not captured by the Hata model. As cellular systems evolved beyond their
early deployments, research into more complex propagation models was undertaken by multiple organizations, as
described in the next section.

2.9.3 Cellular System Models

Following the success of early cellular systems, funding agencies and standards bodies worldwide launched
projects to develop standardized cellular system channel models for the environments, carrier frequencies, cell
sizes, and multiple antenna characteristics of these evolving systems. These standardized channel models can be
used to evaluate different candidate cellular technologies in a uniform manner, and also provide guidelines for
expected system performance in typical environments and operating conditions. Cellular system channel models
span frequency ranges from .5 GHz to 100 GHz, indoor and outdoor environments with both LOS and non-LOS
propagation, small and large cells sizes, and multiple antenna transmitters and receiver of different antenna heights,
elevation angles, and polarizations. Models for all of these scenarios have been developed by 3GPP and the ITU
[57, 58], whereas other standardized models are applicable to a subset of these settings. To illustrate some basic
properties of these standardized models, in this section we provide the LOS path loss formulas for a few stan-
dardized models, which follow either the single-slope or dual-slope formulas ( (2.24) and (2.28), respectively)
with model-specific constants. Extensions of these models to more complex environments is also discussed. More
details on the unique characteristics of millimeter wave propagation are provided in Section 2.9.5.

An early project to standardize channel models for cellular systems was undertaken by the European Cooper-
ation in Science and Technology (COST). The COST 207 program, launched in 1984, brought together industry,
government, and academia under a common umbrella to develop common propagation models for the emerging
2G cellular systems. The subsequent COST 231 project was focused on extending earlier channel models to carrier
frequencies up to 2 GHz. The resulting model, referred to as the COST 231 extension to the Hata model [86], has
the following path loss expression:

where a(h,) is the same correction factor as in the Hata model and Cj; = 0 dB for medium-sized cities and
suburbs while C'y; = 3 dB for metropolitan areas. The COST 231 extension to the Hata model is restricted to
the following range of parameters: 1.5 GHz < f. < 2 GHz, 30m < h; < 200m,1m < h, < 10m, and
1 km < d < 20 km. Given the Okumura measurements on which it is based, this model is most accurate for
heterogeneous macrocell-only cellular system architectures with single-antenna base stations and terminals. The
COST 231 model was further extended to incorporate new features and environments of the evolving cellular
systems and standards, including diffraction and non-LOS propagation (COST-231-WI)[29], multiple base station
antennas (COST 259) [88], and multiple antennas at both the base stations and the mobile terminals (COST 273,
COST 2100) [89, 90].

The 3GPP standards body maintains a family of channel models characterizing signal propagation for the
different environments and frequencies in which their cellular systems operate [57]. These include path loss
models for both LOS and non-LOS propagation in outdoor macrocells and small cells as well as for indoor of-
fice buildings. The 3GPP outdoor propagation models follow the dual-slope path loss model (2.28); they have
a distance-dependent pathloss exponent that takes on two different values, v; and o, for distances that are, re-
spectively, smaller or greater than the breakpoint distance. The breakpoint distance is set to the critical distance
d. = 4h¢h,./ X given by (2.22) in the two-ray model based on the effective transmit (h;) and receive (h,) antenna
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heights’. In particular, the 3GPP path loss for LOS propagation in outdoor macrocells and small cells is given by

Pr(d)dB = 2.67)

201logy(fe) + & + 1071 logyo(d), d <d.,
2010g10(f.) + K + 1072 1ogyo(d) + nlogyg (d2 + (he — hy)?), d > d.

for d in meters and f. in GHz. The 3GPP indoor office model is governed by the first terms of (2.67) for all
distances (i.e., there is no breakpoint distance in the indoor model due to the shorter distances involved). At
distances below d. this model has three separate terms: the constant  that captures environment and antenna
parameters independent of distance and frequency, the term 20 log;, f. that captures frequency-dependent path
loss, and the term 10+; log;(d) that captures distance-dependent path loss. The frequency-dependent path loss
201log;q fc is the same as in free space (2.10), and this term along with  are captured by the constant K in the
single-slope model (2.24). At distances above d. the macrocell and small cell models have a fourth term that
captures path loss dependence on antenna heights. The values of x, 7;, and 1 for the macrocell, small cell, and
indoor office models are given in Table 2.4.

Table 2.4: Parameters for 3GPP LOS Path Loss Models

Parameter Macrocell Small Cell Indoor Office
K 28 324 324
¥ Y1 =22,72 =40 | y1 =21, =40 v =17.3
7 -9 9.5 NA

The 3GPP family of channel models also include non-LOS propagation models that take path loss to be the
maximum of the LOS path loss model and a different non-LOS path loss model. The non-LOS path loss model
is of the same form as (2.67) but with different parameters and a fourth term that depends only on the receiver
height h,.. There is also a 3GPP rural macrocell model that includes additional parameters of the environment such
as building heights and street widths. The 3GPP Spatial Channel Model (SCM) incorporates MIMO parameters.
Details can be found in [57]. The ITU channel models are similar to the 3GPP channel family and cover the same
frequency range of .5-100 GHz [58].

The European WINNER (Wireless World Initiative New Radio) I and II projects created a similar family of
channel models as 3GPP for cellular system propagation under different conditions and environments [59]. The
WINNER path loss model is similar to the single-slope model (2.24) with the constant K broken into 3 separate
terms. Specifically, the path loss in the WINNER propagation model 10 log;,(P;/P;) is given by

PrdBm = 10vlog;o(d) + k + flogio(.2f.) + X (2.68)

for d in meters and f, in GHz, where + is the path loss exponent, x is the path loss at the antenna near-field
reference distance, typically a few signal wavelengths [12], which is independent of frequency, C'log;,(.2f.) is
the frequency-dependence term, and X is an optional environment-specific term that may, for example, capture a
fixed attenuation at all distances. The Winner II model includes MIMO channel parameters.

The COST, 3GPP, ITU, and WINNER families of channel models are widely used by researchers and prac-
titioners for modeling path loss in cellular systems at frequencies below 6 GHz, with the 3GPP and ITU models
covering frequencies up to 100 GHz. These models also include delay spread parameters ranging from tens of
nanoseconds for indoor environments to hundreds of nanoseconds for outdoor environments. Alternative empiri-
cal channel models specifically for MIMO systems include the WIMAX 802.16 and Stanford University Interim

"In the 3GPP model the effective antennas heights are the actual heights reduced by 1m.
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(SUI) channel models [76]. As cellular system architectures have evolved to include large and small cells, device-
to-device communications, base stations mounted on UAVs and drones, large antenna arrays, millimeter wave
frequencies, and very high speed mobile devices, there have been extensive measurement campaigns to charac-
terize propagation under these new configurations and conditions [77, 78, 79]. In addition, learning algorithms
that continually update channel models based on collected data have also been developed [80, 81, 82]. Clearly
measurement-based models for cellular systems will continue to evolve as new system architectures, frequency
bands, device requirements, and channel measurement tools are introduced.

2.9.4 Wi-Fi Channel Models

Prior to 802.11n, performance evaluation of 802.11 WLAN systems was done using channel models for 2.4 GHz
(802.11g) and 5 GHz (802.11a) that had been developed by individual researchers or companies. There was no
general consensus on which models to use for performance evaluation of these earlier systems. To address this
shortcoming, the 802.11n task group (TG) was formed to develop a standard set of models, called the TGn models,
to evaluate 802.11n systems. As per the specifications of the 802.11n standard, these models include both 20 MHz
and 40 MHz channels with up to 4 antennas at the transmitter and receiver. Six different TGn channel models
(models A-F) comprise the TGn family to characterize propagation in different size homes and offices as well
as outdoors. All six follow the dual-slope path loss model (2.28) with a path loss exponent y; = 2 prior to the
breakpoint distance dgp and o = 3.5 above this distance. The breakpoint distance dgp = 5 m in models A, B,
and C, which correspond to LOS only, small home, and large home, respectively. This distance ranges from 10-30
m in models D-F (corresponding to small office, large office, and outdoors, respectively). The delay spread of the
multipath, normalized with respect to the LOS path, becomes the difference between the delay of the multipath
component with the largest delay and the LOS path. In these models this normalized delay spread ranges from O
ns for the A model to 150 ns for the /' model. Multipath reflections are assumed to arrive in clusters based on the
indoor propagation model developed in [60]. Antenna correlation is modeled using the Kronecker model described
in [61]. Shadow fading follows the log-normal model with standard deviation oy, = 3 for distances d < dgp.
For d > dgp, oy, = 4 for Models A and B, oy, = 5 for Models C and D, and oy, = 6 for Models E and F.
More details on the TGn models can be found in [62].

The TGac family of channels extends the TGn model to support performance evaluation of 802.11ac sys-
tems. This model increases the number of transmit and receive antennas using the same correlation model as TGn,
increases channel bandwidth up to 160 MHz, and modifies the multipath clustering models to account for simulta-
neous transmission to multiple users (multiuser MIMO). The TGax family of channel models provides additional
environmental scenarios for dense deployments both indoors and outdoors. Details of these extensions can be
found in [63, 64].

2.9.5 Millimeter Wave Models

The millimeter (mmW) frequency band, spanning the 30-300 GHz range, was not used in the first few generations
of Wi-Fi and cellular systems due to its high path loss as well as the high cost and poor performance of mmW
hardware. However, as demand for increased data rates in wireless systems continued unabated with each new
generation, utilizing the large amount of available spectrum in this band grew increasingly appealing. Moreover,
in 2005 the FCC in the US created more flexible rules for spectrum allocation in the lower part of this band to
increase its use [65]. Following this ruling, a few commercial mmW communication systems were developed for
in-home use, but the technology was not yet competitive with Wi-Fi. Interest in utilizing mmW wave spectrum
for cellular communications also started to grow, leading to outdoor channel measurement campaigns as well as
cellular system designs to overcome the propagation challenges at these high frequencies. This section provides
an overview of mmW propagation characteristics.
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Since path loss is inversely proportional to frequency squared in the free space path loss formula (2.6), this
loss is much higher at mmW frequencies than at lower frequencies. However, this large free-space path loss can be
compensated by high gains associated with directional or multiple antenna technologies. In addition to free-space
path loss, signal propagation in the mmW band experiences significant attenuation at specific carrier frequencies
due to interactions with oxygen, water, and other molecular components in the air. Attenuation due to shadowing
from objects and people is more severe at these frequencies and shadowing can also cause scattering of directed
beams. As a result, there is typically only a small number of multipath components in mmWave channels whose
received power is above the noise floor.

The resonant frequency of oxygen (Os) molecules leads to heavy absorption, up to 15 dB/km, for signals
transmitted through the air at carrier frequencies around 60 GHz. There is also significant absorption due to the
resonant frequencies of Oy or water vapor (H20) at 119, 183, and 325 GHz, with a small peak at 24 GHz. The
combined effects of free-space path loss and the Oy and HyO absorption in non-rainy conditions is illustrated in
Fig.2.11 from [67]. It can be seen from this figure that atmospheric absorption is somewhat larger at sea level than
at higher altitudes due to increased water vapor concentration.
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Figure 2.11: Path Loss, O2, and H20 Absorption in Millimeter Wave Propagation [67].

Millimeter wave propagation is also affected by rain absorption. In particular, rain causes scattering since the
wavelength of a mmW signal is roughly the same size as a raindrop. The higher the rain rate, the more scattering
occurs and hence the higher the absorption. A model for attenuation at different rain rates for mmW propagation
was developed by the ITU [68], as illustrated in Fig. 2.12 from [66]. A simple approximation, developed in [69],
gives the rain attenuation as .95R""" for R the rain rate in mm/hr.

While atmospheric absorption and rain attentuation entail very large path loss over large distances, most
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mmWave systems are designed to operate over relatively short distances, less than 500 m. The losses illustrated in
Figs. 2.11-2.12 for these short distances can be compensated through a combination of increased transmit power,
antenna techniques, modulation choice, and channel coding.
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Figure 2.12: Rain Attenuation in Millimeter Wave Propagation [66].

As interest in mmW frequency utilization for cellular and Wi-Fi grew, extensive measurement campaigns
were undertaken in different indoor and outdoor environments [70], with analytical channel models developed to
approximate these empirical measurements. The most widely known of these models, summarized in [71], are
based on work done by four different organizations: the 3GPP standards body, the 5G Channel Model (SGCM)
ad hoc group, the Mobile and wireless communications Enablers for the Twentytwenty (2020) Information Soci-
ety (METIS) research project, and the Millimeter-Wave Based Mobile Radio Access Network for 5G Integrated
Communications (mmMAGIC) research project. The models for each group capture propagation for four different
categories of environments: outdoor macrocell, outdoor small cell, home, and commercial building. In addition
to models for path loss and shadowing, these mmW propagation models add a new component called LOS proba-
bility, which captures the probability that the LOS signal path between the transmitter and receiver is not blocked
or heavily attenuated. While this probability is different for the four environment categories within each family
of models, in all cases it depends on the transmit-receive distance and does not depend on the carrier frequency
[72]. Millimeter wave path loss in all these models is assumed to follow the dual-slope model (2.28), where the
breakpoint distance is different for each of the four environments. The shadowing standard deviation for each of
the four environments is a fixed constant. As expected, shadowing in these models is larger for non-LOS com-
pared to LOS environments, and ranges from about 1-8 dB. A summary of the differences between mmW and
microwave channel models can be found in [72]. The sensitivity of performance analysis to the particular channel
model adopted is demonstrated in [79]. The terahertz (THz) band (.3-3 THz) offers even more spectrum than the
mmw band, along with more challenging propagation characteristics [73].
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Table 2.5: Typical partition losses at f, ~ 1 GHz

Partition type Partition loss (dB)
Cloth partition 1.4
Double plasterboard wall 34
Foil insulation 39
Concrete wall 13
Aluminum siding 20.4
All metal 26

2.9.6 Indoor Attentuation Models

Indoor environments differ widely in the materials used for walls and floors, the layout of rooms, hallways, win-
dows, and open areas, the location and material in obstructing objects, the size of each room, and the number of
floors. All of these factors have a significant impact on path loss in an indoor environment. While the TGn, TGac,
and TGax Wi-Fi models capture propagation in several generic indoor environments, the nature of these generic
models make them inaccurate in characterizing propagation for any particular indoor environment. In this section
we describe indoor models that can be tailored to such environments.

Indoor path loss models must accurately capture the effects of attenuation across floors due to partitions as well
as between floors. Measurements across a wide range of building characteristics and signal frequencies indicate
that the attenuation per floor is greatest for the first floor that is passed through and decreases with each subsequent
floor. Specifically, measurements in [18, 94, 19, 20] indicate that, at 900 MHz, the attenuation when transmitter
and receiver are separated by a single floor ranges from 10-20 dB, while subsequent attenuation is 610 dB per
floor for the next three floors and then a few decibels per floor for more than four floors. At higher frequencies the
attenuation loss per floor is typically larger [94, 95]. The attenuation per floor is thought to decrease as the number
of attenuating floors increases because of the scattering up the side of the building and reflections from adjacent
buildings. Partition materials and dielectric properties vary widely and thus so do partition losses. Measurements
for the partition loss at different frequencies for different partition types can be found in [11, 18, 96, 97, 23], and
Table 2.5 indicates a few examples of partition losses measured at around 1 GHz from this data. The partition
loss obtained by different researchers for the same partition type at the same frequency often varies widely, so it is
difficult to make generalizations about partition loss from a specific data set.

The experimental data for floor and partition loss can be added to an analytical or empirical dB path loss
model Pr,(d) as

Nf Np
P.dBm = P, dBm — Py(d) — Z FAF, — Z PAF;, (2.69)
=1 =1

where FAF; represents the floor attenuation factor for the ith floor traversed by the signal and PAF; represents
the partition attenuation factor associated with the 7th partition traversed by the signal. The number of floors and
partitions traversed by the signal are Ny and IV, respectively.

Another important factor for indoor systems whose transmitter is located outside the building is outdoor-to-
indoor penetration loss. Measurements indicate that this penetration loss is a function of frequency, height, and
the exterior wall or window material. For carrier frequencies from .9-3 GHz penetration loss measurements range
from 8 dB to 20 dB [2, 21, 100, 101]. Penetration loss for mmWave signals generally increases with frequency.
Hence, the 3GPP, ITU, 5GCM, and mmMAGIC propagation models include a component for outdoor-to-indoor
penetration loss as a function of both frequency and the exterior wall or window material [57, 58, 70]. The ITU
penetration loss model as a function of frequency f. and for different wall and window materials is given in
Table 2.6. In general penetration loss decreases by about 1.4 dB per floor at floors above the ground floor. This
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Table 2.6: ITU penetration loss model

Material Penetration loss (dB)
Standard multi-pane glass 2+0.2f,
Infrared reflective glass 23+ .31,
Concrete 544f.
Wood 4.85+0.12f,

decrease is due to reduced clutter at higher floors and the higher likelihood of a LOS path.
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10.

Chapter 2 Problems

. Under the free-space path loss model, find the transmit power required to obtain a received power of 1 dBm

for a wireless system with isotropic antennas (Gy = G, = 1) and a carrier frequency f. = 5 GHz, assuming
a distance d = 10 m. Repeat for d = 100 m.

For the two-ray model with transmitter—receiver separation d = 100 m, hy = 10 m, and h, = 2 m, find the
delay spread between the two signals.

. For the two-ray model, show how a Taylor series approximation applied to (2.14) results in the approximation

27T(d1 - do) ~ 47Thth7«

A Y
For the two-ray model, derive an approximate expression for the distance values below the critical distance
d. at which signal nulls occur.

A¢ =

. Find the critical distance d. under the two-ray model for a large macrocell in a suburban area with the base

station mounted on a tower or building (h; = 20 m), the receivers at height h, = 3m, and f. = 2 GHz. Is
this a good size for cell radius in a suburban macrocell? Why or why not?

Suppose that, instead of a ground reflection, a two-ray model consists of a LOS component and a signal
reflected off a building to the left (or right) of the LOS path. Where must the building be located relative to
the transmitter and receiver for this model to be the same as the two-ray model with a LOS component and
ground reflection?

. Consider a two-ray channel with impulse response h(t) = a16(t) + a2d(t — .022 ps), so for input signal

s(t) to the channel, the outputis r(¢) = h(t) * s(t). Find the distance separating the transmitter and receiver,
as well as a1 and a9, assuming free-space path loss on each path with a reflection coefficient of —1. Assume
the transmitter and receiver are located 8 m above the ground and that the carrier frequency is 900 MHz.

. Directional antennas are a powerful tool to reduce the effects of multipath as well as interference. In par-

ticular, directional antennas along the LOS path for the two-ray model can reduce the attenuation effect of
ground wave cancellation, as will be illustrated in this problem. Assume the reference distance d, = 1
m. Plot the dB power (10log; P,) versus log distance (log;od) for the two-ray model with parameters
fe=900MHz, R = —1,hy = 50m, h, = 2 m, Gy = 1, and the following values for G; : G; = 1, .316, .1,
and .01 (i.e., G; = 0, —5, —10, and — 20 dB, respectively). Each of the four plots should range in distance
from d = 1 mto d = 100 km. Also calculate and mark the critical distance d. = 4h.h,./\ on each plot, and
normalize the plots to start at approximately 0 dB. Finally, show the piecewise linear model with flat power
falloff up to distance hy, falloff 10 log;,(d~2) for hy < d < d., and falloff 10 log;(d~*) for d > d.. (On the
power loss versus log distance plot, the piecewise linear curve becomes a set of three straight lines of slope
0,2, and 4, respectively.) Note that at large distances it becomes increasingly difficult to have G; < Gy
because this requires extremely precise angular directivity in the antennas.

Under what conditions is the single-slope path loss model (2.23) the same as the free-space path loss model
2.7)?

Consider a receiver with noise power —160 dBm within the signal bandwidth of interest. Assume a single-
slope path loss model with dy = 1 m, K obtained from the free-space path loss formula with isotropic
antennas and f. = 1 GHz, and v = 4. For a transmit power of P, = 10 mW, find the maximum distance
between the transmitter and receiver such that the received signal-to-noise power ratio is 20 dB.
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11.

12.

13.

14.

15.

For the set of empirical measurements of P,/ P; given in Table 2.2, find the path loss exponent -y and param-
eter K that minimizes the MSE between the single-slope model (2.24) in dB and the empirical dB power
measurements, assuming that d, = 1m. This problem differs from Example 2.5.1 in that now the two
parameters v and K are jointly optimized to minimize MSE, rather than fixing the value of K based on
free-space path loss or the measured attenuation at the reference distance d,.. Find the received power at 150
m for this single-slope path loss model with transmit power of 1 mW (0 dBm) and compare with the result in
Example 2.5.1. Does the better fitting of the data through this two-dimensional optimization lead to a larger
or smaller value for this received power? Will this always be the case for any set of empirical measurements
(why or why not)?

Find parameters for a multi-slope model with three segments to approximate the two-ray model path loss
(2.13) over distances between 10 and 1000 meters, assuming h; = 10 m, h, = 2m, and Gy = G; = 1. Plot
the path loss and the piecewise linear approximation using these parameters over this distance range.

This problem shows how different propagation models can lead to very different SNRs (and therefore differ-
ent link performance) for a given system design. Consider a linear cellular system using frequency division,
as might operate along a highway or rural road (see Figure 2.13). Each cell is allocated a certain band of
frequencies, and these frequencies are reused in cells spaced a distance d away. Assume the system has
square cells, 2 km per side, and that all mobiles transmit at the same power P. For the following propagation
models, determine the minimum distance that the cells operating in the same frequency band must be spaced
so that uplink SNR (the ratio of the minimum received signal-to-interference or S/I power from mobiles to
the base station) is greater than 20 dB. You can ignore all interferers except those from the two nearest cells
operating at the same frequency.

- -
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m Base Station/Cell Center
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]

Figure 2.13: Linear cellular system for Problem 2-14.

(a) Propagation for both signal and interference follow a free-space model.

(b) Propagation for both signal and interference follow the single-slope path loss model (2.23) with dy =
100m, K =1,and v = 3.

(c) Propagation for the signal follows the single-slope path loss model with dy = 100m, K = 1, and
v = 2, while propagation of the interfererence follows the same model but with v = 4.

Show that the log-normal distribution for ) given in (2.31) yields the Gaussian distribution for )4p given in
(2.34).

Table 2.7 lists a set of empirical path loss measurements. Assume a carrier frequency f. = 2 GHz.

(a) Find the parameters of a single-slope path loss model plus log-normal shadowing that best fit this data
assuming K is calculated from free-space path loss at the reference distance d,, = 1 m.

(b) Find the path loss at 2 km based on this model.
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16.

17.

18.

19.
20.

Table 2.7: path loss measurements for Problem 2-14

Distance from transmitter P,/ P;
Sm -60dB
25m -80dB
65 m -105dB
110 m -115dB
400 m -135dB
1000 m -150dB

(c) Find the outage probability at a distance d assuming the received power at d due to path loss alone is
10 dB above the required power for non-outage.

Consider a cellular system operating at 900 MHz where propagation follows free-space path loss with vari-
ations about this path loss due to log-normal shadowing with standard deviation ¢ = 6 dB. Suppose that for
acceptable voice quality a signal-to-noise power ratio of 15 dB is required at the mobile. Assume the base
station transmits at 1 W and that its antenna has a 3 dB gain. There is no antenna gain at the mobile, and the
receiver noise in the bandwidth of interest is —60 dBm. Find the maximum cell size such that a mobile on
the cell boundary will have acceptable voice quality 90% of the time.

In this problem we will simulate the log-normal fading process over distance based on the autocovariance
model (2.39). As described in the text, the simulation first generates a white noise process and then passes
it through a first-order filter with a pole at e%/Xe Assume X, = 20m and plot the resulting log-normal
fading process over a distance d ranging from 0 m to 200 m, sampling the process every meter. You should
normalize your plot about 0 dB, since the mean of the log-normal shadowing is captured by path loss.

In this problem we will explore the impact of different log-normal shadowing parameters on outage prob-
ability. Consider a cellular system where the received signal power in dB has a Gaussian distribution with
mean P, dBm and standard deviation o dB. Assume the received signal power must be above 10 dBm for
acceptable performance.

(a) What is the outage probability when P, = 15 dBm and o = 8 dB?

(b) For ¢ = 4 dB, find the value of P, required for the outage probability to be less than 1% — a typical
value for cellular systems.

(c) Repeat part (b) for c = 12 dB.
(d) One proposed technique for reducing outage probability is to use macrodiversity, where a mobile unit’s

signal is received by multiple base stations and then combined. This can only be done if multiple base
stations are able to receive a given mobile’s signal. Explain why this might reduce outage probability.

Derive the formula for cell coverage percentage (2.49) by applying integration by parts to (2.47).

The cell coverage percentage is independent of the decorrelation distance X, of the shadowing. Explain
why. Now suppose it is known that a particular set of cell locations near the transmitter are in outage. Will
the cell coverage percentage with this side information now depend on the decorrelation distance and, if so,
how and why?
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21.

22.

23.

24.

25.

26.

27.

28.

Find the coverage area for a microcellular system where path loss follows the single-slope model (with
v =3, dg = 1 and K = 0 dB) and there is also log-normal shadowing with o = 4 dB. Assume a cell radius
of 100 m, a transmit power of 80 mW, and a minimum received power requirement of P, = —100 dBm.

Consider a cellular system where (a) path loss follows the single-slope model with v = 6 and (b) there is
also log-normal shadowing with o = 8 dB. If the received power at the cell boundary due to path loss is
20 dB higher than the minimum required received power for non-outage, find the cell coverage area.

In microcells, path loss exponents usually range from 2 to 6 and shadowing standard deviation typically
ranges from 4 to 12. Given a cellular system in which the received power due to path loss at the cell
boundary equals the desired level for non-outage, find the path loss and shadowing parameters within these
ranges that yield the best and worst coverage area. What is the coverage area when these parameters are in
the middle of their typical ranges?

Figure 2.14: System with scattering for Problem 2-11.

What average power falloff with distance do you expect for the ten-ray model if Go = G; >> G; for
1=2,...,9? Repeat for Gy = G1 = G2 >> G; fori = 3, ..., 9. Explain your answers in both cases.

For the ten-ray model, assume that the transmitter and receiver are at the same height in the middle of a street
of width 20 m. The transmitter-receiver separation is 500 m. Find the delay spread for this model.

Consider a system with a transmitter, receiver, and scatterer as shown in Figure 2.14. Assume the transmitter
and receiver are both at heights h; = h, = 4 m and are separated by distance d, with the scatterer at distance
.5d along both dimensions in a two-dimensional grid of the ground — that is, on such a grid the transmitter
is located at (0, 0), the receiver at (0, d), and the scatterer at (.5d, .5d). Assume a radar cross-section of
20 dBm?, G, = 1, and f. = 900 MHz. Find the path loss of the scattered signal for d = 1,10, 100, and
1000 meters. Compare with the path loss at these distances if the signal is only reflected, with reflection
coefficient R = —1.

Find the median path loss under the Hata model assuming f. = 900 MHz, h; = 20m, h, = 5m, and
d = 100 m for a large urban city, a small urban city, a suburb, and a rural area. Explain qualitatively the path
loss differences for these four environments.

Consider a wireless link operating outdoors over 200m in the mmW fregency band. Assume the path loss
follows the single-slope model with a path loss exponent v = 2 and reference distance for antenna far
field d, = 1 m. Without any additional attenuation caused by atmospheric and rain conditions, the model
attenuation factor K = 1. Assume rain attenuation follows the simple approximation K, 4, = 95R™ for
R the rain rate in mm/hr. Assume the atmospheric absorption given in Fig. 2.11.
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(a) What is the received signal power due to path loss and oxygen absorption at carrier frequencies of 60
GHz and of 80 GHz assuming a transmit power of 1W?

(b) Consider now only the 80 GHz link. Assume a day where it is dry at 8 am, there is a heavy drizzle of
2.5mm/Hr at 12 pm and a heavy downpour of 50mm/Hr at 5 pm. What is the required transmit power at
8 am, 12 pm and 5 pm if we desire a received signal power of -50dBm at each of these time instances?

29. Using the indoor attentuation model, determine the required transmit power for a desired received power of
—110 dBm for a signal transmitted over 100 m that goes through three floors with attenuation 15 dB, 10 dB,
and 6 dB (respectively) as well as two double plaster-board walls. Assume a reference distance d, = 1,
exponent 7 = 4, and constant X' = 0 dB.
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Chapter 3

Statistical Multipath Channel Models

In this chapter we examine fading models for the constructive and destructive addition of different multipath com-
ponents introduced by the channel. Although these multipath effects are captured in the ray-tracing models from
Chapter 2 for deterministic channels, we rarely have sufficiently precise knowledge about wireless propagation
environments to characterize them deterministically. Thus wireless channels are often characterized statistically.
The statistical characterization of the random multipath channel is based on its time-varying impulse response.
This chapter develops a statistical characterization of this channel model and describes its important properties.

If a single pulse is transmitted over a multipath channel then the received signal is a pulse train, with each pulse
in the train corresponding to the LOS component or a multipath component associated with a distinct reflector.
The delay spread of a multipath channel characterizes the difference in arrival times of the first received signal
component (LOS or, if blocked, the first received multipath component) and the last received signal component of
significant energy associated with a single transmitted pulse. For multi-ray reflection models such as the 10-ray
and 6-ray models of Chapter 2.8.1, the delay spread equals the delay difference between the first and last ray. The
delay spread for random channels is characterized statistically, as described in 3.3.2. If the delay spread is small
compared to the inverse of the signal bandwidth, then there is little time spreading in the received signal. However,
if the delay spread is large then there is significant time spreading of the received signal, which leads to substantial
signal distortion.

Another characteristic of the multipath channel is its time-varying nature. This time variation arises because
either the transmitter, receiver, or objects in the environment are moving. Hence the location of reflectors in the
transmission path, which gives rise to multipath, will change over time. Thus, if we repeatedly transmit pulses
from a transmitter given these changing reflector locations, we will observe changes in the amplitudes, delays,
and number of multipath components corresponding to each pulse. However, these changes occur over a much
larger time scale than the fading due to constructive and destructive addition of multipath components associated
with a fixed set of scatterer locations. We will first describe the time-varying channel impulse response that
models these changing multipath components. We then restrict this model to narrowband fading, where the channel
bandwidth is small compared to the inverse delay spread. For this narrowband model we will assume a quasi-
static environment featuring a fixed number of multipath components, each with fixed path loss and shadowing.
For this environment we then characterize the variations over short distances (small-scale variations) due to the
constructive and destructive addition of multipath components. We also characterize the statistics of wideband
multipath channels using two-dimensional transforms based on the underlying time-varying impulse response.
Discrete-time and MIMO channel models are also discussed.
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3.1 Time-Varying Channel Impulse Response

Let the transmitted signal be as in (2.1):

s(t) = Re{u(t)e?? <t} = Re{u(t)} cos(2m fot) — Im{u(t)} sin(27 f,t), (3.1)

where u(t) is the equivalent lowpass signal for s(¢) with bandwidth B,, and f, is its carrier frequency. Neglecting
noise, the corresponding received signal is the sum of the LOS path and all resolvable multipath components:

N(t)—1
r(t) =Req Y ai(t)ult — 7i(t))ed O/elimm®)Ton,(0) 4 (3.2)
=0

where the first term in the summation, corresponding to 7 = 0, is associated with the LOS path. The unknowns
in this expression are the number of resolvable signal components N (¢) and, for each signal component (LOS
and multipath), its path length x;(¢) and corresponding delay 7;(¢t) = z;(t)/c, Doppler phase shift ¢p,(t), and
amplitude «;(t). The phase change associated with user movement and the resolvability of different signal compo-
nents will be discussed in the next two paragraphs. If at time ¢ the LOS path is blocked or significantly attenuated
then this will be captured in the amplitude term «(t). Similarly, the amplitude o;(t) of the ith multipath com-
ponent is determined by the path loss and shadowing along its propagation path. In addition, the amplitudes
a;(t),i=0,..., N(t) — 1 may experience multipath fading due to constructive and destructive addition of nonre-
solvable multipath components.

When the transmitter or receiver is moving, the delay 7;(¢) in (3.2) changes over time and hence so does the
associated phase change. This change is captured in (3.2) as e =727/ e7i(t) however 7;(t) is rarely precisely known
in practice. Alternatively the phase change due to small changes in 7;(t) can be captured by the signal’s Doppler
shift fp, (t) = v(t) cosb;(t) /X for 6;(t) the component’s angle of arrival (AoA) relative to the direction of motion
at velocity v(t). This Doppler frequency shift, which is generally easy to measure in practice, leads to a Doppler
phase shift of ¢p,(t) = fot 27 fp,(v)dv. Note that the phase change of the ith multipath component due to user
movement in (3.2) should either be captured in e =727/<7:(!) or in ¢ D, (t), but not in both terms as then the phase shift
due to user movement is double-counted. It is generally assumed that 7;(¢) = x;(¢)/c does not capture changes in
x;(t) of less than the signal wavelength A, so the phase changes due to these small user movements are captured
by the Doppler term in (3.2).

We now define resolvability of multipath components. We say that two multipath components with delay 7;
and 7; are resolvable if their delay difference significantly exceeds the inverse signal bandwidth: |7; —7;| > B, L
Multipath components that do not satisfy this resolvability criteria cannot be separated out at the receiver because
u(t — ;) ~ u(t — 7;), and thus these components are nonresolvable. These nonresolvable multipath components
are summed together to create a single resolvable multipath component in (3.2) corresponding to delay 7;, with a
resulting amplitude and phase corresponding to the summed signal. Any multipath components with delay 7; for
which |7; — 79| < By ! are combined with the LOS signal. The amplitudes of the LOS and resolvable multipath
components in (3.2) that include nonresolvable multipath components will typically undergo rapid multipath fading
due to the constructive and destructive combining of the different signal components. For wideband channels (B,
relatively large) each term in the summation of (3.2) typically corresponds to a single (smooth or non-smooth'!)
reflector, or to a cluster of closely-spaced reflectors, as shown in Figure 3.1. By contrast, narrowband channels
(By, relatively small) are likely to have one or more of the signal components in (3.2) correspond to a summation
of nonresolvable signal components.

'A non-smooth reflector has a surface that is sufficiently rough such that it generates different multipath components with slightly
different delays.
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Since the parameters «;(t), 7;(t), and ¢p,(t) associated with each resolvable multipath component change
over time, they are characterized as random processes that we assume to be both stationary and ergodic. Thus,
the received signal is also a stationary and ergodic random process. For wideband channels, where each term in
(3.2) corresponds to a single reflector, these parameters change slowly as the propagation environment changes.
For narrowband channels, where each term in (3.2) results from the sum of nonresolvable multipath components,
the parameters can change quickly — on the order of a signal wavelength — owing to constructive and destructive
addition of the different components.

Reflector
Cluster

Single
Reflector

Figure 3.1: A single reflector and a cluster of closely-spaced reflectors. The reflector cluster generates multipath
components that are typically resolvable in wideband channels and non-resolvable in narrowband channels.

We can simplify r(¢) by letting

¢z(t) = 27ch7_i(t) — ép, (t) (3.3)
Then the received signal can be rewritten as
N(t)—1
r(t) =Rel | Y ai(t)e 7" Ou(t —7(1))| > 5. (3.4)
i=0

Since «;(t) is a function of path loss and shadowing while ¢;(¢) depends on delay and Doppler, we typically
assume that these two random processes are independent.

We denote the equivalent lowpass time-varying impulse response of the channel at time ¢ to an impulse at
time ¢ — 7 by ¢(7, t). The received signal r(¢) is obtained by convolving the equivalent lowpass input signal u(t)
with ¢(7, t) and then upconverting to the carrier frequency:

r(t) = Re { ( /_ Z e(r yult — 7)d7> ej%fct} . 3.5)

Note that ¢(7, t) has two time parameters: the time ¢ when the impulse response is observed at the receiver, and
the time ¢ — 7 when the impulse is launched into the channel relative to the observation time ¢. If at time ¢ there
is no physical reflector in the channel with multipath delay 7;(¢) = 7, then ¢(7,t) = 0. Although the definition of
the time-varying channel impulse response might at first seem counterintuitive, ¢(7, ¢) must be defined in this way

2See Appendix A for discussion of the equivalent lowpass representation for bandpass signals and systems.
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to be consistent with the special case of time-invariant channels. Specifically, for time-invariant channels we have
c(t,t) = c(r,t+ T) for any T'; that is, the response at time ¢ to an impulse at time ¢ — 7 equals the response at
time ¢ + 7" to an impulse at time ¢ + 7" — 7. Setting " = —t, we get that ¢(7,t) = ¢(7,t — t) = ¢(7), where ¢(7)
is the standard time-invariant channel impulse response: the response at time 7 to an impulse at time zero.?

(g, Pg» Tp)

System at £, System at 1,
Figure 3.2: System multipath at two different measurement times.

We see from (3.4) and (3.5) that ¢(7, t) must be given by

N(t)—1
o(rt)= > ai(t)e*D5(r - 7i(t)). (3.6)
i=0
Substituting (3.6) back into (3.5) yields (3.4), thereby confirming that (3.6) is the channel’s equivalent lowpass
time-varying impulse response:

r(t) = Re { [/OO co(r, tyu(t — 7')de| ej%fct}

[ oo N(t)-1
= Re / D ai()e 79 D5(r — 7i(t))ult — 7)dr | 27
=0
[N(t)-1 ~
= Re Z ai(t)e_j¢i(t) (/ §(r — 7i(t))ult — T)d7'> ei2mfet
=0 —00
[N(t)-1
= Re ai(t)e I Ou(t — (1)) | /> 5 (3.7)
=0

where the last equality follows from the sifting property of delta functions:

/_OO 01 —1i(t))u(t — 7)dr = 0(t — 75(t)) * u(t) = u(t — 73(¢)). (3.8)

3By definition, ¢(7,0) is the response at time zero to an impulse at time —7, but since the channel is time invariant, this equals the
response at time 7 to an impulse at time zero.
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Some channel models assume a continuum of multipath delays, in which case the sum in (3.6) becomes an integral
that simplifies to a time-varying complex amplitude associated with each multipath delay 7:

c(r,t) = /OO a(&,1)e P EN (1 — £)dE = afT, t)e I, (3.9)

For a concrete example of a time-varying impulse response, consider the system shown in Figure 3.2, where
each multipath component corresponds to a single reflector. At time ¢; there are three multipath components
associated with the received signal, each with amplitude, phase, and delay triple (o, ¢;, 73),% = 0,1,2. Thus,
impulses that were launched into the channel at time ¢; — 75,7 = 0,1, 2, will all be received at time ¢;, and
impulses launched into the channel at any other time will not be received at ¢; (because there is no multipath
component with the corresponding delay). The time-varying impulse response corresponding to ¢; equals

2
e(t,ty) = Z e 105 (r — 1), (3.10)
=0

and the channel impulse response for ¢ = ¢; is shown in Figure 3.3. Figure 3.2 also shows the system at time %2,
where there are two multipath components associated with the received signal having amplitude, phase, and delay

triple (o, ¢}, 7/),7 = 0, 1. Thus, impulses that were launched into the channel at time to — 7/, = 0, 1, will all

y Wy g
be received at time ¢o, and impulses launched into the channel at any other time will not be received at t5. The

time-varying impulse response at o equals

1
clrit2) = Y ale % 5(r — 1) G.11)
=0

and is also shown in Figure 3.3.

If the channel is time invariant, then its response to an impulse at time ¢; is just a shifted version of its response
to an impulse at time t2 # t1. Hence, the time-varying parameters in ¢(7, t) become constant and ¢(7,t) = ¢(7) is
just a function of 7:

N
o(r) = Z e 195 (T — 7). (3.12)
=0

Example 3.1: Consider a wireless LAN operating in a factory near a conveyor belt. The transmitter and receiver
have a LOS path between them with gain o, phase ¢q, and delay 9. Every T seconds, a metal item comes
down the conveyor belt, creating an additional reflected signal path with gain o1, phase ¢1, and delay 7. Find the
time-varying impulse response ¢(7, t) of this channel.

Solution: For t # nly,n = 1,2,..., the channel impulse response simply corresponds to the LOS path. For
t = nTy, the channel impulse response includes both the LOS and reflected paths. Thus, ¢(7, t) is given by

o(r 1) = el P05 (T — 19), t # nTy,
T aped®08(T — 1) + a1ed16(r — 1), t=nTyp.

Note that, for typical carrier frequencies, the ith multipath component will have f.7;(¢) > 1. For example, with
fe = 1 GHz and 7; = 50 ns (a typical value for an indoor system), f.7; = 50 > 1. Outdoor wireless systems
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Figure 3.3: Response of time-varying channel.

have multipath delays much greater than 50 ns, so this property also holds for these systems. If f.7;(t) > 1 then
a small change in the path delay 7;(¢) can lead to a large phase change in the ith multipath component with phase
¢i(t) = 2w fe1i(t) — ¢p,(t) — ¢po. Rapid phase changes in each multipath component give rise to constructive
and destructive addition of the multipath components constituting the received signal, which in turn causes rapid
variation in the received signal strength. This multipath fading phenomenon was exhibited in the deterministic
channel models of Chapter 2 (see, e.g., Figure 2.4 illustrating the received signal power for the two-ray multipath
model). This phenomenon for statistical multipath models will be discussed in more detail in subsequent sections.

The impact of multipath on the received signal depends on whether the spread of time delays associated
with the LOS and different multipath components is large or small relative to the inverse signal bandwidth. If
this channel delay spread is small then the LOS and all multipath components are nonresolvable, leading to the
narrowband fading model described in the next section. If the delay spread is large then some number of the LOS
and multipath components are resolvable, leading to the wideband fading model of Section 3.3. The delay spread
is typically measured relative to the received signal component to which the demodulator is synchronized. Thus,
for the time-invariant channel model of (3.12), if the demodulator synchronizes to the LOS signal component,
which has the smallest delay 79, then the delay spread is a constant given by 7, = max;[r; — 79]. However,
if the demodulator synchronizes to a multipath component with delay equal to the mean delay 7, then the delay
spread is given by 7,, = max; |7, — 7|. In time-varying channels the multipath delays vary with time, so the
delay spread 7,,, becomes a random variable. Moreover, some received multipath components have significantly
lower power than others, so it’s not clear how the delay associated with such components should be used in the
characterization of delay spread. In particular, if the power of a multipath component is below the noise floor then
it should not significantly contribute to the delay spread. These issues are typically dealt with by characterizing
the delay spread relative to the channel power delay profile, defined in Section 3.3.2. Specifically, two common
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characterizations of channel delay spread — average delay spread and rms (root mean square) delay spread — are
determined from the power delay profile. Other characterizations of delay spread, such as excees delay spread,
the delay window, and the delay interval, are sometimes used as well [1, Chap. 5.4.1; 2, Chap. 6.7.1]. The exact
characterization of delay spread is not that important for understanding the general impact of delay spread on
multipath channels, as long as the characterization roughly measures the delay associated with significant multipath
components. We will adopt the rms delay spread for our characterization as it is the one most widely used in the
literature. Assuming the demodulator synchronizes to a signal component at the average delay spread, the rms
delay spread is a good measure of the variation about this average. Channel delay spread is highly dependent on
the propagation environment. In indoor channels delay spread typically ranges from 10 to 1000 nanoseconds, in
urban microcells it ranges from 1-10 microseconds, and in rural macrocells is ranges from 10—-100 microseconds
[1, Chap. 5].

3.2 Narrowband Fading Model

Suppose the delay spread T3, of a channel is small relative to the inverse baseband signal bandwidth B,, of the
transmitted signal; that is, suppose T}, < B, !. We refer to the fading in this scenario as narrowband fading
which is a function of both the signal bandwidth B,, and the channel delay spread 7;,,. As discussed previously,
the delay spread T,,, for time-varying channels is usually characterized by the rms delay spread, but it can also
be characterized in other ways. Under most delay spread characterizations, T},, < B, ! implies that the delay
associated with the ith multipath component 7; < T, for all 4, so u(t — 7;) ~ wu(t) for all . Since in the
narrowband fading model the delay associated with all multipath components results in minimal signal distortion
in time, we say the channel under this model is nondispersive. We can rewrite (3.4) as

r(t) = Re {u t)el?mfet (Za e 7¢Z(t>}. (3.13)

Equation (3.13) differs from the original transmitted signal by the complex scale factor in large parentheses. This
scale factor is independent of the transmitted signal s(¢) and, in particular, of the equivalent lowpass signal w(t)
as long as the narrowband assumption 7;,, < 1/B,, is satisfied. In order to characterize the random scale factor
caused by the multipath, we choose s(¢) to be an unmodulated carrier with random phase offset ¢:

s(t) = Re{ej(2“f0t+¢‘))} = cos(27 fet + o), (3.14)

which is narrowband for any T,,.
With this assumption the received signal becomes

N(t)—1
r(t) = Re Z a(t)e IO | ed2mfet & — () cos(2m fut) — ro(t) sin(27 f.t), (3.15)
=0

where the in-phase and quadrature components are given by

N(t)-1

ri(t) = Z o (t) cos ¢4 (1), (3.16)
=0
N(t)-1

r(t) = Y ait)singi(t) (3.17)
=0



and where the phase term

¢z(t) = 27ch7_i(t) — ¢p, (t) — ¢o (3.18)
now incorporates the phase offset ¢y as well as the effects of delay and Doppler.

Suppose N (t) is large and all signal (multipath as well as the LOS) components have random amplitudes
with approximately the same distribution, and similarly for the random phases of each component. Then, given
that o;(t) and ¢;(t) are also independent for different components, we can invoke the Central Limit Theorem
(CLT) for sums of independent identically-distributed (i.i.d.) random variables to approximate r(t) and rg(t) as
jointly Gaussian random processes. The Gaussian property also holds for small N (¢) if the «;(t) are Rayleigh
distributed (given in (3.33) below) and the ¢;(t) are uniformly distributed on [—7, 7r]. This happens, again by
the CLT, when the ith multipath component results from a reflection cluster with a large number of nonresolvable
multipath components [3]. If the LoS or any of the multipath components has a much larger amplitude than the
average multipath component amplitude, then this component dominates the received signal; hence the Gaussian
approximation is no longer applicable as the terms in (3.15) are noti.i.d.

3.2.1 Autocorrelation, Cross-Correlation, and Power Spectral Density

We now derive the autocorrelation and cross-correlation of the in-phase and quadrature received signal components
r7(t) and rg(t), as well as the received signal 7(t). We focus on these correlations over a time period where the
transmitter or receiver moves on the order of a few signal wavelengths. As we will see, multipath can cause
the received signal to completely decorrelate over a signal wavelength due to changes in phase of the individual
multipath components such that they combine either constructively or destructively. Our derivations of these
correlations are based on some key assumptions that generally apply to propagation models without a dominant
LOS component such that all nonzero terms in (3.15) are approximately i.i.d. We will also determine the power
spectral density (PSD) of the received signal under certain assumptions that make its autocorrelation function
time-invariant. In this case the PSD is just the Fourier transform of the autocorrelation function.

A transmitter or receiver moving at velocity v tranverses a distance equal to a signal wavelenth A over time
T = A/v. We will assume in this section that the LoS and multipath amplitudes «;(t), delays 7;(t) = d;(t)/c, and
Doppler frequencies fp, (t) = v(t) cos6;(t) /A are changing slowly enough to be considered constant over the time
interval 7 for which we compute the received signal autocorrelation and cross-correlation. This is generally true for
T &~ \/v since over time 7 or, equivalently, over distance A the number of signal components N (¢) = N doesn’t
change. Moreover, since the shadowing associated with «;(¢) decorrelates over distance X, which is generally
much bigger than \, ;(t) &~ «; for some constant «;. Similarly, the distance a given signal component travels, the
component’s AoA, and the velocity of the transmitter or receiver change little over the time interval 7, and hence
we can assume 7;(t) ~ 7; for some average delay 7; and fp,(t) ~ fD for some average Doppler frequency fp,.
With a constant Doppler frequency, the Doppler phase shift* is ¢ D, ( fo 2m fp,dv = 2w fp,t and the phase of
the ith multipath component becomes ¢;(t) = 27 f.7; — 27 fp,t — <;50

We now make a key assumption; we assume that for the 7th multipath component, the term 27 f.7; — 27 fp,t in
¢;(t) changes rapidly relative to all other phase terms in the expression. This is a reasonable assumption because f,
is large and hence the term 27 f,7;(t) can go through a 360° rotation for a small change in multipath delay 7;(¢). As
discussed earlier, this change is typically captured in the Doppler term 27 fp, ¢ for 7;(¢) assumed constant. Under
this assumption, ¢;(t) is uniformly distributed on [—7, 7]. Thus

Zaz cos ¢; (t ] ZE a;|Elcos ¢;(t)] = 0, (3.19)

*We shall assume a Doppler phase shift at t = 0 of zero for simplicity, because this phase offset will not affect the analysis.

82



where the second equality follows from the independence of «; and ¢;(¢) and the last equality follows from the
uniform distribution on ¢;(t). Similarly we can show that E[rg(¢)] = 0. Thus, the received signal also has
E[r(t)] = 0: it is a zero-mean Gaussian process. If there is a dominant LOS component in the channel then the
phase of the received signal is dominated by the phase of the LOS component, which can be determined at the
receiver, so the assumption of a random uniform phase no longer holds.

Consider now the autocorrelation A, (¢,t + 7) = E[r;(t)r;(t + 7)] of the in-phase component. Using the
independence of «; and ¢;(t), the independence of ¢; () and ¢;(t) (¢ # j), and the uniform distribution of ¢;(t),
we get that

A, (tt+7) Zazcosqﬁz 1)) ajcosg;(t+7)
= Z Z E[oziozj]E[co: bi(t) cos ¢;(t + 7)]
= Z Ey[oz?]E[cos b3 (t) cos p;(t + 7). (3.20)
Since ¢;(t) = 2 for; — 27 fp,t — do and ¢;(t + 7) = 21 for; — 27 f,(t + 7) — o we have

Elcos ¢;(t) cos ¢;(t + 7)] = .5E[cos 27 fp,T] + .5E[cos(47 for; — A fp,t — 27 fp, 7 — 2¢0)]. (3.21)

Because 27 f.7; changes rapidly relative to all other phase terms and is uniformly distributed modulo 27, the
second expectation term in (3.21) is zero and thus

2
A (tt+71) 5ZE Elcos(27 fp,T)] = 5ZE [os( ﬂ;\,UTCOSHZ'>:|, (3.22)

since fp, = v cos(6;)/A. The last expectation in (3.22) is with respect to the angle of arrival §; since that is the only
random parameter in the expression over which the expectation is taken. Observe that A, (¢,t + 7) depends only
on 7 and hence r(t) is a wide-sense stationary (WSS) random process. Thus we can write A, (t,t+7) = A, (7)
as a function of 7 only. Moreover, using a similar derivation as (3.22) we can show that the quadrature component
is also WSS with the same autocorrelation as A, (7), s0 A, (7) = Ar, (7).

We now consider the cross-correlation between the in-phase and quadrature components. Using the same
trigonometric properties as in the derivation of (3.22) and the fact that 27 f.7; is uniformly distributed we get

Arpro(tt+7) =E[r(t)rot +7)] = —.5 ZE [sin (27;”7 coS 91>] (3.23)

and

2
Argri (tt+7) =Elrgt)ri(t+7)] = .5 Z E[a}]Eq, [sin ( TT cos e>] . (3.24)

We see from (3.23) and (3.24) that these cross-corrections only depend on 7 so we can write these as A, 170 (t,t+
7) = Apprg(7) and Ay, 4 (¢t + 7) = Apy . (7). Moreover, we see from these equations that A, ., (1) =
—Apgr, (7). Finally, setting 7 = 0 we see that A, ,,(0) = —A.,(0) = 0. Thus, r7(t) and rg(t) are
uncorrelated and, since they are jointly Gaussian processes, this means they are independent.

We now consider the autocorrelation of the received signal

r(t) = ri(t) cos(2m ft) — rg(t) sin(2w f.t).
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A8 =27/N

Figure 3.4: Dense scattering environment.

Avtoreny = BIr()r(t+7)]
= E[(r;(t) cos(2m fct) — rq(t) sin(2m ft)) (r(t + 7) cos(2m fe(t + 7)) — ro(t + 7) sin(27 fe(t + 7))]
= E[r;(t)r;(t + 7) cos(2nm fct) cos(2m fo(t + 7)) — ro(t)ri(t + 7) sin(27 fet) cos(2m fe(t + 7))
—ri(t)rq(t + 7)) cos(2m fet) sin(27rfc(t + 7)) +ro(t)ro(t + 7) sin(27 fet) sin(2w f.(t + 7))]
= A (1) cos(2m fet) cos(2m fe(t + 7)) + Apg (7) sin(27 fet) sin(27 fe(t + 7))
— Ay ey (7) SIn(27 ft) cos(2m fe(t + 7')) Ap o () cos(2m fet) sin(27 fo(t + 7))
= Ap (1) cos(2m feT) + App g (7) sin(27 fo1), (3.25)

where the last equality follows from trigonometric product formulas and that fact that A, (1) = A, (7) and
Ary (1) = —Apg (7). Since (3.25) is only a function of the time difference 7, the received signal 7(¢) is WSS
along with its in-phase and quadradure components.

In order to further simplify (3.22) and (3.23), we must make an additional assumption about the propagation
environment with respect to the power angle spectrum (PAS), which characterizes the received signal power as a
function of its angle of arrival. We will focus on the uniform scattering environment introduced by Clarke [4] and
further developed by Jakes [5, Chap. 1]. In this model, the channel consists of many scatterers densely packed
with respect to their angles of arrival, as shown in Figure 3.4. Note that this is a two-dimensional model, so that
the elevation angle of arrival for the signal components is ignored. In the uniform scattering model we assume N
(LoS and multipath) signal components with angles of arrival ; = iAf, i = 0,..., N — 1, where A0 = 27 /N.
We also assume that each signal component has the same received power and so E[a?] = 2P, /N, where P, is the
total received power. Then (3.22) becomes

N-1
P, 2
== oS ( "7 cos (iAH)) . (3.26)
N
=0
Now making the substitution N = 27 /A6 yields
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b

N-1

2

A, (1) = Py g cos ( 7T/\’U7’ cos (iAH)) AO. (3.27)
i=0

We now take the limit as the number of scatterers grows to infinity, which corresponds to uniform scattering from
all directions. Then N — oo, Af — 0, and the summation in (3.27) becomes an integral:

P [?" 2
Ay, (1) /0 cos ( 7T/\m_ cos 0> df = P.Jy(2w fpT), (3.28)

" or

where fp = 27v/\ and

1 /™ _
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Figure 3.5: Bessel function versus fp7.

is the Bessel function of zeroth order.” Similarly, for this uniform scattering environment,

P . 2muT
st £ fn

A plotof Jy(2x fp7) is shown in Figure 3.5. There are several interesting observations to make from this plot.
First we see that the autocorrelation is zero for fp7 =/ .4 or, equivalently, for v7 ~ .4\. Thus, the signal decorre-
lates over a distance of approximately one half wavelength under the uniform 6; assumption. This approximation
is commonly used as a rule of thumb to determine many system parameters of interest. For example, we will see
in Chapter 7 that independent fading paths obtained from multiple antennas can be combined to remove some of
the negative effects of fading. For independent fading the antenna spacing must be .4\ based on the analysis here.

cos(9)> df = 0. (3.29)

5 Equation (3.28) can also be derived by assuming that 27rvr cos 0; /X in (3.22) and (3.23) is random with 6; uniformly distributed, and
then taking expectations with respect to ;. However, based on the underlying physical model, 6; can be uniformly distributed only in a
dense scattering environment. So the derivations are equivalent.
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However, combining paths that have a low correlation leads to almost the same gains as combining independent
fading paths [6, Chap. 9.6.5]. Another interesting characteristic of this plot is that the signal recorrelates after
it becomes uncorrelated. Thus, we cannot assume that the signal remains independent from its initial value at
d = 0 for separation distances greater than .4)\. Because of this recorrelation property, a Markov model is not
completely accurate for a uniform scattering environment. However, since the recorrelation once the separation
distance is greater than a half-wavelength is below .3, this is a reasonable approximation in analyses where such a
low correlation has little impact on performance.

0.4

0.35

0.3

0.25

0.15

0.1+

0.05 1

Figure 3.6: In-phase and quadrature PSD: S, (f) = Sy, (f).

The power spectral densities (PSDs) of r;(t) and 7¢(t) — denoted by S, (f) and S, (f), respectively — are
obtained by taking the Fourier transform of their respective autocorrelation functions relative to the delay parameter
7. Since these autocorrelation functions are equal, so are the PSDs. Thus

21 |f| < fp,
S (f) = Seg(f) = FlAr, (7)) = { ™D \/1=(f/p)? - (3.30)
0, otherwise.

This PSD is shown in Figure 3.6.

To obtain the PSD of the received signal 7(t) under uniform scattering we use (3.25) with A, ., (1) = 0,
(3.30), and properties of baseband random processes modulated by a sinusoid (discussed in Appendix B.3) to
obtain

ST(f) = *7:[‘4?(7_)] = '25[Sr1(f - fc) +Sr1(f+ fc)]
{ = : |f = fel < fo.

27fD \/1~(1f~fel /fD)?’ (3.31)
0, otherwise.

Note that this PSD integrates to P,, the total received power.
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Since the PSD models the power density associated with multipath components as a function of their Doppler
frequency, it can be viewed as the probability density function (pdf) of the random frequency due to Doppler asso-
ciated with multipath. We see from Figure 3.6 that the PSD S, ( f) goes to infinity at f = & fp and, consequently,
the PSD S,.(f) goes to infinity at f = +f. + fp. This will not be true in practice, since the uniform scattering
model is just an approximation, but for environments with dense scatterers the PSD will generally be maximized at
frequencies close to the maximum Doppler frequency. The intuition for this behavior comes from the nature of the
cosine function and the fact that (under our assumptions) the PSD corresponds to the pdf of the random Doppler

frequency fp ().

fp(6) = fpcos(6) S (f)
s = ‘ A L

—fr S5, (
0 A | | | f

fn(0)
) 0 o

Figure 3.7: Cosine and PSD approximation by straight line segments.

To see this, note that the uniform scattering assumption is based on many scattered paths arriving uniformly
from all angles with the same average power. Thus, 6 for a randomly selected path can be regarded as a uniform
random variable on [0, 27]. The pdf pys, 4 (f) of the random Doppler frequency fp(f) can then be obtained
from the pdf of 6. By definition, ps,, (4 (f) is proportional to the density of scatterers at Doppler frequency f.
Hence, S;,(f) is also proportional to this density, and we can characterize the PSD from the pdf py, g)(f). For
this characterization, in Figure 3.7 we plot fp(#) = fpcos(f) = % cos(f) along with a (dashed) straight-line
segment approximation f  (¢) to fp(0). On the right in this figure we plot the PSD S, (f) along with a dashed
straight-line segment approximation to it, S, (f), which corresponds to the Doppler approximation f D(H). We
see that cos(f) ~ +1 for a relatively large range of #-values. Thus, multipath components with angles of arrival
in this range of values have Doppler frequency fp(6) ~ £ fp, so the power associated with all of these multipath
components will add together in the PSD at f ~ fp. This is shown in our approximation by the fact that the
segments where f () = & fp on the left lead to delta functions at = f in the PSD approximation S, (f) on the
right. The segments where f (6) has uniform slope on the left lead to the flat part of S, (f) on the right, since
there is one multipath component contributing power at each angular increment. This explains the shape of S,, (f)
under uniform scattering. Formulas for the autocorrelation and PSD in nonuniform scattering — corresponding to
more typical microcell and indoor environments — can be found in [5, Chap. 1; 7, Chap. 2]. Three-dimensional
channel models that incorporate elevation angle are described in [8] and the references therein.

The PSD is useful in constructing simulations for the fading process. A common method for simulating the
envelope of a narrowband fading process is to pass two independent white Gaussian noise sources with PSD N /2
through lowpass filters with a frequency response H (f) that satisfies

N,

Sr(£) = Srg(f) = S IH (I (3.32)
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The filter outputs then correspond, respectively, to the in-phase and quadrature components of the narrowband
fading process with PSDs S, (f) and Sro (f). A similar procedure using discrete filters can be used to generate
discrete fading processes. Most communication simulation packages (e.g. the Matlab communications toolbox)
have standard modules that simulate narrowband fading based on this method. More details on this simulation
method, as well as alternative methods, can be found in [1, 7, 9, 10].

We have now completed our model for the three characteristics of power versus distance exhibited in nar-
rowband wireless channels. These characteristics are illustrated in Figure 3.8, adding narrowband fading to the
single-slope path loss and log-normal shadowing models developed in Chapter 2. In this figure we see the signal
power due to path loss decreasing at a slope of —10+ relative to log;(d/d,) for y the path-loss exponent and d,
the reference distance at which the path loss equals the constant K. The more rapid variations due to shadowing
change on the order of the decorrelation distance X, and the very rapid variations due to multipath fading change
on the order of half the signal wavelength. If we blow up a small segment of this figure over distances where path
loss and shadowing are constant we obtain Figure 3.9, which plots the dB value of P,/ P; versus linear distance
d = vt (not log distance). In this figure the average value of P, /P, is normalized to 0 dB. A mobile receiver trav-
eling at fixed velocity v would experience stationary and ergodic received power variations over time as illustrated
in this figure.

A - Path Loss Alone (Includes Average Shadowing)
K@) Wy, T Shadowing and Path Loss
Multipath, Shadowing, and Path Loss

0 log(d/d,) )

Figure 3.8: Combined single-slope path loss, log-normal shadowing, and narrowband fading.

3.2.2 Envelope and Power Distributions

We now consider the distribution of the envelope and power for the narrowband received signal r(t) = r(t) cos(2m fct)—
ro(t) sin(2n fct). It can be shown that, for any two Gaussian random variables X and Y, both with mean zero
and equal variance 02, Z = /X2 + Y2 is Rayleigh distributed and Z? is exponentially distributed. We have
seen that, for ¢;(¢) uniformly distributed, 77 and 7 are both zero-mean Gaussian random variables. If we as-

sume a variance of 02 = .5 > E[a?] for both in-phase and quadrature components, then the signal envelope
z(t) = |r(t)| = \/r7(t) + r}(t) is Rayleigh distributed with distribution
2z 22 z 22
pZ(Z) = Frexp |:_F741| = ﬁexp [_ﬁ] y R > 07 (333)

where P, = 207 is the power of z(t) which equals the power of 7(t).
We obtain the power distribution by making the change of variables 22(t) = |r(¢)|? in (3.33) to obtain
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Figure 3.9: Narrowband fading.

1 —z/P, 1 —x /202
= — P = — > .
pz2(T) PTe 5,2¢ , x>0, (3.34)

i.e. the power in r(t) is exponentially distributed with mean P, = 202. Thus, () has a Rayleigh-distributed
amplitude and exponentially-distributed power with mean P, = 202. The equivalent lowpass signal for 7(t) is
given by r1,p(t) = r(t)+jrg(t), which has the same power as z(t) and phase § = arctan (rg(t)/r(t)). For r;(t)
and rq(t) uncorrelated Gaussian random variables we can show that ¢ is uniformly distributed and independent of
lrLpl.

Example 3.2: Consider a channel with Rayleigh fading and average received power P, = 20 dBm. Find the
probability that the received power is below 10 dBm.

Solution: We have P, = 20 dBm = 100 mW. We want to find the probability that Z? < 10 dBm = 10 mW.
Thus

101

p(Z% < 10) = / 1_m)e_z/1ood$ = .095.
0

If the channel has a LOS component with a much larger signal power than the other multipath components, then
r7(t) and rg(t) are not zero-mean random processes. That is because the average signal power is dominated by
the LOS component, with small fluctuations about this average due to constructive and destructive addition of
the multipath components. In this scenario the received signal equals the superposition of a complex Gaussian
component and a higher-power LOS component. The signal envelope in this case can be shown to have a Rician
distribution [11] given by

z —(2% + 5?) 28
pz(2) = = exp [T] (). ==0 (3.35)
where 202 = Yo £0 E[a?] is the average power in the non-LOS multipath components and s? = o3 is the power

in the LOS component. The function Ij is the modified Bessel function of zeroth order. The average received
power in the Rician fading is given by
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P. = / 22py(2)dz = s* + 202 (3.36)
0

The Rician distribution is often described in terms of a fading parameter K, defined by

32

202"
Thus, K is the ratio of the power in the LOS component to the power in the other (non-LOS) multipath components,
which is typically a random variable. For K = 0 we have Rayleigh fading and for K = oo we have no fading
(i-e., a channel with no multipath and only a LOS component). The fading parameter K is therefore a measure of
the severity of the fading: a small K implies severe fading, a large K implies relatively mild fading. Making the
substitutions s> = K P, /(K + 1) and 202 = P, /(K + 1), we can write the Rician distribution in terms of K and
P, as

(3.37)

~ 22(K+1)

2
pz(z) = exp |—K — M] z>0. (3.38)

Py P

Both the Rayleigh and Rician distributions for the received signal envelope can be obtained by using mathe-
matics to capture the underlying physical properties of the channel models [3, 11]. However, some experimental
data does not fit well into either of these distributions. Thus, a more general fading distribution for the received
signal envelope was developed whose parameters can be adjusted to fit a variety of empirical measurements. This
distribution is called the Nakagami fading distribution and is given by

2

_gz ] . m>.5, (3.39)

2mmz2m—1

2= "Faorr > |

T
where P, is the average received power and I'(+) is the Gamma function. The Nakagami distribution is param-
eterized by P, and the fading parameter m. For m = 1 the distribution in (3.39) reduces to Rayleigh fading.
For m = (K + 1)2/(2K + 1) the distribution in (3.39) is approximately Rician fading with parameter /. For
m = oo there is no fading: Z = /P, is a constant. Thus, the Nakagami distribution can model both Rayleigh
and Rician distributions as well as more general ones. Note that some empirical measurements support values of
the m-parameter less than unity, in which case the Nakagami fading causes more severe performance degradation
than Rayleigh fading. The power distribution for Nakagami fading, obtained by a change of variables, is given by

m _m—1 _
m> :” m] (3.40)

pz2(z) = <Fr T(m) exXp [ 2}

While narrowband fading is often modeled using the Rayleigh, Rician, or Nakagami distribution, these distri-
butions are not accurate for many environments that arise in practice. This has led to several important extensions
of these models [6]. In particular, the Hoyt (or Nakagami-q) distribution models narrowband fading of the received
signal envelope assuming instaneous values of the in-phase and quadrature components are zero-mean Gaussian
random variables with unequal variances. The Beckman distribution generalizes the Hoyt model such that the in-
stantaneous in-phase and quadrature components are Gaussian random variables with unequal means and unequal
variances. The Weibull fading model generalizes both Rayleigh and exponential distributions, and with proper
parameterization has been shown to fit with with experimental data. The pdf formulas for the Hoyt, Beckman, and
Weibull distributions can be found in [6].
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3.2.3 Level Crossing Rate and Average Fade Duration

In this section we derive the average fade duration of a narrowband fading signal, which equals the average length
of time the signal is continuously below a given value. To compute the average fade duration, we must first compute
the signal’s level crossing rate. The level crossing rate is a characteristic of any random process. It is defined as the
expected rate, in crossings per second, that the process crosses a particular value or level. The rate can be based
on crossing the level in either the upward or downward direction. In order to compute the average fade duration,
we consider the level crossing rate in the downward direction, since the signal is then below the desired value. We
thus define the envelope level crossing rate Ly of signal envelope z(t) = |r(t)| as the expected rate, in crossings
per second, at which the signal envelope crosses the level Z in the downward direction. Obtaining Lz requires the
joint distribution p(z, ) of the signal envelope z = |r| and its derivative with respect to time, 2. We now derive
Lz based on this joint distribution.

() =1r@)|

7 - Ly SR
\}Slope:i /
Z +dz

Figure 3.10: Level crossing rate and fade duration for fading process.

Consider the fading process shown in Figure 3.10. The expected amount of time that the signal envelope
spends in the interval (Z + dz, Z) with envelope slope in the range (2 + d2, Z) over time duration dt is A =
p(Z, £) dz dZ dt. The time required to cross from Z to Z + dz once for a given envelope slope 2 is B = dz/Z. The
ratio A/ B = 2p(Z, #) dz dt is the expected number of crossings of the envelope z within the interval (Z + dz, Z)
for a given envelope slope 2 over time duration dt. The expected number of crossings of the envelope level Z for
slopes between Z + dz and 2 in a time interval [0, 7’| in the downward direction is thus

T
/ p(Z,2)d3dt = ip(Z, 2)d3T. (3.41)
0
Hence the expected number of crossings of the envelope level Z with negative slope over the interval [0, T'] is
0
Ny = T/ Zp(Z, 2)dz. (3.42)
—0oQ

Finally, the expected number of crossings of the envelope level Z per second — that is, the level crossing rate — is

Ny 0
Ly = - = / sp(Z, 2)dz. (3.43)

Note that this derivation of level crossing rate is a general result that applies for any random process.
The joint pdf of z and 2 for Rician fading was derived in [9] and can also be found in [7, Chap. 2.1]. The level
crossing rate for Rician fading is then obtained by using this pdf in (3.43), yielding

Ly = \21(K + 1) fope K~ED* 1 (2p /K (K + 1)), (3.44)
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where p = Z/+/P,. For Rayleigh fading (K = 0) the level crossing rate simplifies to

Ly = \2rnfppe . (3.45)

We define the average signal fade duration as the average time that the signal envelope stays below a given
target level Z. This target level is often obtained from the signal amplitude or power level required for a given
performance metric such as bit error rate. If the signal amplitude or power falls below its target then we say the
system is in outage. Let ¢; denote the duration of the ith fade below level Z over a time interval [0, 77, as illustrated
in Figure 3.10. Thus ¢; equals the length of time that the signal envelope stays below Z on its ith crossing. Since
z(t) is stationary and ergodic, for T sufficiently large we have

1
p(a(t) < 2) = 7 Zt (3.46)
K3
Thus, for T" sufficiently large, the average fade duration is
LT
_ 1 p(z(t) < Z)
ty = — o — . 3.47
Z TLZ - % LZ ( )
Using the Rayleigh distribution for p(2(t) < Z) then yields
2
_ e’ —1
ty = —— (3.48)
pfpV2m

with p = Z/ \/F__’T . Note that (3.48) is the average fade duration for the signal envelope (amplitude) level with Z
the target amplitude and \/FT the average envelope level. By a change of variables it is easily shown that (3.48)
also yields the average fade duration for the signal power level with p = +/Py/P,, where P, is the target power
level and P, is the average power level. The average fade duration (3.48) decreases with the Doppler frequency
fD, since as a channel changes more quickly it remains below a given fade level for a shorter period of time. The
average fade duration also generally increases with p for p > 1. That is because the signal is more likely to be
below the target as the target level increases relative to the average. The average fade duration for Rician fading is
more difficult to compute; it can be found in [7, Chap. 1.4].

The average fade duration indicates the number of bits or symbols affected by a deep fade. Specifically,
consider an uncoded system with bit time 7}. Suppose the probability of bit error is high when z < Z. In this case,
if Tj ~ t then the system will likely experience single error events, where bits that are received in error have the
previous and subsequent bits received correctly (since z > Z for these bits). On the other hand, if T, < tz then
many subsequent bits are received with z < Z, so large bursts of errors are likely. Finally, if T, > t then, since
the fading is integrated over a bit time in the demodulator, the fading gets averaged out and so can be neglected.
These issues will be explored in more detail in Chapter 8, where we consider coding and interleaving.

Example 3.3: Consider a voice system with acceptable BER when the received signal power is at or above half
its average value. If the BER is below its acceptable level for more than 120 ms, users will turn off their phone.
Find the range of Doppler values in a Rayleigh fading channel such that the average time duration when users have
unacceptable voice quality is less than £ = 60 ms.

Solution: The target received signal value is half the average, so Py = .5P, and thus p = v/.5. We require

_ 6'5 1
ty =

—— <t=.060
pVT
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and thus fp > (e® — 1)/(.060/7) = 6.1 Hz.

3.2.4 Block-Fading and Finite-State Markov Fading

The complex mathematical characterization of the narrowband fading model described in the previous sections
can be difficult to incorporate into wireless performance analysis. Therefore, simpler models that capture the main
features of narrowband fading channels are often used for these analytical calculations. This section describes two
such models: block-fading and finite-state Markov fading channels.

In a block-fading channel, the channel SNR ~ is assumed constant over some period of time 7' called the
block time. In this model we denote +(i) as the channel SNR over the ith block. It is typically assumed that () is
i.i.d. between blocks although a more complex model capturing correlation of the channel gain across blocks can
also be used. Often T is set equal to an integer number of modulation symbol times T: T" = NT; where NT
is approximately equal to the channel coherence time defined in Section 3.3.4 below. A rapidly-fading channel
might be approximated by setting N = 1 such that the fading is constant over each symbol time and changes to
a different i.i.d. value between subsequent symbols. A variation on the block-fading model allows for continuous
variation of the channel gain within a block, typically using the model of Section 3.2.1, with an abrupt transition
to an independent channel gain at each block time. This model is often used for systems where blocks of symbols
are sent intermittently and hence each block experiences a completely different propagation environment.

The finite-state Markov channel (FSMC) is a special case of block-fading where a finite set of channel SNR
values is assumed with a Markov transition probability of the fading between blocks. Specifically in the FSMC
the channel SNR is assumed to belong to a finite set of values, called channel states, and to follow a discrete-
time Markov process with time discretized to the block time 7'. The channel varies over its possible states at
each interval T" according to a set of Markov transition probabilities. FSMCs have been used to approximate both
mathematical and experimental fading models, including satellite channels [12], indoor channels [13], Rayleigh
fading channels [14, 15], Rician fading channels [16], and Nakagami-m fading channels [17]. They have also been
used for system design and system performance analysis [15, 18]. First-order FSMC models are deficient when the
fading recorrelation affects performance analysis, in which case higher-order models are used. The FSMC models
for fading typically model amplitude variations only, although there has been some work on FSMC models for
phase in fading [19] or phase-noisy channels [20].

A detailed FSMC model for Rayleigh fading was developed in [14]. In this model the time-varying SNR -y
associated with the Rayleigh fading lies in the range 0 < v < infty. The FSMC model discretizes this fading
range into regions so that the jth region R; is defined as R; = {v : A; < v < Aj;1}, where the region
boundaries {A;} and the total number of fade regions are parameters of the model. This model assumes that -y
stays within the same region over time interval T" and can only transition to the same region or adjacent regions
at time 1" + 1. Thus, given that the channel is in state I?; at time 7', at the next time interval the channel can
only transition to [2;_1, Rj, or R; 41 — a reasonable assumption when fpTis small. Under this assumption, the
transition probabilities between regions are derived in [14] as

L; T L;T

Pjj+1 = s Dig-1=——, DPjj=1=Djjr1 —Dji-1, (3.49)
T T

where L; is the level crossing rate at A; and 7; is the steady-state distribution corresponding to the jth region:
T =p(v € Rj) = p(4; <7 < Ajp).
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3.3 Wideband Fading Model

Suppose the transmitted signal is not narrowband relative to the inverse delay spread. Since the signal bandwidth
B =~ 1/T for T the signal duration, the received signal will have duration 7' + T,,, >> T for T, is the delay
spread. Thus, the duration of the received signal will be significantly increased, and we refer to the channel in
this case as a dispersive channel. This phenomenon is illustrated in Figure 3.11. In the figure, a pulse of width
T is transmitted over a multipath channel. As discussed in Chapter 5, linear modulation consists of a train of
pulses where each pulse carries information in its amplitude and/or phase corresponding to a data bit or symbol.®
If the multipath delay spread T,,, < 7' then the multipath components are received roughly on top of one another,
as shown in the upper right of the figure. Hence the channel is nondispersive. The resulting constructive and
destructive interference causes narrowband fading of the pulse, but there is little time spreading of the pulse and
therefore little interference with a subsequently transmitted pulse. On the other hand, if the multipath delay spread
T, > T, then each of the different multipath components can be resolved, as shown in the lower right of the
figure. However, these multipath components interfere with subsequently transmitted pulses (dashed pulses in the
figure). This effect is called intersymbol interference (ISI).

Pulse 1  Pulse 2 Tt
—_—
ri |
[ ' :
—_..... — PR { | i -1 —T
R i To
——= Y a8t — 1, (1) —
T+ 7,
} [1_‘ e r—1
I—% I—1 f—T3

Figure 3.11: Multipath resolution.

There are several techniques to mitigate the distortion due to multipath delay spread, including equalization,
multicarrier modulation, and spread spectrum, which are discussed in Chapters 11-13. Mitigating ISI is not nec-
essary if T' > T,,. However, most wireless systems require data rates R ~ 1/7T to be much greater than 1/7,,, for
typical delay spreads of both indoor and outdoor channels. Multicarrier modulation and spread spectrum actually
change the characteristics of the transmitted signal to mostly avoid intersymbol interference; however, they still
experience multipath distortion due to frequency-selective fading, which is described in Section 3.3.3.

The difference between wideband and narrowband fading models is that, as the baseband signal bandwidth B,,
increases so that T},, ~ B!, the approximation u(t — 7;()) ~ u(t) is no longer valid for all multipath component
delays 7;(t). Thus, the received signal is a sum of all copies of the original signal, where each copy is delayed in
time by 7;(¢) and shifted in phase by ¢;(¢). The signal copies will combine destructively when their phase terms
differ significantly and will distort the direct path signal when u(t — 7;(¢)) differs from w(¢).

Although the approximation in (3.13) no longer applies when the signal bandwidth is large relative to the
inverse of the multipath delay spread, if the number of multipath components is large and the phase of each com-

SLinear modulation typically uses nonsquare pulse shapes for bandwidth efficiency, as discussed in Section 5.4.
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ponent is uniformly distributed then the received signal will still be a zero-mean complex Gaussian process with a
Rayleigh-distributed envelope. However, wideband fading differs from narrowband fading in terms of the resolu-
tion of the different multipath components. Specifically, for narrowband signals, the multipath components are not
resolvable if their delay difference is less than the inverse of the signal bandwidth, so the multipath components
characterized in (3.6) combine at the receiver to yield the original transmitted signal with amplitude and phase
characterized by random processes. These random processes are in turn characterized by their autocorrelation (or
PSD) and instantaneous distributions, as discussed in Section 3.2. However, with wideband signals, the received
signal experiences distortion due to the delay spread of the different multipath components, so the received signal
can no longer be characterized by just the amplitude and phase random processes. The effect of multipath on wide-
band signals must therefore take into account both the multipath delay spread and the time variations associated
with the channel.

3.3.1 Autocorrelation and Scattering Function

The starting point for characterizing wideband channels is the equivalent lowpass time-varying channel impulse
response c(7, t). Let us first assume that c(7, t) is a continuous’ deterministic function of 7 and ¢. Recall that
(T, t) represents the response of the channel at time ¢ to an impulse at time ¢ — 7. Hence, time variations of the
impulse response are captured by the parameter ¢. We can take the Fourier transform of ¢(7, ¢) with respect to ¢ as

[e.e]
C(r, p) = / c(r, t)e 2Pt qt. (3.50)
—0oQ

We call C(7, p) the deterministic scattering function of the equivalent lowpass channel impulse response ¢(7, t).
Recall that time variations of the channel due to movement of the transmitter or receiver result in a Doppler
frequency shift fp. Since C(7, p) is the Fourier transform of ¢(7, ¢) with respect to the time variation parameter ¢,
the deterministic scattering function C'(7, p) captures the Doppler characteristics of the channel via the frequency
parameter p. The derivation of this relationship for random channels is given in Section 3.3.4

In general, the time-varying channel impulse response ¢(7, t) given by (3.6) is random instead of deterministic
because of the random amplitudes, phases, and delays of the random number of multipath components. In this case
we must characterize it statistically or via measurements. As long as the number of multipath components is large
and the LOS signal component does not dominate the received signal, we can invoke the CLT to assume that
(T, t) is a zero-mean complex Gaussian process and hence that its statistical characterization is fully known from
the mean, autocorrelation, and cross-correlation of its in-phase and quadrature components. As in the narrowband
case, we assume that the phase of each multipath component is uniformly distributed. Thus, the in-phase and
quadrature components of ¢(7, t) are independent Gaussian processes with the same autocorrelation, a mean of
zero, and a cross-correlation of zero. The same statistics hold for the in-phase and quadrature components if the
channel contains only a small number of multipath rays — as long as each ray has a Rayleigh-distributed amplitude
and uniform phase. Note that this model does not hold when the channel has a dominant LOS component.

The statistical characterization of ¢(7, t) is thus determined by its autocorrelation function, defined as

Ac(m, T3ty t+ At) = E[c" (115 t)c(2; t + At)]. (3.51)

Most time-varying channels associated with deployed wireless systems are WSS, so that the joint statistics of a
channel measured at two different times ¢ and ¢ + At depends only on the time difference At. For WSS channels,
the autocorrelation of the corresponding bandpass channel h(7, t) = Re{c(7, t)e?27/ct} can be obtained from

"The wideband channel characterizations in this section can also be made for discrete-time channels (discrete with respect to 7) by
changing integrals to sums and Fourier transforms to discrete Fourier transforms.
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Ac(my, sty t+ At) as® Ap(71, Toit, t + At) = 5Re{Ac(71, To;t, t + At)eﬂ“fcm} [21]. We will assume
that our channel model is WSS, in which case the autocorrelation becomes independent of ¢:

Ac(11, 123 At) = Elc" (113 t)c(To5 t + At)]. (3.52)

Moreover, in real environments the channel response associated with a given multipath component of delay 7 is
uncorrelated with the response associated with a multipath component at a different delay 7 # 71, since the two
components are caused by different scatterers. We say that such a channel has uncorrelated scattering (US). We
denote channels that are WSS with US as WSSUS channels. The WSSUS channel model was first introduced
by Bello in his landmark paper [21], where he also developed two-dimensional transform relationships associated
with this autocorrelation. These relationships will be discussed in Section 3.3.5. Incorporating the US property
into (3.52) yields

E[c*(m;t)e(mo;t + At)] = Ac(11; At)d[m — o). (3.53)

Now setting 71 = 70 = T we get
E[c*(T;t)e(T;t+ At)] = Ac(; At), (3.54)

where A.(7; At) gives the average output power associated with the channel as a function of the multipath delay
7 = 71 = 7o and the difference At in observation time. The autocorrelation function (3.54) is based on the
approximation that 7y = 79 when 71 and 79 satisfy |7 — 70| > B,/ L since otherwise the receiver can’t resolve
the multipath components with these delays. In this case the two components are modeled as a single combined
multipath component with delay 7 ~ 7 & 79 and autocorrelation A.(7; At).

The scattering function for random channels is defined as the Fourier transform of A.(7; At) with respect to
the /At parameter:

S.(r, p) = / A, At)e 2 AL, (3.55)

—0oQ

The scattering function characterizes the average output power associated with the channel as a function of the
multipath delay 7 and Doppler p. By constrast, for the deterministic channel, its scattering function C(7, p)
characterizes the complex channel gain as a function of multipath delay 7 and Doppler p. An example scattering
function for an indoor channel with the power density and delay spread normalized by their mean values is shown
in Figure 3.12.

The most important characteristics of the wideband channel — including its power delay profile, coherence
bandwidth, Doppler power spectrum, and coherence time—are derived from the channel autocorrelation A.(7, At)
or the scattering function S.(7, p). These characteristics are described in subsequent sections.

3.3.2 Power Delay Profile

The power delay profile A.(T), also called the multipath intensity profile, is defined as the autocorrelation (3.54)
with At = 0 : A.(1) £ A.(7,0). The power delay profile represents the average power associated with a given
multipath delay, and it is easily measured empirically. The average and rms delay spread are typically defined in
terms of the power delay profile A.(7) as

_ fooo TA(T)dT

Ky, = —fooo Au(r)dr (3.56)

8It‘is easily shown that the autocorrelation of the bandpass channelresponse i(7, t) is E[h(71, t) h(72, t+At)] = .5 Re{Ac(71, 725 ¢, t+
At)eI?™ e B 4 5 Re{ A (11, T2; t, t + At)eI 2 PHAY where Ao(T1, 23 t, t+ At) = Elc(r1;t)c(r2; t+ At)]. However, if ¢(r,t)
is WSS then A, (71, 72;t,t + At) = 0, s0 E[h(71, t)h(72,t + At)] = .5 Re{ A (71, 72; t, t + At)ed? A1)
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Figure 3.12: Scattering function with power spectral density and delay spread normalized by their mean values.

and
X(r - 2A.(1)d
op,, = [ 1T~ ) Aclr)dr (3.57)
fo A(T)dT
Note that A.(7) > 0 for all 7, so if we define the distribution pz,, of the random delay spread T, as
Ac(T)
= = 3.58
P1,(7) JoT Ac(r)dr (58)

then pr, and o, are (respectively) the mean and rms values of 7, relative to this distribution. Defining the
distribution of T, by (3.58) — or, equivalently, defining the mean and rms delay spread by (3.56) and (3.57),
respectively — weighs the delay associated with a given multipath component by its relative power, so that weak
multipath components contribute less to delay spread than strong ones. In particular, multipath components below
the noise floor will not significantly affect these delay spread characterizations.

The time delay 7" where A.(7) ~ 0 for 7 > T can be used to roughly characterize the delay spread of the
channel, and this value is often taken to be a small integer multiple of the rms delay spread. For example, we
assume A.(7) =~ 0 for 7 > 3oy, . With this approximation, a linearly modulated signal with symbol period T’s
experiences significant ISI if T, < o7,,. Conversely, when Ts >> o7, the system experiences negligible ISI. For
calculations one can assume that Ts < o7, implies Ts < o7, /10 and that Ty > op,, implies Ts > 1007, . If T
is within an order of magnitude of o7, then there will be some ISI, which may or may not significantly degrade
performance, depending on the specifics of the system and channel. In later chapters we will study the performance
degradation due to ISI in linearly modulated systems as well as ISI mitigation methods.

Although p7,, ~ o7, in many channels with a large number of scatterers, the exact relationship between
ur,, and o, depends on the shape of A.(7). For a channel with no LOS component and a small number of
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multipath components with approximately the same large delay, p7,, > or,,. In this case the large value of u7,,
is a misleading metric of delay spread, since in fact all copies of the transmitted signal arrive at roughly the same
time and the demodulator would synchronize to this common delay. It is typically assumed that the synchronizer
locks to the multipath component at approximately the mean delay, in which case rms delay spread characterizes
the time spreading of the channel.

Example 3.4: The power delay profile is often modeled as having a one-sided exponential distribution:

1 —
Al(r) = T—e_T/T’”, T >0.
m

Show that the average delay spread (3.56) is ji7,, = T, and find the rms delay spread (3.57).
Solution: 1t is easily shown that A.(7) integrates to unity. The average delay spread is thus given by
1 o = _
/LTm e — / TB_T/deT — Tm,
Tm 0

and the rms delay spread is

1 © = — — —
or,, = e / Tze_T/deT — ,u% = 2Tm - Tm = Tm
Tm 0 "

Thus, the average and rms delay spread are the same for exponentially distributed power delay profiles.

Example 3.5: Consider a wideband channel with multipath intensity profile

—7/.00001 0< 7 <20
e ST S S,
Ac(T) = { 0 else. 8

Find the mean and rms delay spreads of the channel and find the maximum symbol rate such that a linearly
modulated signal transmitted through this channel does not experience ISI.

Solution: The average delay spread is

201076 _
fo Te—T/-00001 7

20-10—6
fo e—7/-00001 7

Wy, = = 6.87 us.

The rms delay spread is

20-10-6 _
(T — pr,, )2e~7/-00001 37

0
20-10-6
I e—7/-00001 7,

oT,

. = 5.25 us.

We see in this example that the mean delay spread is roughly equal to its rms value. To avoid ISI we require linear
modulation to have a symbol period T’ that is large relative to o, . Taking this to mean that Ts > 1007, yields
a symbol period of Ts = 52.5 us or a symbol rate of Ry = 1/Ts = 19.04 kilosymbols per second. This is a
highly constrained symbol rate for many wireless systems. Specifically, for binary modulations where the symbol
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rate equals the data rate (bits per second, or bps), voice requires on the order of 32 kbps and data has orders of
magnitude higher rates, with some systems operating at Gbps data rates.

3.3.3 Coherence Bandwidth

We can also characterize the time-varying multipath channel in the frequency domain by taking the Fourier trans-
form of ¢(7, t) with respect to 7. Specifically, define the random process

C(f;t) = /OO c(r;t)e 2™ dr, (3.59)

—0o0
Because ¢(7;t) is a complex zero-mean Gaussian random variable in ¢, the Fourier transform in (3.59) represents
the sum’ of complex zero-mean Gaussian random processes; hence C(f; ) is also a zero-mean Gaussian random
process that is completely characterized by its autocorrelation. Since c¢(7;t) is WSS, its integral C'(f;¢) is also.
Thus, the autocorrelation of (3.59) is given by

Ac(f1, fo; At) = E[CT(f1;1)C(fas T + At)]. (3.60)
We can simplify Ac(f1, fo; At) as follows:

Ac(fi, fas At) = [/ C*(Tl't)ejzwflndﬁ/ c(mo;t + At)e—ﬂﬁszszz

—0o0

/ / E[c*(m;t (Tg;t—l—At)]ej%fl”e_j%f?”dﬁd?g

_/ AT, At)e —i2m(f2=f1)7 g
= Ac(Af; A1), (3.61)

where Af = fo — f1 and the third equality follows from the WSS and US properties of ¢(7;t¢). Thus, the
autocorrelation of C'(f; ¢) in frequency depends only on the frequency difference A f. The function Ac (A f; At)
can be measured in practice by transmitting a pair of sinusoids through the channel that are separated in frequency
by A f and then calculating their cross-correlation at the receiver for the time separation At.

If we define Ac(Af) 2 Ac(Af;0) then, by (3.61),

e}
Ac(Af) = / Ao (1)e 32 B0 4, (3.62)
—0o0
Thus Ac (A f) is the Fourier transform of the power delay profile. Because Ac(Af) = E[C*(f;t)C(f + Af;t)]
is an autocorrelation, it follows that the channel response is approximately independent at frequency separations
Af where Ac(Af) =~ 0. The frequency B. where Ac(Af) ~ 0 for all Af > B, is called the coherence
bandwidth of the channel. By the Fourier transform relationship between A.(7) and Ac(Af), if A.(7) ~ 0 for
7 > T then Ac(Af) =~ 0 for Af > 1/T. Hence, the minimum frequency separation B, for which the channel
response is roughly independent is B. ~ 1/T, where T is typically taken to be the rms delay spread or,, of
Ac(7). A more general approximation is B. ~ k/or, , where k depends on the shape of A.(7) and the precise
specification of coherence bandwidth. For example, Lee [22] has shown that B. ~ .02/o7,, approximates the

"We can express the integral as a limit of a discrete sum.
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range of frequencies over which channel correlation exceeds 0.9 whereas B, ~ .2/o7,, approximates the range of
frequencies over which this correlation exceeds 0.5.

In general, if we are transmitting a narrowband signal with bandwidth B < B,, then fading across the entire
signal bandwidth is highly correlated; that is, the fading is roughly equal across the entire signal bandwidth. This is
usually referred to as flat fading. On the other hand, if the signal bandwidth B > B,, then the channel amplitude
values at frequencies separated by more than the coherence bandwidth are roughly independent. Thus, the channel
amplitude varies widely across the signal bandwidth. In this case the fading is called frequency selective. If
B =~ B, then channel behavior is somewhere between flat and frequency-selective fading. Note that in linear
modulation the signal bandwidth B is inversely proportional to the symbol time 7T, so flat fading corresponds to
Ts =~ 1/B > 1/B. = or,, — that is, the case where the channel experiences negligible ISI. Frequency-selective
fading corresponds to Ts ~ 1/B <« 1/B. = orp,,, the case where the linearly modulated signal experiences
significant ISI. Wideband signaling formats that reduce ISI, such as multicarrier modulation and spread spectrum,
still experience frequency-selective fading across their entire signal bandwidth; this degrades performance, as will
be discussed in Chapters 12 and 13.

We illustrate the power delay profile A.(7) and its Fourier transform A (A f) in Figure 3.13. This figure also
shows two signal spectra superimposed on Ac (A f) : a narrowband signal with bandwidth much less than B,, and
a wideband signal with bandwidth much greater than B.. We see that the autocorrelation A (A f) is flat across the
bandwidth of the narrowband signal, so this signal will experience flat fading or (equivalently) negligible ISI. The
autocorrelation Ac (A f) goes to zero within the bandwidth of the wideband signal, which means that fading will
be independent across different parts of the signal bandwidth; hence fading is frequency selective, and a linearly
modulated signal transmitted through this channel will experience significant ISI.

Ac(T) . [Ac(AS)I

- - A

Wideband Signal
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Figure 3.13: Power delay profile, rms delay spread, and coherence bandwidth.

Example 3.6: Consider an indoor channel with o7,, = 30 ns and a large macrocell channel with o, = 300
ns. Find the maximum symbol rate Ry = 1/T for these environments such that a linearly modulated signal
transmitted through them experiences negligible ISI.

Solution: We assume that negligible ISI requires 7 > o7, (i.e., Ts > 1007, ). This translates into a symbol
rate of Ry = 1/Ts < .1/op,,. For oy, = 30 ns this yields Ry < 3.33 Mbps and for o, = 300 ns this yields
Rs; < 333 Kbps. Note that high-performance wireless systems today can support Gbps data rates indoors and
out. To maintain these data rates for a linearly modulated signal without severe performance degradation by ISI,
some form of ISI mitigation is needed. Moreover, ISI is less severe in indoor than in outdoor systems owing to
the former’s lower delay spread values, which is why indoor systems tend to have higher data rates than outdoor
systems.

100



3.3.4 Doppler Power Spectrum and Channel Coherence Time

The time variations of the channel that arise from transmitter or receiver motion cause a Doppler shift in the
received signal. This Doppler effect can be characterized by taking the Fourier transform of Ax (A f; At) relative
to At:

Sc(Afip) = / N Ac(Af; At)e IZmPALINE, (3.63)

—0o0

In order to characterize Doppler at a single frequency, we set A f to zero and then define Sc(p) 2 Sc(0;5 p).
It is easily seen that

[e.e]
So(p) = / Ac(At)e PR, (3.64)
—0oQ

where Ac(At) 2 Ac(Af = 0; At). Note that Ac(At) is an autocorrelation function defining how the channel
impulse response decorrelates over time. In particular, Ac(At = T') = 0 indicates that observations of the channel
impulse response at times separated by 7' are uncorrelated and therefore independent, since the channel impulse
response is a Gaussian random process. We define the channel coherence time T, to be the range of At values
over which Ac(At) is approximately nonzero. Thus, the time-varying channel decorrelates after approximately
T. seconds. The function S¢(p) is called the Doppler power spectrum of the channel. Since S¢(p) is the Fourier
transform of an autocorrelation, it gives the PSD of the received signal as a function of Doppler p. The maximum
p-value for which |Sc(p)| is greater than zero is called the Doppler spread of the channel, denoted by Bp. By the
Fourier transform relationship between Ac(At) and Sc(p), we have Bp ~ 1/T,. If the transmitter and reflectors
are all stationary and the receiver is moving with velocity v, then Bp < v/\ = fp. Recall that in the narrowband
fading model samples became independent at time At = .4/ fp, so in general Bp ~ k/T,, where k depends on
the shape of S.(p). We illustrate the Doppler power spectrum S¢(p) and its inverse Fourier transform A (4\;) in
Figure 3.14.

|Ac(AD)] Sc(p)

: : . - : .
—— 27, Al —— 2B, —

-
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Figure 3.14: Doppler power spectrum, Doppler spread, and coherence time.

Example 3.7: For a channel with Doppler spread Bp = 80 Hz, find the time separation required in samples of the
received signal in order for the samples to be approximately independent.
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Solution: The coherence time of the channel is 7, ~ 1/Bp = 1/80, so samples spaced 12.5 ms apart are
approximately uncorrelated. Thus, given the Gaussian properties of the underlying random process, these samples
are approximately independent.

3.3.5 Transforms for Autocorrelation and Scattering Functions
From (3.63) we see that the scattering function S.(7; p) defined in (3.55) is the inverse Fourier transform of

Sc(Af; p)inthe A f variable. Furthermore S.(7; p) and Ac (A f; At) are related by the double Fourier transform

Su(rip) = / / Ac(Af; Dt)e 2D 2T Al GAL AN, (3.65)

The relationships among the four functions Ac (A f; At), Ac(1; At), Sc(Af; p),and S.(7; p) are shown in Figure
3.15.

A.(t, At)

Ac(Af, At)

Sc(Af.p)

Figure 3.15: Fourier transform relationships.

Empirical measurements of the scattering function for a given channel are often used to approximate the
channel’s delay spread, coherence bandwidth, Doppler spread, and coherence time. The delay spread for a channel
with empirical scattering function S.(7; p) is obtained by computing the empirical power delay profile A.(7) from
Au(r, &) = F; 1[S.(7; p)] with At = 0 and then computing the mean and rms delay spread from this power
delay profile. The coherence bandwidth can then be approximated as B, ~ 1/o7, . Similarly, the Doppler spread
Bp is approximated as the range of p values over which S(0; p) is roughly nonzero, with the coherence time
Tc ~1 / B D.

3.4 Discrete-Time Model

Often the time-varying impulse response channel model is too complex for simple analysis. In this case a discrete-
time approximation for the wideband multipath model can be used. This discrete-time model, developed by Turin
in [23], is especially useful in the study of spread-spectrum systems and RAKE receivers (covered in Chapter 13).
This discrete-time model is based on a physical propagation environment consisting of a composition of isolated
point scatterers, as shown in Figure 3.16. In this model, the multipath components are assumed to form subpath
clusters: incoming paths on a given subpath with approximate delay 7; are combined, and incoming paths on
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different subpath clusters with delays 7; and 7;, where |7 — Tj| > 1/B,, can be resolved. Here B, denotes the
baseband signal bandwidth.

N

\/@

Figure 3.16: Point scatterer channel model.

The channel model of (3.6) is modified to include a fixed number NV of these subpath clusters as

N—

c(rit) = > a;(t)e 9 I5(r — 7(t)). (3.66)

=0

[y

The statistics of the received signal for a given ¢ are thus given by the statistics of {7;}{’, {a;}{', and {¢;}{’. Note
that ¢(7; ¢) in (3.66) has infinite bandwidth since it consists of a sum of delta functions. Since the model has infinite
bandwidth, its discrete-time approximation associated with any finite sampling rate entails sampling distortion, as
the channel’s Nyquist rate is infinite.

With this sampling distortion in mind, the model of (3.66) can be approximated in discrete-time as follows.
For a fixed ¢, the time axis is divided into M equal intervals of duration 7" such that MT > o1, , where o,
is the rms delay spread of the channel being approximated. The subpaths are restricted to lie in one of the M
time-interval bins, as shown in Figure 3.17. The multipath spread of this discrete model is M7, and the resolution
between paths is 7'. This resolution is based on the transmitted signal bandwidth: 7" ~ 1/ B,,. The statistics for the
ith bin are that r;, 1 < ¢ < M, is a binary indicator of the existence of a multipath component in the ith bin: so
r; = 1 if there is a multipath component in the ith bin and 0 otherwise. If r; = 1 then (a;, 6;), the amplitude and
phase corresponding to this multipath component, follow an empirically determined distribution. This distribution
is obtained by sample averages of (a;, 6;) for each i at different locations in the propagation environment. The
empirical distribution of (a;, ;) and (a;, 0;),i # j, is generally different; it may correspond to the same family of
fading but with different parameters (e.g., Rician fading with different K factors) or to different fading distributions
altogether (e.g., Rayleigh fading for the 7th bin, Nakagami fading for the jth bin).

(a1,61) (a4,04) (as, 0s) (@m,0m)

ry r rs ry rs re 157
B N N I I
0 T 2T 3T 4T 5T 6T MT

Figure 3.17: Discrete-time approximation.

This completes our statistical model of the discrete-time approximation for a single snapshot. A sequence
of profiles will model the signal over time as the channel impulse response changes — for example, the impulse
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response seen by a receiver moving at some nonzero velocity through a city. Thus, the model must include not only
the first-order statistics of (7;, a;, ¢;) for each profile (equivalently, each 7) but also the temporal and spatial corre-
lations (assumed to be Markov) between them. More details on the model and the empirically derived distributions
for N and for (7;, c;, ¢;) can be found in [23].

3.5 MIMO Channel Models

Multiple antennas at the transmitter and/or receiver are common in wireless systems because of their diversity
and capacity benefits. These MIMO systems with multiple antennas require channel models that characterize
both spatial and temporal characteristics of the channel. For a channel with M transmit antennas and IV receive
antennas, the MIMO channel can be written as a matrix

hn(t,T) hlg(t,’r) th(t,T)
hot(6,7)  hag(t,7) -+ hon(t,

H(t, )= 21(. K 22(. K . QM:( K (3.67)
th(t,T) hNg(t,T) hNM(t,T)

where h;;(t, 7) is the time-varying impulse response between the jth transmit antenna and the ith receiver antenna
as given by (3.6). When the channel is narrowband and time-invariant, each of these terms reduces to a complex
channel gain h;;. In this case the MIMO channel model consists of the distributions and cross correlations of these
random channel gains. The class of MIMO channel models that capture only these gains is often referred to as the
analytical MIMO channel model. The complex channel gains /;; in MIMO systems are often assumed to be i.i.d.
zero mean, unit variance, circularly symmetric Gaussian random variables, meaning that a fixed phase rotation has
no impact on the distribution. This distribution for the MIMO channel gains is based on a physical environment
where there is a sufficient number of scatterers to yield independent fading over each transmit-receive signal path.
Environments with this characteristic are said to exhibit rich scattering. Models for more general environments
with antenna gains that are correlated or dependent include the Rice, Kronecker, UIU, Weichselberger, and keyhole
models [24]. For each transmit-receive antenna pair in the MIMO system, the single-antenna wideband fading
model described in Section 3.3 with channel gain h;; can be used to capture the effects of time variations and delay
spread. However, this modeling approach does not capture dependencies across all three MIMO dimensions of
space, time, and frequency.

To capture dependencies across all three of these dimensions, we extend the time-varying channel impulse
response model (3.6) to take into account multiple transmit and receive antennas. As in the single-antenna case,
the propagation environment assumes multiple scatterers that generate the multipath components [24, 25]. The
locations of the scatterers at time ¢ dictate the AoA 6;(¢) at the receiver array and the angle-of-departure (AoD)
1;(t) at the transmitter array for the ith multipath component. Models can be either two-dimensional or three-
dimensional. Since knowledge of the environment via the angles of arrival and departure is used in this model, it
is sometimes referred to as the parametric MIMO channel model to contrast it with the analytical model.

The equivalent lowpass time-varying impulse response model (3.6) is extended to incorporate these angles of
arrival and departure as follows:

N(t)-1

o(r,t,0,0) = Y ai(t)e 5T — 7i()5(0 — 0;)S (8 — i) (3.68)

=0

where N (t), a;(t), ¢;(t) and 7;(t) are defined as in (3.6). This time-varying impulse response is zero for all values
of the AoA 6 that do not correspond to one of the incoming multipath components at time ¢ associated with the
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physical environment, and similarly for all values of the AoD ¢. In three dimensions the angles of arrival and
departure of each multipath component depends on the elevation and azimuth angles, the polarization of antenna
elements, as well as the scatterer locations. Survey papers on such 3-D channel models include [26, 27].
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10.

Chapter 3 Problems

. Consider a two-ray channel consisting of a direct ray plus a ground-reflected ray where the transmitter is a

fixed base station at height h and the receiver is mounted on a truck (also at height k). The truck starts next to
the base station and moves away at velocity v. Assume signal attenuation on each path follows a free-space
path loss model. Find the time-varying channel impulse at the receiver for transmitter-receiver separation
d = vt sufficiently large for the length of the reflected path to be approximated by di; + d12 ~ d + 2h?/d.
Assume a carrier frequency f = 2 GHz, unit gain antennas at the transmitter and receiver, and reflection
coefficient R = —1.

. Find a formula for the multipath delay spread T, for a two-ray channel model. Find a simplified formula

when the transmitter-receiver separation is relatively large. Compute 7},, for hy = 10 m, h, = 4 m, and
d =100 m.

. Consider a time-invariant indoor wireless channel with LOS component at delay 23 nsec, a multipath com-

ponent at delay 48 ns, and another multipath component at delay 67 ns. Find the delay spread assuming the
demodulator synchronizes to the LOS component. Repeat assuming that the demodulator synchronizes to
the first multipath component.

Show that the minimum value of f.7; for a system at f. = 1 GHz with a fixed transmitter and a receiver
separated by more than 10 m from the transmitter is much greater than 1.

. Prove that for X and Y independent zero-mean Gaussian random variables with variance 02, Z = v/ X2 + Y2

is Rayleigh-distributed and Z? is exponentially-distributed.

Assume a Rayleigh fading channel with average signal power 202 = —80 dBm. What is the power outage
probability of this channel relative to the threshold P, = —95 dBm? How about P, = —90 dBm?

. Suppose we have an application that requires a power outage probability of .01 for the threshold P, = —80
dBm, For Rayleigh fading, what value of the average signal power is required?

. Assume a Rician fading channel with 202 = —80 dBm and a target power of P, = —80 dBm. Find the
outage probability assuming that the LOS component has average power s> = —80 dBm.
This problem illustrates that the tails of the Ricean distribution can be quite different than its Nakagami

approximation. Plot the cumulative distribution function (CDF) of the Ricean distribution for K = 1,5, 10
and the corresponding Nakagami distribution with m = (K + 1)2/(2K + 1). In general, does the Ricean
distribution or its Nakagami approximation have a larger outage probability p(y < x) for x large?

The em Generalized Two Ray (GTR) fading model, proposed in [28], is a generalization of the Rayleigh and
Rician fading models. In this model there are two dominant signal components as well as many lower-power
multipath components. More precisely, the received signal V. can be modeled as

Ve = Vie% 4 Voe??? + X + 5,

where V7 and V5 are non-negative constants, ¢; and ¢ are i.i.d. and uniformly distributed over [0, 27], i.e.
¢; ~ U[0,27],i = 1,2, and X and Y are i.i.d. Gauss-distributed random variables with mean zero and
variance o2. The GTR model thus reduces to the Rician fading model if V; > 0, V5 = 0 and to the Rayleigh
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fading model if V; = V5 = 0. The model is parameterized in terms of K and A where,

VE+ V2
202
21 V5
VE+VE

(a) Find the range of parameters K and A.
(b) Describe the channel model that corresponds to the following GTR parameters:
e K - 00,A—0
e K —00,A—1
e K -0
e K >0,A—0
(c) Show that the received signal given that the phase difference between the 2 dominant components is
constant,i.e., ¢1 — ¢ = « for a constant «, consists of one dominant component and the multiple
diffuse lower-power multipath components. This implies that the GTR model reduces to the Rician

fading model when the phase difference between the LoS components in constant. Find the parameter
K(a, A, K) of the equivalent Rician model as a function of i, A and K.

(d) Show that o (mod 27) ~ U[0, 27]. Use this to show that

1 27 B
potr(r | K, A) = %/0 Price (7 | K (o, A, K))de,

where pgrr (7 | X) is the pdf of the received signal amplitude of the GTR channel fading model with
parameters X and price(r | X) is the pdf of the received signal amplitude of the GTR channel fading
model with parameters ..

11. In order to improve the performance of cellular systems, multiple base stations can receive the signal trans-
mitted from a given mobile unit and combine these multiple signals either by selecting the strongest one
or summing the signals together, perhaps with some optimized weights. This typically increases SNR and
reduces the effects of shadowing. Combining of signals received from multiple base stations is called macro-
diversity, and in this problem we explore the benefits of this technique. Diversity will be covered in more
detail in Chapter 7.

Consider a mobile at the midpoint between two base stations in a cellular network. The received signals (in
dBW) from the base stations are given by

PT,1:W+Zla

PT,2:W+Z27

where Z1 o are N'(0, o) random variables. We define outage with macrodiversity to be the event that both
P, 1 and P, 5 fall below a threshould T". The term W is the received signal power while Z; and Z, are
independent noise terms.

(a) If Z; and Z5 are independent, show that the outage probability is given by

Pouwt = [Q(A/O‘)P’

where A = W — T is the fade margin at the mobile’s location.
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(b) Now suppose Z; and Z5 are correlated in the following way:
Zl =a Yi +b K

ZgzaYé+bK

where Y, Y1, Y5 are independent A/ (0, o) random variables, and a, b are such that a? + b? = 1. Show

that )
S W PYEESTA
oo V27 la|o

(c) Compare the outage probabilities of (b) and (c) for the special case of a = b = 1/ V2, 0 = 8 and
A = 5 (this will require a numerical integration).

12. The goal of this problem is to develop a Rayleigh fading simulator for a mobile communications channel
using the method based on filtering Gaussian processes based on the in-phase and quadrature PSDs described
in 3.2.1. In this problem you must do the following:

(a) Develop simulation code to generate a signal with Rayleigh fading amplitude over time. Your sample
rate should be at least 1000 samples/sec, the average received envelope should be 1, and your simulation
should be parameterized by the Doppler frequency fp. Matlab is the easiest way to generate this
simulation, but any simulation tool can be used.

(b) Write a description of your simulation that clearly explains how your code generates the fading enve-
lope using a block diagram and any necessary equations.

(c) Provide plots of received amplitude (dB) vs. time for fp = 1,10, 100 Hz. over 2 seconds.

13. For a Rayleigh fading channel with average power P, = 30 dB and Doppler frequency fp = 10 Hz,
compute the average fade duration for target fade values Py = 0 dB, F) = 15 dB, and Py = 30 dB.

14. Derive a formula for the average length of time a Rayleigh fading process with average power P, stays
above a given target fade value P,. Evaluate this average length of time for P, = 20 dB, Py = 25 dB, and
fp = 50 Hz and compare with the average fade depth below Py associated with the same parameters.

15. Assume a Rayleigh fading channel with average power P, = 10 dB and Doppler fp = 80 Hz. We would
like to approximate the channel using a finite state Markov model with eight states and time interval 7' = 10
ms. The regions R; corresponds to Ry = {y: —oo < v < —10dB}, Ry = {7y : —10dB < v < 0 dB},
Ry ={y:0dB <y <5dB}, Ry = {v:5dB < v < 10dB}, R; = {v : 10dB < v < 15 dB},
Rg={v:15dB <~y <20dB}, Ry = {7 :20dB < v < 30dB}, Rg = {7 :30dB < v < oo }. Find the
transition probabilties between each region for this model.

16. Consider the following channel scattering function obtained by sending a 900 MHz sinusoidal input into the

channel:
a19(7) p = 70Hz.
S(1,p) =< (T —.022us) p = 49.5Hz.
0 else

where a; and ay are determined by path loss, shadowing, and multipath fading. Clearly this scattering
function corresponds to a 2-ray model. Assume the transmitter and receiver used to send and receive the
sinusoid are located eight meters above the ground.

(a) Find the distance and velocity between the transmitter and receiver.
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(b) For the distance computed in part (a), is the path loss as a function of distance proportional to d~2 or
d—*? Hint: use the fact that the channel is based on a 2-ray model.

(c) Does a 30 KHz voice signal transmitted over this channel experience flat or frequency-selective fading?

17. In this problem we examine the narrowband approximation in the two-ray model. Consider the two-ray
model discussed in Chapter 2.4 with reflection coefficient R = —1, free space path loss for each ray and
carrier frequency 2.4 GHz. Both the transmitter and the receiver are 40 m high.

(a) For a separation distance of 20 m, find the impulse response of the equivalent baseband channel in the
time domain. What is the delay spread 7;,,?

(b) Repeat the computation of the impulse response and delay spread for a separation distance of 2000 m.

(c) Plot the baseband channel output in both the time and frequency domain in each of the above two

channels for channel input sinc(ft) = % and f = 20 MHz. Is there ISI in either channel?

Find the coherence bandwidth of the channel in each case and whether this bandwidth implies flat or
frequency selective fading.

18. Consider a wideband channel characterized by the autocorrelation function

sinc(WAt) 0<71 <10usec.
AC(T,At):{ . (WA?) e

where W = 100Hz and sinc(z) = sin(7x) /(7).

9

(a) Does this channel correspond to an indoor channel or an outdoor channel, and why?
(b) Sketch the scattering function of this channel.
(c) Compute the channel’s average delay spread, rms delay spread, and Doppler spread.

(d) Over approximately what range of data rates will a signal transmitted over this channel exhibit frequency-
selective fading?

(e) Would you expect this channel to exhibit Rayleigh or Ricean fading statistics, and why?

(f) Assuming that the channel exhibits Rayleigh fading, what is the average length of time that the signal
power is continuously below its average value.

(g) Assume a system with narrowband binary modulation sent over this channel. Your system has error
correction coding that can correct two simultaneous bit errors. Assume also that you always make an
error if the received signal power is below its average value, and never make an error if this power is
at or above its average value. If the channel is Rayleigh fading then what is the maximum data rate
that can be sent over this channel with error-free transmission, making the approximation that the fade
duration never exceeds twice its average value.

19. Let a scattering function S(7, p) be nonzero over 0 < 7 < .1 ms and —.1 < p < .1 Hz. Assume that the
power of the scattering function is approximately uniform over the range where it is nonzero.

(a) What are the multipath spread and the Doppler spread of the channel?

(b) Suppose you input to this channel two sinusoids cos(27 f1t) and cos(27 fot) separated in frequency by
Af = |f1 — f2|- What is the minimum value of A f for which the channel response to the first sinusoid
is approximately independent of the channel response to the second sinusoid.
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(c) For two sinusoidal inputs to the channel u;(¢) = sin(2x ft) and ua(t) = sin(27 f(¢t + At)), find the
minimum value of At for which the channel response to uq(¢) is approximately independent of the
channel response to ua(t).

(d) Will this channel exhibit flat fading or frequency-selective fading for a typical voice channel with a 3
KHz bandwidth? How about for a cellular channel with a 30 KHz bandwidth?

20. Consider a MIMO channel H with a time-invariant complex gain /;; between the jth transmit antenna and
the ith receive antenna. A MIMO channel is called a keyhole channel when the channel matrix H can be
written as

H=h.h;

where h; is an M x 1 vector of i.i.d. zero-mean unit variance complex Gaussian random variables, and h,.
isan NV x 1 vector of i.i.d. zero-mean unit variance complex Gaussian random variables. Thus, h;; is the
product of two independent complex Gaussian random variables.

(a) Show that the power of h;; has a distribution p(z) = 2Ky(2/z) where K is the modified Bessel
function of the second kind.
(b) Show that the matrix H has rank 1, i.e. show that all of its columns are linearly dependent, and the

same for its rows.

The fact that the matrix H is rank 1 is what gives rise to the name keyhole channel, since the MIMO channel’s
multiple spatial dimensions reduce to a single dimension, as if the signal between the transmit and receive
antenna arrays travels through a keyhole.
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Chapter 4

Capacity of Wireless Channels

The growing demand for wireless communication makes it important to determine the capacity limits of the under-
lying channels for these systems. These capacity limits dictate the maximum data rates that can be transmitted over
wireless channels with asymptotically small error probability, assuming no constraints on delay or complexity of
the encoder and decoder. The mathematical theory of communication underlying channel capacity was pioneered
by Claude Shannon in the late 1940s. This theory is based on the notion of mutual information between the in-
put and output of a channel [1, 2, 3]. In particular, Shannon defined channel capacity as the channel’s mutual
information maximized over all possible input distributions. The significance of this mathematical construct was
Shannon’s coding theorem and its converse. The coding theorem proved that a code did exist that could achieve
a data rate close to capacity with negligible probability of error. The converse proved that any data rate higher
than capacity could not be achieved without an error probability bounded away from zero. Shannon’s ideas were
quite revolutionary at the time: the high data rates he predicted for telephone channels, and his notion that coding
could reduce error probability without reducing data rate or causing bandwidth expansion. In time, sophisticated
modulation and coding technology validated Shannon’s theory and so, on telephone lines today, we achieve data
rates very close to Shannon capacity with very low probability of error. These sophisticated modulation and coding
strategies are treated in Chapters 5 and 8, respectively.

In this chapter we examine the capacity of a single-user wireless channel where transmitter and/or receiver
have a single antenna. The capacity of single-user MIMO systems where the transmitter and receiver both have
multiple antennas is treated in Chapter 10 and that of multiuser systems in Chapter 14. We will discuss capacity
for channels that are both time invariant and time varying. We first look at the well-known formula for capacity
of a time-invariant additive white Gaussian noise (AWGN) channel and then consider capacity of time-varying
flat fading channels. Unlike the AWGN case, here the capacity of a flat fading channel is not given by a single
formula because capacity depends on what is known about the time-varying channel at the transmitter and/or re-
ceiver. Moreover, for different channel information assumptions there are different definitions of channel capacity,
depending on whether capacity characterizes the maximum rate averaged over all fading states or the maximum
constant rate that can be maintained in all fading states (with or without some probability of outage).

We will first consider flat fading channel capacity where only the fading distribution is known at the transmitter
and receiver. Capacity under this assumption is typically difficult to determine and is only known in a few special
cases. Next we consider capacity when the channel fade level is known at the receiver only (via receiver estimation)
or when the channel fade level is known at both the transmitter and the receiver (via receiver estimation and
transmitter feedback). We will see that the fading channel capacity with channel fade level information at both
the transmitter and receiver is achieved when the transmitter adapts its power, data rate, and coding scheme to the
channel variation. The optimal power allocation in this case is a “water-filling” in time, where power and data rate
are increased when channel conditions are favorable and decreased when channel conditions are not favorable.
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We will also treat capacity of frequency-selective fading channels. For time-invariant frequency-selective
channels the capacity is known and is achieved with an optimal power allocation that water-fills over frequency in-
stead of time. The capacity of a time-varying frequency-selective fading channel is unknown in general. However,
this channel can be approximated as a set of independent parallel flat fading channels whose capacity is the sum of
capacities on each channel with power optimally allocated among the channels. The capacity of such a channel is
known and the capacity-achieving power allocation water-fills over both time and frequency.

We will consider only discrete-time systems in this chapter. Most continuous-time systems can be converted
to discrete-time systems via sampling, and then the same capacity results hold. However, care must be taken in
choosing the appropriate sampling rate for this conversion, since time variations in the channel may increase the
sampling rate required to preserve channel capacity [4].

4.1 Capacity in AWGN

Consider a discrete-time AWGN channel with channel input/out relationship y[i] = z[i] + n[i], where z[7] is
the channel input at time ¢, y[é] is the corresponding channel output, and n[é] is a white Gaussian noise random
process. Assume a channel bandwidth B and received signal power P. The received signal-to-noise ratio (SNR) —
the power in x[i] divided by the power in n[i] — is constant and given by v = P/(NyB), where Ny/2 is the power
spectral density (PSD) of the noise. The capacity of this channel is given by Shannon’s well-known formula [1]:

C = Blogy(1 +17), 4.1)

where the capacity units are bits per second (bps). Shannon’s coding theorem proves that a code exists that achieves
data rates arbitrarily close to capacity with arbitrarily small probability of bit error. The converse theorem shows
that any code with rate R > C' has a probability of error bounded away from zero.

Shannon capacity for AWGN channels provides interesting insights along the asymptotic regimes of band-
width and power. In particular, it is easily shown that

Bli_géoBlogz (1 + %) = logz(e)%. 4.2)
This regime is called the large bandwidth regime for capacity. Interestingly, in this regime the capacity no longer
depends on the bandwidth B. That is because there is not sufficient power to spread over the large amount of
bandwidth available, so as the bandwidth grows large, there is diminishing returns in capacity growth. The low
power regime captures a similar scenario, where there is not sufficient power to utilize the available bandwidth. In
particular, using the approximation that log(1 + x) ~ x for x small yields that, for P small,

Blog, (1 + %) ~ logz(e)%. (4.3)
Here we also see that capacity no longer depends on the channel bandwidth. Another interesting regime for
capacity is the high power regime, where P grows large. We now consider how capacity scales with bandwidth
in this regime. Using the high-power approximation 1 + P/(NoB) ~ P/(NoB), we get the following ratio of
AWGN channel capacity C(kB) given bandwidth kB compared with C(B) for any constant k£ > 1 in the limit of
asymptotically large power:

kB log, (ﬁ) k [logz (ﬁ) —|—log2(1/l<:)}

~ lim = lim =k

C(k‘B) kB log2 (1 + —N(SfB>
lim = lim A - A -
() M ()

P—oo C(B) P—oo B10g2 <1+ NfB)

“4.4)
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Thus, in the high power regime, scaling the bandwidth up by a factor of £ leads to the same increase in capacity.
That is because there is sufficient power to fully utilize the capacity of the additional bandwidth.

Shannon’s coding theorem and its converse are proved using the concept of mutual information between the
channel input and output. For a discrete memoryless time-invariant channel with random input = and random
output y, the channel’s mutual information is defined as

I(X;Y)= Y »pzy) 10g<M>, (4.5)

ey p(2)p(y)

where the sum is taken over all possible input and output pairs x € X and y € Y for X and ) the discrete
input and output alphabets. The log function is typically with respect to base 2, in which case the units of mutual
information are bits per second. Mutual information can also be written in terms of the entropy in the channel
output y and conditional output y |z as I(X;Y) = H(Y) — H(Y | X), where H(Y) = —3_, 5, p(y) logp(y)
and H(Y [X) = =3 cy,eyp(z, y)logp(y|z). Shannon proved that channel capacity equals the mutual
information of the channel maximized over all possible input distributions:

_ . p(z,y) >
€ =g I06) = S o (G0 ) “o
For the AWGN channel, the sum in (4.6) becomes an integral over continuous alphabets and the maximizing input
distribution is Gaussian, which results in the channel capacity given by (4.1). For channels with memory, mutual
information and channel capacity are defined relative to input and output sequences =™ and y™. More details on
channel capacity, mutual information, the coding theorem, and its converse can be found in [2, 5, 6].

The proofs of the coding theorem and its converse place no constraints on the complexity or delay of the
communication system. Indeed, the capacity-achieving strategy requires a code with an asymptotically large
blocklength to drive the error probability to zero. Such codes require asymptotically large transmission energy
and asymptotically large delay and complexity to decode. Since practical decoders are constrained in delay and
complexity, Shannon capacity is generally used as an upper bound on the data rates that can be achieved under real
system constraints. The exact capacity penalty due to finite blocklength codes was derived in [7] as a function of
blocklength, error probability, and the channel dispersion, which measures the stochastic variability of the channel
relative to a deterministic channel with the same capacity.

At the time that Shannon developed his theory of information, data rates over standard telephone lines were
on the order of 100 bps. Thus, it was believed that Shannon capacity, which predicted speeds of roughly 30 kbps
over the same telephone lines, was not a useful bound for real systems. However, by the 1990s breakthroughs
in hardware, modulation, and coding techniques brought commercial modems very close to the speeds predicted
by Shannon in the 1940s. In fact, modems can exceed this 30-kbps limit on some telephone channels, but that is
because transmission lines today are of better quality than in Shannon’s day and thus have a higher received power
than that used in his initial calculation. Advances in coding techniques over the last few decades include turbo
codes [8], LDPC codes (originally developed by Gallager in the 1960s and rediscovered in the 1990s) [9], lattice
codes [10], and polar codes [11]. All of these codes come within a fraction of a decibel of the Shannon capacity
limit using practical blocklengths. These codes and their performance will be covered in Chapter 8.

Wireless channels typically exhibit flat or frequency-selective fading. In the next two sections we consider ca-
pacity of flat fading and frequency-selective fading channels under different assumptions regarding what is known
about the channel.

Example 4.1: Consider a wireless channel where power falloff with distance follows the formula P.(d) =
Py(do/d)? for dy = 10 m. Assume the channel has bandwidth B = 30 kHz and AWGN with noise PSD Ny /2,
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where Ny = 1072 W/Hz. For a transmit power of 1 W, find the capacity of this channel for a transmit-receive
distance of 100 m and 1 km.

Solution: The received SNR is v = P.(d)/(NoB) = .13/(1072 - 30 - 103) = 33 = 15dB for d = 100m
and v = .013/(107° - 30 - 103) = .033 = —15dB for d = 1000m. The corresponding capacities are C' =
Blogy(1 + ) = 30000 logy (1 4+ 33) = 152.6 kbps for d = 100m and C' = 30000 logy (1 + .033) = 1.4 kbps
for d = 1000 m. Note the significant decrease in capacity at greater distances due to the path-loss exponent of 3,
which greatly reduces received power as distance increases.

Figure 4.1: Flat fading channel and system model.

4.2 Capacity of Flat Fading Channels

4.2.1 Channel and System Model

We assume a discrete-time channel with stationary and ergodic time-varying gain \/m , 0 < g[i], and AWGN
n[i], as shown in Figure 4.1. The channel power gain g[i] follows a given distribution p(g); for example, with
Rayleigh fading p(g) is exponential. We assume that g[i] is independent of the channel input. The channel gain
gli] can change at each time ¢, either as an independent and identically distributed (i.i.d.) process or with some
correlation over time. In a block fading channel, g[i] is constant over some blocklength 7, after which time g/[i]
changes to a new independent value based on the distribution p(g). Let P denote the average transmit signal
power, Ny/2 the noise PSD of n][i], and B the received signal bandwidth. The instantaneous received SNR is then
v[i] = Pgli]/(NoB), 0 < v[i] < oo, and its expected value over all time is ¥ = Pg/(NoB). Since P/(NyB) is
a constant, the distribution of ¢[i| determines the distribution of ~[¢] and vice versa.

The system model is also shown in Figure 4.1, where an input message w is sent from the transmitter to the
receiver, which reconstructs an estimate w of the transmitted message w from the received signal. The message
is encoded into the codeword x, which is transmitted over the time-varying channel as z[i] at time 7. The channel
gain g[i], also called the channel side information (CSI), changes during the transmission of the codeword.

The capacity of this channel depends on what is known about g[i] at the transmitter and receiver. We will
consider three different scenarios regarding this knowledge as follows.

1. Channel distribution information (C DI): The distribution of g[i] is known to the transmitter and receiver.

2. Receiver CSI: The value of g[i] is known to the receiver at time ¢, and both the transmitter and receiver
know the distribution of g[i].

3. Transmitter and receiver CSI: The value of g[i] is known to the transmitter and receiver at time 4, and both
the transmitter and receiver know the distribution of g[i].

Transmitter and receiver CSI allow the transmitter to adapt both its power and rate to the channel gain at time
i, leading to the highest capacity of the three scenarios. Note that since the instantaneous SNR ~[i] is just g[i]
multipled by the constant P/(NoB), known CSI or CDI about g[i] yields the same information about y[4]. Capacity
for time-varying channels under assumptions other than these three are discussed in [12, 13].
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4.2.2 Channel Distribution Information Known

We first consider the case where the channel gain distribution p(g) or, equivalently, the distribution of SNR p(~y)
is known to the transmitter and receiver. For i.i.d. fading the capacity is given by (4.6), but solving for the
capacity-achieving input distribution (i.e., the distribution achieving the maximum in that equation) can be quite
complicated depending on the nature of the fading distribution. Moreover, fading correlation introduces channel
memory, in which case the capacity-achieving input distribution is found by optimizing over input blocks, and this
makes finding the solution even more difficult. For these reasons, finding the capacity-achieving input distribu-
tion and corresponding capacity of fading channels under CDI remains an open problem for almost all channel
distributions.

The capacity-achieving input distribution and corresponding fading channel capacity under CDI are known for
two specific models of interest: i.i.d. Rayleigh fading channels and finite-state Markov channels. In i.i.d. Rayleigh
fading, the channel power gain is exponentially distributed and changes independently with each channel use. The
optimal input distribution for this channel was shown in [14] to be discrete with a finite number of mass points, one
of which is located at zero. This optimal distribution and its corresponding capacity must be found numerically.
The lack of closed-form solutions for capacity or the optimal input distribution is somewhat surprising given that
the fading follows the most common fading distribution and has no correlation structure. For flat fading channels
that are not necessarily Rayleigh or i.i.d., upper and lower bounds on capacity have been determined in [15], and
these bounds are tight at high SNRs.

Approximating Rayleigh fading channels via FSMCs was discussed in Chapter 3.2.4. This model approxi-
mates the fading correlation as a Markov process. Although the Markov nature of the fading dictates that the fading
at a given time depends only on fading at the previous time sample, it turns out that the receiver must decode all
past channel outputs jointly with the current output for optimal (i.e. capacity-achieving) decoding. This signifi-
cantly complicates capacity analysis. The capacity of FSMCs has been derived for i.i.d. inputs in [16, 17] and for
general inputs in [18]. Capacity of the FSMC depends on the limiting distribution of the channel conditioned on
all past inputs and outputs, which can be computed recursively. As with the i.i.d. Rayleigh fading channel, the
final result and complexity of the capacity analysis are high for this relatively simple fading model. This shows the
difficulty of obtaining the capacity and related design insights on channels when only CDI is available.

4.2.3 Channel Side Information at Receiver

We now consider the case where the CSI g[i] is known to the receiver at time 7. Equivalently, v[é] is known to
the receiver at time 7. We also assume that both the transmitter and receiver know the distribution of g[i]. In this
case there are two channel capacity definitions that are relevant to system design: Shannon capacity, also called
ergodic capacity, and capacity with outage. As for the AWGN channel, Shannon capacity defines the maximum
data rate that can be sent over the channel with asymptotically small error probability. Note that for Shannon
capacity the rate transmitted over the channel is constant: the transmitter cannot adapt its transmission strategy
relative to the CSI. Thus, poor channel states typically reduce Shannon capacity because the transmission strategy
must incorporate the effect of these poor states. An alternate capacity definition for fading channels with receiver
CSI is capacity with outage. This is defined as the maximum rate that can be transmitted over a channel with an
outage probability corresponding to the probability that the transmission cannot be decoded with negligible error
probability. The basic premise of capacity with outage is that a high data rate can be sent over the channel and
decoded correctly except when the channel is in a slow deep fade. By allowing the system to lose some data in the
event of such deep fades, a higher data rate can be maintained than if all data must be received correctly regardless
of the fading state, as is the case for Shannon capacity. The probability of outage characterizes the probability of
data loss or, equivalently, of deep fading.
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SHANNON (ERGODIC) CAPACITY

Shannon capacity of a fading channel with receiver CSI for an average power constraint P can be obtained from
results in [19] as

C= /0 Blogy (14 v)p(7)dy. 4.7

Note that this formula is a probabilistic average: the capacity C'is equal to Shannon capacity for an AWGN channel
with SNR ~, given by B log,(1+ ) and averaged over the distribution of . That is why Shannon capacity is also
called ergodic capacity. However, care must be taken in interpreting (4.7) as an average. In particular, it is incorrect
to interpret (4.7) to mean that this average capacity is achieved by maintaining a capacity B logs(1 + 7) when the
instantaneous SNR is ~, for only the receiver knows the instantaneous SNR ~[i] and so the data rate transmitted
over the channel is constant, regardless of . Note also that the capacity-achieving code must be sufficiently long
that a received codeword is affected by all possible fading states. This can result in significant delay.
By Jensen’s inequality,

E[Blogy(1+7)] = / Blog,(144)p(7)dn
< Blogy(1 + E[7]) = Blog,(1+7), (4.8)

where 7 is the average SNR on the channel. Thus we see that the Shannon capacity of a fading channel with
receiver CSI only is less than the Shannon capacity of an AWGN channel with the same average SNR. In other
words, fading reduces Shannon capacity when only the receiver has CSI. Moreover, without transmitter CSI, the
code design must incorporate the channel correlation statistics, and the complexity of the maximum likelihood
decoder will be proportional to the channel decorrelation time. In addition, if the receiver CSI is not perfect,
capacity can be significantly decreased [20].

Example 4.2: Consider a flat fading channel with i.i.d. channel gain \/m , which can take on three possible val-
ues: /g1 = .05 with probability p; = .1, /g2 = .5 with probability p» = .5, and /g3 = 1 with probability
p3 = .4. The transmit power is 10 mW, the noise power spectral density Ng/2 has Ny = 10~ W/Hz, and the
channel bandwidth is 30 kHz. Assume the receiver has knowledge of the instantaneous value of g[¢] but the trans-
mitter does not. Find the Shannon capacity of this channel and compare with the capacity of an AWGN channel
with the same average SNR.

Solution: The channel has three possible received SNRs: v, = P;g1/(NoB) = .01 - (.052)/(30000 - 1079) =
8333 = —.79dB, 72 = Pga/(NoB) = .01-(.52)/(30000-10~9) = 83.333 = 19.2dB, and v3 = P,g3/(NoB) =
.01/(30000 - 107?) = 333.33 = 25dB. The probabilities associated with each of these SNR values are p(7y1) =
.1, p(y2) = .5, and p(~3) = .4. Thus, the Shannon capacity is given by

C = Z Blogy (1 4+ vi)p(7i)

= 30000(.110g,(1.8333) + .510g,(84.333) + .41log,(334.33))
= 199.26 kbps.

The average SNR for this channel is ¥ = .1(.8333) + .5(83.33) + .4(333.33) = 175.08 = 22.43 dB. The
capacity of an AWGN channel with this SNR is C' = Blogy(1 + 175.08) = 223.8 kbps. Note that this
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rate is about 25 kbps larger than that of the flat fading channel with receiver CSI and the same average SNR.

CAPACITY WITH OUTAGE

Capacity with outage applies to slowly varying channels, where the instantaneous SNR + is constant over a large
number of transmissions (a transmission burst) and then changes to a new value based on the fading distribution.
With this model, if the channel has received SNR ~ during a burst then data can be sent over the channel at rate
Blog,(1 + +) with negligible probability of error.! Since the transmitter does not know the SNR value -, it must
fix a transmission rate independent of the instantaneous received SNR.

Capacity with outage allows bits sent over a given transmission burst to be decoded at the end of the burst with
some probability that these bits will be decoded incorrectly. Specifically, the transmitter fixes a minimum received
SNR ~min and encodes for a data rate C' = B 1ogy(1 + vmin). The data is correctly received if the instantaneous
received SNR is greater than or equal to i, [21, 22]. If the received SNR is below v, then the bits received
over that transmission burst cannot be decoded correctly with probability approaching 1, and the receiver declares
an outage. The probability of outage is thus Pyyt = p(y < 7min). The average rate correctly received over
many transmission bursts is Couyy = (1 — Poyt) B logs (1 4+ min) since data is only correctly received on 1 — Py
transmissions. The value of vy, is a design parameter based on the acceptable outage probability. Capacity with
outage is typically characterized by a plot of capacity versus outage, as shown in Figure 4.2. In this figure we plot
the normalized capacity C//B = logy(1 + Ymin) as a function of outage probability Pyt = p(y < “Ymin) for a
Rayleigh fading channel (v exponentially distributed) with ¥ = 20 dB. We see that capacity approaches zero for
small outage probability, due to the requirement that bits transmitted under severe fading must be decoded correctly,
and increases dramatically as outage probability increases. Note, however, that these high capacity values for large
outage probabilities have higher probability of incorrect data reception. The average rate correctly received can be
maximized by finding the v, (or, equivalently, the Pyy¢) that maximizes Cyy.

Example 4.3: Assume the same channel as in the previous example, with a bandwidth of 30 kHz and three possible
received SNRs: 1 = .8333 with p(y1) = .1, v2 = 83.33 with p(y2) = .5, and y3 = 333.33 with p(~3) = .4. Find
the capacity versus outage for this channel, and find the average rate correctly received for outage probabilities
Pouwt < .1, Poyt = .1, and P,y = .6.

Solution: For time-varying channels with discrete SNR values, the capacity versus outage is a staircase function.
Specifically, for Pyt < .1 we must decode correctly in all channel states. The minimum received SNR for
Py in this range of values is that of the weakest channel: vy, = 71, and the corresponding capacity is C =
Blogs(1 + ymin) = 30000 log,(1.833) = 26.23 kbps. For .1 < P,y < .6 we can decode incorrectly when the
channel is in the weakest state only. Then i, = 72 and the corresponding capacity is C' = Blogy (1 4+ Ymin) =
30000 log,(84.33) = 191.94 kbps. For .6 < P,,; < 1 we can decode incorrectly if the channel has received SNR
~v1 or 2. Then ~yin = 73 and the corresponding capacity is C' = Blogy(1 4+ ymin) = 30000 log,(334.33) =
251.55 kbps. Thus, capacity versus outage has C' = 26.23 kbps for Py < .1, C' = 191.94 kbps for .1 < Py <
.6, and C' = 251.55 kbps for .6 < Pyt < 1.

For Py, < .1, data transmitted at rates close to capacity C = 26.23 kbps are always correctly received
because the channel can always support this data rate. For P,y = .1 we transmit at rates close to C' = 191.94
kbps, but we can correctly decode these data only when the SNR is 5 or 73, so the rate correctly received is
(1—.1)191940 = 172.75 kbps. For P,,; = .6 we transmit at rates close to C' = 251.55 kbps but we can correctly

!The assumption of constant fading over a large number of transmissions is needed because codes that achieve capacity require very
large blocklengths.
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Figure 4.2: Normalized capacity (C/ B) versus outage probability.

decode these data only when the SNR is 73, so the rate correctly received is (1 — .6)251550 = 100.62 kbps. It
is likely that a good engineering design for this channel would send data at a rate close to 191.94 kbps, since it
would be received incorrectly at most 10% of this time and the data rate would be almost an order of magnitude
higher than sending at a rate commensurate with the worst-case channel capacity. However, 10% retransmission
probability is too high for some applications, in which case the system would be designed for the 26.23 kbps
data rate with no retransmissions. Design issues regarding acceptable retransmission probability are discussed in
Chapter 14.

Transmitter Channel Receiver
elil il W
" R I NN P
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Figure 4.3: System model with transmitter and receiver CSI.

4.2.4 Channel Side Information at Transmitter and Receiver

If both the transmitter and receiver have CSI then the transmitter can adapt its transmission strategy relative to this
CSI, as shown in Figure 4.3. In this case there is no notion of capacity versus outage where the transmitter sends
bits that cannot be decoded, since the transmitter knows the channel and thus will not send bits unless they can be
decoded correctly. In this section we will derive Shannon capacity assuming optimal power and rate adaptation
relative to the CSI; we also introduce alternate capacity definitions and their power and rate adaptation strategies.

SHANNON CAPACITY

We now consider the Shannon capacity when the channel power gain g[i] is known to both the transmitter and
receiver at time 7. The Shannon capacity of a time-varying channel with side information about the channel state
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at both the transmitter and receiver was originally considered by Wolfowitz for the following model. Let s[i] be
a stationary and ergodic stochastic process representing the channel state, which takes values on a finite set .S of
discrete memoryless channels. Let Cs denote the capacity of a particular channel s € S and let p(s) denote the
probability, or fraction of time, that the channel is in state s. The capacity of this time-varying channel is then
given by Theorem 4.6.1 of [23]:
C=> Cepls). (4.9)
seS
We now apply this formula to the system model in Figure 4.3. We know that the capacity of an AWGN
channel with average received SNR v is C, = Blogy(1 + ). Let p(v) = p(y[i] = ) denote the distribution
of the received SNR. By (4.9), the capacity of the fading channel with transmitter and receiver side information is
thus?

C:/o Cyp(v)dvz/o Blogy(1 4+ v)p(v)dy. (4.10)

We see that, without power adaptation, (4.7) and (4.10) are the same, so transmitter side information does not
increase capacity unless power is also adapted.
Now let us allow the transmit power P(~y) to vary with  subject to an average power constraint P:
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Figure 4.4: Multiplexed coding and decoding.

/0 P(y)p(v)dy < P. (4.11)

With this additional constraint, we cannot apply (4.10) directly to obtain the capacity. However, we expect that the
capacity with this average power constraint will be the average capacity given by (4.10) with the power optimally
distributed over time. This motivates our definition of the fading channel capacity with average power constraint
(4.11) as

> POy

C= P(w):fPIgfz)lz}f(w)dFP/o Blogy(1+ —=—)p(v)dn. (4.12)

It is proved in [24] that the capacity given in (4.12) can be achieved and that any rate larger than this capacity
has probability of error bounded away from zero. The main idea behind the proof is a “time diversity” system with
multiplexed input and demultiplexed output, as shown in Figure 4.4. Specifically, we first quantize the range of
fading values to a finite set {; : 1 < j < N}. For each v;, we design an encoder—decoder pair for an AWGN
channel with SNR ~;. The input x; for encoder v; has average power P(v;) and data rate R; = C}, where C}
is the capacity of a time-invariant AWGN channel with received SNR P(~;)~;/ P. These encoder—decoder pairs

IWolfowitz’s result was for v ranging over a finite set, but it can be extended to infinite sets [24].
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correspond to a set of input and output ports associated with each ;. When «[i] = ~;, the corresponding pair of
ports are connected through the channel. The codewords associated with each «y; are thus multiplexed together for
transmission and then demultiplexed at the channel output. This effectively reduces the time-varying channel to a
set of time-invariant channels in parallel, where the jth channel operates only when y[i] = 7;. The average rate on
the channel is just the sum of rates associated with each of the ; channels weighted by p(y;), the percentage of
time that the channel SNR equals ~y;. This yields the average capacity formula (4.12).

To find the optimal power allocation P(~y), we form the Lagrangian

5P = [~ Bioes (14 250 separ <o [~ Py @.13)

Next we differentiate the Lagrangian and set the derivative equal to zero:

0J(P() [ B/l@ \4
oP() _[<1+7P(7)/P>P A

Solving for P(+y) with the constraint that P(+) > 0 yields the optimal power adaptation that maximizes (4.12) as

] p(y) =0. (4.14)

(4.15)

P(y) _ {1/70— /v v =1,
P

P 0 ¥ < Y0,

for some “cutoff” value 7. If v[¢] is below this cutoff then no data is transmitted over the ith time interval, so the
channel is used at time ¢ only if vy < 7[i] < oo. Substituting (4.15) into (4.12) then yields the capacity formula:

o

C= Blog, (%) p(y)dy. (4.16)

Y0

The multiplexing nature of the capacity-achieving coding strategy indicates that (4.16) is achieved with a time-
varying data rate, where the rate corresponding to the instantaneous SNR ~ is Blog,(7/70). Since 7 is constant,
this means that as the instantaneous SNR increases, the data rate sent over the channel for that instantaneous SNR
also increases. Note that this multiplexing strategy is not the only way to achieve capacity (4.16): it can also be
achieved by adapting the transmit power and sending at a fixed rate [25]. We will see in Section 4.2.6 that for
Rayleigh fading this capacity can exceed that of an AWGN channel with the same average SNR — in contrast to
the case of receiver CSI only, where fading always decreases capacity.

Note that the optimal power allocation policy (4.15) depends on the fading distribution p(+y) only through
the cutoff value vg. This cutoff value is found from the power constraint. Specifically, rearranging the power
constraint (4.11) and replacing the inequality with equality (since using the maximum available power will always
be optimal) yields the power constraint

> p
| B =1, 4.17)
0

If we now substitute the optimal power adaptation (4.15) into this expression then the cutoff value o must satisfy

* /71 1
[ (5-5) =1 I
Yo

Observe that this expression depends only on the distribution p(«y). The value for vy must be found numerically
[26] because no closed-form solutions exist for typical continuous distributions p(+y).

Since 7 is time varying, the maximizing power adaptation policy of (4.15) is a water filling formula in time,
as illustrated in Figure 4.5. This curve shows how much power is allocated to the channel for instantaneous SNR
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~v(t) = ~. The water-filling terminology refers to the fact that the line 1/~ sketches out the bottom of a bowl,
and power is poured into the bowl to a constant water level of 1/7¢. The amount of power allocated for a given ~y
equals 1/v9 — 1/, the amount of water between the bottom of the bowl (1/) and the constant water line (1 /o).
The intuition behind water-filling is to take advantage of good

\: 1/vo

Iy

Yo Y

Figure 4.5: Optimal power allocation: water-filling.

channel conditions: when channel conditions are good (y large), more power and a higher data rate are sent over the
channel. As channel quality degrades (y small), less power and rate are sent over the channel. If the instantaneous
SNR falls below the cutoff value, the channel is not used. Adaptive modulation and coding techniques that follow
this principle were developed in [27, 28] and are discussed in Chapter 9.

Note that the multiplexing argument sketching how capacity (4.12) is achieved applies to any power adaptation
policy. That is, for any power adaptation policy P(y) with average power P, the capacity

C= / Blog, (1 + @) p(y)dy (4.19)
0

can be achieved with arbitrarily small error probability. Of course this capacity cannot exceed (4.12), where
power adaptation is optimized to maximize capacity. However, there are scenarios where a suboptimal power
adaptation policy might have desirable properties that outweigh capacity maximization. In the next two sections
we discuss two such suboptimal policies, which result in constant data rate systems, in contrast to the variable-rate
transmission policy that achieves the capacity in (4.12).

Example 4.4: Assume the same channel as in the previous example, with a bandwidth of 30 kHz and three possible
received SNRs: 1 = .8333 with p(y1) = .1, v2 = 83.33 with p(y2) = .5, and y3 = 333.33 with p(~3) = .4. Find
the ergodic capacity of this channel assuming that both transmitter and receiver have instantaneous CSI. Solution:
We know the optimal power allocation is water-filling, and we need to find the cutoff value vy that satisfies the
discrete version of (4.18) given by

> (i - l) p(y) = 1.

YiZY0 0 i

We first assume that all channel states are used to obtain 7y (i.e., we assume vy < min; ;) and see if the
resulting cutoff value is below that of the weakest channel. If not then we have an inconsistency, and must redo the
calculation assuming at least one of the channel states is not used. Applying the discrete power allocation formula
to our channel model yields
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p(i) §~P0d) 1 ° ()
25, 2.7,

1 .5 4
= =1+ + + =1.13.
o 0 o i 70 v

8333 83.33  333.33

Solving for g yields 79 = 1/1.13 = .89 > .8333 = ~;. Since this value of 7 is greater than the SNR in the
weakest channel, this result is inconsistent because the channel should only be used for SNRs above the cutoff
value. Therefore, we now redo the calculation assuming that the weakest state is not used. Then the discrete power
allocation becomes

3 3 3

p(vi) p(vi) 9 p(vi) ( 5 4 >
>, - =1 = —=1+) =1+ {5t = 1.0072.
i—y 0 — Vi Yo = Vi 83.33  333.33

Solving for 7y yields g = .89. Hence, by assuming that the weakest channel with SNR ~; is not used, we
obtain a consistent value for vy with y; < 9 < 2. The capacity of the channel then becomes

3
i
C=> Blog, <%> (i)
=2

83.33 333.33
4. 10g2

= 30000 (.5 log, > = 200.82 kbps.

Comparing with the results of Example 4.3 we see that this rate is only slightly higher than for the case of receiver
CSI only, and it is still significantly below that of an AWGN channel with the same average SNR. This is because
the average SNR for the channel in this example is relatively high: for low-SNR channels, capacity with flat fading
can exceed that of the AWGN channel with the same average SNR if we take advantage of the rare times when the
fading channel is in a very good state.

ZERO-OUTAGE CAPACITY AND CHANNEL INVERSION

We now consider a suboptimal transmitter adaptation scheme where the transmitter uses the CSI to maintain a
constant received power; that is, it inverts the channel fading. The channel then appears to the encoder and decoder
as a time-invariant AWGN channel. This power adaptation, called channel inversion, is given by P()/P = o /v,
where o equals the constant received SNR that can be maintained with the transmit power constraint (4.11). The
constant o thus satisfies [(o/7)p(y)dy =1,s0 0 = 1/E[1/~].

Fading channel capacity with channel inversion is just the capacity of an AWGN channel with SNR o

1
C = Blogy[1 + o] = Blog, [1 + E[l/'y]] . (4.20)
The capacity-achieving transmission strategy for this capacity uses a fixed-rate encoder and decoder designed for
an AWGN channel with SNR ¢. This has the advantage of maintaining a fixed data rate over the channel regardless
of channel conditions. For this reason the channel capacity given in (4.20) is called zero-outage capacity, since
the data rate is fixed under all channel conditions and there is no channel outage. Note that there exist practical
coding techniques that achieve near-capacity data rates on AWGN channels, so the zero-outage capacity can be
approximately achieved in practice.
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Zero-outage capacity can exhibit a large data-rate reduction relative to Shannon capacity in extreme fading
environments. In Rayleigh fading, for example, E[1/~] is infinite and thus the zero-outage capacity given by (4.20)
is zero. Channel inversion is common in spread-spectrum systems with near—far interference imbalances [29]. It
is also the simplest scheme to implement because the encoder and decoder are designed for an AWGN channel,
independent of the fading statistics.

Example 4.5: Assume the same channel as in the previous example, with a bandwidth of 30 kHz and three possible
received SNRs: 71 = .8333 with p(71) = .1, 72 = 83.33 with p(y2) = .5, and 3 = 333.33 with p(y3) = .4.
Assuming transmitter and receiver CSI, find the zero-outage capacity of this channel. Solution: The zero-outage
capacity is C' = Blogy[l 4 o], where 0 = 1/E[1/~]. Since

L I . . PV
S| T 8333 8333 " 33333

we have C' = 30000 logy[1 + 1/.1272] = 94.43 kbps. Note that this is less than half of the Shannon capacity with
optimal water-filling adaptation.

OUTAGE CAPACITY AND TRUNCATED CHANNEL INVERSION

The reason that zero-outage capacity may be significantly smaller than Shannon capacity on a fading channel is the
requirement of maintaining a constant data rate in all fading states. By suspending transmission in particularly bad
fading states (outage channel states), we can maintain a higher constant data rate in the other states and thereby
significantly increase capacity. The outage capacity is defined as the maximum data rate that can be maintained
in all non-outage channel states multiplied by the probability of non-outage. Outage capacity is achieved with a
truncated channel inversion policy for power adaptation that compensates for fading only above a certain cutoff
fade depth vp:

4.21)

Ply) _ {0/7 ¥ > 70,
P

P 0 7 <0,

where -y is based on the outage probability: Py, = p(y < 70). Since the channel is only used when y > o, the
power constraint (4.11) yields 0 = 1/E,[1/~], where

1l A [*1
E. |=| = — dry. 422
Yo M /7O 7p(v) y (4.22)

The outage capacity associated with a given outage probability P, and corresponding cutoff g is given by

C(Pout) = Blog, (1 + > (v = 0)- (4.23)

L
Eq, [1/7]

We can also obtain the maximum outage capacity by maximizing outage capacity over all possible yy:

1
C = max Blog (1 + 7> (v > v0)- (4.24)
wxBlos U g )P0 =0

This maximum outage capacity will still be less than Shannon capacity (4.16) because truncated channel inversion
is a suboptimal transmission strategy. However, the transmit and receive strategies associated with inversion or
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truncated inversion may be easier to implement or have lower complexity than the water-filling schemes associated
with Shannon capacity.

Example 4.6: Assume the same channel as in the previous example, with a bandwidth of 30 kHz and three possible
received SNRs: v1 = .8333 with p(v1) = .1, 2 = 83.33 with p(2) = .5, and 3 = 333.33 with p(~y3) = .4. Find
the outage capacity of this channel and associated outage probabilities for cutoff values vy = .84 and g = 83.4.
Which of these cutoff values yields a larger outage capacity?

Solution: For g = .84 we use the channel when the SNR is 5 or 3, so E,[1/7] = S p(vi)/vi = .5/83.33+
.4/333.33 = .0072. The outage capacity is C' = Blog,(1 + 1/E.[1/9])p(v > 70) = 30000 log, (1 + 138.88) -
.9 = 192.457 kbps. For vy = 83.34 we use the channel when the SNR is 73 only, so E [1/v] = p(v3)/v3 =
.4/333.33 = .0012. The capacity is C' = Blogy(1 + 1/E[1/9])p(y > 7o) = 30000log,(1 + 833.33) - .4 =
116.45 kbps. The outage capacity is larger when the channel is used for SNRs v, and ~y3. Even though the SNR
3 is significantly larger than ys, the fact that this larger SNR occurs only 40% of the time makes it inefficient to
only use the channel in this best state.

4.2.5 Capacity with Receiver Diversity

Receiver diversity is a well-known technique for improving the performance of wireless communications in fading
channels. The main advantage of receiver diversity is that it mitigates the fluctuations due to fading so that the
channel appears more like an AWGN channel. More details on receiver diversity and its performance will be given
in Chapter 7. Since receiver diversity mitigates the impact of fading, an interesting question is whether it also
increases the capacity of a fading channel. The capacity calculation under diversity combining requires first that
the distribution of the received SNR p(~y) under the given diversity combining technique be obtained. Once this
distribution is known, it can be substituted into any of the capacity formulas already given to obtain the capacity
under diversity combining. The specific capacity formula used depends on the assumptions about channel side
information; for example, in the case of perfect transmitter and receiver CSI the formula (4.16) would be used. For
different CSI assumptions, capacity (under both maximal ratio and selection combining diversity) was computed
in [26]. It was found that, as expected, the capacity with perfect transmitter and receiver CSI is greater than with
receiver CSI only, which in turn is greater than with channel inversion. The performance gap of these different
formulas decreases as the number of antenna branches increases. This trend is expected because a large number of
antenna branches makes the channel look like an AWGN channel, for which all of the different capacity formulas
have roughly the same performance.

Recently there has been much research activity on systems with multiple antennas at both the transmitter
and the receiver. The excitement in this area stems from the breakthrough results in [30, 31, 32] indicating that
the capacity of a fading channel with multiple inputs and outputs (a MIMO channel) is M times larger than the
channel capacity without multiple antennas, where M = min(M;, M,) for M, the number of transmit antennas
and M, the number of receive antennas. We will discuss capacity of MIMO channels in Chapter 10.

4.2.6 Capacity Comparisons

In this section we compare capacity with transmitter and receiver CSI for different power allocation policies along
with the capacity under receiver CSI only. Figures 4.6, 4.7, and 4.8 show plots of the different capacities (4.7),
(4.16), (4.20), and (4.24) as a function of average received SNR for log-normal fading (¢ = 8 dB standard devia-
tion), Rayleigh fading, and Nakagami fading (with Nakagami parameter m = 2). Nakagami fading with m = 2
is roughly equivalent to Rayleigh fading with two-antenna receiver diversity. The capacity in AWGN for the same
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Figure 4.6: Capacity in log-normal fading.

average power is also shown for comparison. Note that the capacity in log-normal fading is plotted relative to
average dB SNR (yqp), not average SNR in dB (10 log; p): the relation between these values, as given by (2.45),
is 101ogyg pt = piaB + 03 In(10)/20.

Several observations in this comparison are worth noting. First, the figures show that the capacity of the
AWGN channel is larger than that of the fading channel for all cases. However, at low SNRs the AWGN and
fading channel with transmitter and receiver CSI have almost the same capacity. In fact, at low SNRs (below
0 dB), capacity of the fading channel with transmitter and receiver CSI is larger than the corresponding AWGN
channel capacity.

| | X AWGN Channel Capacity

— Shannon Capacity w TX/RX CSI (4.13)

8|~ — Shannon Capacity w RX CSI (4.4) dl
+  Maximum Outage Capacity (4.22)

7F| o Zero-Outage Capacity (4.18) 1
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3
|
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313
5]

15 20 25 30
Average SNR (dB)

Figure 4.7: Capacity in Rayleigh fading.

That is because the AWGN channel always has the same low SNR, thereby limiting its capacity. A fading channel
with this same low average SNR will occasionally have a high SNR, since the distribution has infinite range. Thus,
if high power and rate are transmitted over the channel during these very infrequent large SNR values, the capacity
will be greater than on the AWGN channel with the same low average SNR.

The severity of the fading is indicated by the Nakagami parameter m, where m = 1 for Rayleigh fading and
m = oo for an AWGN channel without fading. Thus, comparing Figures 4.7 and 4.8 we see that, as the severity
of the fading decreases (Rayleigh to Nakagami with m = 2), the capacity difference between the various adaptive
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Figure 4.8: Capacity in Nakagami fading (m = 2).

policies also decreases, and their respective capacities approach that of the AWGN channel.

The difference between the capacity curves under transmitter and receiver CSI (4.16) and receiver CSI only
(4.7) are negligible in all cases. Recalling that capacity under receiver CSI only (4.7) and under transmitter and
receiver CSI without power adaptation (4.10) are the same, we conclude that, if the transmission rate is adapted
relative to the channel, then adapting the power as well yields a negligible capacity gain. It also indicates that
transmitter adaptation yields a negligible capacity gain relative to using only receiver side information. In severe
fading conditions (Rayleigh and log-normal fading), maximum outage capacity exhibits a 1-5-dB rate penalty
and zero-outage capacity yields a large capacity loss relative to Shannon capacity. However, under mild fading
conditions (Nakagami with m = 2) the Shannon, maximum outage, and zero-outage capacities are within 3 dB of
each other and within 4 dB of the AWGN channel capacity. These differences will further decrease as the fading
diminishes (m — oo for Nakagami fading).

We can view these results as a trade-off between capacity and complexity. The adaptive policy with transmitter
and receiver side information requires more complexity in the transmitter (and typically also requires a feedback
path between the receiver and transmitter to obtain the side information). However, the decoder in the receiver is
relatively simple. The nonadaptive policy has a relatively simple transmission scheme, but its code design must
use the channel correlation statistics (often unknown) and the decoder complexity is proportional to the channel
decorrelation time. The channel inversion and truncated inversion policies use codes designed for AWGN channels
and thus are the least complex to implement, but in severe fading conditions they exhibit large capacity losses
relative to the other techniques.

In general, Shannon capacity analysis does not show how to design adaptive or non-adaptive techniques for
real systems. Achievable rates for adaptive trellis-coded MQAM have been investigated in [28], where a simple
four-state trellis code combined with adaptive six-constellation MQAM modulation was shown to achieve rates
within 7 dB of the Shannon capacity (4.12) in Figures 4.6 and 4.7. More complex codes further close the gap to
the Shannon limit of fading channels with transmitter adaptation.

4.3 Capacity of Frequency-Selective Fading Channels

In this section we examine the Shannon capacity of frequency-selective fading channels. We first consider the
capacity of a time-invariant frequency-selective fading channel. This capacity analysis is like that of a flat fading
channel but with the time axis replaced by the frequency axis. Then we discuss the capacity of time-varying
frequency-selective fading channels.
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4.3.1 Time-Invariant Channels

Consider a time-invariant channel with frequency response H (f), as shown in Figure 4.9. Assume a total transmit
power constraint P. When the channel is time invariant it is typically assumed that H(f) is known to both
the transmitter and receiver. The capacity of time-invariant channels under different assumptions about channel
knowledge is discussed in [23, 25].

Let us first assume that H (f) is block fading, so that frequency is divided into subchannels of bandwidth B
with H (f) = H; constant over each subchannel, as shown in Figure 4.10.

nli]

x[i] ylil

—F—— = H(f)

Figure 4.9: Time-invariant frequency-selective fading channel.

H(f)

H, Hs

Hy

H, H, B

7
Figure 4.10: Block frequency-selective fading.

The frequency-selective fading channel thus consists of a set of AWGN channels in parallel with SNR
|H;|?P;j/(NoB) on the jth channel, where P; is the power allocated to the jth channel in this parallel set sub-
ject to the power constraint » j P; < P.

The capacity of this parallel set of channels is the sum of rates on each channel with power optimally allocated
over all channels [5, 6]:

H.|2P;
C = > Blog, (1 + %) . (4.25)
max Pj:3°; P;<P 0

Note that this is similar to the capacity and optimal power allocation for a flat fading channel, with power and rate
changing over frequency in a deterministic way rather than over time in a probabilistic way. The optimal power
allocation is found via the same Lagrangian technique used in the flat-fading case, which leads to the water-filling
power allocation
P {1/70 —1/v v =0, (4.26)
P 0 Vi <70,

for some cutoff value o, where ; = |H;|2P/(NyB) is the SNR associated with the jth channel assuming it is
allocated the entire power budget P.> This optimal power allocation is illustrated in Figure 4.11. The cutoff value

*We define -y; with respect to the total power P because of the normalization by P on the left hand side of (4.26).
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is obtained by substituting the power adaptation formula into the power constraint, so yg must satisfy

3 (i N i) _1 (4.27)
70

7 i

|

Figure 4.11: Water-filling in frequency-selective block fading.

The capacity then becomes

c= Y Blog (%) (4.28)

Jvi 20
This capacity is achieved by transmitting at different rates and powers over each subchannel. Multicarrier modu-
lation uses the same technique in adaptive loading, as discussed in more detail in Section 12.3.
When H (f) is continuous, the capacity under power constraint P is similar to the case of the block fading
channel, with some mathematical intricacies needed to show that the channel capacity is given by

= W)
¢= P(f):frgl’&(tj”{)deP/ log, (1 + No df. (4.29)

The expression inside the integral can be thought of as the incremental capacity associated with given frequency f
over the bandwidth df with power allocation P( f) and channel gain |H (f)|?. This result is formally proven using
a Karhunen-Loeve expansion of the channel h(t) to create an equivalent set of parallel independent channels [5,
Chap. 8.5]. An alternate proof [33] decomposes the channel into a parallel set using the discrete Fourier transform
(DFT); the same premise is used in the discrete implementation of multicarrier modulation described in Section
12.4.

The power allocation over frequency, P( f), that maximizes (4.29) is found via the Lagrangian technique. The
resulting optimal power allocation is water-filling over frequency:

Pf) _ )1/ =1/7(f) () =, 430)
P 0 () <0,
where v(f) = |H(f)|>P/Ny. This results in channel capacity
C= log, <M> df. (4.31)
fA(f)zro 70

Example 4.7: Consider a time-invariant frequency-selective block fading channel that has three subchannels of
bandwidth B = 1 MHz. The frequency responses associated with each subchannel are H; = 1, Hy = 2, and H3 =
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Figure 4.12: Channel division in frequency-selective fading.

3, respectively. The transmit power constraint is P = 10 mW and the noise PSD Ng/2 has Ny = 10~° W/Hz.
Find the Shannon capacity of this channel and the optimal power allocation that achieves this capacity. Solution:
We first Find y; = |H;|>P/(NoB) for each subchannel, yielding y; = 10, 72 = 40, and v3 = 90. The cutoff 7o
must satisfy (4.27). Assuming that all subchannels are allocated power, this yields

3 1
=14 = =114= v = 2.64 < Vj.
"o e

Since the cutoff g is less than y; for all j, our assumption that all subchannels are allocated power is consistent, so
this is the correct cutoff value. The corresponding capacity is C' = Z?:l Blogy(v;/70) = 1000000(logy (10/2.64)+
log,(40/2.64) + log,(90/2.64)) = 10.93 Mbps.

4.3.2 Time-Varying Channels

The time-varying frequency-selective fading channel is similar to the model shown in Figure 4.9 except that
H(f) = H(f, i); that is, the channel varies over both frequency and time. It is difficult to determine the capac-
ity of time-varying frequency-selective fading channels — even when the instantaneous channel H (f, i) is known
perfectly at the transmitter and receiver — because of the effects of self-interference (ISI). In the case of transmitter
and receiver side information, the optimal adaptation scheme must consider (a) the effect of the channel on the past
sequence of transmitted bits and (b) how the ISI resulting from these bits will affect future transmissions [34]. The
capacity of time-varying frequency-selective fading channels is in general unknown, but there do exist upper and
lower bounds as well as limiting formulas [34, 35].

We can approximate channel capacity in time-varying frequency-selective fading by taking the channel band-
width B of interest and then dividing it up into subchannels the size of the channel coherence bandwidth B, as
shown in Figure 4.12. We then assume that each of the resulting subchannels is independent, time varying, and flat
fading with H (f, i) = H;[i] on the jth subchannel.

Under this assumption, we obtain the capacity for each of these flat fading subchannels based on the average
power F_’j that we allocate to each subchannel, subject to a total power constraint P. Since the channels are
independent, the total channel capacity is just equal to the sum of capacities on the individual narrowband flat
fading channels — subject to the total average power constraint and averaged over both time and frequency:

C = max _ZC’j(F_’j), (4.32)

where C’j(f_’j) is the capacity of the flat fading subchannel with average power Pj and bandwidth B, given by
(4.16), (4.7), (4.20), or (4.24) for Shannon capacity under different side information and power allocation policies.
We can also define C; (Pj) as a capacity versus outage if only the receiver has side information.
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We will focus on Shannon capacity assuming perfect transmitter and receiver channel CSI, since this up-
perbounds capacity under any other side information assumptions or suboptimal power allocation strategies. We
know that if we fix the average power per subchannel then the optimal power adaptation follows a water-filling for-
mula. We expect that the optimal average power to be allocated to each subchannel will also follow a water-filling
formula, where more average power is allocated to better subchannels. Thus we expect that the optimal power allo-
cation is a two-dimensional water-filling in both time and frequency. We now obtain this optimal two-dimensional
water-filling and the corresponding Shannon capacity.

Define v;[i] = [H,]i i]|2P/(NoB) to be the instantaneous SNR on the jth subchannel at time i assuming the
total power P is allocated to that time and frequency. We allow the power P; ’(7;) to vary with y;[i]. The Shannon
capacity with perfect transmitter and receiver CSI is given by optimizing power adaptation relative to both time
(represented by ;[i] = ~;) and frequency (represented by the subchannel index j):

> B (i)
C = max ) / B.log (1 + 2 () d; (4.33)
Pi(vi):; Jo~ Pj(vj)p(vj)dijP; 0 2 P P

To find the optimal power allocation P;(y;), we form the Lagrangian

J(Pj(75))

= Z/ B, log, (1 + ( )%> 73 d% —/\Z/ 73 d% (4.34)

Note that (4.34) is similar to the Lagrangian (4.13) for the flat fading channel except that the dimension of frequency
has been added by summing over the subchannels. Differentiating the Lagrangian and setting this derivative equal
to zero eliminates all terms except the given subchannel and associated SNR:

0J(P;(; B./1n(2 ;
9P; () 1+7;P(v;)/P) P
Solving for P;(vy;) yields the same water-filling as the flat-fading case:

Bi(y) _ {1/70 —1/7 7 =0, 4.36)

p 0 Vi < 70

where the cutoff value v is obtained from the total power constraint over both time and frequency:

Z / p(vj)dv; = P. (4.37)

Thus, the optimal power allocation (4.36) is a two-dimensional water-filling with a common cutoff value .
Dividing the constraint (4.37) by P and substituting into the optimal power allocation (4.36), we get that -y must

satisfy
* /1 1
> — — — ) p(y)dy; = 1. (4.38)

j Y0 0 Vi
It is interesting to note that, in the two-dimensional water-filling, the cutoff value for all subchannels is the same.
This implies that even if the fading distribution or average fade power on the subchannels is different, all subchan-
nels suspend transmission when the instantaneous SNR falls below the common cutoff value 7. Substituting the
optimal power allocation (4.37) into the capacity expression (4.33) yields
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Chapter 4 Problems

1. Capacity in AWGN is given by C' = Blog,(1 + P/(NyB)), where P is the received signal power, B is the
signal bandwidth, and Ny /2 is the noise PSD. Find capacity in the limit of infinite bandwidth B — oo as a
function of P.

2. Consider an AWGN channel with bandwidth 50 MHz, received signal power 10 mW, and noise PSD N;/2
where Ny = 2-10~? W/Hz. How much does capacity increase by doubling the received power? How much
does capacity increase by doubling the channel bandwidth?

3. Consider two users simultaneously transmitting to a single receiver in an AWGN channel. This is a typical
scenario in a cellular system with multiple users sending signals to a base station. Assume the users have
equal received power of 10 mW and total noise at the receiver in the bandwidth of interest of 0.1 mW. The
channel bandwidth for each user is 20 MHz.

(a) Suppose that the receiver decodes user 1’s signal first. In this decoding, user 2’s signal acts as noise (as-
sume it has the same statistics as AWGN). What is the capacity of user 1’s channel with this additional
interference noise?

(b) Suppose that, after decoding user 1’s signal, the decoder re-encodes it and subtracts it out of the re-
ceived signal. Now, in the decoding of user 2’s signal, there is no interference from user 1’s signal.
What then is the Shannon capacity of user 2’s channel?

Note: We will see in Chapter 14 that the decoding strategy of successively subtracting out decoded signals
is optimal for achieving Shannon capacity of a multiuser channel with independent transmitters sending to
one receiver.

4. Consider a flat fading channel of bandwidth 20 MHz and where, for a fixed transmit power P, the received
SNR is one of six values: v; = 20dB, v = 15dB, v3 = 10dB, 74 =5dB, 75 = 0dB, and v = —5dB.
The probabilities associated with each state are p; = pg = .1, pa = py = .15, and p3 = ps = .25. Assume
that only the receiver has CSI.

(a) Find the Shannon capacity of this channel.
(b) Plot the capacity versus outage for 0 < F,,; < 1 and find the maximum average rate that can be

correctly received (maximum Cpyy).

5. Consider a flat fading channel in which, for a fixed transmit power P, the received SNR is one of four values:
v1 = 30dB, v = 20dB, y3 = 10dB, and 74 = 0dB. The probabilities associated with each state are
p1 = .2, po = .3, p3 = .3, and py = .2. Assume that both transmitter and receiver have CSI.

(a) Find the optimal power adaptation policy P[i]/P for this channel and its corresponding Shannon ca-
pacity per unit hertz (C/B).

(b) Find the channel inversion power adaptation policy for this channel and associated zero-outage capacity
per unit bandwidth.

(c) Find the truncated channel inversion power adaptation policy for this channel and associated outage
capacity per unit bandwidth for three different outage probabilities: Pyt = .1, Poyy = .25, and Poy
(and the associated cutoff () equal to the value that achieves maximum outage capacity.
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6. Consider a cellular system where the power falloff with distance follows the formula P,(d) = P;(do/d)“,
where dp = 100 m and « is a random variable. The distribution for « is p(av = 2) = 4, p(a = 2.5) =
3, pla =3) = .2, and p(a = 4) = .1. Assume a receiver at a distance d = 1000 m from the transmitter,
with an average transmit power constraint of P, = 100 mW and a receiver noise power of .1 mW. Assume
that both transmitter and receiver have CSI.

(a) Compute the distribution of the received SNR.

(b) Derive the optimal power adaptation policy for this channel and its corresponding Shannon capacity
per unit hertz (C/B).

(c) Determine the zero-outage capacity per unit bandwidth of this channel.

(d) Determine the maximum outage capacity per unit bandwidth of this channel.

7. In this problem we explore power allocation under a fixed energy constraint to maximize the number of bits
transmitted. Consider a cellular system with a mobile receiver. The receiver stops at point A (100m from
the cell phone tower) for 10 minutes and point B (500m from the cell phone tower) for 20 minutes. Assume
the signal from the cell phone tower to the receiver only experiences path loss under the simplified path loss
model with v = 3, dg = 1m, and K = 1 along with AWGN, that the channel bandwidth is 20MHz, and the
receiver noise PSD is Ng = 5 x 10~ '*mW/Hz. Also, assume a fixed transmit power of 1mW.

(a) What is the SNR received at points A and B?
(b) What is total amount of energy (in Joules) that is transmitted during the two stops.

(c) Assuming the transmitter sends data with a rate equal to the Shannon capacity of the channel at each
of the stops, what is the total number of bits received?

(d) Suppose now that the cell phone tower does not send at a fixed transmit power but fixes the total
number of Joules it will transmit to the receiver at each of the two stops. Using the total amount of
energy derived in part (b), determine the optimal allocation of this total energy at each of the stops to
maximize the number of bits received. Assume that the transmitter sends data at a rate equal to the
Shannon capacity with SNR based on your optimal energy allocation. How many bits are received
with this optimal energy allocation and how does it compare to your answer in part (c)?

8. In this problem we explore why channel inversion leads to zero capacity in Rayleigh fading. Assume a
Rayleigh fading channel with 7 = 1 so the receiver power has an exponential distribution p(vy) = e~ 7.

(a) Show using a first-order Taylor series expansion of =7 around v = O that p(y) = e > 1 — 7.

(b) We will now show that E [ﬂ is unbounded by taking the expectation for v € (0, ¢) for some small
constant c. Fix this small constant c and a smaller constant e < c. Then compute the following lower

bound for E [ﬂ by taking the expectation over the interval (¢, ¢) and using the lower bound on p(~)

o[]- [ 2=

Show that as e — 0, the above expression becomes unbounded. This suggests that the transmit power
needed to maintain a constant received power by inverting Rayleigh fading is unbounded.

from part (a):

9. Assume a Rayleigh fading channel, where the transmitter and receiver have CSI and the distribution of the
fading SNR p(7) is exponential with mean 7 = 10 dB. Assume a channel bandwidth of 10 MHz.
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I1k]

Figure 4.13: Interference channel for Problem 4.8.

(a) Find the cutoff value v, and the corresponding power adaptation that achieves Shannon capacity on
this channel.

(b) Compute the Shannon capacity of this channel.

(c) Compare your answer in part (b) with the channel capacity in AWGN with the same average SNR.

(d) Compare your answer in part (b) with the Shannon capacity when only the receiver knows [i].

(e) Compare your answer in part (b) with the zero-outage capacity and outage capacity when the outage
probability is .05.

(f) Repeat parts (b), (c), and (d) — that is, obtain the Shannon capacity with perfect transmitter and receiver
side information, in AWGN for the same average power, and with just receiver side information — for
the same fading distribution but with mean 7y = —5 dB. Describe the circumstances under which a
fading channel has higher capacity than an AWGN channel with the same average SNR and explain
why this behavior occurs.

10. This problem illustrates the capacity gains that can be obtained from interference estimation and also how

11.

a malicious jammer can wreak havoc on link performance. Consider the interference channel depicted in
Figure 4.13. The channel has a combination of AWGN n|k] and interference I [k]. We model I[k] as AWGN.
The interferer is on (i.e., the switch is down) with probability .25 and off (i.e., switch up) with probability
.75. The average transmit power is 10 mW, the noise PSD has Ny = 10~® W /Hz, the channel bandwidth B
is 10 kHz (receiver noise power is NgB), and the interference power (when on) is 9 mW.

(a) Whatis the Shannon capacity of the channel if neither transmitter nor receiver know when the interferer
ison?
(b) What is the capacity of the channel if both transmitter and receiver know when the interferer is on?

(c) Suppose now that the interferer is a malicious jammer with perfect knowledge of x[k] (so the interferer
is no longer modeled as AWGN). Assume that neither transmitter nor receiver has knowledge of the
jammer behavior. Assume also that the jammer is always on and has an average transmit power of
10 mW. What strategy should the jammer use to minimize the SNR of the received signal?

Consider the malicious interferer of Problem 4.8. Suppose that the transmitter knows the interference sig-
nal perfectly. Consider two possible transmit strategies under this scenario: the transmitter can ignore the
interference and use all its power for sending its signal, or it can use some of its power to cancel out the in-
terferer (i.e., transmit the negative of the interference signal). In the first approach the interferer will degrade
capacity by increasing the noise, and in the second strategy the interferer also degrades capacity because the
transmitter sacrifices some power to cancel out the interference. Which strategy results in higher capacity?
Note: There is a third strategy, in which the encoder actually exploits the structure of the interference in its
encoding. This strategy is called dirty paper coding and is used to achieve Shannon capacity on broadcast
channels with multiple antennas, as described in Chapter 14.
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12. Show using Lagrangian techniques that the optimal power allocation to maximize the capacity of a time-
invariant block fading channel is given by the water-filling formula in (4.26).

13. Consider a time-invariant block fading channel with frequency response

1 fe—20MHz < f < f. — 10 MHz,
5 f—10MHz< f < f.,

H(f)=42 Je < f < fc+10 MHz,
25 f.+10MHz < f < f. 4+ 20 MHz,
0 else,

for f > 0 and H(—f) = H(f). For a transmit power of 10 mW and a noise PSD of .001 W per Hertz,
find the optimal power allocation and corresponding Shannon capacity of this channel.

14. Show that the optimal power allocation to maximize the capacity of a time-invariant frequency-selective
fading channel is given by the water-filling formula in (4.30).

15. Consider a frequency-selective fading channel with total bandwidth 12 MHz and coherence bandwidth B, =
4 MHz. Divide the total bandwidth into three subchannels of bandwidth B,., and assume that each subchannel
is a Rayleigh flat fading channel with independent fading on each subchannel. Assume the subchannels have
average gains E[|H;[i]|?] = 1, E[|Hsli]|?] = .5, and E[|H3]i]|?] = .125. Assume a total transmit power of
30 mW and a receiver noise PSD with Ny = .001 yW/Hz.

(a) Find the optimal two-dimensional water-filling power adaptation for this channel and the corresponding

Shannon capacity, assuming both transmitter and receiver know the instantaneous value of H;[i], j =
1,2,3.

(b) Compare the capacity derived in part (a) with that obtained by allocating an equal average power of
10 mW to each subchannel and then water-filling on each subchannel relative to this power allocation.
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Chapter 5

Digital Modulation and Detection

The advances over the last several decades in hardware and digital signal processing have made digital transceivers
much cheaper, faster, and more power efficient than analog transceivers. More importantly, digital modulation
offers a number of other advantages over analog modulation, including higher spectral efficiency, powerful error
correction techniques, resistance to channel impairments, more efficient multiple access strategies, and better secu-
rity and privacy. Specifically, high-level digital modulation techniques such as MQAM allow much more efficient
use of spectrum than is possible with analog modulation. Advances in coding and coded modulation applied to dig-
ital signaling make the signal much less susceptible to noise and fading, and equalization or multicarrier techniques
can be used to mitigate intersymbol interference (ISI). Spread-spectrum techniques applied to digital modulation
can simultaneously remove or combine multipath, resist interference, and detect multiple users. Finally, digital
modulation is much easier to encrypt, resulting in a higher level of security and privacy for digital systems. For all
these reasons, systems currently being built or proposed for wireless applications are all digital systems.

Digital modulation and detection consist of transferring information in the form of bits over a communication
channel. The bits are binary digits taking on the values of either 1 or 0. These information bits are derived
from the information source, which may be a digital source or an analog source that has been passed through
an A/D converter. Both digital and A/D-converted analog sources may be compressed to obtain the information
bit sequence. Digital modulation consists of mapping the information bits into an analog signal for transmission
over the channel. Detection consists of estimating the original bit sequence based on the signal received over the
channel. The main considerations in choosing a particular digital modulation technique are high data rate; high
spectral efficiency (minimum bandwidth occupancy); high power efficiency (minimum required transmit power);
robustness to channel impairments (minimum probability of bit error); and low power/cost implementation. Often
these are conflicting requirements, and the choice of modulation is based on finding the technique that achieves the
best trade-off between them.

There are two main categories of digital modulation: amplitude/phase modulation and frequency modulation.
Since frequency modulation typically has a constant signal envelope and is generated using nonlinear techniques,
this modulation is also called constant envelope modulation or nonlinear modulation, and amplitude/phase mod-
ulation is also called linear modulation. Linear modulation generally has better spectral properties than nonlinear
modulation, since nonlinear processing leads to spectral broadening. However, amplitude and phase modulation
embeds the information bits into the amplitude or phase of the transmitted signal, which is more susceptible to
variations from fading and interference. In addition, amplitude and phase modulation techniques typically require
linear amplifiers, which are more expensive and less power efficient than the nonlinear amplifiers that can be used
with nonlinear modulation. Thus, the trade-off between linear versus nonlinear modulation is one of better spectral
efficiency for the former technique and better power efficiency and resistance to channel impairments for the lat-
ter. Once the modulation technique is determined, the constellation size must be chosen. Modulations with large

141



constellations have higher data rates for a given signal bandwidth, but they are more susceptible to noise, fading,
and hardware imperfections. Finally, some demodulators require a coherent phase reference with respect to the
transmitted signal. Obtaining this coherent reference may be difficult or significantly increase receiver complexity.
Thus, modulation techniques that do not require a coherent phase reference in the receiver are desirable.

We begin this chapter with a general discussion of signal space concepts. These concepts greatly simplify
the design and analysis of modulation and demodulation techniques by mapping infinite-dimensional signals to
a finite-dimensional vector space. The general principles of signal space analysis will then be applied to the
analysis of amplitude and phase modulation techniques, including pulse amplitude modulation (PAM), phase-
shift keying (PSK), and quadrature amplitude modulation (QAM). We will also discuss constellation shaping
and quadrature offset techniques for these modulations, as well as differential encoding to avoid the need for
a coherent phase reference. We then describe frequency modulation techniques and their properties, including
frequency-shift keying (FSK), minimum-shift keying (MSK), and continuous-phase FSK (CPFSK). Both coherent
and noncoherent detection of these techniques will be discussed. Pulse-shaping techniques to improve the spectral
properties of the modulated signals will also be covered, along with issues associated with carrier phase recovery
and symbol synchronization.

5.1 Signal Space Analysis

Digital modulation encodes a bit stream of finite length into one of several possible transmitted signals. Intuitively,
the receiver minimizes the probability of detection error by decoding the received signal as the signal in the set of
possible transmitted signals that is “closest” to the one received. Determining the distance between the transmitted
and received signals requires a metric for the distance between signals. By representing signals as projections
onto a set of basis functions, we obtain a one-to-one correspondence between the set of transmitted signals and
their vector representations. Thus, we can analyze signals in finite-dimensional vector space instead of infinite-
dimensional function space, using classical notions of distance for vector spaces. In this section we show how
digitally modulated signals can be represented as vectors in an appropriately defined vector space and how optimal
demodulation methods can be obtained from this vector-space representation. This general analysis will then be
applied to specific modulation techniques in later sections.

AWGN Channel
n(r)
m; = {by,...,bg} . s (1) (&\ r(t) ] ;= {bi ..., b}
—— = Transmitter =Q—/ ' Receiver —

Figure 5.1: Communication system model.

5.1.1 Signal and System Model

Consider the communication system model shown in Figure 5.1. Every T seconds, the system sends K = log, M
bits of information through the channel for a data rate of R = K/T bits per second (bps). There are M =
2K possible sequences of K bits, and we say that each bit sequence of length K comprises a message m; =
{b1,...,bx} € M, where M = {my,...,mys} is the set of all such messages. The messages have probability
p; of being selected for transmission, where Zf\i 1pi =1

Suppose message m; is to be transmitted over the channel during the time interval [0, T"). Because the channel
is analog, the message must be embedded into an analog signal for channel transmission. Hence, each message
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m; € M is mapped to a unique analog signal s;(t) € S = {s1(t), ..., sa(t)}, where s;(t) is defined on the time
interval [0, T") and has energy

T
E:/ s2(t)dt, i=1,..., M. (5.1
0

Since each message represents a bit sequence it follows that each signal s;(t) € S also represents a bit
sequence, and detection of the transmitted signal s;(¢) at the receiver is equivalent to detection of the transmitted
bit sequence. When messages are sent sequentially, the transmitted signal becomes a sequence of the corresponding
analog signals over each time interval [kT", (k+1)T") : s(t) = >, s;(t—kT'), where s;(¢) is a baseband or passband
analog signal corresponding to the message m; designated for the transmission interval [T, (k + 1)T"). This is
illustrated in Figure 5.2, where we show the transmitted signal s(t) = s1(¢) +s2(t —T') +s1(t —2T") + s1(t —3T))
corresponding to the string of messages m1, ma, my, m; with message m; mapped to signal s;(t).

In the model of Figure 5.1, the transmitted signal is sent through an AWGN channel, where a white Gaussian
noise process n(t) of power spectral density Ny/2 is added to form the received signal r(t) = s(t) 4+ n(t). Given
r(t), the receiver must determine the best estimate of which s;(¢) € S was transmitted during each transmission
interval [kT', (k+ 1)T'). This best estimate for s;(t) is mapped to a best estimate of the message m; € M and the
receiver then outputs this best estimate 7 = {131, ...b K} € M of the transmitted bit sequence.

The goal of the receiver design in estimating the transmitted message is to minimize the probability of message
error,

M
P, = Zp(m # m;|m; sent)p(m; sent), (5.2)
i=1
s (1)
m) nmj m

m st = 2T)\ /s1(t — 3T)

I

0 TWT 3T AT

my
Figure 5.2: Transmitted signal for a sequence of messages.

over each time interval [kT', (k + 1)T"). By representing the signals {s;(t) : i = 1,..., M} geometrically, we
can solve for the optimal receiver design in AWGN based on a minimum distance criterion. Note that, as we saw
in previous chapters, wireless channels typically have a time-varying impulse response in addition to AWGN. We
will consider the effect of an arbitrary channel impulse response on digital modulation performance in Chapter
6;methods to combat this performance degradation are discussed in Chapters 11-13.

5.1.2 Geometric Representation of Signals

The basic premise behind a geometrical representation of signals is the notion of a basis set. Specifically, us-
ing a Gram—Schmidt orthogonalization procedure [1, 2], it can be shown that any set of M real signals S =
{s1(t), ..., sn(t)} defined on [0, T) with finite energy can be represented as a linear combination of N < M real
orthonormal basis functions {¢1(¢), ..., ¢n(t)}. We say that these basis functions span the set S. Thus, we can
write each s;(t) € S in terms of its basis function representation as
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N
si(t) =) siys(t), 0<t<T, (5.3)
j=1

where

T
Sij = / Si(t)QSj(t)dt 5.4
0
is a real coefficient representing the projection of s;(¢) onto the basis function ¢;(¢) and
T . .
1 1=y,
(t)p;(t)dt = 5.5

| et {0 L 5:5)
If the signals {s;(¢)} are linearly independent then N = M, otherwise N < M. Moreover, the minimum number
N of orthogonal basis functions needed to represent any signal s;(¢) of duration 7" and bandwidth B is roughly

2BT [3, Chap. 5.3]. The signal s;(¢) thus occupies 2B7T orthogonal dimensions.
For linear passband modulation techniques, the basis set consists of the sine and cosine functions:

P1(t) = \/g cos (27 fet) (5.6)

and

P2(t) = \/g sin(27 fct). (5.7)

The /2/T factor is needed for normalization so that fOT @2(t) dt = 1,i = 1, 2. In fact, with these basis functions
we get only an approximation to (5.5), since

T 2 [T sin(4n f.T')
2 _ _
/0 @1(t) dt = T /0 5[l + cos(4m fet)| dt =1+ T

The numerator in the second term of (5.8) is bounded by 1 and for f.7" > 1 the denominator of this term is very
large. Hence this second term can be neglected. Similarly,

(5.8)

T 2 [T — cos(4n f,.T
/0 o1(t)¢a(t) dt = /0 .5sin(4wfct)dt:%w0, (5.9)

where the approximation is taken as an equality for f.T" > 1.
With the basis set ¢1(t) = \/2/T cos(2m fct) and ¢2(t) = \/2/T sin(27 f.t), the basis function represen-
tation (5.3) corresponds to the equivalent lowpass representation of s;(¢) in terms of its in-phase and quadrature

components:
/2 12
si(t) = si T cos(27 ft) + Si2 T sin(27 fet). (5.10)

Note that the carrier basis functions may have an initial phase offset ¢g. The basis set may also include a baseband
pulse-shaping filter g(t) to improve the spectral characteristics of the transmitted signal:

3i(t) = si19(t) cos(2m fet) + si2g(t) sin(27 fet). (5.11)
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In this case the pulse shape ¢(¢) must maintain the orthonormal properties (5.5) of basis functions; that is, we must
have

T
/ g% (t) cos®*(2m fot) dt = 1 (5.12)
0

and

T
/ g*(t) cos(2m f.t) sin(27 ft) dt = 0, (5.13)
0

where the equalities may be approximations for f.7" > 1 as in (5.8) and (5.9). If the bandwidth of g(¢) satisfies
B < f. then g?(t) is roughly constant over T, = 1/f, so (5.13) is approximately true because the sine and
cosine functions are orthogonal over one period 7. The simplest pulse shape that satisfies (5.12) and (5.13) is the
rectangular pulse shape g(t) = 1/2/T,0 <t < T.

Example 5.1: Binary phase-shift keying (BPSK) modulation transmits the signal s1(t) = a cos(27 fet), 0 < t <
T, to send a 1-bit and the signal so(t) = —acos(2nw f.t), 0 < t < T, to send a 0-bit. Find the set of orthonormal
basis functions and coefficients {s;;} for this modulation.

Solution: There is only one basis function for s; (¢) and s2(t):

o(t) = /2/T cos(2m fet),

where the /2/T is needed for normalization. The coefficients are then given by s; = «a+/7/2 and so =
—an/T/2.

Lets; = (si1,...,sin) € RY be the vector of coefficients {s;j} in the basis representation of s;(t). We call s; the
signal constellation point corresponding to the signal s;(¢). The signal constellation consists of all constellation
points {s1, . .., sy }. Given the basis functions {¢1 (), . . ., ¢n (%)}, there is a one-to-one correspondence between

the transmitted signal s;(¢) and its constellation point s;. Specifically, s;(t) can be obtained from s; by (5.3) and
s; can be obtained from s;(¢) by (5.4). Thus, it is equivalent to characterize the transmitted signal by s;(¢) or s;.
The representation of s;() in terms of its constellation point s; € R is called its signal space representation,
and the vector space containing the constellation is called the signal space. A two-dimensional signal space is
illustrated in Figure 5.3, where we show s; € R? with the ith axis of R? corresponding to the basis function ¢; (),
i = 1,2. With this signal space representation we can analyze the infinite-dimensional functions s;(¢) as vectors
s; in finite-dimensional vector space R2. This greatly simplifies the analysis of system performance as well as the
derivation of optimal receiver design. Signal space representations for common modulation techniques like MPSK
and MQAM are two-dimensional (corresponding to the in-phase and quadrature basis functions) and will be given
later in the chapter.

In order to analyze signals via a signal space representation, we require a few definitions for vector character-
ization in the vector space R™Y. The length of a vector in R is defined as

(5.14)

The distance between two signal constellation points s; and s, is thus
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Figure 5.3: Signal space representation.

Isi — skl =

si(t) and sg(t) on the interval [0, T'] is

N

> (sij — skj)? =

J=1

T
\/ /0 (s4(t) — sk (£))2dt,

where the second equality is obtained by writing s;(¢) and s () in their basis representation (5.3) and using the
orthonormal properties of the basis functions. Finally, the inner product (s;(t), si(t)) between two real signals

T
(5:(8), sx(t)) = /0 si(t)su(t) dt.

Similarly, the inner product (s;, si.) between two constellation points is

T
(si,5) = ;5T = /0 si(t)se(t) dt = (si(1), sk(t)),

r(t) = s;(t) +n(t)

T
/ () dr
0

Siitn=r;

Figure 5.4: Receiver structure for signal detection in AWGN.

dn(t)

T
/ ()t
0

SiN TRy =TFN

Findi :reZ;

m=m;

(5.15)

(5.16)

6.17)

where the equality between the vector inner product and the corresponding signal inner product follows from the
basis representation of the signals (5.3) and the orthonormal property of the basis functions (5.5). We say that two
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signals are orthogonal if their inner product is zero. Thus, by (5.5), the basis functions are orthogonal functions.

5.1.3 Receiver Structure and Sufficient Statistics

Given the channel output (t) = s;(t) + n(t), 0 < ¢t < T, we now investigate the receiver structure to determine
which constellation point s; (or, equivalently, which message m;) was sent over the time interval [0, T"). A similar
procedure is done for each time interval [kT, (k + 1)T"). We would like to convert the received signal r(¢) over
each time interval into a vector, as this would allow us to work in finite-dimensional vector space when estimating
the transmitted signal. However, this conversion should not be allowed to compromise the estimation accuracy. We
now study a receiver that converts the received signal to a vector without compromising performance. Consider
the receiver structure shown in Figure 5.4, where

T
Sij :/ Si(t)¢j(t) dt (518)
0
and
T
n; = / n(t)qﬁj(t) dt. (519)
0
We can rewrite r(t) as
N N
D (sij + 1)) +npt) =D rids(t) +ne(t); (5.20)
j=1 j=1

here r; = s;; + nj and n,.(t) = n(t) — Z;VZI n;j¢;(t) denotes the “remainder” noise, which is the component

of the noise orthogonal to the signal space. If we can show that the optimal detection of the transmitted signal
constellation point s; given received signal r(¢) does not make use of the remainder noise n,.(t), then the receiver
can make its estimate 1 of the transmitted message m; as a function of r = (rq,...,ry) alone. In other words,
r = (r1,...,7N) is a sufficient statistic for r(t) in the optimal detection of the transmitted messages.

It is intuitively clear that the remainder noise n,(t) should not help in detecting the transmitted signal s;(¢),
since its projection onto the signal space is zero. This is illustrated in Figure 5.5, where we assume the transmitted
signal lies in a space spanned by the basis set (¢1(t), ¢2(t)) while the remainder noise lies in a space spanned by
the basis function ¢, (¢), which is orthogonal to ¢ (t) and ¢2(t). Specifically, the remainder noise in Figure 5.5 is
represented by n,., where n,.(t) = n, ¢y, (t). The received signal is represented by r + n,., where r = (r1, r9) with
r(t) — n.(t) = r101(t) + rogo(t). From the figure it appears that projecting r + n,. onto r will not compromise
the detection of which constellation s; was transmitted, since n, lies in a space orthogonal to the space in which s;
lies. We now proceed to show mathematically why this intuition is correct.

¢H/ (t)

r-+n,

a ¢a(1)

AN $2
ro \‘\

— ¢1(1)
S3 s
Sy

Figure 5.5: Projection of received signal onto received vector r.
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Let us first examine the distribution of r. Since n(t) is a Gaussian random process, if we condition on
the transmitted signal s;(¢) then the channel output r(¢) = s;(t) + n(t) is also a Gaussian random process and
r = (rq,...,rnN) is a Gaussian random vector. Recall that rj = si; + n;. Thus, conditioned on a transmitted
constellation s;, we have that

tiryis; = Elrjlsi] = E[sij + njlsij] = s (5.21)
(since n(t) has zero mean) and

0ry1s; = Elrj — piry1s.]° = Elsij + nj — sijlsij]” = E[nj]. (5:22)

Moreover,

COV[Tka|Si] = E[(Tj - lu’Tj)(Tk - /‘m)|si]
= E[n;ny]

—'UTUM)/%mMﬂH
// b (t)on(7) dt dr

/ /T @5 t— 7)oy (£)bu(r) dt dr

=5 [ oot a

. N0/2 ]:kv
o G#k

where the last equality follows from the orthonormality of the basis functions. Thus, conditioned on the transmitted
constellation s;, the r; are uncorrelated and, since they are Gaussian, they are also independent. Furthermore,
E[nj] = No/2.

We have shown that, conditioned on the transmitted constellation s;, r; is a Gauss-distributed random variable

that is independent of r(k # j) with mean s;; and variance Ny /2. Thus, the conditional distribution of r is given
by

(5.23)

N

N
1
p(r|s;sent) = Hp(rj | m;) = W exp Z —si5)?| (5.24)
j=1

It is also straightforward to show that E[r;n,(t) | s;] = 0 for any ¢, 0 < t < T'. Thus, since 7; conditioned on s;
and n,.(t) are Gaussian and uncorrelated, they are independent. Also, since the transmitted signal is independent
of the noise, s;; is independent of the process n,(t).

We now discuss the receiver design criterion and show that it is not affected by discarding n,(¢). The goal of
the receiver design is to minimize the probability of error in detecting the transmitted message m; given received
signal r(¢). In order to minimize P, = p(m # m; | r(t)) = 1 — p(m = m; | r(t)), we maximize p(1h =
m; | r(t)). Therefore, the receiver output 7 given received signal r(¢) should correspond to the message m; that
maximizes p(m; sent | r(¢)). Since there is a one-to-one mapping between messages and signal constellation
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points, this is equivalent to maximizing p(s; sent | (¢)). Recalling that r(¢) is completely described by r =
(r1,...,rn) and n,(t), we have

p(sisent | r(t)) = p((si1, - .., sinv) sent | (r1,...,7n), ny(t))
p((Si1y - -+, sin) sent, (ri,...,7n), (1))
p((r1,...,7N), ne(t))
p((si1, - - -, sin) sent, (ri,...,7n))p(nr(1))
p(ry, .-, rn)p(ne(t))

= p((si1, -, sin) sent | (r1,..., 7)), (5.25)
where the third equality follows because n,(t) is independent of both (71, ..., ry) and (s;1,. . ., s;n). This anal-
ysis shows that r = (71, ..., ry) is a sufficient statistic for r(¢) in detecting m; — in the sense that the probability

of error is minimized by using only this sufficient statistic to estimate the transmitted signal and discarding the
remainder noise. Since r is a sufficient statistic for the received signal r(¢), we call r the received vector associated
with 7(t).

5.1.4 Decision Regions and the Maximum Likelihood Decision Criterion

We saw in the previous section that the optimal receiver minimizes error probability by selecting the detector output
m that maximizes 1 — P, = p(7i sent | r). In other words, given a received vector r, the optimal receiver selects
m = m; corresponding to the constellation s; that satisfies p(s; sent | r) > p(s; sent | r) for all j # i. Let us
define a set of decision regions {Z1, . .., Zy} that are subsets of the signal space RV by

Zi =A{r:p(s;sent | r) > p(s; sent | r) Vj # i}. (5.26)

Clearly these regions do not overlap. Moreover, they partition the signal space if there is no r € RV for which
p(s; sent | r) = p(s; sent | r). If such points exist then the signal space is partitioned into decision regions
by arbitrarily assigning such points to decision region Z; or Z;. Once the signal space has been partitioned by
decision regions, then for a received vector r € Z; the optimal receiver outputs the message estimate m = m;,.
Thus, the receiver processing consists of computing the received vector r from r(¢), finding which decision region
Z; contains r, and outputting the corresponding message m;. This process is illustrated in Figure 5.6, where we
show a two-dimensional signal space with four decision regions Z1, . .., Z4 corresponding to four constellations
s1, - - ., S4. The received vector r lies in region Z1, so the receiver will output the message m; as the best message
estimate given received vector r.

We now examine the decision regions in more detail. We will abbreviate p(s; sent | r received) as p(s; | r)
and p(s; sent) as p(s;). By Bayes’ rule,

p(r | si)p(si)

p(r)
To minimize error probability, the receiver output m = m,; corresponds to the constellation s; that maximizes
p(s; | r); that is, s; must satisfy

plsi| T) = (5.27)

arg max p(r | si)p(s:)
si p(r)
where the second equality follows from the fact that p(r) is not a function of s;. Assuming equally likely messages
(p(si) = 1/M), the receiver output 72 = m; corresponds to the constellation s; that satisfies

= argmsaxp(r | si)p(s;), i=1,...,M, (5.28)
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Figure 5.6: Decision regions.

argmsaxp(r |si), i=1,...,M. (5.29)

Let us define the likelihood function associated with our receiver as

L(si) = p(r | s;). (5.30)

Given a received vector r, a maximum likelihood receiver outputs m = m; corresponding to the constellation
s; that maximizes L(s;). Since the log function is increasing in its argument, maximizing L(s;) is equivalent
to maximizing its log. Moreover, the constant factor (7w Ng) ™V /2 in (5.24) does not affect the maximization of
L(s;) relative to s;. Thus, maximizing L(s;) is equivalent to maximizing the log likelihood function, defined as
I(s;) = In[(7Ng)N/?L(s;)]. Using (5.24) for L(s;) = p(r | s;) then yields

T
r
$i(T = 1) >(
r(t) = s;(t) +n(r) . = m;
E—— . Findi:reZ, —
T
rn
on(T 1) >(

Figure 5.7: Matched filter receiver structure.

oL SR S SN
U(s;) = No Z(TJ sij)° = N()Hr sil| - (5.31)
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Thus, the log likelihood function I(s;) depends only on the distance between the received vector r and the con-
stellation point s;. Moreover, from (5.31), I(s;) is maximized by the constellation point s; that is closest to the
received vector r.

The maximum likelihood receiver is implemented using the structure shown in Figure 5.4. First r is computed
from r(¢), and then the signal constellation closest to r is determined as the constellation point s; satisfying

N
argnéiinZ(rj —s;)2 = argnéiinHr—Sin. (5.32)
j=1

This s; is determined from the decision region Z; that contains r, where Z; is defined by

Zi=A{r:|r—si[| <|r—sj|Vj=1,...,M,j #i}, i=1,...,M. (5.33)

Finally, the estimated constellation s; is mapped to the estimated message 772, which is output from the receiver.
This result is intuitively satisfying, since the receiver decides that the transmitted constellation point is the one
closest to the received vector. This maximum likelihood receiver structure is simple to implement because the
decision criterion depends only on vector distances. This structure also minimizes the probability of message error
at the receiver output when the transmitted messages are equally likely. However, if the messages and correspond-
ing signal constellatations are not equally likely then the maximum likelihood receiver does not minimize error
probability; in order to minimize error probability, the decision regions Z; must be modified to take into account
the message probabilities, as indicated in (5.27).

An alternate receiver structure is shown in Figure 5.7. This structure makes use of a bank of filters matched
to each of the different basis functions. We call a filter with impulse response ¢ (t) = ¢(T' —t),0 < t < T, the
matched filter to the signal ¢(t), so Figure 5.7 is also called a matched filter receiver. It can be shown that if a
given input signal is passed through a filter matched to that signal then the output SNR is maximized. One can also
show that the sampled matched filter outputs (r1, ..., 7,) in Figure 5.7 are the same as the (ry, ..., r,) in Figure
5.4, so the receivers depicted in these two figures are equivalent.

Example 5.2: For BPSK modulation, find decision regions Z; and Z corresponding to constellations s; = A and
sg = —A for A > 0. Solution: The signal space is one-dimensional, so r = r € R. By (5.33) the decision region
Z1 C R is defined by

2= 1{r: r— Al < lr = (A} = {r: r > 0}.

Thus, Z; contains all positive numbers on the real line. Similarly
Zy = {r: |r — (A)| < [Ir — All} = {r: r < 0}.

So Z5 contains all negative numbers on the real line. For = 0 the distance is the same to s; = A and so = —A,
so we arbitrarily assign 7 = 0 to Zs.

5.1.5 Error Probability and the Union Bound

We now analyze the error probability associated with the maximum likelihood receiver structure. For equally likely
messages p(m; sent) = 1/M, we have
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i=1
LM
= MZp(r & Z; | m; sent)
z:ll y
zl—M;p(rEZﬂmisen‘c)
| M
zl_M;/Zip(ﬂmz)dr
| M
:1—M;/Zip(rzsz+n|sz)dn
1
_ _M; /Z _p(mn (5.34)

The integrals in (5.34) are over the N-dimensional subset Z; C R . We illustrate this error probability calculation
in Figure 5.8, where the constellation points s1, . . ., sg are equally spaced around a circle with minimum separation
dmin- The probability of correct reception assuming the first symbol is sent, p(r € Z; | mq sent), corresponds to
the probability p(r = s1 + n € Z; | s1) that, when noise is added to the transmitted constellation sy, the resulting
vector r = s1 + n remains in the Z; region shown by the shaded area.

Figure 5.8 also indicates that the error probability is invariant to an angle rotation or axis shift of the sig-
nal constellation. The right side of the figure indicates a phase rotation of @ and axis shift of P relative to the
constellation on the left side. Thus, s; = s;¢/% + P. The rotational invariance follows because the noise vector
n = (ny,...,ny) has components that are i.i.d. Gaussian random variables with zero mean; hence the polar
representation n = |n|e/® has @ uniformly distributed, so the noise statistics are invariant to a phase rotation. The
shift invariance follows from the fact that, if the constellation is shifted by some value P € RY, then the decision
regions defined by (5.33) are also shifted by P. Let (s;, Z;) denote a constellation point and corresponding decision
region before the shift and (s}, Z!) the corresponding constellation point and decision region after the shift. It is
then straightforward to show that p(r =s; +n € Z; | s;) = p(r' = s, + n € Z! | s). Thus, the error probability
after an axis shift of the constellation points will remain unchanged.

Although (5.34) gives an exact solution to the probability of error, we cannot solve for this error probability
in closed form. Therefore, we now investigate the union bound on error probability, which yields a closed-form
expression that is a function of the distance between signal constellation points. Let A;; denote the event that
lr — sk|| < |lr — s;|| given that the constellation point s; was sent. If the event A;; occurs, then the constellation
will be decoded in error because the transmitted constellation s; is not the closest constellation point to the received
vector r. However, event A;; does not necessarily imply that s; will be decoded instead of s;, since there may
be another constellation point s; with ||r — s;|| < |[r — sg|| < ||r — s;||. The constellation is decoded correctly if
|lr — s;|| < ||r — s for all k& # 4. Thus

M M
P.(m; sent) = p U A | < Zp(Aik), (5.35)

k=1 k=1
ki ki
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P

Figure 5.8: Error probability integral and its rotational/shift invariance.

where the inequality follows from the union bound on probability, defined below.
Let us now consider p(A;;) more closely. We have

p(Air) = p(llsk — || <lsi — [ [ s; sent)
= p(llsk = (si + ) || < [si = (si + m)]])
= p(ln+si — skl < [nl]); (5.36)

S; — Sg

Figure 5.9: Noise projection.

that is, the probability of error equals the probability that the noise n is closer to the vector s; —sy, than to the origin.
Recall that the noise has a mean of zero, so it is generally close to the origin. This probability does not depend on
the entire noise component n: it only depends on the projection of n onto the line connecting the origin and the
point s; — s, as shown in Figure 5.9. Given the properties of n, the projection of n onto this one-dimensional line
is a one-dimensional Gaussian random variable n with mean zero and variance Ny/2. The event A;j, occurs if n is
closer to s; — sy, than to zero-that is, if n > d;x /2, where d;;, = ||s; — sg|| equals the distance between constellation
points s; and sg. Thus,

dik Sl | —v? dik
p(A; :p<n>—>:/ eXp[ ]dvz@( > (5.37)
(Air) 2 din/2 VTN Ny V2Ny
Substituting (5.37) into (5.35) yields
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M

dik

P.(m; sent) < ;Q (\/m> , (5.38)
loti

where the Q-function, Q(z), is defined as the probability that a Gaussian random variable X with mean 0 and
variance 1 is greater than z:

Q(z)=p(X >z2)= e "2y (5.39)

2 A2

Summing (5.38) over all possible messages yields the union bound

P, = ﬁ/[:p(mi)Pe(mi sent) < % f:f:@ ( dik > ' (5.40)
i=1 i=1 17;&1 V2No

Note that the )-function cannot be solved for in closed form. It is related to the complementary error function as

Q(z) = % erfc (%) . (5.41)

We can also place an upper bound on Q(z) with the closed-form expression

Q) < ——e )2, (5.42)
V2T

and this bound is tight for z > 0. A simpler upper bound can be obtained from the Chernoff bound [4] as
Qz) < e/ (5.43)

Defining the minimum distance of the constellation as dpi, = min; j d;z, we can simplify (5.40) with the
looser bound

.
P.<(M-1)Q (%) . (5.44)
0
Using (5.42) for the Q)-function yields a closed-form bound
M—1 —d?. ]
P, < ————=ex T 545
St de o

Finally, P, is sometimes approximated as the probability of error associated with constellations at the minimum
distance d,;, multiplied by the number M, . of neighbors at this distance:

min

dmin
P~ M. Q ( m) . (5.46)

This approximation is called the nearest neighbor approximation to P,. When different constellation points have a
different number of nearest neighbors or different minimum distances, the bound can be averaged over the bound
associated with each constellation point. Note that the nearest neighbor approximation will always be less than the
loose bound (5.44) since M > M, . It will also be slightly less than the union bound (5.40), since the nearest
neighbor approximation does not include the error associated with constellations farther apart than the minimum
distance. However, the nearest neighbor approximation is quite close to the exact probability of symbol error at
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high SNRs, since for z and y large with z > y, Q(z) < Q(y) owing to the exponential falloff of the Gaussian
distribution in (5.39). This indicates that the probability of mistaking a constellation point for another point that
is not one of its nearest neighbors is negligible at high SNRs. A rigorous derivation for (5.46) is made in [5] and
also referenced in [6]. Moreover, [S] indicates that (5.46) captures the performance degradation due to imperfect
receiver conditions such as slow carrier drift with an appropriate adjustment of the constants. The appeal of the
nearest neighbor approximation is that it depends only on the minimum distance in the signal constellation and the
number of nearest neighbors for points in the constellation.

Example 5.3: Consider a signal constellation in R? defined by s; = (4,0), s2 = (0, 4), s3 = (—A4,0), and
sy = (0, —A). Assume A/\/Ny = 4. Find the minimum distance and the union bound (5.40), looser bound (5.44),
closed-form bound (5.45), and nearest neighbor approximation (5.46) on P, for this constellation set. Solution:
The constellation is as depicted in Figure 5.3 with the radius of the circle equal to A. By symmetry, we need
only consider the error probability associated with one of the constellation points, since it will be the same for the
others. We focus on the error associated with transmitting constellation point s;. The minimum distance to this
constellation point is easily computed as dyin = di2 = dag = d3q = di4 = VA2 + AZ = \/2A2. The distance to
the other constellation points are di3 = dos = 2A. By symmetry, P.(m; sent) = P.(m; sent) for j # 4, so the
union bound simplifies to

4
e go()
= V2Ny
=2Q ~ > ( ) =2Q(4) + Q(v/32) = 3.1679 - 107°.
VNo
The looser bound yields

P. < 3Q(4) = 9.5014 - 1077,

which is roughly a factor of 3 looser than the union bound. The closed-form bound yields

P<—°
\/27TA2/N0

which differs from the union bound by about an order of magnitude. Finally, the nearest neighbor approximation
yields

—.5A2
eXp[ N ]:1.004-10—4,

P, ~2Q(4) = 3.1671- 1077,

which (as expected) is approximately equal to the union bound.

Note that, for binary modulation (where M = 2), there is only one way to make an error and d;y, is the distance
between the two signal constellation points, so the bound (5.44) is exact:

dmin
P,=0Q (W) . (5.47)

The square of the minimum distance dyi, in (5.45) and (5.47) is typically proportional to the SNR of the received

signal, as discussed in Chapter 6.Thus, error probability is reduced by increasing the received signal power.
Recall that P, is the probability of a symbol (message) error: P. = p(m # m; | m; sent), where m;

corresponds to a message with logs M bits. However, system designers are typically more interested in the bit
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error probability (also called the bit error rate, BER) than in the symbol error probability, because bit errors drive
the performance of higher-layer networking protocols and end-to-end performance. Thus, we would like to design
the mapping of the M possible bit sequences to messages m; (i = 1,..., M) so that a decoding error associated
with an adjacent decision region, which is the most likely way to make an error, corresponds to only one bit error.
With such a mapping — and with the assumption that mistaking a signal constellation point for a point other than
one of its nearest neighbors has a very low probability — we can make the approximation

Pe
logy M~
The most common form of mapping in which mistaking a constellation point for one of its nearest neighbors
results in a single bit error is called Gray coding. Mapping by Gray coding is discussed in more detail in Section
5.3. Signal space concepts are applicable to any modulation where bits are encoded as one of several possible
analog signals, including the amplitude, phase, and frequency modulations discussed in what follows.

~
~

(5.48)

5.2 Passband Modulation Principles

The basic principle of passband digital modulation is to encode an information bit stream into a carrier signal,
which is then transmitted over a communications channel. Demodulation is the process of extracting this infor-
mation bit stream from the received signal. Corruption of the transmitted signal by the channel can lead to bit
errors in the demodulation process. The goal of modulation is to send bits at a high data rate while minimizing the
probability of data corruption.

In general, modulated carrier signals encode information in the amplitude «(t), frequency f(t), or phase 6(t)
of a carrier signal. Thus, the modulated signal can be represented as

s(t) = a(t) cos[2m(fe + f(t))t + 0(t) + Po] = a(t) cos(27 fet + d(t) + bo), (5.49)

where ¢(t) = 27 f(t)t + 6(¢) and ¢y is the phase offset of the carrier. This representation combines frequency and
phase modulation into angle modulation.
We can rewrite the right-hand side of (5.49) in terms of its in-phase and quadrature components as

s(t) = a(t) cos(o(t) + ¢o) cos(2m fot) — a(t) sin(p(t) + ¢o) sin(27 fet)
= s57(t) cos(2m fet) — sq(t) sin(27 fet), (5.50)

where s7(t) = a(t)(cos ¢(t) + ¢p) is the in-phase component of s(¢) and where sg(t) = a(t)(sin ¢(t) + ¢o) is
its quadrature component. We can also write s(¢) in terms of its equivalent lowpass representation as

s(t) = Re{u(t)e/ 2™ty (5.51)

where u(t) = s7(t) + jsq(t). This representation, described in more detail in Appendix A, is useful because
receivers typically process the in-phase and quadrature signal components separately.

5.3 Amplitude and Phase Modulation

In amplitude and phase modulation, the information bit stream is encoded in the amplitude and/or phase of the
transmitted signal. Specifically: over a time interval of 75, K = log, M bits are encoded into the amplitude and/or
phase of the transmitted signal s(¢), 0 < t < Ts. The transmitted signal over this period, s(t) = sy(t) cos(2m f.t)—
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5q(t) sin(27 ft), can be written in terms of its signal space representation as s(t) = s;1¢1(t) + si2¢2(t) with basis
functions ¢1(t) = g(t) cos(2m fet + ¢o) and ¢a(t) = —g(t) sin(27 fct + ¢o), where ¢(¢) is a shaping pulse. For
¢o = 0, to send the ith message over the time interval [T, (k+ 1)T") we set s7(t) = s;19(t) and sg(t) = si2g(t).
These in-phase and quadrature signal components are baseband signals with spectral characteristics determined
by the pulse shape g(t). In particular, their bandwidth B equals the bandwidth of g(t), and the transmitted signal
s(t) is a passband signal with center frequency f. and passband bandwidth 23. In practice we take B = K /Ty,
where K, depends on the pulse shape: for rectangular pulses K, = .5 and for raised cosine pulses .5 < K, < 1,
as discussed in Section 5.5. Thus, for rectangular pulses the bandwidth of g(¢) is. 5/7 and the bandwidth of s(t)
is 1/T. The signal constellation for amplitude and phase modulation is defined based on the constellation points
{(s41,8i2) € R?)i=1,..., M}. The equivalent lowpass representation of s(t) is

s(t) = Re{x(t)e!Pei?lety (5.52)

In-Phase Branch
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Figure 5.10: Amplitude/phase modulator.

where z(t) = (s;1 + jsi2)g(t). The constellation point s; = (s;1, 8;2) is called the symbol associated with
the log, M bits, and T is called the symbol time. The bit rate for this modulation is K bits per symbol or
R = logy M /T bits per second.

There are three main types of amplitude/phase modulation:

e pulse amplitude modulation (MPAM) — information encoded in amplitude only;
e phase-shift keying (MPSK) — information encoded in phase only;

e quadrature amplitude modulation (MQAM) — information encoded in both amplitude and phase.

The number of bits per symbol K = log, M, the signal constellation {s;,i = 1,..., M}, and the choice of pulse
shape ¢(t) determine the digital modulation design. The pulse shape g(t) is chosen to improve spectral efficiency
and combat ISI, as discussed in Section 5.5.
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Amplitude and phase modulation over a given symbol period can be generated using the modulator structure
shown in Figure 5.10. Note that the basis functions in this figure have an arbitrary phase ¢q associated with
the transmit oscillator. Demodulation over each symbol period is performed using the demodulation structure
of Figure 5.11, which is equivalent to the structure of Figure 5.7 for ¢1(t) = ¢(¢) cos(2m fot + ¢) and ¢pa(t) =
—g(t) sin(27 fot + ¢). Typically the receiver includes some additional circuitry for carrier phase recovery that
matches the carrier phase ¢ at the receiver to the carrier phase ¢g at the transmitter;! this is known as coherent
detection. If p—¢g = A¢ # 0 then the in-phase branch will have an unwanted term associated with the quadrature
branch and vice versa; that is, 71 = $;1 cos(A@) + si2 sin(A¢) +nq and ro = —s;1 sin(Ae@) + Si2 cos(A@) + na,
which can result in significant performance degradation. The receiver structure also assumes that the sampling
function every T seconds is synchronized to the start of the symbol period, which is called synchronization or
timing recovery. Receiver synchronization and carrier phase recovery are complex receiver operations that can be
highly challenging in wireless environments. These operations are discussed in more detail in Section 5.6. We will
assume perfect carrier recovery in our discussion of MPAM, MPSK, and MQAM and therefore set ¢ = ¢g = 0
for their analysis.
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—»@—>g(r\—[) —_—
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E/a Findi:reZz;, —

—sin(2xf .t + ¢p)

3
Il
E

r(t) = si(t) +n(t)

T

ry =S+ n
ﬂ@—»g(]}—t) _—

Quadrature Branch

Figure 5.11: Amplitude/phase demodulator (coherent: ¢ = ¢q).

5.3.1 Pulse Amplitude Modulation (MPAM)

We will start by looking at the simplest form of linear modulation, one- dimensional MPAM, which has no quadra-
ture component (s;2 = 0). For MPAM, all of the information is encoded into the signal amplitude A;. The
transmitted signal over one symbol time is given by

si(t) = Re{Ajg(t)e??™ et} = A;jg(t) cos(2mft), 0 <t < Ty > 1/f., (5.53)

where A; = (20 — 1 — M)d,i = 1,2,..., M. The signal constellation is thus {A;,7 = 1,..., M}, which is
parameterized by the distance d. This distance is typically a function of the signal energy. The pulse shape g(t)
must satisfy (5.12) and (5.13). The minimum distance between constellation points is dyi, = min;, j|Ai — Aj| =
2d. The amplitude of the transmitted signal takes on M different values, which implies that each pulse conveys
logy M = K bits per symbol time T’s.

In fact, an additional phase term of —2 f.7 will result from a propagation delay of 7 in the channel. Thus, coherent detection requires
the receiver phase ¢ = ¢o — 27 f.7, as discussed in more detail in Section 5.6.
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Figure 5.12: Gray encoding for MPAM.

Over each symbol period, the MPAM signal associated with the 7th constellation has energy

T Ts
E, = / s2(t)dt = / A2g%(t) cos® (2 fot) dt = A2, (5.54)
0 0
since the pulse shape must satisfy (5.12).> Note that the energy is not the same for each signal s;(¢),i = 1,..., M.

Assuming equally likely symbols, the average energy is

1 M
E,=—) A2 )
M; 2 (5.55)

The constellation mapping is usually done by Gray encoding, where the messages associated with signal
amplitudes that are adjacent to each other differ by one bit value, as illustrated in Figure 5.12. With this encoding
method, if noise causes the demodulation process to mistake one symbol for an adjacent one (the most likely type
of error), the result is only a single bit error in the sequence of K bits. Gray codes can also be designed for MPSK
and square MQAM constellations but not for rectangular MQAM.

Example 5.4: For g(t) = 1/2/Ts(0 < t < Ts) a rectangular pulse shape, find the average energy of 4-PAM mod-
ulation. Solution: For 4-PAM the A; values are A; = {—3d, —d, d, 3d}, so the average energy is

— d?
ESZZ(9+1+1+9):5d2.

The decision regions Z;,7 = 1,..., M, associated with pulse amplitude A; = (2i — 1 — M)d for M = 4 and
M = 8 are shown in Figure 5.13. Mathematically, for any M these decision regions are defined by

(—o0, 4; +d) i=1,
Zi =< [Ai—d, A+ d) 2<i<M -1,
[Ai—d,oo) i =M.

From (5.53) we see that MPAM has only a single basis function ¢1(t) = g(t) cos(27 f.t). Thus, the coherent
demodulator of Figure 5.11 for MPAM reduces to the demodulator shown in Figure 5.14, where the multithreshold
device maps r to a decision region Z; and outputs the corresponding bit sequence 1 = m; = {by,...,bx}.

ZRecall from (5.8) that (5.12) and hence (5.54) are not exact equalities but rather very good approximations for f.Ts >> 1.
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Figure 5.13: Decision regions for MPAM.
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Figure 5.14: Coherent demodulator for MPAM.

5.3.2 Phase-Shift Keying (MPSK)

For MPSK, all of the information is encoded in the phase of the transmitted signal. Thus, the transmitted signal
over one symbol time 7’ is given by

si(t) = Re{Ag(t)e/?m(i=1)/Mei2niety

— Ag(t) cos [QWf ot %]

= Ag(t) cos [%] cos 27 f.t — Ag(t) sin [%] sin 27 f.t (5.56)

for 0 < t < T. Therefore, the constellation points or symbols (s;1, s;2) are given by s;1 = A cos[2n(i — 1)/M]
and s;o = Asin[2m(i — 1)/M] fori = 1,..., M. The pulse shape g(t¢) satisfies (5.12) and (5.13), and the
0; = 2m(i—1)/M(i = 1,2,..., M = 2K) are the different phases in the signal constellation points that convey
the information bits. The minimum distance between constellation points is dpi, = 2Asin(w/M), where A is
typically a function of the signal energy. Note that 2-PSK is often referred to as binary PSK or BPSK, while

4-PSK is often called quadrature phase shift keying (QPSK) and is the same as MQAM with M = 4 (defined in
Section 5.3.3).
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Figure 5.15: Gray encoding for MPSK.

V4
o . |/ o7
Z3 Zs ‘

e *— e o—
Z AN Z
, VA o / ‘Z

6 8

Zy T RS /,’/ Z7T
Figure 5.16: Decision regions for MPSK.
All possible transmitted signals s;(¢) have equal energy:
Ts
E,, = / s2(t)dt = A>. (5.57)
0

Observe that for g(t) = /2/Ts over a symbol time (i.e., a rectangular pulse) this signal has constant envelope,
unlike the other amplitude modulation techniques MPAM and MQAM. However, rectangular pulses are spectrally
inefficient, and more efficient pulse shapes give MPSK a nonconstant signal envelope. As for MPAM, constellation
mapping is usually done by Gray encoding, where the messages associated with signal phases that are adjacent to
each other differ by one bit value; see Figure 5.15. With this encoding method, mistaking a symbol for an adjacent
one causes only a single bit error.

The decision regions Z;(i = 1, ..., M) associated with MPSK for M = 4 and M = 8 are shown in Figure
5.16. If we represent r = r; + jry = rel? € R? in polar coordinates, then these decision regions for any M are
defined by

Zi = {re/? 1 2m(i — 1.5)/M < 0 < 2n(i — .5)/M}. (5.58)

From (5.56) we see that MPSK has both in-phase and quadrature components, and thus the coherent demodulator
is as shown in Figure 5.11. For the special case of BPSK, the decision regions as given in Example 5.2 simplify to
Zy=(r:r>0)and Zy = (r : » < 0). Moreover, BPSK has only a single basis function ¢ (¢) = g(t) cos(27 f.t)
and, since there is only a single bit transmitted per symbol time 75, the bit time 7, = T,. Thus, the coherent
demodulator of Figure 5.11 for BPSK reduces to the demodulator shown in Figure 5.17, where the threshold
device maps 7 to the positive or negative half of the real line and then outputs the corresponding bit value. We
have assumed in this figure that the message corresponding to a bit value of 1, m; = 1, is mapped to constellation
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Figure 5.17: Coherent demodulator for BPSK.

point s; = A and that the message corresponding to a bit value of 0, my = 0, is mapped to the constellation point
S9 = —A.

5.3.3 Quadrature Amplitude Modulation (MQAM)

For MQAM, the information bits are encoded in both the amplitude and phase of the transmitted signal. Thus,
whereas both MPAM and MPSK have one degree of freedom in which to encode the information bits (amplitude
or phase), MQAM has two degrees of freedom. As a result, MQAM is more spectrally efficient than MPAM and
MPSK in that it can encode the most number of bits per symbol for a given average energy.

The transmitted signal is given by

si(t) = Re{A;e% g(t)el?m It}
= Aj cos(0;)g(t) cos(2m fet) — A;sin(6;)g(t) sin(2 fet),0 < t < T, (5.59)

where the pulse shape ¢(¢) satisfies (5.12) and (5.13). The energy in s;(¢) is

Ts
Es = / si(t) = A, (5.60)
0
the same as for MPAM. The distance between any pair of symbols in the signal constellation is
dij = |[si —sjll = \/(Sil — 5j1)% + (si2 — 5j2)% (5.61)
For square signal constellations, where s;; and s;o take values on (2i — 1 — L)d withi = 1,2,..., L, the

minimum distance between signal points reduces to dyiy = 2d, the same as for MPAM. In fact, MQAM with
square constellations of size L? is equivalent to MPAM modulation with constellations of size L on each of the
in-phase and quadrature signal components. Common square constellations are 4-QAM and 16-QAM, which are
shown in Figure 5.18. These square constellations have M = L? = 2% constellation points, which are used to
send 2/ bits/symbol or/bits per dimension, where [ = .5 log, M. It can be shown that the average power of a square
signal constellation with [ bits per dimension, P}, is proportional to 4’ /3, and it follows that the average power for
one more bit per dimension P ~ 4F,. Thus, for square constellations it takes approximately 6 dB more power
to send an additional 1 bit/dimension or 2 bits/symbol while maintaining the same minimum distance between
constellation points.

Good constellation mappings can be hard to find for QAM signals, especially for irregular constellation
shapes. In particular, it is hard to find a Gray code mapping where all adjacent symbols differ by a single bit.
The decision regions Z;(i = 1,..., M) associated with MQAM for M = 16 are shown in Figure 5.19. From
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Figure 5.18: 4-QAM and 16-QAM constellations.

(5.59) we see that MQAM has both in-phase and quadrature components, and thus the coherent demodulator is as
shown in Figure 5.11.

5.3.4 Differential Modulation

The information in MPSK and MQAM signals is carried in the signal phase. These modulation techniques there-
fore require coherent demodulation; that is, the phase of the transmitted signal carrier ¢y must be matched to the
phase of the receiver carrier ¢. Techniques for phase recovery typically require more complexity and cost in the re-
ceiver, and they are also susceptible to phase drift of the carrier. Moreover, obtaining a coherent phase reference in
a rapidly fading channel can be difficult. Issues associated with carrier phase recovery are discussed in more detail
in Section 5.6. The difficulties as well as the cost and complexity associated with carrier phase recovery motivate
the use of differential modulation techniques, which do not require a coherent phase reference at the receiver.

Differential modulation falls in the more general class of modulation with memory, where the symbol trans-
mitted over time [kT5, (k + 1)T5) depends on the bits associated with the current message to be transmitted and
on the bits transmitted over prior symbol times. The basic principle of differential modulation is to use the pre-
vious symbol as a phase reference for the current symbol, thus avoiding the need for a coherent phase reference
at the receiver. Specifically, the information bits are encoded as the differential phase between the current sym-
bol and the previous symbol. For example, in differential BPSK (referred to as DPSK), if the symbol over time
[(k — 1)Ts, kTy) has phase 0(k — 1) = 7% for §; = 0, 7, then to encode a 0-bit over [kT%, (k + 1)T}) the symbol
would have phase 8(k) = ¢/% and to encode a 1-bit the symbol would have phase f(k) = ¢/(?+™)  In other words:
a 0-bit is encoded by no change in phase, whereas a 1-bit is encoded as a phase change of 7. Similarly, in 4-PSK
modulation with differential encoding, the symbol phase over symbol interval [kT, (k + 1)7Ts) depends on the
current information bits over this time interval and the symbol phase over the previous symbol interval. The phase
transitions for DQPSK modulation are summarized in Table 5.1.

Specifically, suppose the symbol over time [(k — 1)T, kT) has phase §(k — 1) = e7%. Then, over symbol
time [kTs, (k + 1)T5s), if the information bits are 00 then the corresponding symbol would have phase 6(k) =
el%; that is, to encode the bits 00, the symbol from symbol interval [(k — 1)T, kT}) is repeated over the next
interval [kT, (k + 1)Ts). If the two information bits to be sent at time interval [kT, (k + 1)T) are 01, then the
corresponding symbol has phase A(k) = /(% t7/2) For information bits 10 the symbol phase is §(k) = e(¢i=7/2),
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Figure 5.19: Decision regions for MQAM with M = 16.

Table 5.1: Mapping for DQPSK with Gray encoding

Bit sequence Phase transition
00 0
01 /2
10 —7/2
11 T

and for information bits 11 the symbol phase is 6(n) = ¢’ (6x+7)  We see that the symbol phase over symbol interval
[kTs, (k + 1)Ts) depends on the current information bits over this time interval and on the symbol phase 6; over
the previous symbol interval. Note that this mapping of bit sequences to phase transitions ensures that the most
likely detection error — that of mistaking a received symbol for one of its nearest neighbors — results in a single bit
error. For example, if the bit sequence 00 is encoded in the kth symbol then the kth symbol has the same phase as
the (k — 1)th symbol. Assume this phase is 6;. The most likely detection error of the kth symbol is to decode it
as one of its nearest neighbor symbols, which have phase §; + 7/2. But decoding the received symbol with phase
0; £+ /2 would result in a decoded information sequence of either 01 or 10 — that is, it would differ by a single bit
from the original sequence 00. More generally, we can use Gray encoding for the phase transitions in differential
MPSK for any M, so that a message of all O-bits results in no phase change, a message with a single 1-bit and
the rest 0-bits results in the minimum phase change of 27w /M, a message with two 1-bits and the rest 0-bits results
in a phase change of 47 /M, and so forth. Differential encoding is most common for MPSK signals, since the
differential mapping is relatively simple. Differential encoding can also be done for MQAM with a more complex
differential mapping. Differential encoding of MPSK is denoted by DMPSK, and for BPSK and QPSK by DPSK
and DQPSK, respectively.
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Example 5.5: Find the sequence of symbols transmitted using DPSK for the bit sequence 101110 starting at the
kth symbol time, assuming the transmitted symbol at the (k — 1)th symbol time was s(k — 1) = Ae/™.

Solution: The first bit, a 1, results in a phase transition of 7, so s(k) = A. The next bit, a 0, results in no transition,
so s(k + 1) = A. The next bit, a 1, results in another transition of 7, so s(k + 1) = Ae’™, and so on. The full
symbol sequence corresponding to 1011101is A, A, Ae’™, A, AeI™, Ael™.

The demodulator for differential modulation is shown in Figure 5.20. Assume the transmitted constellation at time
kis s(k) = Aed@(R)+(#0) Then the received vector associated with the sampler outputs is

r(k) = r1(k) + jra(k) = AedOR+(00) k), (5.62)

where n(k) is complex white Gaussian noise. The received vector at the previous time sample & — 1 is thus

r(k—1)=r1(k—1) 4 jro(k — 1) = AZO*=D+0) 4y — 7). (5.63)

The phase difference between r(k) and r(k — 1) determines which symbol was transmitted. Consider

() — 1) =AZTO0-01) | 400900 1, 1)
+ Ae—j(G(k—1)+¢())n(k) +n(k)n*(k—1). (5.64)

In the absence of noise (n(k) = n(k — 1) = 0) only the first term in (5.64) is nonzero, and this term yields
the desired phase difference. The phase comparator in Figure 5.20 extracts this phase difference and outputs the
corresponding symbol.

Differential modulation is less sensitive to a random drift in the carrier phase. However, if the channel has
a nonzero Doppler frequency then the signal phase can decorrelate between symbol times, making the previous
symbol a noisy phase reference. This decorrelation gives rise to an irreducible error floor for differential modulation
over wireless channels with Doppler, as we shall discuss in Chapter 6.
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Figure 5.20: Differential PSK demodulator.
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5.3.5 Constellation Shaping

Rectangular and hexagonal constellations have a better power efficiency than the square or circular constellations
associated with MQAM and MPSK, respectively. These irregular constellations can save up to 1.3 dB of power
at the xpense of increased complexity in the constellation map [7]. The optimal constellation shape is a sphere in
N-dimensional space, which must be mapped to a sequence of constellations in two-dimensional space in order to
be generated by the modulator shown in Figure 5.10. The general conclusion in [7] is that, for uncoded modulation,
the increased complexity of spherical constellations is not worth their energy gains, since coding can provide much
better performance at less complexity cost. However, if a complex channel code is already being used and little
further improvement can be obtained by a more complex code, constellation shaping may obtain around 1 dB of
additional gain. An in-depth discussion of constellation shaping (and of constellations that allow a noninteger
number of bits per symbol) can be found in [7].

5.3.6 Quadrature Offset

A linearly modulated signal with symbol s; = (s;1, $;2) will lie in one of the four quadrants of the signal space. At
each symbol time k7T’ the transition to a new symbol value in a different quadrant can cause a phase transition of up
to 180°, which may cause the signal amplitude to transition through the zero point; these abrupt phase transitions
and large amplitude variations can be distorted by nonlinear amplifiers and filters. The abrupt transitions are
avoided by offsetting the quadrature branch pulse g(¢) by half a symbol period, as shown in Figure 5.21. This
quadrature offset makes the signal less sensitive to distortion during symbol transitions.

Phase modulation with quadrature offset is usually abbreviated as OMPSK, where the O indicates the offset.
For example, QPSK modulation with quadrature offset is referred to as OQPSK. Offset QPSK has the same spectral
properties as QPSK for linear amplification, but it has higher spectral efficiency under nonlinear amplification
because the maximum phase transition of the signal is 90°, corresponding to the maximum phase transition in
either the in-phase or quadrature branch but not both simultaneously. Another technique to mitigate the amplitude
fluctuations of a 180° phase shift used in the IS-136 standard for digital cellular is 7w /4-QPSK [8, 9]. This technique
allows for a maximum phase transition of 135° degrees, versus 90° for offset QPSK and 180° for QPSK. Thus,
7 /4-QPSK has worse spectral properties than OQPSK under nonlinear amplification. However, 7 /4-QPSK can be
differentially encoded to eliminate the need for a coherent phase reference, which is a significant advantage. Using
differential encoding with 7/4-QPSK is called 7/4-DQPSK. The 7/4-DQPSK modulation works as follows: the
information bits are first differentially encoded as in DQPSK, which yields one of the four QPSK constellation
points. Then, every other symbol transmission is shifted in phase by 7 /4. This periodic phase shift has a similar
effect as the time offset in OQPSK: it reduces the amplitude fluctuations at symbol transitions, which makes the
signal more robust against noise and fading.

5.4 Frequency Modulation

Frequency modulation encodes information bits into the frequency of the transmitted signal. Specifically: at each
symbol time, K = logy M bits are encoded into the frequency of the transmitted signal s(t), 0 < t < Tg,
resulting in a transmitted signal s;(t) = A cos(27 f;t + ¢;), where i is the index of the ith message corresponding
to the log, M bits and ¢; is the phase associated with the ith carrier. The signal space representation is s;(t) =
> 8ij0j(t), where s;; = Ad(i — j) and ¢;(t) = cos(2m f;t + ¢;), so the basis functions correspond to carriers
at different frequencies and only one such basis function is transmitted in each symbol period. The basis functions
are orthogonal for a minimum carrier frequency separation of A f = miny; | f; — fi| = .5/T for ¢; = ¢; and of

Af =1/T, for ¢; # &;.
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Figure 5.21: Modulator with quadrature offset.

Because frequency modulation encodes information in the signal frequency, the transmitted signal s(¢) has
a constant envelope A. Since the signal is constant envelope, nonlinear amplifiers can be used with high power
efficiency and hence the modulated signal is less sensitive to amplitude distortion introduced by the channel or the
hardware. The price exacted for this robustness is a lower spectral efficiency: because the modulation technique
is nonlinear, it tends to have a higher bandwidth occupancy than the amplitude and phase modulation techniques
described in Section 5.3.

In its simplest form, frequency modulation over a given symbol period can be generated using the modulator
structure shown in Figure 5.22. Demodulation over each symbol period is performed using the demodulation
structure of Figure 5.23. Note that the demodulator of Figure 5.23 requires the jth carrier signal to be matched
in phase to the jth carrier signal at the transmitter; this is similar to the coherent phase reference requirement in
amplitude and phase modulation. An alternate receiver structure that does not require this coherent phase reference
will be discussed in Section 5.4.3. Another issue in frequency modulation is that the different carriers shown in
Figure 5.22 have different phases, ¢; # ¢; for i # j, so at each symbol time T’ there will be a phase discontinuity
in the transmitted signal. Such discontinuities can significantly increase signal bandwidth. Thus, in practice an
alternate modulator is used that generates a frequency-modulated signal with continuous phase, as will be discussed
in Section 5.4.2.

54.1 Frequency-Shift Keying (FSK) and Minimum-Shift Keying (MSK)
In MFSK the modulated signal is given by

si(t) = Acos2m fot + 2ma; A fet + ¢;],0 < t < T, (5.65)

where a; = (20 — 1 — M) fori =1,2,..., M = 2% The minimum frequency separation between FSK carriers
is thus 2A f.. MFSK consists of M basis functions ¢;(t) = 1/2/Tscos[27 f.t + 2ma; AN fet + ¢i],i = 1,..., M,
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Figure 5.22: Frequency modulator.

where the \/2/T5 is a normalization factor to ensure that fOTS (;5? (t) = 1. Over any given symbol time, only one
basis function is transmitted through the channel.

A simple way to generate the MFSK signal is as shown in Figure 5.22, where M oscillators are operating
at the different frequencies f; = f. + «; /A f. and the modulator switches between these different oscillators each
symbol time Ts. However, this implementation entails a discontinuous phase transition at the switching times due
to phase offsets between the oscillators, and this discontinuous phase leads to undesirable spectral broadening. (An
FSK modulator that maintains continuous phase is discussed in the next section.) Coherent detection of MFSK
uses the standard structure of Figure 5.23. For binary signaling the structure can be simplified to that shown in
Figure 5.24, where the decision device outputs a 1-bit if its input is greater than zero and a 0-bit if its input is less
than zero.

MSK is a special case of binary FSK where ¢1 = ¢2 and the frequency separation is 2A f. = .5/Ts. Note
that this is the minimum frequency separation that ensure (s;(¢), s;(t)) = 0 over a symbol time for i # j. Since
signal orthogonality is required for demodulation, it follows that 2A f. = .5/T is the minimum possible frequency
separation in FSK and so MSK is the minimum bandwidth FSK modulation.

5.4.2 Continuous-Phase FSK (CPFSK)

A better way to generate MFSK — one that eliminates the phase discontinuity — is to frequency modulate a single
carrier with a modulating waveform, as in analog FM. In this case the modulated signal will be given by

si(t) = Acos [27cht + 270 /t u(T) dT:| = Acos[27 f.t + 0(t)], (5.66)

where u(t) = >, arg(t — kT;) is an MPAM signal modulated with the information bit stream, as described in
Section 5.3.1. Clearly the phase () is continuous with this implementation. This form of MFSK is therefore
called continuous-phase FSK, or CPFSK.

By Carson’s rule [10], for 3 small the transmission bandwidth of s(t) is approximately

By ~ 2MAf. + 2By, (5.67)

where By is the bandwidth of the pulse shape ¢(t) used in the MPAM modulating signal (). By comparison,
the bandwidth of a linearly modulated waveform with pulse shape g(t) is roughly B, ~ 2B,. Thus, the spectral
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Figure 5.24: Demodulator for binary FSK.

occupancy of a CPFSK-modulated signal is larger than that of a linearly modulated signal by M A f. > .5M/T5.
The spectral efficiency penalty of CPFSK relative to linear modulation increases with data rate, in particular with
the number of bits per symbol K = log, M and with the symbol rate R = 1/T5.

Coherent detection of CPFSK can be done symbol-by-symbol or over a sequence of symbols. The sequence
estimator is the optimal detector, since a given symbol depends on previously transmitted symbols and so it is
optimal to detect (or estimate) all symbols simultaneously. However, sequence estimation can be impractical
owing to the memory and computational requirements associated with making decisions based on sequences of
symbols. Details on detectors for coherent demodulation of CPFSK can be found in [11, Chap. 4.9].

5.4.3 Noncoherent Detection of FSK

The receiver requirement for a coherent phase reference associated with each FSK carrier can be difficult and
expensive to meet. The need for a coherent phase reference can be eliminated if the receiver first detects the energy
of the signal at each frequency and, if the 7th branch has the highest energy of all branches, then outputs message
m;. The modified receiver is shown in Figure 5.25.

Suppose the transmitted signal corresponds to frequency f;:
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s(t) = Acos(27 fit + ¢;)
= Acos(¢;) cos(2m fit) — Asin(¢;) sin(2w fit), 0 <t < Ts. (5.68)

Let the phase ¢; represent the phase offset between the transmitter and receiver oscillators at frequency f;. A
coherent receiver with carrier signal cos(27 f;t) detects only the first term A cos(¢;) cos(27 fit) associated with
the received signal, which can be close to zero for a phase offset ¢; ~ 4+ /2. To get around this problem, in Figure
5.25 the receiver splits the received signal into M branches corresponding to each frequency f;,j = 1,..., M. For
each such carrier frequency f;, the received signal is multiplied by a noncoherent in-phase and quadrature carrier
at that frequency, integrated over a symbol time, sampled, and then squared. For the jth branch the squarer output
associated with the in-phase component is denoted as A;; + n;; and the corresponding output associated with the
quadrature component is denoted as A g + n;q, where nj; and n;q are due to the noise n(t) at the receiver input.
Then, if i = j, we have A;; = A% cos?(¢;) and A = A%sin(¢;); if i # j then Aj; = A = 0. In the absence
of noise, the input to the decision device of the ith branch will be A2 cos?(¢;) + A% sin?(¢;) = A2, independent of
¢, and all other branches will have an input of zero. Thus, over each symbol period, the decision device outputs
the bit sequence corresponding to frequency f; if the jth branch has the largest input to the decision device. Note
that the noncoherent receiver of Figure 5.25 still requires accurate synchronization for sampling. Synchronization
issues are discussed in Section 5.6.

In-Phase Branch

2 Ts
—»(%)——» if() () dt

] cos@nfir)

2 T
(x) _f () dt
e
sin(27fir) Quadrature Branch o
5i(1) +n(1) . l:m;izr: o= m;
i Jj »
: Vj#i

2 ("

| cos@ufut)

2 Ts
—»(%)—» Fs/O () dt

Sin(27fyt)

Figure 5.25: Noncoherent FSK demodulator.

5.5 Pulse Shaping

For amplitude and phase modulation, the bandwidth of the baseband and passband modulated signal is a function
of the bandwidth of the pulse shape g(t). If g(t) is a rectangular pulse of width T, then the envelope of the signal is
constant. However, a rectangular pulse has high spectral sidelobes, which can cause adjacent channel interference.
Pulse shaping is a method for reducing sidelobe energy relative to a rectangular pulse; however, the shaping must
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be done in such a way that intersymbol interference between pulses in the received signal is not introduced. Note
that — prior to sampling the received signal — the transmitted pulse g(t) is convolved with the channel impulse
response c(t) and the matched filter g*(—t); hence, in order to eliminate ISI prior to sampling, we must ensure that
the effective received pulse p(t) = g(t) * c(t) * g*(—t) has no ISI. Since the channel model is AWGN, we assume
c(t) = 0(t) sop(t) = g(t) * g*(—t) (in Chapter 11we will analyze ISI for more general channel impulse responses
¢(t)). To avoid ISI between samples of the received pulses, the effective pulse shape p(t) must satisfy the Nyquist
criterion, which requires the pulse to equal zero at the ideal sampling point associated with past or future symbols:

pry = { o= PO L2

In the frequency domain this translates to

> l
»or (f + T) = poTs. (5.69)

[=—00

The following pulse shapes all satisfy the Nyquist criterion.
1. Rectangular pulses: g(t) = 1/2/T5(0 < t < T}), which yields the triangular effective pulse shape

242t/Ts —Ts <t <0,
pt) =4 2-2t/T, 0<t<T,,
0 else.

This pulse shape leads to constant envelope signals in MPSK but has poor spectral properties as a result of
its high sidelobes.

2. Cosine pulses: p(t) = sinnt/Ts,0 < t < Ts. Cosine pulses are mostly used in OMPSK modulation,
where the quadrature branch of the modulation is shifted in time by 7’ /2. This leads to a constant amplitude
modulation with sidelobe energy that is 10 dB lower than that of rectangular pulses.

3. Raised cosine pulses: These pulses are designed in the frequency domain according to the desired spectral
properties. Thus, the pulse p(¢) is first specified relative to its Fourier transform:

1-8
P(f):{Ts 0<|fl < 577,

T, . T, 1 1- 145,
7[1—5111”5 (f—ﬁﬂ 2—Tf§|f|§ 2Tf7

here (3 is defined as the rolloff factor, which determines the rate of spectral rolloff (see Figure 5.26). Setting
[ = 0 yields a rectangular pulse. The pulse p(¢) in the time domain corresponding to P(f) is

() = sinmt/Ts cosfrt/Ts
PO = T, 1 - 482212

The frequency- and time-domain properties of the raised cosine pulse are shown in Figures 5.26 and 5.27, respec-
tively. The tails of this pulse in the time domain decay as 1/t3 (faster than for the previous pulse shapes), so a
mistiming error in sampling leads to a series of inter- symbol interference components that converge. A variation
of the raised cosine pulse is the root cosine pulse, derived by taking the square root of the frequency response for
the raised cosine pulse. The root cosine pulse has better spectral properties than the raised cosine pulse but decays
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Figure 5.26: Frequency-domain (spectral) properties of the raised cosine pulse (7' = T).

less rapidly in the time domain, which makes performance degradation due to synchronization errors more severe.
Specifically, a mistiming error in sampling leads to a series of ISI components that may diverge.

Pulse shaping is also used with CPFSK to improve spectral efficiency, specifically in the MPAM signal that is
frequency modulated to form the FSK signal. The most common pulse shape used in CPFSK is the Gaussian pulse
shape, defined as

g(t) = Yo/l (5.70)
[0

where « is a parameter that dictates spectral efficiency. The spectrum of g(¢), which dictates the spectrum of the
CPFSK signal, is given by

G(f) = e 1%, (5.71)
The parameter « is related to the 3-dB bandwidth of g(t), By, by
.b887
= . 5.72
*="g (5.72)

Clearly, increasing « results in a higher spectral efficiency.

When the Gaussian pulse shape is applied to MSK modulation, it is abbreviated as GMSK. In general, GMSK
signals have a high power efficiency (since they have a constant amplitude) and a high spectal efficiency (since
the Gaussian pulse shape has good spectral properties for large ). For these reasons, GMSK is used in the
GSM standard for digital cellular systems. Although this is a good choice for voice modulation, it is not the best
choice for data. The Gaussian pulse shape does not satisfy the Nyquist criterion and so the pulse shape introduces
ISI, which increases as « increases. Thus, improving spectral efficiency by increasing o leads to a higher ISI
level, thereby creating an irreducible error floor from this self-interference. Since the required BER for voice is a
relatively high P, ~ 1073, the ISI can be fairly high and still maintain this target BER. In fact, it is generally used
as a rule of thumb that B,Ts = .5is a tolerable amount of ISI for voice transmission with GMSK. However, a much
lower BER is required for data, which will put more stringent constraints on the maximum « and corresponding
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Figure 5.27: Time-domain properties of the raised cosine pulse (7' = T5).

minimum B, thereby decreasing the spectral efficiency of GMSK for data transmission. Techniques such as
equalization can be used to mitigate the ISI in this case so that a tolerable BER is possible without significantly

compromising spectral efficiency. However, it is more common to use linear modulation for spectrally efficient
data transmission. Indeed, the data enhancements to GSM use linear modulation.

5.6 Symbol Synchronization and Carrier Phase Recovery

One of the most challenging tasks of a digital demodulator is to acquire accurate symbol timing and carrier phase
information. Timing information, obtained via synchronization, is needed to delineate the received signal asso-
ciated with a given symbol. In particular, timing information is used to drive the sampling devices associated
with the demodulators for amplitude, phase, and frequency demodulation shown in Figures 5.11 and 5.23. Carrier
phase information is needed in all coherent demodulators for both amplitude/phase and frequency modulation, as
discussed in Sections 5.3 and 5.4.

This section gives a brief overview of standard techniques for synchronization and carrier phase recovery in
AWGN channels. In this context the estimation of symbol timing and carrier phase falls under the broader category
of signal parameter estimation in noise. Estimation theory provides the theoretical framework for studying this
problem and for developing the maximum likelihood estimator of the carrier phase and symbol timing. However,
most wireless channels suffer from time-varying multipath in addition to AWGN. Synchronization and carrier
phase recovery is particularly challenging in such channels because multipath and time variations can make it
extremely difficult to estimate signal parameters prior to demodulation. Moreover, there is little theory addressing
good methods for estimation of carrier phase and symbol timing when these parameters are corrupted by time-
varying multipath in addition to noise. In most performance analysis of wireless communication systems it is
assumed that the receiver synchronizes to the multipath component with delay equal to the average delay spread;’
then the channel is treated as AWGN for recovery of timing information and carrier phase. In practice, however, the
receiver will sychronize to either the strongest multipath component or the first multipath component that exceeds
a given power threshold. The other multipath components will then compromise the receiver’s ability to acquire

That is why delay spread is typically characterized by its rms value about its mean, as discussed in more detail in Chapter 2.

173



timing and carrier phase, especially in wideband systems like UWB. Multicarrier and spread-spectrum systems
have additional considerations related to synchronization and carrier recovery, which will be discussed in Chapters
12 and 13.

The importance of synchronization and carrier phase estimation cannot be overstated: without them, wireless
systems could not function. Moreover, as data rates increase and channels become more complex by adding
additional degrees of freedom (e.g., multiple antennas), the tasks of receiver synchronizaton and phase recovery
become even more complex and challenging. Techniques for synchronization and carrier recovery have been
developed and analyzed extensively for many years, and they are continually evolving to meet the challenges
associated with higher data rates, new system requirements, and more challenging channel characteristics. We give
only a brief introduction to synchronizaton and carrier phase recovery techniques in this section. Comprehensive
coverage of this topic and performance analysis of these techniques can be found in [12, 13]; more condensed
treatments can be found in [bib5-10, Chap. 5;bib5-13].

5.6.1 Receiver Structure with Phase and Timing Recovery

The carrier phase and timing recovery circuitry for the amplitude and phase demodulator is shown in Figure 5.28.
For BPSK only the in-phase branch of this demodulator is needed. For the coherent frequency demodulator of
Figure 5.23, a carrier phase recovery circuit is needed for each of the distinct M carriers; the resulting circuit
complexity motivates the need for noncoherent demodulators as described in Section 5.4.3. We see in Figure 5.28
that the carrier phase and timing recovery circuits operate directly on the received signal prior to demodulation.

Assuming an AWGN channel, the received signal r(¢) is a delayed version of the transmitted signal s(¢) plus
AWGN n(t) : r(t) = s(t — 7) + n(t), where 7 is the random propagation delay. Using the equivalent lowpass
form we have s(t) = Re{xz(t)e/?0e2™/<t1 and thus

r(t) = Re {a(t — r)er?emeth 4 n), (5.73)
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Figure 5.28: Receiver structure with carrier and timing recovery.

where ¢ = ¢g — 27 f.7 results from the transmit carrier phase and the propagation delay. Estimation of 7 is needed
for symbol timing, and estimation of ¢ is needed for carrier phase recovery. Let us express these two unknown

174



parameters as a vector 1) = (¢, 7). Then we can express the received signal in terms of 1) as

r(t) = s(t; ) + n(t). (5.74)

Parameter estimation must take place over some finite time interval Ty > Ts. We call Tj the observation interval.
In practice, however, parameter estimation is initially done over this interval and is thereafter performed continually
by updating the initial estimate using tracking loops. Our development here focuses on the initial parameter
estimation over 7. Discussion of parameter tracking can be found in [12, 13].

There are two common estimation methods for signal parameters in noise: the maximum likelihood (ML)
criterion discussed in Section 5.1.4 in the context of receiver design, and the maximum a posteriori (MAP) criterion.
The ML criterion chooses the estimate 1) that maximizes p(r(t)|1)) over the observation interval Ty, whereas the
MAP criterion assumes some probability distribution p(1)) on ¢ and then chooses the estimate 1& that maximizes

p(r(®)[¥)p(¥)
p(r(t))

over Tp. We assume that there is no prior knowledge of zﬁ, so that p(1) becomes uniform and hence the MAP and
ML criteria are equivalent.

To characterize the distribution p(r(t)|¢),0 < t < Tp, let us expand r(t) over the observation interval along
a set of orthonormal basis functions {¢(t)} as

p(Y[r(t)) =

K
r(t) = Zrk%(t)’ 0<t<Tp.
k=1
Because n(t) is white with zero mean and power spectral density Ny/2, the distribution of the vector r =
(r1,...,7K) conditioned on the unknown parameter v is given by
K K 2
1 (re — sk(¥))
— - , 5.75
p(r[®) (\/W—NO> exp [ ;::1 N (5.75)

where (by the basis expansion)

- /TO r(8) i (t) dt

and

sw(1p) = /T (6 0)belt) d

From these basis expansions we can show that

K
> lrk—su(¥)]* = /T [r(t) — s(t;9)]* dt. (5.76)

k=1

Using this in (5.75) yields that maximizing p(r|v) is equivalent to maximizing the likelihood function

A() = exp [—Nio /T [CRRC W] it. (5.77)
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Maximizing the likelihood function (5.77) results in the joint ML estimate of the carrier phase and symbol
timing. Maximum likelihood estimation of the carrier phase and symbol timing can also be done separately, and in
subsequent sections we will discuss this separate estimation in more detail. Techniques joint estimation are more
complex; details of such techniques can be found in [10, Chap. 6.4; 11, Chaps. 8-9].

5.6.2 Maximum Likelihood Phase Estimation

In this section we derive the maximum likelihood phase estimate assuming the timing is known. The likelihood
function (5.77) with timing known reduces to

1 / 9 2 1 9
=exp |—— x tdt—l——/rtst;qS dt——/s t;p)dt| . (5.78)
% | PO [ s a5z [ 20i0)
We estimate the carrier phase as the value (;AS that maximizes this function. Note that the first term in (5.78) is
independent of ¢. Moreover, we assume that the third integral, which measures the energy in s(t; ¢) over the
observation interval, is relatively constant in ¢. Given these assumptions, we see that the ¢ that maximizes (5.78)
also maximizes

0\ e Gar LW

To

VCO |=

sin27f.t + )

Figure 5.29: Phase-locked loop for carrier phase recovery (unmodulated carrier).

AN (¢) :/T r(t)s(t; ¢) dt. (5.79)

We can solve directly for the maximizing (;AS in the simple case where the received signal is just an unmodulated
carrier plus noise: 7(t) = A cos(27 f.t + ¢) + n(t). Then ¢ must maximize

N(g) = /T P(£) cos(27 fut + ¢) dt. (5.80)
0
Differentiating A’(¢) relative to ¢ and then setting it to zero yields that (;AS satisfies
/T r(t) sin(27 fot + @) dt = 0. (5.81)
0
Solving (5.81) for (;AS yields
R r(t) sin(27 ft) dt
¢=- tan”! [:é:r((t)) cosiQwﬁct)) dt] ' (582)
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We could build a circuit to compute (5.82) from the received signal 7(t); in practice, however, carrier phase
recovery is accomplished by using a phase lock loop to satisfy (5.81), as shown in Figure 5.29. In this figure, the
integrator input in the absence of noise is given by e(t) = r(t) sin(27 f.t + ¢) and the integrator output is

2(t) = /T r(t) sin(2n fot + ¢)dt

which is precisely the left-hand side of (5.81). Thus, if z(¢) = 0 then the estimate ¢ is the maximum likelihood
estimate for ¢. If z(t) # 0 then the voltage-controlled oscillator (VCO) adjusts its phase estimate <;5 up or down
depending on the polarity of z(t): for z(£) > 0 it decreases ¢ to reduce z(t), and for z(¢) < 0 it increases ¢ to
increase z(t). In practice the integrator in Figure 5.29 is replaced with a loop filter whose output .5A sin(QAS — @) ~
5A(p— ) is a function of the low-frequency component of its input e(t) = A cos(27 fct + ¢) sin(27 fet + o) =
.bA sm(qS @) + .DAsIin(2w fot + ¢ + ¢) This discussion of phase-locked loop (PLL) operation assumes that
qS ¢ because otherwise the polarity of z(t) may not indicate the correct phase adjustment; that is, we would not
necessarily have sm(qS o) ~ qS ¢. The PLL typically exhibits some transient behavior in its initial estimation of
the carrier phase. The advantage of a PLL is that it continually adjusts its estimate (;3 to maintain z(¢) ~ 0, which
corrects for slow phase variations due to oscillator drift at the transmitter or changes in the propagation delay. In
fact, the PLL is an example of a feedback control loop. More details on the PLL and its performance can be found
in[11, 12].

The PLL derivation is for an unmodulated carrier, yet amplitude and phase modulation embed the message
bits into the amplitude and phase of the carrier. For such signals there are two common carrier phase recovery
approaches to deal with the effect of the data sequence on the received signal: the data sequence is either (a)
assumed known or (b) treated as random with the phase estimate averaged over the data statistics. The first
scenario is referred to as decision-directed parameter estimation, and this scenario typically results from sending
a known training sequence. The second scenario is referred to as non-decision directed parameter estimation.
With this technique the likelihood function (5.78) is maximized by averaging over the statistics of the data. One
decision-directed technique uses data decisions to remove the modulation of the received signal: the resulting
unmodulated carrier is then passed through a PLL. This basic structure is called a decision-feedback PLL because
data decisions are fed back into the PLL for processing. The structure of a non—decision-directed carrier phase
recovery loop depends on the underlying distribution of the data. For large constellations, most distributions
lead to highly nonlinear functions of the parameter to be estimated. In this case the symbol distribution is often
assumed to be Gaussian along each signal dimension, which greatly simplifies the recovery loop structure. An
alternate non—decision-directed structure takes the Mth power of the signal (M = 2 for PAM and M for MPSK
modulation), passes it through a bandpass filter at frequency M f., and then uses a PLL. The nonlinear operation
removes the effect of the amplitude or phase modulation so that the PLL can operate on an unmodulated carrier at
frequency M f.. Many other structures for both decision-directed and non—decision-directed carrier recovery can
be used, with different trade-offs in performance and complexity. A more comprehensive discussion of design and
performance of carrier phase recovery can be found in [10, Chaps. 6.2.4-6.2.5; 11].

5.6.3 Maximum Likelihood Timing Estimation

In this section we derive the maximum likelihood estimate of delay 7 assuming the carrier phase is known. Since
we assume that the phase ¢ is known, the timing recovery will not affect the carrier phase recovery loop and
associated downconversion shown in Figure 5.28. Thus, it suffices to consider timing estimation for the in-phase
or quadrature equivalent lowpass signals of 7(¢) and s(¢; 7). We denote the in-phase and quadrature components
for r(t) as r7(t) and rg(t) and for s(¢;7) as s;(t; 7) and sq(t; 7). We focus on the in-phase branch since the
timing recovered from this branch can be used for the quadrature branch. The equivalent lowpass in-phase signal
is given by
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si(t;m) = si(k)g(t— kT, — 1), (5.83)
k

where ¢g(t) is the pulse shape and s;(k) denotes the amplitude associated with the in-phase component of the
message transmitted over the kth symbol period. The in-phase equivalent lowpass received signal is r7(t) =
sg(t; 7) + nr(t). As in the case of phase synchronization, there are two categories of timing estimators: those for
which the information symbols output from the demodulator are assumed known (decision-directed estimators),
and those for which this sequence is not assumed known (non—decision-directed estimators).

s1(k)
dz;(7)
r(1) dr
b g(—1) » Differentiator Sa(n]l"p)ler 4><X>
|
nly + 1t
VCC D

Figure 5.30: Decision-directed timing estimation.

The likelihood function (5.77) with known phase ¢ has a form similar to (5.78), the case of known delay:

AW = exp | JAZCRRE nd

1 ) 2/ 1/ ) ]
=exp |—— ri(t)dt + — ri(t)sy(t; ) dt — — st(t;T)dt| . 5.84
o5 [t 2 [ nsitsnae- 5 [ i 5849

Since the first and third terms in (5.84) do not change significantly with 7, the delay estimate 7 that maximizes
(5.84) also maximizes

= Z sr(k) / r(t)g(t —kTs —7)dt = Z sr(k)zi(T), (5.85)
where

zk(T) = / r(t)g(t — kTs — ) dt. (5.86)
To

Differentiating (5.85) relative to 7 and then setting it to zero yields that the timing estimate 7 must satisfy

d
;SI(k)Ezk(T) =0. (5.87)
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For decision-directed estimation, (5.87) gives rise to the estimator shown in Figure 5.30. The input to the
voltage-controlled clock (VCC) is (5.87). If this input is zero, then the timing estimate 7 = 7. If not, the clock
(i.e., the timing estimate 7) is adjusted to drive the VCC input to zero. This timing estimation loop is also an
example of a feedback control loop.

One structure for non—decision-directed timing estimation is the early—late gate synchromzer shown in Figure
5.31. This structure exploits two properties of the autocorrelation of g(t f 0 g(t—7) dt —namely, its
symmetry (Ry(7) = R4(—7)) and the fact that its maximum value is at T = 0 The 1nput to the sampler in the upper

branch of Figure 5.31 is proportional to the autocorrelation Ry (7—7+6) = f 0 T 5 ) dt and the input

to the sampler in the lower branch is proportional to the autocorrelation Ry(7 —7 — 5 f 0 g(t—749)dt.
If 7 = 7 then, since Ry(6) = Ry(—7), the input to the loop filter will be zero and the voltage controlled clock will
maintain its correct timing estimate. If 7 > 7 then Ry(7 — 7 4+ 0) < Ry(7 — 7 — 6), and this negative input to the
VCC will cause it to decrease its estimate of 7. Conversely, if 7 < 7 then Ry(7 — 7 + ) > Ry(7 — 7 — 0), and
this positive input to the VCC will cause it to increase its estimate of 7.

T
4>®—> f ()dt = Sampler = Magnitude
0
A
gt—1-9)
Advance 8
r(t) . +
gt —1) (= vee |- LOoP e (1)
Delay ¢
gt —1+9)
7,
@ / ()dt Sampler Magnitude
0

Figure 5.31: Early-late gate synchronizer.

More details on these and other structures for decision-directed and non—decision-directed timing estimation—
as well as their performance trade-offs—can be found in [10, Chaps. 6.2.4-6.2.5; 11].
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Chapter 5 Problems

. Using properties of orthonormal basis functions, show that if s;(¢) and s;(¢) have constellation points s; and
s; (respectively) then

T
Isi — 5,1 = /0 (ss(t) — s5(t))%t.

. Find an altemate set of orthonormal basis functions for the space spanned by cos(27t/T") and sin(27t/T).

. Consider a set of M orthogonal signal waveforms s,,(¢), for 1 < m < M and 0 < ¢t < T, where each
waveform has the same energy £. Define a new set of M waveforms as

Sm

M
1
/(t):sm(t)_ﬁélsi(t)’ 1<m< M 0<t<T.
1=

&1(1) (1)
1/2 1/2

~1/2

$3(1)

1/2

~1/2

Figure 5.32: Signal waveforms for Problem 5-4.
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Figure 5.33: Signal waveforms for Problem 5-5.
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4.

10.
11.

12.

13.

Show that the M signal waveforms {s/, (¢)} have equal energy, given by

&= (M—-1)&/M.
What is the inner product between any two waveforms?
Consider the three signal waveforms {¢1(t), ¢2(t), ¢3(t)} shown in Figure 5.32.

(a) Show that these waveforms are orthonormal.

(b) Express the waveform z(t) as a linear combination of {¢;(¢)} and find the coefficients, where x(t) is
given as

2 0<t<2,
:”(t)_{ 4 2<t<4

. Consider the four signal waveforms as shown in Figure 5.33.

(a) Determine the dimensionality of the waveforms and a set of basis functions.

(b) Use the basis functions to represent the four waveforms by vectors.

(c) Determine the minimum distance between all the vector pairs.
Derive a mathematical expression for decision regions Z; that minimize error probability assuming that
messages are not equally likely — that is, assuming p(m;) = p;(i = 1,..., M), where p; is not necessarily

equal to 1/M. Solve for these regions in the case of QPSK modulation with s; = (A4, 0), so = (0, A.),
sg = (—A¢,0),and s4 = (0, A.), assuming p(s1) = p(s3) = .2 and p(s1) = p(s3) = .3.

. Show that the remainder noise term n,(¢) is independent of the correlator outputs r; for all i. In other

words, show that E[n,(t)r;] = 0 for all 4. Thus, since r; (conditioned on s;) and n,(¢) are Gaussian and
uncorrelated, they are independent.

. Show that output SNR is maximized when a given input signal is passed through a filter that is matched to

that signal.
Find the matched filters g(7" — ¢),0 < t < T', and Find fOT g(t)g(T — t) dt for the following waveforms.
(a) Rectangular pulse: g(t) = /2/T.

(b) Sinc pulse: g(t) = sinc(t).
(c) Gaussian pulse: g(t) = (\/E/a)e_WQtQ/O‘Q,

Show that the ML receiver of Figure 5.4 is equivalent to the matched filter receiver of Figure 5.7.
Use the Chernoff Bound to derive the upper bound (5.43).

Compute the three bounds (5.40), (5.44), (5.45) as well as the approximation (5.46) for an asymmetric
signal constellation s; = (A.,0), sa = (0,24,), s3 = (24, 0), and s4 = (0, —A.), assuming that

A VNG = 4.

Find the input to each branch of the decision device in Figure 5.11 if the transmit carrier phase ¢q differs
from the receiver carrier phase ¢ by Ag.
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14. Consider a 4-PSK constellation with dy,, = v/2. What is the additional energy required to send one extra
bit (8-PSK) while keeping the same minimum distance (and thus with the same bit error probability)?

15. Show that the average power of a square signal constellation with [ bits per dimension, P}, is proportional
to 4'/3 and that the average power for one more bit per dimension, keeping the same minimum distance, is
P41 = 4P,. Find P, for | = 2 and compute the average energy of MPSK and MPAM constellations with
the same number of bits per symbol.

16. For MPSK with differential modulation, let A¢ denote the phase drift of the channel over a symbol time 7.
In the absence of noise, how large must AA¢ be in order for a detection error to occur?

17. Find the Gray encoding of bit sequences to phase transitions in differential 8-PSK. Then find the sequence
of symbols transmitted using differential 8-PSK modulation with this Gray encoding for the bit sequence
101110100101110 starting at the kth symbol time, assuming the transmitted symbol at the (k — 1)th symbol
timeiss(k — 1) = Ael™/4,

18. Consider the octal signal point constellation shown in Figure 5.34.

(a) The nearest neighbor signal points in the 8-QAM signal constellation are separated by a distance of A.
Determine the radii ¢ and b of the inner and outer circles.

(b) The adjacent signal points in the 8-PSK are separated by a distance of A. Determine the radius r of the
circle.

r (45°

8-PSK 8-QAM

Figure 5.34: Octal signal point constellation for Problem 5-17.

(c) Determine the average transmitter powers for the two signal constellations and compare the two pow-
ers. What is the relative power advantage of one constellation over the other? (Assume that all signal
points are equally probable.)

(d) Isitpossible to assign three data bits to each point of the signal constellation such that nearest neighbor
(adjacent) points differ in only one bit position?

(e) Determine the symbol rate if the desired bit rate is 90 Mbps.

19. The 7/4-QPSK modulation may be considered as two QPSK systems offset by 7 /4 radians.

(a) Sketch the signal space diagram for a 7 /4-QPSK signal.
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20.

21.

22.

(b) Using Gray encoding, label the signal points with the corresponding data bits.
(c) Determine the sequence of symbols transmitted via 7 /4-QPSK for the bit sequence 0100100111100101.

(d) Repeat part (c) for w/4-DQPSK, assuming that the last symbol transmitted on the in-phase branch had
a phase of 7 and that the last symbol transmitted on the quadrature branch had a phase of —37 /4.

Show that the minimum frequency separation for FSK such that the cos(2 f;t) and cos(27 f;t) are orthog-
onal is Af = minij |fy — fz| = 5/Ts

Show that the Nyquist criterion for zero ISI pulses given by p(kTs) = pod(k) is equivalent to the frequency
domain condition (5.69).

Show that the Gaussian pulse shape does not satisfy the Nyquist criterion.
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Chapter 6

Performance of Digital Modulation over
Wireless Channels

We now consider the performance of the digital modulation techniques discussed in the previous chapter when used
over AWGN channels and channels with flat fading. There are two performance criteria of interest: the probability
of error, defined relative to either symbol or bit errors; and the outage probability, defined as the probability that
the instantaneous signal-to-noise ratio falls below a given threshold. Flat fading can cause a dramatic increase
in either the average bit error probability or the signal outage probability. Wireless channels may also exhibit
frequency-selective fading and Doppler shift. Frequency-selective fading gives rise to intersymbol interference
(ISI), which causes an irreducible error floor in the received signal. Doppler causes spectral broadening, which
leads to adjacent channel interference (small at typical user velocities) and also to an irreducible error floor in
signals with differential phase encoding (e.g. DPSK), since the phase reference of the previous symbol partially
decorrelates over a symbol time. This chapter describes the impact on digital modulation performance of noise,
flat fading, frequency-selective fading, and Doppler.

6.1 AWGN Channels

In this section we define the signal-to-noise power ratio (SNR) and its relation to energy per bit (F}) and energy
per symbol (E;). We then examine the error probability on AWGN channels for different modulation techniques
as parameterized by these energy metrics. Our analysis uses the signal space concepts of Section 5.1.

6.1.1 Signal-to-Noise Power Ratio and Bit/Symbol Energy

In an AWGN channel the modulated signal s(¢) = Re{u(t)e/?™/<'} has noise n(t) added to it prior to reception.
The noise n(t) is a white Gaussian random process with mean zero and power spectral density (PSD) Ny /2. The
received signal is thus 7(t) = s(t) 4+ n(t).

We define the received SNR as the ratio of the received signal power P, to the power of the noise within the
bandwidth of the transmitted signal s(¢). The received power P, is determined by the transmitted power and the
path loss, shadowing, and multipath fading, as described in Chapters 2 and 3. The noise power is determined by
the bandwidth of the transmitted signal and the spectral properties of n(t). Specifically, if the bandwidth of the
complex envelope u(t) of s(t) is B then the bandwidth of the transmitted signal s(¢) is 2B. Since the noise n(t)
has uniform PSD N /2, the total noise power within the bandwidth 2B is N = Ny/2 - 2B = NyB. Hence the
received SNR is given by
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P
NoB’
In systems with interference, we often use the received signal-to-interference-plus-noise power ratio (SINR) in
place of SNR for calculating error probability. This is a reasonable approximation if the interference statistics
approximate those of Gaussian noise. The received SINR is given by

SNR =

P

INR=-— "
SINR NoB + P;’

where P is the average power of the interference.
The SNR is often expressed in terms of the signal energy per bit Ej, (or per symbol, F) as

P, B, E
NoB  NoBT, NyBT}’

where T is the symbol time and 7} is the bit time (for binary modulation 75 = T} and E; = Ej). For pulse
shaping with Ts = 1/B (e.g., raised consine pluses with 3 = 1), we have SNR = E /N, for multilevel signaling
and SNR = FEj, /N, for binary signaling. For general pulses, Ts = k/B for some constant &, in which case
k- SNR = E4/Ny.

The quantities 75 = Es/Ng and v, = Ej/Ny are sometimes called the SNR per symbol and the SNR per
bit, respectively. For performance specification, we are interested in the bit error probability P, as a function of
vp. However, with M-ary signaling (e.g., MPAM and MPSK) the bit error probability depends on both the symbol
error probability and the mapping of bits to symbols. Thus, we typically compute the symbol error probability Pk
as a function of 5 based on the signal space concepts of Section 5.1 and then obtain F; as a function of y; using an
exact or approximate conversion. The approximate conversion typically assumes that the symbol energy is divided
equally among all bits and that Gray encoding is used, so that (at reasonable SNRs) one symbol error corresponds
to exactly one bit error. These assumptions for M-ary signaling lead to the approximations

SNR =

6.1

Vs

~ 6.2
Vb Tog, M (6.2)
and
Py
P, ~ . 6.3
P~ Tog, M (6.3)

6.1.2 Error Probability for BPSK and QPSK

We first consider BPSK modulation with coherent detection and perfect recovery of the carrier frequency and
phase. With binary modulation each symbol corresponds to one bit, so the symbol and bit error rates are the same.
The transmitted signal is s1(t) = Ag(t) cos(27 f.t) to send a 0-bit and s2(t) = —Ag(t) cos(27 f.t) to send a 1-bit
for A > 0. From (5.47) we have that the probability of error is

dmin
P, = . 6.4
-2 (%) oy
From Section 5.3.2, dyin = ||s1 — sol| = ||A — (—A)|| = 2A. Let us now relate A to the energy per bit. We have
Ty Ty Ty
E, = / s3(t)dt = / s3(t)dt = / A?g3(t) cos®(2m fot) dt = A? (6.5)
0 0 0
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by (5.57). Thus, the signal constellation for BPSK in terms of energy per bit is given by sg = /Ep and s; =
—+/E. This yields the minimum distance dp,i, = 24 = 2+/FEj. Substituting this into (6.4) yields

n=o(3%) -e(/R) e (v

QPSK modulation consists of BPSK modulation on both the in-phase and quadrature components of the
signal. With perfect phase and carrier recovery, the received signal components corresponding to each of these
branches are orthogonal. Therefore, the bit error probability on each branch is the same as for BPSK: P, =
Q(v/27p). The symbol error probability equals the probability that either branch has a bit error:

Po=1-[1-Q(/2w)* (6.7)

Since the symbol energy is split between the in-phase and quadrature branches, we have v, = 2v;,. Substituting
this into (6.7) yields P is terms of y; as

Pi=1-[1-Q(\/7)* 6.8)
From Section 5.1.5, the union bound (5.40) on P; for QPSK is

P, < 2Q(A/V/No) + Q(V24//No). (6.9)
Writing this in terms of v, = 27, = A? /N yields

Py <2Q(v7s) + Q(vV27s) < 3Q(7s)- (6.10)

The closed-form bound (5.45) becomes
P, < 5 exp[—.57s]
Vo

Using the fact that the minimum distance between constellation points is dp,;, = V242 in (5.46), we obtain the
nearest neighbor approximation

6.11)

P, ~ 2Q(v/A2/Ny) = 2Q(V/7s). (6.12)

Note that with Gray encoding we can approximate P, from P; by P, ~ Ps/2, since QPSK has two bits per symbol.

Example 6.1: Find the bit error probability P, and symbol error probability P; of QPSK assuming v, = 7 dB.
Compare the exact P, with the approximation P, ~ Ps/2 based on the assumption of Gray coding. Finally, com-
pute P; based on the nearest neighbor bound using vs = 23 and then compare with the exact P;.

Solution: We have ;, = 10710 = 5.012, so

P, = Q(v/27) = Q(V10.024) = 7.726 - 10~

The exact symbol error probability P; is

Po=1-[1-Q(2w]*=1-[1-Q(+10.02)]* = 1.545-107.
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The bit error probability approximation assuming Gray coding yields P, ~ P;/2 = 7.723 - 10~%, which is quite
close to the exact P,. The nearest neighbor approximation to Ps yields

P, = 2Q(v7s) = 2Q(V10.024) = 1.545 - 1073,

which matches well with the exact Ps.

6.1.3 Error Probability for MPSK

The signal constellation for MPSK has s;; = A cos[27(i — 1)/M] and s;o = Asin[27(i — 1)/M] for A > 0 and
i=1,..., M. The symbol energy is E;, = A2, soy, = A%/Ny. From (5.58) it follows that, for the received vector
r = re/? represented in polar coordinates, an error occurs if the ith signal constellation point is transmitted and
¢ (2m(i—1—.5)/M,2m(i — 1+ .5)/M). The joint distribution of  and # can be obtained through a bivariate
transformation of the noise 7 and ny on the in-phase and quadrature branches [1, Chap. 5.2.7], which yields

1
p(r,0) = 77;\70 exp [—m(rz — 24/ Egrcos(0) + ES)] . (6.13)
Since the error probability depends only on the distribution of #, we can integrate out the dependence on r to obtain
> 1 : o - V2 0))?
p(0) = / p(r,0)dr = —e™ " sin?(6) / Z exp [— (2 75 ©03(6)) ] dz. (6.14)
0 2T 0 2

By symmetry, the probability of error is the same for each constellation point. Thus, we can derive P from the
probability of error assuming the constellation point s; = (A, 0) is transmitted, which is

w/M
P, = 1_/ p(6)do
—/M

/M 1 ) 00 — /9 2
—1_ / e sin?(6) / Zexp |:_ (Z Vs COS(H)) dz. (6.15)
—n/M 2T 0 2

A closed-form solution to this integral does not exist for M > 4 and so the exact value of P; must be computed
numerically.

Each point in the MPSK constellation has two nearest neighbors at distance dp,;, = 2A sin(w/M). Thus, the
nearest neighbor approximation (5.46) to P is given by

P, ~ 2Q(V2Asin(w /M) /v/No) = 2Q(+/27s sin(r/M)). (6.16)

This nearest neighbor approximation can differ significantly from the exact value of P;. However, it is much
simpler to compute than the numerical integration of (6.15) that is required to obtain the exact Ps. This formula
can also be obtained by approximating p(6) as

p(0) ~ \/7s/mcos(f)e sin®(6) (6.17)
Using this in the first line of (6.15) yields (6.16).

Example 6.2: Compare the probability of bit error for 8-PSK and 16-PSK assuming v, = 15 dB and using the P
approximation given in (6.16) along with the approximations (6.3) and (6.2).
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Solution: From (6.2) we have that, for 8-PSK, v, = (log, 8) - 10'%/10 = 94.87. Substituting this into (6.16) yields

P, ~ 2Q(v/189.74sin(r/8)) = 1.355- 107",

Now, using (6.3), we get P, = P,/3 = 4.52 - 1078, For 16-PSK we have v, = (logy 16) - 10'%/10 = 126.49.
Substituting this into (6.16) yields

P, ~ 2Q(v/252.98sin(m/16)) = 1.916 - 102,

and by using (6.3) we get P, = P, /4 = 4.79-10~%. Note that P, is much larger for 16-PSK than for 8-PSK given
the same ;. This result is expected because 16-PSK packs more bits per symbol into a given constellation and so,
for a fixed energy per bit, the minimum distance between constellation points will be smaller.

The error probability derivation for MPSK assumes that the carrier phase is perfectly known to the receiver. Under
phase estimation error, the distribution of p(#) used to obtain P; must incorporate the distribution of the phase
rotation associated with carrier phase offset. This distribution is typically a function of the carrier phase estimation
technique and the SNR. The impact of phase estimation error on coherent modulation is studied in [1, Apx. C; 2,
Chap. 4.3.2; 3; 4]. These works indicate that, as expected, significant phase offset leads to an irreducible bit error
probability. Moreover, nonbinary signaling is more sensitive than BPSK to phase offset because of the resulting
cross-coupling between in-phase and quadrature signal components. The impact of phase estimation error can be
especially severe in fast fading, where the channel phase changes rapidly owing to constructive and destructive
multipath interference. Even with differential modulation, phase changes over and between symbol times can
produce irreducible errors [5]. Timing errors can also degrade performance; analysis of timing errors in MPSK
performance can be found in [2, Chap. 4.3.3; 6].

6.1.4 Error Probability for MPAM and MQAM

The constellation for MPAM is A; = (2i — 1 — M)d,i = 1,2,..., M. Each of the M — 2 inner constellation
points of this constellation have two nearest neighbors at distance 2d. The probability of making an error when
sending one of these inner constellation points is just the probability that the noise exceeds d in either direction:
Py(s;) = p(In| > d),i = 2,..., M — 1. For the outer constellation points there is only one nearest neighbor, so
an error occurs if the noise exceeds d in one direction only: Ps(s;) = p(n > d) = .5p(|n| > d),i = 1, M. The
probability of error is thus

M —2 2d2 2 |2d2
= ) el il el
Y RV v KV
_2(M 1) | 242
- eV ) (6.18)

From (5.55), the average energy per symbol for MPAM is
1 Y 1< 1
Es=—) A7=—) (2i—1-M)*d* = —(M* - 1)d*. 1
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Thus we can write P; in terms of the average energy E as

_2(M - 1) 67,
Py= = Q(,/M2_1>. (6.20)

Consider now MQAM modulation with a square signal constellation of size M = L2. This system can be
viewed as two MPAM systems with signal constellations of size L transmitted over the in-phase and quadrature
signal components, each with half the energy of the original MQAM system. The constellation points in the in-
phase and quadrature branches take values A; = (20 — 1 — L)d,i = 1,2,..., L. The symbol error probability
for each branch of the MQAM system is thus given by (6.20) with M replaced by L = v/M and 7, equal to the
average energy per symbol in the MQAM constellation:

wﬁ—l)@( 37, )

})s7 branch = \/M M — (6.21)

Note that 7y, is multiplied by a factor of 3 in (6.21) instead of the factor of 6 in (6.20), since the MQAM constellation
splits its total average energy 7y, between its in-phase and quadrature branches. The probability of symbol error for

the MQAM system is then
_ 2
PS:1—<1—2(\/M_1)Q< 37 )) : (6.22)

VM M—-1

The nearest neighbor approximation to probability of symbol error depends on whether the constellation point is
an inner or outer point. Inner points have four nearest neighbors, while outer points have either two or three nearest
neighbors; in both cases the distance between nearest neighbors is 2d. If we take a conservative approach and set
the number of nearest neighbors to be four, we obtain the nearest neighbor approximation

Py~ 1Q ( /%) | 629

For nonrectangular constellations, it is relatively straightforward to show that the probability of symbol error

is upper bounded as
3 ’ 3
’78 ’78
P, <1—-1]1-2Q <4Q 6.24
5= [ ( M — 1)] o ( M — ) ’ ( )

which is the same as (6.23) for square constellations. The nearest neighbor approximation for nonrectangular
constellations is

dmin
Py~ My, Q ( m) : (6.25)

where My, is the largest number of nearest neighbors for any constellation point in the constellation and dyn is
the minimum distance in the constellation.

Example 6.3: For 16-QAM with 7, = 15 dB (ys = log, M - ), compare the exact probability of symbol error
(6.22) with (a) the nearest neighbor approximation (6.23) and (b) the symbol error probability for 16-PSK with the
same 7y, (which was obtained in Example 6.2).
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Solution: The average symbol energy v, = 4 - 1015 = 126.49. The exact P is then given by

2
204 —1 126.4
Ps:1—<1— (4 )Q< 3 1? 9)) =7.37-107".

The nearest neighbor approximation is given by

3-126.49
P, ~ 4Q ( T) —9.82-1077,

which is slightly larger than the exact value owing to the conservative approximation that every constellation point
has four nearest neighbors. The symbol error probability for 16-PSK from Example 6.2 is P, ~ 1.916 - 1073,
which is roughly four orders of magnitude larger than the exact Ps for 16-QAM. The larger Ps for MPSK versus
MQAM with the same M and same -y, is due to the fact that MQAM uses both amplitude and phase to encode data
whereas MPSK uses just the phase. Thus, for the same energy per symbol or bit, MQAM makes more efficient use
of energy and therefore has better performance.

The MQAM demodulator requires both amplitude and phase estimates of the channel so that the decision regions
used in detection to estimate the transmitted symbol are not skewed in amplitude or phase. The analysis of perfor-
mance degradation due to phase estimation error is similar to the case of MPSK discussed previously. The channel
amplitude is used to scale the decision regions so that they correspond to the transmitted symbol: this scaling is
called automatic gain control (AGC). If the channel gain is estimated in error then the AGC improperly scales
the received signal, which can lead to incorrect demodulation even in the absence of noise. The channel gain is
typically obtained using pilot symbols to estimate the channel gain at the receiver. However, pilot symbols do not
lead to perfect channel estimates, and the estimation error can lead to bit errors. More details on the impact of
amplitude and phase estimation errors on the performance of MQAM modulation can be found in [7, Chap. 10.3;
8].

6.1.5 Error Probability for FSK and CPFSK

Let us first consider the error probability of binary FSK with the coherent demodulator of Figure 5.24. Since
demodulation is coherent, we can neglect any phase offset in the carrier signals. The transmitted signal is defined
by

si(t) = AV2Tycos(2n fit), i=1,2. (6.26)

Hence Ej, = A? and y, = A%/Ny. The input to the decision device is

zZ =581 +n1— S — Ng. (6.27)

The device outputs a 1-bit if z > 0 or a 0-bitif z < 0. Let us assume that s; (¢) is transmitted; then

z|ll = A+ny —no. (6.28)

An error occurs if z = A 4+ ny — ng < 0. On the other hand, if s9(t) is transmitted then

2|0 =n1 — A — no, (6.29)
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and an error occurs if z = n; — A — ny > 0. For ny and ny independent white Gaussian random variables with
mean zero and variance No/2, their difference is a white Gaussian random variable with mean zero and variance
equal to the sum of variances Ny/2 + Ny/2 = Ny. Then, for equally likely bit transmissions,

P, = .5p(A +ny—ng < 0) + .5p(’I’L1 —A—ny > 0 A/\/NO (6.30)

The derivation of P; for coherent MFSK with M > 2 is more complex and does not lead to a closed-form solution
[2, eq. (4.92)]. The probability of symbol error for noncoherent MFSK is derived in [9, Chap. 8.1] as

M—-1
Po= Y (~1ymtt (M B 1> L o [_m%] : (6.31)

m m+1 m+1

m=1

The error probability of CPFSK depends on whether the detector is coherent or noncoherent and also on
whether it uses symbol-by-symbol detection or sequence estimation. Analysis of error probability for CPFSK is
complex because the memory in the modulation requires error probability analysis over multiple symbols. The
formulas for error probability can also become quite complicated. Detailed derivations of error probability for
these different CPFSK structures can be found in [1; Chap. 5.3]. As with linear modulations, FSK performance
degrades under frequency and timing errors. A detailed analysis of the impact of such errors on FSK performance
can be found in [2, Chap. 5.2; 10; 11].

Table 6.1: Approximate symbol and bit error probabilities for coherent modulations

Modulation Ps(s) Pb(%)
BFSK Qv
BPSK Q(V2m)
QPSK, 4-QAM Py ~2Q(,/75) Pb ~ Q(vV2)
MPAM p=2M=D, 67 p~2M-D, \/ 67 logp M
M 1 Mlog, M M?_1
. T 2 . T
MPSK P, ~2Q ( 274 sin (M)) P~ oz, MQ v/ 279 logy M sin (M))
4 37, logy M

37, - Vb 1082
Rectangular MQAM Py~ 4Q (w/ 7 1> by~ Tog, MQ M—1

= 4 37, logy M
Nonrectangular MQAM ~ Ps ~ 4Q (w/ 1\??—51> by~ oz, MQ 7& le

6.1.6 Error Probability Approximation for Coherent Modulations

Many of the approximations or exact values for P derived so far for coherent modulation are in the following
form:

Py(vs) = amQ(v/ Brrys), (6.32)

where «s and [(3js depend on the type of approximation and the modulation type. In particular, the nearest
neighbor approximation has this form, where aj; is the number of nearest neighbors to a constellation at the
minimum distance and 35/ is a constant that relates minimum distance to average symbol energy. In Table 6.1 we
summarize the specific values of ays and 3j; for common P expressions for PSK, QAM, and FSK modulations
based on the derivations in prior sections.
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Performance specifications are generally more concerned with the bit error probability P, as a function of the
bit energy <. To convert from P to P, and from ~y, to 7y, we use the approximations (6.3) and (6.2), which assume
Gray encoding and high SNR. Using these approximations in (6.32) yields a simple formula for P, as a function
of vp:

Py(e) = s Q(\ Barme), (6.33)
where d); = apy/logy M and BM = (logy M) for apy and (py in (6.32). This conversion is used in what
follows to obtain P, versus -, from the general form of Ps versus v, in (6.32).

6.1.7 Error Probability for Differential Modulation

The probability of error for differential modulation is based on the phase difference associated with the phase
comparator input of Figure 5.20. Specifically, the phase comparator extracts the phase of

r(k)r*(k — 1) =A2eOF)=00k=1)) o pei(OR)+0) p* (f — 1)
+ Ae I Ok=DT90) (k) + n(k)n* (k — 1) (6.34)

in order to determine the transmitted symbol. By symmetry we can assume a given phase difference when com-
puting the error probability. Assuming then a phase difference of zero, 8(k) — 0(k — 1) = 0, yields

r(k)r*(k —1) = A% + Ae? O F00)p* (k — 1) + Ae 7 OR=D+e0)p (k) + n(k)n*(k — 1). (6.35)
Next we define new random variables
(k) = n(k)e7OE=D+%0) and Ak — 1) = n(k — 1)e 7 OE)+0)
which have the same statistics as n(k) and n(k — 1). Then

r(k)r*(k —1) = A2+ A(@*(k — 1) + (k) + nk)a* (k — 1). (6.36)

There are three terms in (6.36): the first term, with the desired phase difference of zero; and the second and third
terms, which contribute noise. At reasonable SNRs the third noise term is much smaller than the second, so we
neglect it. Dividing the remaining terms by A yields

A+ Re{i*(k — 1)+ a(k)} + j Im{i* (k — 1) + i(k)}. (6.37)
Let us define z = Re{Z} and y = Im{Z}. The phase of Z is then given by

Z

6; = tan 'y/z. (6.38)

Given that the phase difference was zero, an error occurs if || > 7 /M. Determining p(|6;| > /M) is identical
to the case of coherent PSK except that, by (6.37), we have two noise terms instead of one and so the noise power
is twice that of the coherent case. This will lead to a performance of differential modulation that is roughly 3 dB
worse than that of coherent modulation.

In DPSK modulation we need only consider the in-phase branch of Figure 5.20 when making a decision, so we
set x = Re{Z} in our analysis. In particular, assuming a zero is transmitted, if t = A+Re{n*(k—1)+n(k)} <0
then a decision error is made. This probability can be obtained by finding the characteristic or moment generating
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function for z, taking the inverse Laplace transform to get the distribution of z, and then integrating over the
decision region z < 0. This technique is quite general and can be applied to a wide variety of different modulation
and detection types in both AWGN and fading [9, Chap. 1.1]: we will use it later to compute the average probability
of symbol error for linear modulations in fading both with and without diversity. In DPSK the characteristic
function for z is obtained using the general quadratic form of complex Gaussian random variables [1, Apx. B; 12,
Apx. B], and the resulting bit error probability is given by

1
P, = 56—“’. (6.39)
The error probability of DQPSK is harder to obtain than that of DPSK, since the phase difference between two
adjacent symbols depends on two information bits instead of one. An elegant analysis of the resulting error prob-
ability is obtained in [1, Apx. B] as a special case of the probability analysis for quadratic functions of complex

Gaussian random variables. This yields, under Gray coding, the bit error probability [1, Eqn. 4.5-66]

(2 B2
P =@i(a.0) - o |~ nan) (6.40)
where QQ1(a, b) is the Marcum Q function defined as
00 (A2 2
Q1(a,b) = / Z exp [W] Iy(az)dz, (6.41)
b

for Iy(z) the modified Bessel function of the first kind and zeroth order, a = 1/27,(1 — v/.5), and b = /27v,(1 + /'5).

6.2 Alternate (Q-Function Representation

In (6.32) we saw that P; for many coherent modulation techniques in AWGN is approximated in terms of the
Gaussian Q-function. Recall that ()(z) is defined as the probability that a Gaussian random variable X with mean
0 and variance 1 exceeds the value z:

[e.e]
1
zZ) = X > Z) = (&
Q) =pxz2= [
The @-function is not that easy to work with since the argument z is in the lower limit of the integrand, the

integrand has infinite range, and the exponential function in the integral doesn’t lead to a closed-form solution.
In 1991 an alternate representation of the ()-function was obtained by Craig [13]. The alternate form is given

—=*/2(y. (6.42)

by

1 w/2 — 2
This representation can also be deduced from the work of Weinstein [14] or Pawula et al. [5]. In this alternate
form, the integrand is over a finite range that is independent of the function argument 2, and the integral is Gaussian
with respect to z. These features will prove important in using the alternate representation to derive average error
probability in fading.

Craig’s motivation for deriving the alternate representation was to simplify the probability of error calculation
for AWGN channels. In particular, we can write the probability of bit error for BPSK using the alternate form as

P=0Q (\/2_%> - % /0 i exp [ — T ] do. (6.44)

sin?
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Similarly, the alternate representation can be used to obtain a simple exact formula for the Ps; of MPSK in AWGN
as

1 [M-1)m/M —
P, =— / exp [ b . 73] dé (6.45)
T Jo sin® ¢
(see [13]), where 3); = sin?(7/M). Note that this formula does not correspond to the general form apr Q(v/BarYs):
the general form is an approximation, whereas (6.45) is exact. Note also that (6.45) is obtained via a finite-range
integral of simple trigonometric functions that is easily computed using a numerical computer package or calcula-

tor.

6.3 Fading

In AWGN the probability of symbol error depends on the received SNR or, equivalently, on 5. In a fading
environment the received signal power varies randomly over distance or time as a result of shadowing and/or
multipath fading. Thus, in fading, 7, is a random variable with distribution p,_ () and so Ps(~,) is also random.
The performance metric when 7y, is random depends on the rate of change of the fading. There are three different
performance criteria that can be used to characterize the random variable P:

B the outage probability, P, defined as the probability that v, falls below a given value g corresponding to
the maximum allowable F;

B the average error probability, P,, averaged over the distribution of ,;

B combined average error probability and outage, defined as the average error probability that can be achieved
some percentage of time or some percentage of spatial locations.

The average probability of symbol error applies when the fading coherence time is on the order of a symbol
time (7 ~ 1), so that the signal fade level is roughly constant over a symbol period. Since many error correction
coding techniques can recover from a few bit errors and since end-to-end performance is typically not seriously
degraded by a few simultaneous bit errors (since the erroneous bits can be dropped or retransmitted), the average
error probability is a reasonably good figure of merit for the channel quality under these conditions.

However, if the signal fading is changing slowly (75 < T,) then a deep fade will affect many simultaneous
symbols. Hence fading may lead to large error bursts, which cannot be corrected for with coding of reasonable
complexity. Therefore, these error bursts can seriously degrade end-to-end performance. In this case acceptable
performance cannot be guaranteed over all time — or, equivalently, throughout a cell — without drastically increasing
transmit power. Under these circumstances, an outage probability is specified so that the channel is deemed
unusable for some fraction of time or space. Outage and average error probability are often combined when
the channel is modeled as a combination of fast and slow fading (e.g., log-normal shadowing with fast Rayleigh
fading).

Note that if T,, < T then the fading will be averaged out by the matched filter in the demodulator. Thus, for
very fast fading, performance is the same as in AWGN.

6.3.1 Outage Probability

The outage probability relative to v is defined as

Yo
Pout = p(7s < 0) = /0 Py (7)d, (6.46)
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where 7 typically specifies the minimum SNR required for acceptable performance. For example, if we consider
digitized voice, P, = 1072 is an acceptable error rate because it generally can’t be detected by the human ear.
Thus, for a BPSK signal in Rayleigh fading, v, < 7 dB would be declared an outage; hence we set v = 7 dB.

In Rayleigh fading the outage probability becomes

70 1 _ _
Pout = / ’7—6_75/75 d’ys =1- 6_70/75. (647)
0 S

Inverting this formula shows that, for a given outage probability, the required average SNR 7 is

=~ _ 70
BT T - Pow)’

In decibels this means that 10 log 7 must exceed the target 10 log vy by

(6.48)

Fy = —10log[—In(1 — Poyt)]

in order to maintain acceptable performance more than 100 - (1 — Pyyy) percent of the time. The quantity Fy is
typically called the dB fade margin.

Example 6.4: Determine the required 7, for BPSK modulation in slow Rayleigh fading such that, for 95% of the
time (or in 95% of the locations), P, () < 1074

Solution: For BPSK modulation in AWGN the target BER is obtained at 7, = 8.5dB. That is, for Py(7y,) =
Q(\/27) we have Py(108%) = 10~%. Thus, vo = 8.5dB. We want P,y = p(7 < 70) = .05, so

_ Yo _ 10
T T - Pow)  —In(1—.05)

=21.4dB.

6.3.2 Average Probability of Error

The average probability of error is used as a performance metric when 7T ~ T,.. We can therefore assume that
is roughly constant over a symbol time. Then the average probability of error is computed by integrating the error
probability in AWGN over the fading distribution:

j - /0 Py(¥)pa,(7) d, (6.49)

where Ps(7y) is the probability of symbol error in AWGN with SNR ~, which can be approximated by the ex-
pressions in Table 6.1. For a given distribution of the fading amplitude r (e.g., Rayleigh, Rician, log-normal), we
compute p-, (y) by making the change of variable

P (7)dry = p(r) dr. (6.50)

For example, in Rayleigh fading the received signal amplitude r has the Rayleigh distribution

p(r) = %e‘ﬁ/z"a r >0, 6.51)

and the signal power is exponentially distributed with mean 202, The SNR per symbol for a given amplitude 7 is
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2
T
= — 6.52
7= 52 (6.52)
where 02 = Ny/2 is the PSD of the noise in the in-phase and quadrature branches. Differentiating both sides of
this expression yields

T

o

Substituting (6.52) and (6.53) into (6.51) and then (6.50) yields

dy = dr. (6.53)

_ _oa
02T,

Since the average SNR per symbol 7, is just 02T /02, we can rewrite (6.54) as

P (%) ™R/, (6.54)

1 _
py(7) = —e /s, (6.55)
Vs
which is the exponential distribution. For binary signaling this reduces to

1 _
po(y) = —e 770, (6.56)
b

Integrating (6.6) over the distribution (6.56) yields the following average probability of error for BPSK in

Rayleigh fading:
5 1 [ b 1
Py=—-11- ~ — (BPSK), 6.57
b= [ 1 —I—%] En ( ) (6.57)

where the approximation holds for large ;. A similar integration of (6.30) over (6.56) yields the average probability
of error for binary FSK in Rayleigh fading as

5 1 b 1 .
P,=-|1- ~— (b FSK). 6.58
=5 |1y g (inary K 658)

For noncoherent modulation, if we assume the channel phase is relatively constant over a symbol time then
we obtain the probability of error by again integrating the error probability in AWGN over the fading distribution.
For DPSK this yields

_ 1 1
Py A (DPSK), (6.59)
where again the approximation holds for large 7. Thus, at high SNRs, the performance of DPSK and binary FSK
converge, and this performance is approximately 3 dB worse than that of BPSK. This was also observed in AWGN
and represents the power penalty of differential detection. In practice the power penalty is somewhat smaller, since
DPSK can correct for slow phase changes introduced in the channel or receiver, which are not taken into account
in these error calculations.

If we use the general approximation Ps ~ apQ(+/Bar7ys) then the average probability of symbol error in
Rayleigh fading can be approximated as

B 0o 1 /- Qg DBMTs M
P~ L “//“/Sd s = — |1 — ~ ) 6.60
/0 anQ(VBm) 786 v 9 [ W} 28Mm7s (660
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where the last approximation is in the limit of high SNR.

It is interesting to compare the bit error probabilities of the different modulation schemes in AWGN and
in fading. For binary PSK, FSK, and DPSK, the bit error probability in AWGN decreases exponentially with
increasing 5. However, in fading the bit error probability for all the modulation types decreases just linearly with
increasing 7. Similar behavior occurs for nonbinary modulation. Thus, the power necessary to maintain a given
Py, particularly for small values, is much higher in fading channels than in AWGN channels. For example, in
Figure 6.1 we plot the error probability of BPSK in AWGN and in flat Rayleigh fading. We see that it requires
approximately 8-dB SNR to maintain a 10~ bit error rate in AWGN, whereas it takes approximately 24-dB SNR
to maintain the same error rate in fading. A similar plot for the error probabilities of MQAM, based on the
approximations (6.23) and (6.60), is shown in Figure 6.2. From these figures it is clear that minimizing transmit
power requires some technique to remove the effects of fading. We will discuss some of these techniques —

including diversity combining, spread spectrum, and RAKE receivers — in later chapters.

— AWGN
- — Rayleigh fading

‘ ‘
10 15 20
¥, (dB)

Figure 6.1: Average P, for BPSK in Rayleigh fading and AWGN.

AWGN ~ 7

20 25 30 35 40
7, (d8)

Figure 6.2: Average P, for MQAM in Rayleigh fading and AWGN.
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Rayleigh fading is one of the worst-case fading scenarios. In Figure 6.3 we show the average bit error proba-
bility of BPSK in Nakagami fading for different values of the Nakagami-m parameter. We see that, as m increases,
the fading decreases and the average bit error probability converges to that of an AWGN channel.

Average Bit Error Probability

M=o
No fading)

I | .
0 10 20 30 40
Average SNRYb (dB)

Figure 6.3: Average P, for BPSK in Nakagami fading.

6.3.3 Moment Generating Function Approach to Average Error Probability

The moment generating function (MGF) is a useful tool for performance analysis of modulation in fading both with
and without diversity. In this section we discuss how it can be used to simplify performance analysis of average
probability of symbol error in fading. In the next chapter we will see that it also greatly simplifies analysis in
fading channels with diversity.

The MGF for a nonnegative random variable v with distribution p.,(y),y > 0, is defined as

M) = [ et 661)

Note that this function is just the Laplace transform of the distribution p () with the argument reversed in sign:
Lpy(v)] = M, (—s). Thus, the MGF for most fading distributions of interest can be computed either in closed-
form using classical Laplace transforms or through numerical integration. In particular, the MGF for common
multipath fading distributions are as follows [9, Chap. 5.1].

B Rayleigh:
Mo, (s) = (1= s75) 7" (6.62)
B Rician with factor K:
B 1+ K Ksvq
M, (s) = 1+K_s%ex [1—|—K—373] . (6.63)
B Nakagami-m:
895\ ™
M, (s) = (1 - ) . (6.64)



As indicated by its name, the moments E[y"] of v can be obtained from M., (s) as

n_ 0"
E[y ]:@

The basic premise of the MGF approach for computing average error probability in fading is to express the
probability of error P; in AWGN for the modulation of interest either as an exponential function of s,

[M, (8)]s=0- (6.65)

Py = aexp|—bys] (6.66)

for constants a and b, or as a finite-range integral of such an exponential function:

B
P :/ aexp[—b(x)vs| dz, (6.67)
0

where the constant b(z) may depend on the integrand but the SNR v does not (and is not in the limits of inte-
gration). These forms allow the average probability of error to be expressed in terms of the MGF for the fading
distribution. Specifically, if Ps = a exp|—bys], then

Po= [ aexpl-b1lpy, (2)dy = aMo, (D) (6.68)
0

Since DPSK is in this form with a = 1/2 and b = 1, we see that the average probability of bit error for DPSK in
any type of fading is

By = 3 M, (-1), (6.69)

where M., (s) is the MGF of the fading distribution. For example, using M, (s) for Rayleigh fading given by
(6.62) with s = —1 yields P, = [2(1 + %)]_1, which is the same as we obtained in (6.59). If P is in the integral
form of (6.67) then

Po= 7 [ aesl-swnlaen o)
—a [T eat-twnipan]

B
:a/ M (=b(x)) dx. (6.70)
0

In this latter case, the average probability of symbol error is a single finite-range integral of the MGF of the fading
distribution, which typically can be found in closed form or easily evaluated numerically.

Let us now apply the MGF approach to specific modulations and fading distributions. Consider any modula-
tion for which its symbol error probability P; in AWGN is given or approximated by an expression of the following
form:

Py(vs) = aQ(v/Bs)- 6.71)

Note that (6.32) provided an approximation to Ps; in AWGN for coherent MPSK, MQAM, and MPAM in this form,
with constants « and ( that depend on M.
Using the alternate ()-function representation (6.43), we get that

w/2 _
p=2 / eXp[ 58 7] do, (6.72)
0

T sin? ¢
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which is in the desired form (6.67). Thus, the average error probability in fading for modulations with Py =
aQ(v/Bvs) in AWGN is given by

P /L/em[ 46y, (7) dvdo
= ;/OW/Q [/OoeXp meg] Py, (7 )dv] do

a [T/? 503
_;/0 M, <51n2<;5> do, (6.73)

where M., (s) is the MGF associated with the distribution p., () as defined by (6.61). Recall that Table 6.1
approximates the error probability in AWGN for many modulations of interest as Ps ~ aQ(v/37s), so (6.73)
gives an approximation for the average error probability of these modulations in fading. Moreover, the exact
average probability of symbol error for coherent MPSK can be obtained in a form similar to (6.73) by noting that
Craig’s formula for P; of MPSK in AWGN given by (6.45) is in the desired form (6.67). Thus, the exact average
probability of error for MPSK becomes

_ oo 1 (M—-1)m/M o .
Py —/ / eXp[ lﬁﬂgﬂ ] dé py, () dvy

sin® ¢
_ (M=1)m/M ﬁM’Vs
[ o o]
B 1 (M—-1)m/M B
-1 MW<§E%>M, (6.74)

where 3y = sin?(7/M) depends on the size of the MPSK constellation. The MGF M., (s) for Rayleigh, Ri-
cian, and Nakagami-m distributions were given by (6.62), (6.63), and (6.64), respectively. Substituting s =
— B/ sin? ¢ in these expressions yields the following equations.

B Rayleigh:

By \ Buds\ !
M, <_Sin2¢> = (1 + Sin2<;5> . (6.75)

B Rician with factor K:

~ Bu (14 K)sin? ¢ [_ K BuiAs
M“{s < sin2 ¢> - (1 —I—K) Sin2¢+ﬁM’73 exp (1 —I—K) SiD2¢+ﬁM’73 (6.76)
B Nakagami-m:
ﬁM _ ﬁMﬁ/s -
Mo <_sin2¢> a (1 " msin2¢> ' (6.77)

All of these functions are simple trigonometrics and are therefore easy to integrate over the finite range in (6.73)
or (6.74).
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Example 6.5: Use the MGF technique to find an expression for the average probability of error for BPSK modu-
lation in Nakagami fading.

Solution: We use the fact that BPSK for an AWGN channel has P, = Q(v/273), so« = 1 and 8 = 2 in (6.71).
The moment generating function for Nakagami-m fading is given by (6.77), and substituting this into (6.73) with

a =g = 1yields
_ 1 7r/2 = —m
Pb:—/ <1+%> do.
T Jo msin® ¢

From (6.22) we see that the exact probability of symbol error for MQAM in AWGN contains both the Q-
function and its square. Fortunately, an alternate form of Q*(z) allows us to apply the same techniques used here
for MPSK to MQAM modulation. Specifically, an alternate representation of Q?(z) is derived in [15] as

) _l w/4 [ —Z2 ]
Q(z) = 7T/0 exXp | 55 7o do. (6.78)

Note that this is identical to the alternate representation for (Q(z) given in (6.43) except that the upper limit of the
integral is /4 instead of 7/2. Thus we can write (6.22) in terms of the alternate representations for (z) and

Q*(2) as
B 4 1 /2 Barys
pod =3 (= 7m) e ()

4 1 2 ﬁM’Vs
2 (-7m) [ e |-5E 7

where By = 1.5/(M — 1) is a function of the MQAM constellation size. Then the average probability of symbol
error in fading becomes

(V)P (7)d

( —L> /W/z/ eXp[ d)]p%(v)dwkb
;@——) [ e[ -20)5 chana
() [ ()

1 2 w/4 ﬁM
2 (m) [ () o

Thus, the exact average probability of symbol error is obtained via two finite-range integrals of the MGF over the
fading distribution, which typically can be found in closed form or easily evaluated numerically.

The MGF approach can also be applied to noncoherent and differential modulations. For example, consider
noncoherent MFSK, with P; in AWGN given by (6.31), which is a finite sum of the desired form (6.66). Thus, in
fading, the average symbol error probability of noncoherent MFSK is given by

’Ul

Il
:\|4> S—
8
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m=1 m
:i:f 1ymi (Mn; 1) —L [ e [‘—H] Pra(7) dv]
_ mﬁi(_l)mﬂ (Mn; 1> mLHM% <_mL+1> . (6.:81)

Finally, for differential MPSK it can be shown [16] that the average probability of symbol error is given by
\/ﬁM 2 exp| 73 (1 —+/1— Bprcosh)]
— /1 — By cosf

for By = sin?(w /M) , which is in the desired form (6.67). Thus we can express the average probability of symbol
error in terms of the MGF of the fading distribution as

B, — \/ﬁ—M/”/2 — /1= By cosb)) o,
w/2

1—ﬁMCOSH

P, =

do (6.82)

(6.83)

A more extensive discussion of the MGF technique for finding average probability of symbol error for different
modulations and fading distributions can be found in [9, Chap. 8.2].

6.3.4 Combined Outage and Average Error Probability

When the fading environment is a superposition of both fast and slow fading (e.g., log-normal shadowing and
Rayleigh fading), a common performance metric is combined outage and average error probability, where outage
occurs when the slow fading falls below some target value and the average performance in non-outage is obtained
by averaging over the fast fading. We use the following notation.

o7 s denotes the average SNR per symbol for a fixed path loss with averaging over fast fading and shadowing.

® 75 denotes the (random) SNR per symbol for a fixed path loss and random shadowing but averaged over fast

fading. Its average value, averaged over the shadowing, is 7.

e 7, denotes the random SNR due to fixed path loss, shadowing, and multipath. Its average value, averaged
over multipath only, is 7. Its average value, averaged over both multipath and shadowing, is 7.

With this notation we can specify an average error probability P, with some probability 1 — P,,;. An outage is
declared when the received SNR per symbol due to shadowing and path loss alone, 7,, falls below a given target
value 45,. When not in outage (75 > 7s,), the average probability of error is obtained by averaging over the
distribution of the fast fading conditioned on the mean SNR:

P, = /0 Ps('ys)p('ys | '73) dys. (6.84)

The criterion used to determine the outage target 7, is typically based on a given maximum acceptable average
probability of error Ps,. The target 75, must then satisfy
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PSO = /0 PS('VS)p('Vs | '730) drys. (6.85)

It is clear that, whenever 75 > 7s,, the average error probability P will be below the target maximum value Ps,.

Example 6.6: Consider BPSK modulation in a channel with both log-normal shadowing (o, = 8dB) and
Rayleigh fading. The desired maximum average error probability is P, = 10~%, which requires 7, = 34 dB.
Determine the value of 7, that will ensure P, < 104 with probability 1 — Py, = .95.

Solution: We must find ?b, the average of 7, in both the fast and slow fading, such that p(3, > p,) = 1 — Pout.
For log-normal shadowing we compute this as

Fo — b > 34—%) _0 (34—%
O4an O4an O4an
since, assuming units in dB, (3, — 1) /0, is a Gauss-distributed random variable with mean 0 and standard
deviation 1. Thus, the value of 7; is obtained by substituting the values of Py and oy, in (6.86) and using a

table of @Q-functions or an inversion program, which yields (34 — 7;)/8 = —1.6 or 4, = 46.8 dB.

p(’?b > 34) =P < > =1— Pout, (6.86)

6.4 Doppler Spread

One consequence of Doppler spread is an irreducible error floor for modulation techniques using differential de-
tection. This is due to the fact that in differential modulation the signal phase associated with one symbol is used
as a phase reference for the next symbol. If the channel phase decorrelates over a symbol, then the phase refer-
ence becomes extremely noisy, leading to a high symbol error rate that is independent of received signal power.
The phase correlation between symbols and consequent degradation in performance are functions of the Doppler
frequency fp = v/ and the symbol time 7.

The first analysis of the irreducible error floor due to Doppler was done by Bello and Nelin in [17]. In that
work, analytical expressions for the irreducible error floor of noncoherent FSK and DPSK due to Doppler are
determined for a Gaussian Doppler power spectrum. However, these expressions are not in closed form, so they
must be evaluated numerically. Closed-form expressions for the bit error probability of DPSK in fast Rician fading,
where the channel decorrelates over a bit time, can be obtained using the MGF technique, with the MGF obtained
based on the general quadratic form of complex Gaussian random variables [1, Apx. B; 12, Apx. B]. A different
approach utilizing alternate forms of the Marcum ()-function can also be used [9, Chap. 8.2.5]. The resulting
average bit error probability for DPSK is

P, = E (1 + K+ (1~ pc)> exp [—ﬂ] , (6.87)

2 1+ K+ 1+ K+

where pc is the channel correlation coefficient after a bit time 7}, K is the fading parameter of the Rician distribu-
tion, and #;, is the average SNR per bit. For Rayleigh fading (K = 0) this simplifies to

5 1 (/1+30 —Pc)>
Pp=-| ————= . 6.88
"2 ( L+% (6.83)
Letting 7, — oo in (6.87) yields the irreducible error floor:
_ 1— -K
Proor = % (DPSK). (6.89)
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A similar approach is used in [18] to bound the bit error probability of DQPSK in fast Rician fading as

S (pcAs/V2)? e | (2 — V3K, /2
Py < (1 \/(%H)z-(po%/ﬂ)z) p[ (75+1)—(pc%/\/§)]’ (6.90)

where K is as before, pc is the channel correlation coefficient after a symbol time 7%, and 7 is the average SNR
per symbol. Letting s — oo yields the irreducible error floor:

1(1_ (pc/v2)? )exp [_(2—¢§><K/2>

F)ﬂoor = (DQPSK) (6.91)

2 1— (po/V2)? 1— po/V2

As discussed in Section 3.2.1, the channel correlation Ac(7) over time 7 equals the inverse Fourier transform
of the Doppler power spectrum Sc(f) as a function of Doppler frequency f. The correlation coefficient is thus
pc = Ac(T)/Ac(0) evaluated at T = T for DQPSK or at 7' = T}, for DPSK. Table 6.2, from [19], gives the
value of p¢ for several different Doppler power spectra models, where Bp is the Doppler spread of the channel.
Assuming the uniform scattering model (pc = Jo(27 fpTp)) and Rayleigh fading (K = 0) in (6.89) yields an
irreducible error for DPSK of

Table 6.2: Correlation coefficients for different Doppler power spectra models

Type Doppler power spectrum Sc(f) | pc = Ac(T)/Ac(0)
Rectangular Py/2Bp,|f| < Bp sinc(2BpT)

Gaussian (Py//7TBp)e*/Pb e~ (7BpT)?

Uniform scattering Py/=\/B} — f2,|f] < Bp Jo(2rBpT)

Ist-order Butterworth | PoBp /7 (f? + B%) e~2mBpT

K=0
(Rayleigh fading)

. N
— T, =01 \\\\ K=20
- - T, =001 L
2 . . -

0 10 20 40 50 60

*/b3<gB)
Figure 6.4: Average P, for DPSK in fast Rician fading with uniform scattering.
> 1 —Jo(2mfpTh)

Poor = 5 ~ 5(mfpTh)?, (6.92)
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where Bp = fp = v/A\ is the maximum Doppler in the channel. Note that in this expression the error floor
decreases with data rate R = 1/T}. This is true in general for irreducible error floors of differential modulation
due to Doppler, since the channel has less time to decorrelate between transmitted symbols. This phenomenon is
one of the few instances in digital communications where performance improves as data rate increases.

A plot of (6.87), the error probability of DPSK in fast Rician fading, for uniform scattering (pc = Jo (27 fpTy))
and different values of fpT} is shown in Figure 6.4. We see from this figure that the error floor starts to dominate
at 7, = 15 dB in Rayleigh fading (K = 0), and as K increases the value of 7, where the error floor dominates
also increases. We also see that increasing the data rate R, = 1/7T} by an order of magnitude decreases the error
floor by roughly two orders of magnitude.

Example 6.7: Assume a Rayleigh fading channel with uniform scattering and a maximum Doppler of fp = 80
Hz. For what approximate range of data rates will the irreducible error floor of DPSK be below 10~4?
Solution: We have Pgoor =~ .5(7 fpTp)? < 10~%. Solving for T}, with fp = 80 Hz, we get

V2104
T, < V2 10 56 1075,
- 80

which yields R > 17.77 kbps.

Deriving analytical expressions for the irreducible error floor becomes intractable with more complex modulations,
in which case simulations are often used. In particular, simulations of the irreducible error floor for 7/4-DQPSK
with square-root raised cosine filtering have been conducted (since this modulation is used in the IS-136 TDMA
standard) in [20, 21]. These simulation results indicate error floors between 1072 and 10™%. As expected, in
these simulations the error floor increases with vehicle speed, since at higher vehicle speeds the channel typically
decorrelates more over a given symbol time.

6.5 Intersymbol Interference

Frequency-selective fading gives rise to intersymbol interference, where the received symbol over a given symbol
period experiences interference from other symbols that have been delayed by multipath. Since increasing signal
power also increases the power of the IS, this interference gives rise to an irreducible error floor that is independent
of signal power. The irreducible error floor is difficult to analyze because it depends on the modulation format and
the ISI characteristics, which in turn depend on the characteristics of the channel and the sequence of transmitted
symbols.

The first extensive analysis of the degradation in symbol error probability due to ISI was done by Bello and
Nelin [22]. In that work, analytical expressions for the irreducible error floor of coherent FSK and noncoherent
DPSK are determined assuming a Gaussian delay profile for the channel. To simplify the analysis, only ISI asso-
ciated with adjacent symbols was taken into account. Even with this simplification, the expressions are complex
and must be approximated for evaluation. A more accurate analytical analysis can be found in [23, Chap. 8.2],
where the irreducible error floor is evaluated based on both the worst-case sequence of transmitted symbols and by
averaging over all possible symbol sequences. These expressions are also complex to evaluate owing to their de-
pendence on the channel and symbol sequence characteristics. A simple approximation to symbol error probability
with ISI can be obtained by treating the ISI as uncorrelated white Gaussian noise. Then the SNR becomes

J— P/r'
 NyB+1I’

Vs (6.93)
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Figure 6.5: Irreducible error versus normalized rms delay spread for Gaussian power delay profile. (Reprinted by
permission from [24, Fig. 9], (©) 1987 IEEE.)

where P, is the received power associated with the line-of-sight signal component, and [ is the received power
associated with the ISI. In a static channel the resulting probability of symbol error will be P;(9s), where P is the
probability of symbol error in AWGN. If both the LOS signal component and the ISI experience flat fading, then
4s will be a random variable with distribution p(95). The outage probability is then P,y = p(9s < 7o) and the
average symbol error probability is Ps = [ Ps(9s)p(9s) dys. Note that 45 is the ratio of two random variables —
the LOS received power P, and the ISI received power I — and thus the resulting distribution p(,) may be hard to
obtain and typically is not in closed form.

Irreducible error floors due to ISI are often obtained by simulation, which can easily incorporate different
channel models, modulation formats, and symbol sequence characteristics [24, 20, 21, 25, 26, 27]. The earliest of
these works is [24]. The extensive simulations in this work determined the irreducible error floor due to ISI for
BPSK, DPSK, QPSK, OQPSK and MSK modulations with different pulse shapes and for channels with different
power delay profiles, including a Gaussian, exponential, equal-amplitude two-ray, and empirical power delay pro-
file. The results of [24] indicate that the irreducible error floor is more sensitive to the rms delay spread of the
channel than to the shape of its power delay profile. Moreover, pulse shaping can significantly impact the error
floor: for the raised cosine pulses discussed in Section 5.5, increasing (3 from O to 1 can reduce the error floor by
over an order of magnitude.

The simulation results of [24] are shown in Figure 6.5. This figure plots the irreducible bit error rate as a
function of normalized rms delay spread d = o7, /T for BPSK, QPSK, OQPSK, and MSK modulation assuming
a static channel with a Gaussian power delay profile. We see from the figure that, for all modulations, we can
approximately bound the irreducible error floor as

2
Pﬂoor <K <O-T,&> (694)

s
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for K a constant that depends on the modulation type, the transmit and receive filtering, and the power delay
profile. For the modulation types in Figure 6.5 we see that K ranges from about 0.4 for BPSK to 1 for MSK. Other
simulation results [27, 25, 26] support this bound as well. This bound can also be derived analytically based on
group delay. Details can be found in [29, Chapter 12.3.2].

This bound imposes severe constraints on data rate even when symbol error probabilities on the order of
1072 are acceptable, and usually this is a very high error probability even with strong error correction codes. For
example, the rms delay spread in a typical urban environment is approximately o7, = 2.5 us. Tokeep o7, < .17}
requires that the data rate not exceed 40 kbaud, which generally isn’t enough for high-speed data applications. In
rural environments, where multipath is not attenuated to the same degree as in cities, o, ~ 25 s, which reduces
the maximum data rate to 4 kbaud.

Example 6.8: Using the approximation Pg,., < K (o7, /Ts)? of (6.94) with K = 0.4 for BPSK and K = 0.7 for
QPSK, find the maximum data rate that can be transmitted through a channel with delay spread o1, = 3 us, using
either BPSK or QPSK modulation, such that the probability of bit error P, is less than 1073,

Solution: For BPSK, we set Pgoor = .4(071,, /T3)? and so require T, > o7, /7/ Pfoor/.4 = 94.87 us, which leads

to a data rate of R = 1/T}, = 15 kbps. For QPSK, we have T, > o7, /1/ Poor/.7 = 113.39 ps. Since there are
two bits per symbol, this leads to a data rate of R = 2/7T = 17.64 kbps. This indicates that, for a given data rate,
QPSK is more robust to ISI than BPSK because its symbol time is slower, even though the K value in the error
floor bound (6.94) is higher for the larger constellation size of QPSK versus BPSK. In general K increases in the
bound of (6.94) as the constellation size increases, but large constellations are still more robust to ISI than smaller
ones due to their longer symbol times.
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Figure 6.6: BPSK demodulator for Problem 6-4.

Chapter 6 Problems

1. Consider a system in which data is transferred at a rate of 100 bits per second over the channel.

(a) Find the symbol duration if we use a sinc pulse for signaling and the channel bandwidth is 10 kHz.
(b) Suppose the received SNR is 10 dB. Find the SNR per symbol and the SNR per bit if 4-QAM is used.

(c) Find the SNR per symbol and the SNR per bit for 16-QAM, and compare with these metrics for 4-
QAM.

2. Consider BPSK modulation where the a priori probability of 0 and 1 is not the same. Specifically, p(s,, =
0) =0.3and p(s, =1) =0.7.

(a) Find the probability of bit error P, in AWGN assuming we encode a 1 as s1(t) = A cos(2nf.t) and a
0 as so(t) = —Acos(27 f.t) for A > 0, assuming the receiver structure is as shown in Figure 5.17.

(b) Suppose you can change the threshold value in the receiver of Figure 5.17. Find the threshold value
that yields equal error probability regardless of which bit is transmitted — that is, the threshold value
that yields p(h =0 |m = 1)p(m =1) = p(th = 1| m = 0)p(m = 0).

(c) Now suppose we change the modulation so that s;(t) = A cos(27 f.t) and sa(t) = —B cos(27 f.t).
Find A > 0 and B > 0 so that the receiver of Figure 5.17 with threshold at zero has p(r = 0| m =
p(m=1) =p(m =1[m=0)p(m = 0).

(d) Compute and compare the expression for P, in parts (a), (b), and (c) assuming E; /Ny = 10 dB and
Ny = .1. For which system is P, minimized?

3. Consider a BPSK receiver whose demodulator has a phase offset of ¢ relative to the transmitted signal, so for
a transmitted signal s(t) = £g(t) cos(27 f.t) the carrier in the demodulator of Figure 5.17 is cos (27 fot+¢).
Determine the threshold level in the threshold device of Figure 5.17 that minimizes probability of bit error,
and find this minimum error probability.

4. Assume a BPSK demodulator in which the receiver noise is added after the integrator, as shown in Figure 6.6.
The decision device outputs a 1 if its input 2 has Re{x} > 0, and a 0 otherwise. Suppose the tone jammer
n(t) = 1.1e/%, where p(6 = nr/3) = 1/6 forn = 0,1,2,3,4,5. What is the probability of making a
decision error in the decision device (i.e., outputting the wrong demodulated bit), assuming A, = /2/T}, =
1 and that information bits corresponding to a 1 (s(t) = A, cos(27f.t)) or a 0(s(t) = —A. cos(27 f.t)) are
equally likely.

5. Find an approximation to P for the signal constellations shown in Figure 6.7.
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6. Plot the exact symbol error probability and the approximation from Table 6.1 of 16-QAM with 0 < v, <
30 dB. Does the error in the approximation increase or decrease with y;? Why?

7. Plot the symbol error probability Ps for QPSK using the approximation in Table 6.1 and Craig’s exact result
for 0 < 5 < 30 dB. Does the error in the approximation increase or decrease with v5? Why?

8. In this problem we derive an algebraic proof of the alternate representation of the Q-function (6.43) from its
original representation (6.42). We will work with the complementary error function (erfc) for simplicity and
make the conversion at the end. The erfc(x) function is traditionally defined by

erfc(z) = % /OO et dt. (6.95)

The alternate representation of this, corresponding to the alternate representation of the ()-function (6.43), is

2 7T/2 2 : 29
erfe(z) = E/ e /570 g, (6.96)
0
(a) Consider the integral
[e%¢) —at?
e
0

and show that I,,(a) satisfies the following differential equation:

22I.(a) — OL(a) =

1
9 3 (6.98)
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10.

11.

12.

13.

(b) Solve the differential equation (6.98) and deduce that

N e_at2 ™ 2

I,(a) = ——— dt = —e* erfc(zv/a). 6.99

I( ) /0 LL’2 + t2 20 ( \/_) ( )

Hint: I,(a) is a function in two variables = and a. However, since all our manipulations deal with a
only, you can assume x to be a constant while solving the differential equation.

(c) Setting a = 1in (6.99) and making a suitable change of variables in the left-hand side of (6.99), derive
the alternate representation of the erfc function:

s

w/2 )
erfe(z) = g/ e /56 gp.
0

(d) Convert this alternate representation of the erfc function to the alternate representation of the Q-
function.

Consider a communication system that uses BPSK signaling, with average signal power of 100 W and noise
power at the receiver of 4 W. Based on its error probability, can this system be used for transmission of data?
Can it be used for voice? Now consider the presence of fading with an average SNR 7, = 20 dB. How do
your answers to the previous questions change?

Consider a cellular system at 900 MHz with a transmission rate of 64 kbps and multipath fading. Explain
which performance metric — average probability of error or outage probability — is more appropriate (and
why) for user speeds of 1 mph, 10 mph, and 100 mph.

Derive the expression for the moment generating function for SNR in Rayleigh fading.

This problem illustrates why satellite systems that must compensate for shadow fading are going bankrupt.
Consider an LEO satellite system orbiting 500 km above the earth. Assume that the signal follows a free-
space path-loss model with no multipath fading or shadowing. The transmitted signal has a carrier frequency
of 900 MHz and a bandwidth of 10 kHz. The handheld receivers have noise power spectral density of 10716
mW?/Hz (total noise power is NgB). Assume nondirectional antennas (0-dB gain) at both the transmitter and
receiver. Suppose the satellite must support users in a circular cell on the earth of radius 100 km at a BER
of 1076,

(a) For DPSK modulation, find the transmit power needed for all users in the cell to meet the 10~ BER
target.

(b) Repeat part (a) assuming that the channel also experiences log-normal shadowing with oy, = 8 dB
and that users in a cell must have P, = 10~° (for each bit) with probability 0.9.

In this problem we explore the power penalty involved in going from BPSK to the higher-level signal mod-
ulation of 16-PSK.

(a) Find the minimum distance between constellation points in 16-PSK modulation as a function of signal
energy F.

(b) Find apr and Bjy such that the symbol error probability of 16-PSK in AWGN is approximately

P, ~ aMQ(\/ ﬁM'ys)'
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14.

15.

16.

17.

18.

(c) Using your expression in part (b), find an approximation for the average symbol error probability of
16-PSK in Rayleigh fading in terms of 7.

(d) Convert the expressions for average symbol error probability of 16-PSK in Rayleigh fading to an ex-
pression for average bit error probability, assuming Gray coding.

(e) Find the approximate value of 7, required to obtain a BER of 1073 in Rayleigh fading for BPSK and
16-PSK. What is the power penalty in going to the higher-level signal constellation at this BER?

Find a closed-form expression for the average probability of error for DPSK modulation in Nakagami-m
fading. Evalute for m = 4 and 7, = 10 dB.

The Nakagami distribution is parameterized by m, which ranges from m = .5 to m = co. The m-parameter
measures the ratio of LOS signal power to multipath power, so m = 1 corresponds to Rayleigh fading,
m = oo corresponds to an AWGN channel with no fading, and m = .5 corresponds to fading that results in
performance that is worse than with a Rayleigh distribution. In this problem we explore the impact of the
parameter m on the performance of BPSK modulation in Nakagami fading.

Plot the average bit error Pj, of BPSK modulation in Nakagami fading with average SNR ranging from 0 dB
to 20 dB for m parameters m = 1 (Rayleigh), m = 2, and m = 4. (The moment generating function
technique of Section 6.3.3 should be used to obtain the average error probability.) At an average SNR of
10 dB, what is the difference in average BER?

Assume a cellular system with log-normal shadowing plus Rayleigh fading. The signal modulation is DPSK.
The service provider has determined that it can deal with an outage probability of .01 — that is, 1 in 100
customers can be unhappy at any given time. In nonoutage, the voice BER requirement is P, = 1073,
Assume a noise PSD Ny/2 with Ny = 10716 mW/Hz, a signal bandwidth of 30 kHz, a carrier frequency of
900 MHz, free-space path-loss propagation with nondirectional antennas, and a shadowing standard devia-
tion of oy, = 6 dB. Find the maximum cell size that can achieve this performance if the transmit power at
the mobiles is limited to 100 mW.

Consider a cellular system with circular cells of radius 100 meters. Assume that propagation follows the
simplified path-loss model with K = 1,dg = 1 m, and v = 3. Assume the signal experiences (in addition
to path loss) log-normal shadowing with oy,, = 4 as well as Rayleigh fading. The transmit power at
the base station is P, = 100 mW, the system bandwidth is B = 30 kHz, and the noise PSD N;/2 has
No = 107'W/Hz. Assuming BPSK modulation, we want to find the cell coverage area (percentage of
locations in the cell) where users have average P, of less than 1074,

(a) Find the received power due to path loss at the cell boundary.

(b) Find the minimum average received power (due to path loss and shadowing) such that, with Rayleigh
fading about this average, a BPSK modulated signal with this average received power at a given cell
location has Pj, < 104

(c) Given the propagation model for this system (simplified path loss, shadowing, and Rayleigh fading),
find the percentage of locations in the cell where P, < 10~% under BPSK modulation.

In this problem we derive the probability of bit error for DPSK in fast Rayleigh fading. By symmetry, the
probability of error is the same for transmitting a 0-bit or a 1-bit. Let us assume that over time £7} a 0-bit is
transmitted, so the transmitted symbol at time k7}, is the same as at time k—1: s(k) = s(k—1). In fast fading,
the corresponding received symbols are r(k —1) = gp_1s(k—1)+n(k—1) and r(k) = gis(k—1) +n(k),
where g1 and gy, are the fading channel gains associated with transmissions over times (k — 1)7} and k7T5,.
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(a) Show that the decision variable that is input to the phase comparator of Figure 5.20 in order to extract
the phase difference is r(k)r*(k — 1) = grg}_| + grs(k — 1)* np—1 + g5 _ 85k + nenf_y.
Assuming a reasonable SNR, the last term n;njy _, of this expression can be neglected. So neglecting
this term and then defining 7, = s;_;n; and 71 = s;_;ni—1, we get a new random variable
Z = gr9;_q + gkNy_q + gj_ 7. Given that a 0-bit was transmitted over time &I}, an error is made
if £ = Re{Z} < 0, so we must determine the distribution of z. The characteristic function for z is the
two-sided Laplace transform of the distribution of x:

dx(s) = /OO px(s)e ** dx = E[e”**].

—0oQ
This function will have a left-plane pole p; and a right-plane pole p2, so it can be written as
b1p2
(s —p1)(s —p2)

The left-plane pole p; corresponds to the distribution px (z) for z > 0, and the rightplane pole corre-
sponds to the distribution px (z) for z < 0.

@X(S) =

(b) Show through partial fraction expansion that ® x (s) can be written as

1 1
By (s) = b1p2 4 bip2 ‘
Pr—=p25—p1 P2—P15— P2
An error is made if x = Re{Z} < 0, so here we need only consider the distribution px (x) for z < 0
corresponding to the second term of ®x (s).

(c) Show that the inverse Laplace transform of the second term of ® x (s) from part (b) is

b1p2
px(r) = ———
b2 —n1
(d) Use part (c) to show that P, = —p1/(p2 — p1)-
In z = Re{Z} = Re{grg;_, + gr7j_; + g5_ 7}, the channel gains gi, gx—1 and noises 7y, 1
are complex Gaussian random variables. Thus, the poles p1, p2 in px (x) are derived using the general
quadratic form of complex Gaussian random variables [1, Apx. B; 12, Apx. B] as

eP2X | x < 0.

-1 1
= — and py = —
NO('Vb[l + pc] + 1) NO('Vb[l - pc] + 1)

for pc the correlation coefficient of the channel over the bit time 7},

b1

(e) Find a general expression for P, in fast Rayleigh fading using these values of p; and py in the P,
expression from part (d).

(f) Show that this reduces to the average probability of error P, = 1/2(1+7,) for a slowly fading channel
that does not decorrelate over a bit time.

19. Plot the bit error probability for DPSK in fast Rayleigh fading for 7, ranging from 0 dB to 60 dB and
pc = Jo(2nBpT) with BpT = .01,.001, and .0001. For each value of BpT', at approximately what value
of 7y, does the error floor dominate the error probability?

20. Find the irreducible error floor due to Doppler for DQPSK modulation with a data rate of 40 kbps, assuming
a Gaussian Doppler power spectrum with Bp = 80 Hz and Rician fading with K = 2.
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21.

22.

Consider a wireless channel with an average delay spread of 100 ns and a Doppler spread of 80 Hz. Given
the error floors due to Doppler and ISI — and assuming DQPSK modulation in Rayleigh fading and uniform
scattering — approximately what range of data rates can be transmitted over this channel with a BER of less
than 1074?

Using the error floors of Figure 6.5, find the maximum data rate that can be transmitted through a channel
with delay spread o1, = 3 us (using BPSK, QPSK, or MSK modulation) such that the probability of bit
error P, is less than 1073,
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Chapter 7

Diversity

In Chapter 6 we saw that both Rayleigh fading and log-normal shadowing exact a large power penalty on the
performance of modulation over wireless channels. One of the best techniques to mitigate the effects of fading is
diversity combining of independently fading signal paths. Diversity combining exploits the fact that independent
signal paths have a low probability of experiencing deep fades simultaneously. Thus, the idea behind diversity
is to send the same data over independent fading paths. These independent paths are combined in such a way
that the fading of the resultant signal is reduced. For example, consider a system with two antennas at either the
transmitter or receiver that experience independent fading. If the antennas are spaced sufficiently far apart, it is
unlikely that they both experience deep fades at the same time. By selecting the antenna with the strongest signal,
a technique known as selection combining, we obtain a much better signal than if we had just one antenna. This
chapter focuses on common methods used at the transmitter and receiver to achieve diversity. A more detailed
treatment of diversity combining methods and their performance, including the effects of correlated fading on the
different paths as well as channel estimation errors, can be found in [1, Chap. 9].

Diversity techniques that mitigate the effect of multipath fading are called microdiversity, and that is the focus
of this chapter. Diversity to mitigate the effects of shadowing from buildings and objects is called macrodiver-
sity. Macrodiversity is generally implemented by combining signals received by several base stations or access
points, which requires coordination among these different stations or points. Such coordination is implemented as
part of the networking protocols in infrastructure-based wireless networks. We will therefore defer discussion of
macrodiversity until Chapter 15, where we examine the design of such networks.

7.1 Realization of Independent Fading Paths

There are many ways of achieving independent fading paths in a wireless system. One method is to use multiple
transmit or receive antennas, also called an antenna array, where the elements of the array are separated in distance.
This type of diversity is referred to as space diversity. Note that with receiver space diversity, independent fading
paths are realized without an increase in transmit signal power or bandwidth. Moreover, coherent combining of
the diversity signals increases the signal-to-noise power ratio at the receiver over the SNR that would be obtained
with just a single receive antenna. This SNR increase, called array gain, can also be obtained with transmitter
space diversity by appropriately weighting the antenna transmit powers relative to the channel gains. In addition
to array gain, space diversity also provides diversity gain, defined as the change in slope of the error probabil-
ity resulting from the diversity combining. We will describe both the array gain and diversity gain for specific
diversity-combining techniques in subsequent sections.

The maximum diversity gain for either transmitter or receiver space diversity typically requires that the sep-
aration between antennas be such that the fading amplitudes corresponding to each antenna are approximately
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independent. For example, from equation (3.28) we know that, in a uniform scattering environment with omni-
directional transmit and receive antennas, the minimum antenna separation required for independent fading on
each antenna is approximately one half-wavelength (.38, to be exact). If the transmit or receive antennas are
directional, the scattering is not uniform, or a dominant LOS component exists, then a larger antenna separation is
typically required to obtain independent fading samples [2, Chap. 13].

A second method of achieving diversity is by using either two transmit antennas or two receive antennas with
different polarization (e.g., vertically and horizontally polarized waves). The two transmitted waves follow the
same path. However, since the multiple random reflections distribute the power nearly equally relative to both
polarizations, the average receive power corresponding to either polarized antenna is approximately the same.
Since the scattering angle relative to each polarization is random, it is highly improbable that signals received
on the two differently polarized antennas would be simultaneously in a deep fade. There are two disadvantages
of polarization diversity. First, you can have at most two diversity branches, corresponding to the two types of
polarization. The second disadvantage is that polarization diversity loses effectively half the power (3 dB) because
the transmit or receive power is divided between the two differently polarized antennas.

Directional antennas provide angle (or directional) diversity by restricting the receive antenna beamwidth to
a given angle. In the extreme, if the angle is very small then at most one of the multipath rays will fall within the
receive beamwidth, so there is no multipath fading from multiple rays. However, this diversity technique requires
either a sufficient number of directional antennas to span all possible directions of arrival or a single antenna whose
directivity can be steered to the arrival angle of one of the multipath components (preferably the strongest one).
Note also that with this technique the SNR may decrease owing to the loss of multipath components that fall outside
the receive antenna beamwidth — unless the directional gain of the antenna is sufficiently large to compensate for
this lost power. Smart antennas are antenna arrays with adjustable phase at each antenna element: such arrays
form directional antennas that can be steered to the incoming angle of the strongest multipath component [3].

Frequency diversity is achieved by transmitting the same narrowband signal at different carrier frequencies,
where the carriers are separated by the coherence bandwidth of the channel. This technique requires additional
transmit power to send the signal over multiple frequency bands. Spread-spectrum techniques, discussed in Chapter
13, are sometimes described as providing frequency diversity in that the channel gain varies across the bandwidth
of the transmitted signal. However, this is not equivalent to sending the same information signal over independently
fading paths. As discussed in Section 13.2.4, spread spectrum with RAKE reception does provide independently
fading paths of the information signal and thus is a form of path diversity. Time diversity is achieved by transmitting
the same signal at different times, where the time difference is greater than the channel coherence time (the inverse
of the channel Doppler spread). Time diversity does not require increased transmit power but it does lower the
data rate, since data is repeated in the diversity time slots rather than sending new data in those time slots. Time
diversity can also be achieved through coding and interleaving, as will be discussed in Chapter 8. Clearly time
diversity cannot be used for stationary applications, since the channel coherence time is infinite and thus fading is
highly correlated over time.

In this chapter we focus on space diversity as a reference when describing diversity systems and the different
combining techniques, although the techniques can be applied to any type of diversity. Thus, the combining tech-
niques will be defined as operations on an antenna array. Receiver and transmitter diversity are treated separately,
since their respective system models and combining techniques have important differences.
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7.2 Receiver Diversity

7.2.1 System Model

In receiver diversity, the independent fading paths associated with multiple receive antennas are combined to obtain
a signal that is then passed through a standard demodulator. The combining can be done in several ways, which
vary in complexity and overall performance. Most combining techniques are linear: the output of the combiner is
just a weighted sum of the different fading paths or branches, as shown in Figure 7.1 for M-branch diversity. In
this model the complex fading associated with the ith branch is 7;¢7% . The signal on the ith branch is multiplied
by complex gain o; and then summed with the other weighted branches to form the combiner output. When all
but one of the complex «; are zero, only one path is passed to the combiner output. If more than one of the o; are
nonzero then the combiner adds together multiple paths, though each path may be weighted by a different value.
Combining more than one branch signal requires co-phasing, where the phase 6; of the ith branch is removed
through multiplication by a;; = a;e 7% for some real-valued a;. Without co-phasing, the branch signals would not
add up coherently in the combiner, so the resulting output could still exhibit significant fading due to constructive
and destructive addition of the signals in all the branches.

rieds(t)  ref®s(t)  re’®s(t) ryue’s (1)

OO ORI G

ith Branch SNR: riz/Ni

Combiner
Output
SNR: Ys

Figure 7.1: Linear combiner.

Since co-phasing requires knowledge of the branch phase prior to multiplication by «;, coherent detection to
determine this phase value is required in each branch, as shown in Figure 7.2. This coherent detection can also
determine the value of the branch signal envelope r; or SNR ; = r2/N; for N; the noise power on the ith branch,!
which a; depends on in some combining techniques. A dedicated coherent detector for each branch of a diversity
system significantly increases the hardware complexity and power consumption relative to a single-branch system,
particularly for a large number of branches. When the combiner utilizes just one branch at any given time, i.e.
a; = 0 for all except one of the M branches, then the coherent detector can be placed after the combiner in
Figure 7.1, as co-phasing multiple signals is no longer needed. We will assume throughout this chapter that the
noise power in each branch N; = N = NgB is the same. When that is not the case, the results of this chapter can
be applied by scaling the amplitude term r; by /N /N; for average noise power N = Ny B across all branches.

The main purpose of diversity is to coherently combine the independent fading paths so that the effects of

"In practice r? + N; is easier to measure than SNR, since the former involves finding only the total power in the received signal.
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Figure 7.2: Branch Coherent Detection

fading are mitigated. The signal output from the combiner equals the original transmitted signal s(¢) multiplied
by a random real-valued amplitude term oy; = ), a;r;. This amplitude term results in a random SNR 7y, at the
combiner output, where the distribution of vy, is a function of the number of diversity paths, the fading distribution
on each path, and the combining technique, as we shall describe in more detail.

The array gain in receiver space diversity results from coherent combining of multiple receive signals. Even
in the absence of fading, this can lead to an increase in average received SNR. For example, suppose there is no
fading and that each branch has the same SNR +; = r?/(NyB) = +. Since both the noise and the signal are
multiplied by a;, the SNR of the combined output is

(ZZAL am-) :

AT (7.1)
Zi]\il “?NOB

Vs =

Now set a; = 7; in (7.1). We will see later that setting a; = cr; for any constant c is optimal for maximal-ratio
combining in fading. Then,
2
M
» = = = . .
TN, 0B, 72 NoB !

Thus, in the absence of fading, with appropriate weighting there is an M -fold increase in SNR due to the coherent
combining of the M signals received from the different antennas. This SNR increase in the absence of fading is
referred to as the array gain. More precisely, array gain A, is defined as the increase in the average combined SNR
Ay, over the average branch SNR #7:

Ay =2
v

Array gain occurs for all diversity combining techniques but is most pronounced in maximal-ratio combining.
The array gain allows a system with multiple transmit or receive antennas in a fading channel to achieve better
performance than a system without diversity in an AWGN channel with the same average SNR. We will see this
effect in performance curves for both maximal-ratio and equal-gain combining with a large number of antennas.

With fading, the combining of multiple independent fading paths leads to a more favorable distribution for vy,
than would be the case with just a single path. In particular, the performance of a diversity system (whether it uses
space diversity or another form of diversity) in terms of P, and P, is as defined in Sections 6.3.1 and 6.3.2:

Py = /0 Ps(7)Pys(7)d, (7.3)
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where Ps(7y) is the probability of symbol error for demodulation of s(¢) in AWGN with SNR +; and

Yo
Pouwt = p(7s <m0) = /0 Py (7)Y (7.4)

for some target SNR value g. The more favorable distribution for ~yy, resulting from diversity combining leads to
a decrease in P, and P,,, and the resulting performance advantage is called the diversity gain.

When P, as a function of P~y (7) has a particular form, the performance benefit of diversity combining is
defined in terms of the diversity order of the system. In particular, if the average probability of error with diversity
combining can be expressed in the form P, = ¢y~ where ¢ is a constant that depends on the specific modulation
and coding and 7 is the average received SNR per branch, then M is defined as the diversity order of the system.
The diversity order indicates how the slope of the average probability of error as a function of average SNR changes
with diversity (Figures 7.4 and 7.7 below show these slope changes as a function of M for different combining
techniques). Recall from (6.60) that a general approximation for average error probability in Rayleigh fading with
no diversity is P, ~ ayy/(2817). This expression has a diversity order of 1, which is consistent with a single
fading path, e.g. from a single receive antenna. The maximum diversity order of a system with M fading paths,
e.g. from M antennas, is M. When the diversity order equals the number of independent fading paths that are
combined via diversity, the system is said to achieve full diversity order.

In the following sections we will describe the different combining techniques and their performance in more
detail. These techniques entail various trade-offs between performance and complexity.

7.2.2 Selection Combining

In selection combining (SC), the combiner outputs the signal on the branch with the highest SNR. Because only one
branch is used at a time, SC requires just one receiver that is switched into the active antenna branch. However,
a dedicated receiver on each antenna branch may be needed for systems that transmit continuously in order to
monitor SNR on each branch simultaneously. With SC, the path output from the combiner has an SNR equal to
the maximum SNR of all the branches. Moreover, since only one branch output is used, co-phasing of multiple
branches is not required; hence this technique can be used with either coherent or differential modulation.

For M -branch diversity, the cumulative distribution function (cdf) of ~y, is given by

M
Py (7) = plys <) = p(maxyi, 72, -, yu) <) = [[ (v <) (7.5)
=1

We obtain the distribution of vy, by differentiating P, () relative to -y, and we obtain the outage probability by
evaluating P, () at v = 7o. Assume that we have M branches with uncorrelated Rayleigh fading amplitudes r;
and corresponding instantaneous SNR ~; = 72 /N B. Defining the average SNR on the ith branch as 4; = E[v],
the SNR distribution will be exponential:

1 . s
plyi) = —e /7. (7.6)
Vi
From (6.47), the outage probability for a target yg on the ¢th branch in Rayleigh fading is
Poui(y0) =1 — e 00/%, (7.7)
The outage probability of the selection combiner for the target g is then
M M
Pous(10) = [ [ p(vi < 70) = T 11— e70/7]. (7.8)
i=1

=1
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If the average SNR for all of the branches are the same (7y; = 7 for all 7), then this reduces to

Pous(70) = p(7s < 70) = [1 — /7M. (7.9)
Differentiating (7.9) relative to g yields the distribution for vx:

Do (7) = %u — e VML), (7.10)
5

From (7.10) we see that the average SNR of the combiner output in independent and identically distributed
Rayleigh fading is

s = /0 Py (7)Y

= /Oo g[l _ e—“//“'/]M—le—“f/“'fd7
0

M
~5Y 2, (7.11)
=1

where (7.11) follows from the binomial expansion of [1 — e¢~?/7]™~1 and induction to obtain the final result.
Thus, the average SNR gain and corresponding array gain increase with M, but not linearly. The biggest gain is
obtained by going from no diversity to two-branch diversity. Increasing the number of diversity branches from
two to three will give much less gain than going from one to two, and in general increasing M yields diminishing
returns in terms of the array gain. This trend is also illustrated in Figure 7.3, which shows P, versus 7 /7o for
different M in i.i.d. Rayleigh fading. We see that there is dramatic improvement even with two-branch selection
combining: going from M = 1to M = 2 at 1% outage probability yields an approximate 12-dB reduction in
required SNR, and at .01% outage probability there is an approximate 20-dB reduction in required SNR. However,
at .01% outage, going from two-branch to three-branch diversity results in an additional reduction of about 7 dB,
and going from three-branch to four-branch results in an additional reduction of about 4 dB. Clearly the power
savings is most substantial when going from no diversity to two-branch diversity, with diminishing returns as the
number of branches is increased. It should be noted also that, even with Rayleigh fading on all branches, the
distribution of the combiner output SNR is no longer exponential.

S

Example 7.1: Find the outage probability of BPSK modulation at P, = 10~ for a Rayleigh fading channel with
SC diversity for M = 1 (no diversity), M = 2, and M = 3. Assume equal branch SNRs of ¥ = 15 dB.

Solution: A BPSK modulated signal with 7, = 7dB has P, = 1073, Thus, we have 7o = 7dB. Substituting
7o = 10" and 4 = 10" into (7.9) yields P,y = .1466 for M = 1, Py, = .0215 for M = 2, and P,,; = .0031
for M = 3. We see that each additional branch reduces outage probability by almost an order of magnitude.

The average probability of symbol error is obtained from (7.3) with Ps(~y) the probability of symbol error in
AWGN for the signal modulation and p.,,, () the distribution of the combiner SNR. For most fading distributions
and coherent modulations, this result cannot be obtained in closed form and must be evaluated numerically or by
approximation. In Figure 7.4 we plot P, versus 7 in i.i.d. Rayleigh fading, obtained by a numerical evaluation
of [ Q(v/27)pys,(7)d for pyy () given by (7.10). The figure shows that the diversity system for M/ > 8 has a
lower error probability than an AWGN channel with the same SNR, owing to the array gain of the combiner. The
same will be true for the performance of maximal-ratio and equal-gain combining. Closed-form results do exist
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101ogio(7/v0)
Figure 7.3: Outage probability of selection combining in Rayleigh fading.

for differential modulation under i.i.d. Rayleigh fading on each branch [1, Chap. 9.7; 4, Chap. 6.1]. For example,
it can be shown for DPSK with p.,,, () given by (7.10) that the average probability of symbol error is given by

B o0 1 MM—l (M—l)
B= [ Ze L S L T 7.12
) /0 S¢ D (Mdy =2 D (-1) T (7.12)

m=0

0 5 10 15 20 25 30
7, (@8)

Figure 7.4: Average P, of BPSK under selection combining with i.i.d. Rayleigh fading.

In the foregoing derivations we assume that there is no correlation between the branch amplitudes. If the
correlation is nonzero then there is a slight degradation in performance, which is almost negligible for correlations
below .5. Derivation of the exact performance degradation due to branch correlation can be found in [1, Chap. 9.7;
2].
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7.2.3 Threshold Combining

Selection combining for systems that transmit continuously may require a dedicated receiver on each branch to
continuously monitor branch SNR. A simpler type of combining, called threshold combining, avoids the need for
a dedicated receiver on each branch by scanning each of the branches in sequential order and outputting the first
signal whose SNR is above a given threshold y7. As in SC, co-phasing is not required because only one branch
output is used at a time. Hence this technique can be used with either coherent or differential modulation.

Once a branch is chosen, the combiner outputs that signal as long as the SNR on that branch remains above
the desired threshold. If the SNR on the selected branch falls below the threshold, the combiner switches to another
branch. There are several criteria the combiner can use for determining which branch to switch to [5]. The simplest
criterion is to switch randomly to another branch. With only two-branch diversity this is equivalent to switching
to the other branch when the SNR on the active branch falls below 7. This method is called switch-and-stay
combining (SSC). The switching process and SNR associated with SSC is illustrated in Figure 7.5. Since the SSC
does not select the branch with the highest SNR, as illustrated in Figure 7.5 on the third switch, its performance is
between that of no diversity and ideal SC.

SNR of SSC
............ SNR of Branch 1
------ SNR of Branch 2

SSC branch SNR falls below y;; SSC switches to other branch

o
Time

Figure 7.5: SNR of the SSC technique. Switching when the SNR falls below a threshold does not always select
the branch with the highest SNR.

Let us denote the SNR on the 7th branch by ; and the SNR of the combiner output by vx. The cdf of vx will
depend on the threshold level vz and the cdf of ~y;. For two-branch diversity with i.i.d. branch statistics, the cdf
of the combiner output P, () = p(yx < ) can be expressed in terms of the cdf P,,(v) = p(y; < ) and the
distribution p., () of the individual branch SNRs as

Py, (vr) Py (7) v <75
Pylyy=q 7 (7.13)
pP(yr <72 <) + P () P (7). v = 1
For Rayleigh fading in each branch with 5; = 7 (i = 1, 2), this yields
1—e /7 —e W7 4 e~ Ot/ < ~p,
P(y) = (7.14)

1 — 26_7/:{ _|_ e_(7T+7)/:f ’y Z ’)/T
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The outage probability P, associated with a given g is obtained by evaluating P, () at v = 7o:

1 — e_’\/T/:f — 6_70/:/ _|_ e_(7T+7())/:f 70 < ’7T7

b _p _ 7.15
out(10) = Pz (20) 1 —2e70/7 4 e=(r+70)/7 Yo =7 "

The performance of SSC under other types of fading, as well as the effects of fading correlation, is studied in [1,
Chap. 9.8; 6; 7]. In particular, it is shown in [1, Chap. 9.8] that, for any fading distribution, SSC with an optimized
threshold of vz = 7y has the same outage probability as SC.

Example 7.2: Find the outage probability of BPSK modulation at P, = 10~2 for two-branch SSC diversity with
i.i.d. Rayleigh fading on each branch for threshold values of v = 5dB, 7 dB, and 10 dB. Assume the average
branch SNR is 4 = 15 dB. Discuss how the outage probability changes with y7. Also compare outage probability
under SSC with that of SC and no diversity from Example 7.1.

Solution: As in Example 7.1, v9 = 7 dB. For v = 5dB we have 7y > 7, so we use the second line of (7.15) to
p g v v v
get
Pout _ 1 _ 26_1047/10145 + e_(1045+1047)/10145 _ 0654

For v = 7dB we have vy = 7, so we again use the second line of (7.15) and obtain

Pout _ 1 _ 26_1047/10145 + e_(1047+1047)/10145 _ 0215

For v = 10 dB we have vy < 77, so we use the first line of (7.15) to get

P =1 — ¢ 10/10"° _ e~ 107/101% 4 —(10+107)/10%° _ (397,

We see that the outage probability is smaller for vz = 7 dB than for the other two values. Aty = 5dB the
threshold is too low, so the active branch can be below the target v, for a long time before a switch is made; this
contributes to a large outage probability. Aty = 10 dB the threshold is too high: the active branch will often fall
below this threshold value, which will cause the combiner to switch to the other antenna even though that other
antenna may have a lower SNR than the active one. This example shows that the threshold vy minimizing Pyt
equals vp.

From Example 7.1, SC has Py, = .0215. Thus, y7 = 7 dB is the optimal threshold where SSC performs the
same as SC. We also see that performance with an unoptimized threshold can be much worse than SC. However,
the performance of SSC under all three thresholds is better than the performance without diversity, derived as
Pyt = .1466 in Example 7.1.

We obtain the distribution of vy, by differentiating (7.13) relative to y. Then the average probability of error
is obtained from (7.3) with Ps(~y) the probability of symbol error in AWGN and p., () the distribution of the SSC
output SNR. For most fading distributions and coherent modulations, this result cannot be obtained in closed form
and so must be evaluated numerically or by approximation. However, fori.i.d. Rayleigh fading we can differentiate
(7.14) to obtain

(1—e /M) (1/3)e7 v <,

- = B B (7.16)
PO = ol e s

As with SC, for most fading distributions and coherent modulations the resulting average probability of error
is not in closed form and must be evaluated numerically. However, closed form results do exist for differential
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modulation under i.i.d. Rayleigh fading on each branch. In particular, the average probability of symbol error for
DPSK is given by

_ 0 1 1 ) )
D = o — 1 — /7 T o=/ 717
b /0 5¢ Ps(7) dy 2(1+7)( e +e e ) (7.17)

Example 7.3: Find the average probability of error for DPSK modulation under two-branch SSC diversity with
i.i.d. Rayleigh fading on each branch for threshold values of v = 3dB, 7 dB, and 10 dB. Assume the average
branch SNR is 4 = 15 dB. Discuss how the average proability of error changes with y7. Also compare average
error probability under SSC with that of SC and with no diversity.

Solution: Evaluating (7.17) with 4 = 15dB and 7 = 3,7, and 10 dB yields (respectively) P, = .0029,
P, = .0023, and P, = .0042. As in the previous example, there is an optimal threshold that minimizes aver-
age probability of error. Setting the threshold too high or too low degrades performance. From (7.12) we have that
SCyields P, = .5(1+10%%)~! — .5(2+10'%)~! = 4.56 - 10~%, which is roughly an order of magnitude less than
with SSC and an optimized threshold. With no diversity we have P, = .5(1 + 10'-5)~! = .0153, which is roughly
an order of magnitude worse than with two-branch SSC.

7.24 Equal-Gain Combining

Equal-gain combining (EGC) is a more complex technique than those discussed in prior sections, as it co-phases
the signals on each branch and then combines them with equal weighting, a; = e~%. The co-phasing requires
a coherent phase detector on each branch, but the instantaneous SNR of the branch is not required, in contrast to
maximal-ratio combining. The SNR of the combiner output, assuming equal noise power Ny B in each branch, is

then given by
M 2
1
= E . 7.18
5> MNoB ( - Tz) ( )

1=

The distribution and cdf of vy, do not exist in closed form. For i.i.d. Rayleigh fading with two-branch diversity and
average branch SNR #, an expression for the cdf in terms of the ()-function can be derived [4, Chap. 6.4; 8, Chap.
5.6] as

Pop () =127 —/my/3e7777(1 - 2Q(v/27/7))- (7.19)
The resulting outage probability is given by
Pous(70) = 1= e 2% — /myge (1 - 2Q(1/27R)), (7.20)

where g = vo/7. Differentiating (7.19) with respect to «y yields the distribution

1 - . 1 1 2
P (7) = %e—%/w + \/Ee—“//“/ (W _ % %) (1 —2Q <\/g>> . (7.21)

Substituting this into (7.3) for BPSK yields the average probability of bit error:

E:Amm¢%mawm=5 L—1—<%L>2. (7.22)

147
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7.2.5 Maximal-Ratio Combining

In maximal-ratio combining (MRC) the output is a weighted sum of all branches, so the «; in Figure 7.1 are all
nonzero, and the weights are determined to maximize the combiner output’s SNR. The signals are co-phased and
so a; = a;e 7% where 6); is the phase of the incoming signal on the ith branch. Thus, the envelope of the combiner
output will be r = Zf\i 1 @;7;. Assuming the same noise power NogB in each branch yields a total noise power at

the combiner output of Zf\i 1 a?NoB. Thus, the output SNR of the combiner is

2
M
1 (Zi:l “i”> (7.23)
= NE SV 2 .

i=1""

The goal of MRC is to choose the a; to maximize ~y. Intuitively, branches with a high SNR should be
weighted more than branches with a low SNR. We find the a;s that maximize s, by taking partial derivatives of
(7.23) or finding the weights that achieve equality in the Cauchy-Schwartz inequality?. Solving for the optimal
weights yields a? =cy = crz-z /(NoB) for any constant ¢ where the constant ¢ cancels out in the SNR calculation.
Setting a; = r; yields the combiner SNR

M 2 M
= i — . 7.24
Vs ; NoB ; i (7.24)

Thus, the SNR of the combiner output is the sum of SNRs on each branch. Hence, the average combiner SNR and
corresponding array gain increase linearly with the number of diversity branches M, in contrast to the diminishing
returns associated with the average combiner SNR in SC given by (7.11). As with SC, the distribution of the
combiner output SNR does not remain exponential even when there is Rayleigh fading on all branches.

To obtain the distribution of <y, we take the product of the exponential moment generating functions or
characteristic functions. Assuming i.i.d. Rayleigh fading on each branch with equal average branch SNR 7, the
distribution of vy, is x? with 20/ degrees of freedom, expected value 45, = M7, and variance 2M 7:

Py (V) = S — 1) v =>0. (7.25)

The corresponding outage probability for a given threshold 7 is given by

Y0 _
Pous = p(7s < 70) = / Py (V) dy=1—e0/7 ) (7.26)
0

Figure 7.6 is a plot of P, for maximal-ratio combining indexed by the number of diversity branches.

The average probability of symbol error is obtained from (7.3) with P,(~y) the probability of symbol error in
AWGN for the signal modulation and p, () the distribution of 5. For BPSK modulation with i.i.d. Rayleigh
fading, where p.,(7) is given by (7.25), it can be shown [4, Chap. 6.3] that

Py = /OOO Q(V/27)ps (7) dy = (%)M g (M _nljm) (#)m (7.27)

where I' = \/7/(1 + 7). This equation is plotted in Figure 7.7. Comparing the outage probability for MRC in
Figure 7.6 with that of SC in Figure 7.3, or comparing the average probability of error for MRC in Figure 7.7 with

The Cauchy-Schwartz inequality for two vectors (1, ..., @) and (y1, ..., Yn) is 3, 2iyi < /D, 22/, U2
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Figure 7.6: P,y for maximal-ratio combining with i.i.d. Rayleigh fading.

that of SC in Figure 7.4, indicates that MRC has significantly better performance than SC. In Section 7.4 we will
use a different analysis based on moment generating functions to compute average error probability under MRC,
which can be applied to any modulation type, any number of diversity branches, and any fading distribution on the
different branches.

For modulations whose probability of error in AWGN can be approximated as P; = aQ(1/37) for SNR
v, e.g. BPSK, MPSK, and MQAM, we can obtain a simple upper bound on the average probability of error by
applying the Chernoff bound Q(z) < e=*"/2 from (5.43) to the Q-function. For these modulations, we have

P, = aQ(\/Brs) < ae P1E/2 — qe B+t /2, (7.28)

Integrating over the x? distribution for vy, yields

L
P<all———. (7.29)
’ g 1+ B3%:/2
In the limit of high SNR and assuming that the -y; are identically distributed with 7; = 7, we have

N\ —M
P, ~a <ﬁ2—7> . (7.30)

Thus, at high SNR, the diversity order of MRC is M (the number of antennas) and so MRC achieves full diversity
order.

MRC is the only diversity-combining technique that achieves full diversity order. However, it is shown in [8,
Chap. 5.7] that performance of EGC is quite close to that of MRC, typically exhibiting less than 1 dB of power
penalty. This is the price paid for the reduced complexity of using equal gains. A more extensive performance
comparison between SC, MRC, and EGC can be found in [1, Chap. 9].

Example 7.4: Compare the average probability of bit error with BPSK under MRC and EGC two-branch diversity,
assuming i.i.d. Rayleigh fading with an average SNR of 10 dB on each branch.
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Figure 7.7: Average P, for maximal-ratio combining with i.i.d. Rayleigh fading.

Solution: By (7.27), under MRC we have

2
P, = (1_7 v10/11> (24 /10/11) = 1.60- 1073,

2

By (7.22), under EGC we have

1 2
P=51—4/1—(—= =2.07-1073.
), = .5 (11) 07-10

Thus we see that the performance of MRC and EGC are almost the same.

7.2.6 Generalized Combining

The three most common diversity-combining schemes used in practice are MRC, EGC, and SC. MRC has the
best performance and achieves full diversity order. However, MRC also has the highest complexity, as it requires
coherent detection in each branch that determines the branch phase and amplitude. SC is the simplest of these
three techniques as only one coherent detector is needed. The price paid for this simplicity is in performance,
with diminishing diversity gain with each branch that is added. EGC has complexity and performance between
the extremes of MRC and SC. Generalized Combining (GC), also referred to as Generalized Selection Combining
or Hybrid Combining, utilizes SC to pick a subset of the branch signals which are then combined using MRC or
EGC. In particular, a generalized combiner has M > 2 diversity branches of which it selects the L > 1 branches,
L < M, with the highest SNR; these L branches are then combined using MRC or EGC. When MRC is used, the
performance is better than an L-branch MRC system and worse than an M -branch MRC system, and similarly for
EGC, due to the selection of the L. < M highest-SNR branches among the M available branches. Performance
analysis of generalized combining under both MRC and EGC in different fading environments has been studied
extensively (see [1, Chapter 9.11] and the references therein). This performance is best analyzed via the Moment
Generating Function analysis for diversity systems, as will be explored in Section 7.4.
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7.3 Transmitter Diversity

In transmit diversity there are multiple transmit antennas, and the transmit power is divided among these antennas.
Transmit diversity is desirable in systems where more space, power, and processing capability is available on the
transmit side than on the receive side, as best exemplified by cellular systems. Transmit diversity design depends
on whether or not the complex channel gain is known to the transmitter. When this gain is known, the system
is quite similar to receiver diversity. However, without this channel knowledge, transmit diversity gain requires a
combination of space and time diversity via a novel technique called the Alamouti scheme and its extensions. We
now discuss transmit diversity under different assumptions about channel knowledge at the transmitter, assuming
the channel gains are known at the receiver.

7.3.1 Channel Known at Transmitter

Consider a transmit diversity system with M transmit antennas and one receive antenna. We assume that the path
gain 7;¢7% associated with the ith antenna is known at the transmitter; this is referred to as having channel side
information (CSI) at the transmitter, or CSIT. Let s(¢) denote the transmitted signal with average power P;. The
signal is multiplied by a complex gain o;; = a;e 7% (0 < a; < 1) and then sent through the ith antenna. This
complex multiplication performs both co-phasing and weighting relative to the channel gains. Because of the
average power constraint P, the weights must satisfy Zf\il a? = 1. The weighted signals transmitted over all
antennas are added “in the air”, which leads to a received signal given by

M
r(t) = Zairis(t). (7.31)
i=1

Let NygB denote the noise power in the receiver and assume Nyquist pulses such that BT, = 1.
Suppose we wish to set the branch weights to maximize received SNR. Using a similar analysis as in receiver
MRC diversity, we see that the weights a; that achieve the maximum SNR are given by

4= — (1.32)
Zi]\il r7
and the resulting SNR is
P M ) M
=g 2_;7" = 2_;7 (7.33)

for v; = r?P;/(NoB) equal to the branch SNR between the ith transmit antenna and the receive antenna. Thus we
see that transmit diversity when the channel gains are known to the transmitter is very similar to receiver diversity
with MRC: the received SNR is the sum of SNRs on each of the individual branches. In particular, if all antennas
have the same gain r; = r then vx, = M72P,/(NgB), so there is an array gain of M corresponding to an M-fold
increase in SNR over a single antenna transmitting with full power.

We again consider modulations whose error probability in AWGN can be approximated as P; = aQ(v/37)
for SNR ~, such as BPSK, MPSK, and MQAM. Using the Chernoff bound as in Section 7.2.5 we see that, for such
modulations and static gains on each diversity branch,

P, = aQ(\/Bys) < aeB1s/2 — qe B+ +1m)/2, (7.34)

Integrating over the x? distribution for 75, yields the same bound as (7.29):
L
P<al|ll———-. (7.35)
° E 1+ 37%i/2
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In the limit of high SNR and assuming that the y; are identically distributed with 7; = 7, we have

N\ —M
P, ~a« (%) ) (7.36)

Thus, at high SNR, the diversity order of transmit diversity with MRC is M, so both transmit and receive MRC
achieve full diversity order. The analysis for EGC and SC assuming transmitter channel knowledge is the same as
under receiver diversity.

The complication of transmit diversity is to obtain the channel phase and, for SC and MRC, the channel gain,
at the transmitter. These channel values can be measured at the receiver using a pilot technique and then fed back
to the transmitter. Alternatively, in cellular systems with time division, the base station can measure the channel
gain and phase on transmissions from the mobile to the base and then use these measurements when transmitting
back to the mobile, since under time division the forward and reverse links are reciprocal.

7.3.2 Channel Unknown at Transmitter — The Alamouti Scheme

We now consider the same model as in Section 7.3.1 but assume here that the transmitter no longer knows the
channel gains r;e7%, so there is no CSIT. In this case it is not obvious how to obtain diversity gain. Consider, for
example, a naive strategy whereby for a two-antenna system we divide the transmit energy equally between the
two antennas. Thus, the transmit signal on antenna i will be s;(t) = /.5s(t) for s(t) the transmit signal with
energy per symbol E,. Assume that each antenna has a complex Gaussian channel gain h; = r;e/% (i = 1, 2) with
mean 0 and variance 1. The received signal is then

r(t) = V.5(hy + h2)s(t). (7.37)

Note that h; + hgo is the sum of two complex Gaussian random variables and thus is itself a complex Gaussian,
with mean equal to the sum of means (0) and variance equal to the sum of variances (2). Hence V.5 (h1+ hg)isa
complex Gaussian random variable with mean 0 and variance 1, so the received signal has the same distribution as
if we had just used one antenna with the full energy per symbol. In other words, we have obtained no performance
advantage from the two antennas, since we could neither divide our energy intelligently between them nor obtain
coherent combining via co-phasing.

Transmit diversity gain can be obtained even in the absence of channel information, given an appropriate
scheme to exploit the antennas. A particularly simple and prevalent scheme for this diversity that combines both
space and time diversity was developed by Alamouti in [11]. Alamouti’s scheme is designed for a digital commu-
nication system with two-antenna transmit diversity. The scheme works over two symbol periods and it is assumed
that the channel gain is constant over this time. Over the first symbol period, two different symbols s; and s
(each with energy E/2) are transmitted simultaneously from antennas 1 and 2, respectively. Over the next symbol
period, symbol —s3 is transmitted from antenna 1 and symbol s] is transmitted from antenna 2, each again with
symbol energy E/2.

Assume complex channel gains h; = 7% (i = 1,2) between the ith transmit antenna and the receive
antenna. The received symbol over the first symbol period is y; = h1s1 + hoss + n1 and the received symbol over
the second symbol period is yo = —hys5 + has] + ng, where n;(i = 1,2) is the AWGN sample at the receiver
associated with the ith symbol transmission. We assume that the noise sample has mean 0 and power V.

The receiver uses these sequentially received symbols to form the vector y = [y; y’zk]T given by

hi  ho 51 ny
y = —|— == HAS + Il,
hy —h] e ns
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where s = [s1 SQ]T, n=[n nz]T, and
h1 ho
hs —h]

Hy=

Let us define the new vector z = Hg y. The structure of H 4 implies that

HH = (|h3] + [h3)T2 (738)

is diagonal and thus
z = [21 2]" = (|h}|+ |h3|)Is + A, (7.39)
where i = Hn is a complex Gaussian noise vector with mean 0 and covariance matrix E[an*] = (|h?| +

|h3|) NoI,. The diagonal nature of z effectively decouples the two symbol transmissions, so that each component
of z corresponds to one of the transmitted symbols:

zi = (B3] + |h3))si + 7, i=1,2. (7.40)
The received SNR thus corresponds to the SNR for z; given by

(1h3] + [h3]) P

Vi = T oNB (7.41)
where the factor of 2 comes from the fact that s; is transmitted using half the total power P;. The received SNR is
thus equal to the sum of SNRs on each branch divided by 2. By (7.40) the Alamouti scheme achieves a diversity
order of 2 — the maximum possible for a two-antenna transmit system — despite the fact that channel knowledge is
not available at the transmitter. However, by (7.41) it only achieves an array gain of 1, whereas MRC can achieve
an array gain and a diversity gain of 2. The Alamouti scheme can be generalized for M > 2; this generalization
falls into the category of orthogonal space-time block code design [10, Chap. 6.3.3; 11, Chap. 7.4].

7.4 Moment Generating Functions in Diversity Analysis

In this section we use the MGFs introduced in Section 6.3.3 to greatly simplify the analysis of average error
probability under diversity. The use of MGFs in diversity analysis arises from the difficulty in computing the
distribution p., () of the combiner SNR ~vx. Specifically, although the average probability of error and outage
probability associated with diversity combining are given by the simple formulas (7.3) and (7.4), these formulas
require integration over the distribution p., (). This distribution is often not in closed form for an arbitrary num-
ber of diversity branches with different fading distributions on each branch, regardless of the combining technique
that is used. In particular, the distribution for p,,, () is often in the form of an infinite-range integral, in which
case the expressions for (7.3) and (7.4) become double integrals that can be difficult to evaluate numerically. Even
when p.,, () is in closed form, the corresponding integrals (7.3) and (7.4) may not lead to closed-form solutions
and may also be difficult to evaluate numerically. A large body of work over many decades has addressed approxi-
mations and numerical techniques for computing the integrals associated with average probability of symbol error
for different modulations, fading distributions, and combining techniques (see [14] and the references therein). Ex-
pressing the average error probability in terms of the MGF for ~yy; instead of its distribution often eliminates these
integration difficulties. Specifically, when the diversity fading paths are independent but not necessarily identically
distributed, the average error probability based on the MGF of vy is typically in closed form or consists of a single
finite-range integral that can be easily computed numerically.

The simplest application of MGFs in diversity analysis is for coherent modulation with MRC, so this is treated
first. We then discuss the use of MGFs in the analysis of average error probability under EGC, SC, and GC.
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7.4.1 Diversity Analysis for MRC

The simplicity of using MGFs in the analysis of maximal-ratio combining stems from the fact that, as derived in
Section 7.2.5, the combiner SNR ~y; is the sum of the ;, the branch SNRs:

M
=D % (7.42)

As in the analysis of average error probability without diversity (Section 6.3.3), let us again assume that the
probability of error in AWGN for the modulation of interest can be expressed either as an exponential function of
vs, as in (6.66), or as a finite range integral of such a function, as in (6.67).

We first consider the case where Ps = a exp|[—by| for SNR +y as given in (6.66), e.g. for DPSK with a = .5
and b = 1. Then the average probability of symbol error under MRC is

[e.e]
P, = / aexp[—by]p,s(7) dv. (7.43)
0
We assume that the branch SNRs are independent, so that their joint distribution becomes a product of the in-

dividual distributions: p, v, (V1,---,YM) = Dy, (71) - - - Py, (yar). Using this factorization and substituting
Y=+ 4+ vyupin (7.43) yields

P, = a/o / /0 exp[—b(v1 + -+ Ym)]Py (M) - Py (Yar) A1 - - - dy (7.44)

M-fold

Now using the product forms exp[b(y1 + - - - + yu)] = Hf\il exp[by] and py, (1) - - - Py, (VM) = Hf\il Dy, (Vi)

in (7.44) yields
= a/ / / HeXp [—byi]py, (i) di. (7.45)

M-fold

Finally, switching the order of integration and multiplication in (7.45) yields our desired final form:

M e M
EzaHZ;wm%MmhM%zﬂIMﬂ%% (7.46)
i=1 i=1

where M., () is the MGF of the fading distribution for the ith diversity branch as given by (6.62), (6.63), and
(6.64) for (respectively) Rayleigh, Rician, and Nakagami fading. Thus, the average probability of symbol error is
just the product of MGFs associated with the SNR on each branch.

We now consider modulations where P; = aQ(y/3v) in AWGN for + the SNR. Using the alternate Q-
function representation we get from (6.72) that

Ez//aw (6)71d6 oo (1)

N // // “HeXp ®)vilpr, (i) dvidg. (7.47)

M-fold
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with @ = /7 and b(¢) = .53/ sin? ¢; Again, switching the order of integration and multiplication yields our
desired final form:

_ o [Tz M oo —.54 a (72N —.54
P= UL e [ i = 2 [T T (535) a0 s

i=1

Thus, the average probability of symbol error is just a single finite-range integral of the product of MGFs associated
with the SNR on each branch. The simplicity of (7.46) and (7.48) are quite remarkable, given that these expressions
apply for any number of diversity branches and any type of fading distribution on each branch (as long as the branch
SNRs are independent).

We now apply these general results to specific modulations and fading distributions. Let us first consider
DPSK, where P;(73) = .5¢~"" in AWGN is in the form of (6.66) with @ = 1/2 and b = 1. Then, by (7.46), the
average probability of bit error in DPSK under M -fold MRC diversity is

M

_ 1

Py =3 [T M- (-1). (7.49)
=1

Note that this reduces to the probability of average bit error without diversity given by (6.59) for M = 1.

Example 7.5: Compute the average probability of bit error for DPSK modulation under three-branch MRC, as-
suming i.i.d. Rayleigh fading in each branch with 4y = 15 dB and 42 = 7y3 = 5 dB. Compare with the case of no
diversity for v = 15 dB.

Solution: From (6.62), M., (s) = (1 — s%;)~'. Using this MGF in (7.49) with s = —1 yields

11 12
Py== —8.85-107%.
T 2141015 <1+10~5> 58510

With no diversity we have
1

P

® T 2(1+1019)
This indicates that additional diversity branches can significantly reduce average BER, even when the SNR on
these branches is somewhat low.

=1.53-1072.

Example 7.6: Compute the average probability of bit error for DPSK modulation under three-branch MRC, as-
suming: Nakagami fading in the first branch with m = 2 and 4; = 15 dB; Rician fading in the second branch with
K = 3 and 9 = 5 dB; and Nakagami fading in the third branch with m = 4 and 43 = 5 dB. Compare with the
results of the prior example.

Solution: From (6.63) and (6.64), for Nakagami fading M, (s) = (1 — s7;/m)~"™ and for Rician fading
1+ K [ K s9s ]

M) = Tk =5, P |TE K — 3,

Using these MGFs in (7.49) with s = —1 yields

_ 1 1 4 ~3.10° 1 4
P = =6.9-107°
b= 5 <1+101~5/2> 1+ 105 P [4+10~5] <1+10~5/4> ’
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which is more than an order of magnitude lower than the average error probability under i.i.d. Rayleigh fading
with the same branch SNRs derived in the previous problem. This indicates that Nakagami and Rician fading
are much more benign distributions than Rayleigh, especially when multiple branches are combined under MRC.
This example also illustrates the power of the MGF approach: computing average probability of error when the
branch SNRs follow different distributions simply consists of multiplying together different functions in closed
form; the result is then also in closed form. In contrast, computing the distribution of the sum of random vari-
ables from different families involves the convolution of their distributions, which rarely leads to a closed-form
distribution.

For BPSK we see from (6.44) that P, has the same form as (6.67) with a = 1/7, and b(¢) = 1/ sin® ¢. Thus
we obtain the average bit error probability for BPSK with M-fold diversity as

P L M ! d
Py =— | —— . 7.50
) W/O E*(m%)‘f’ (7.50)
Similarly, if Ps = aQ(+/37s) then the average probability of error in fading with M-branch diversity is given in
(7.48) as
/2 M
_ « R5Y6]
P, =— My | ———— ) do. 7.51
5 71'/0 ZI;[I 72( sin2<;5> ¢ (7-51)

If the branch SNRs are i.i.d. then this expression simplifies to

S« /2 .50 M
pomt [ (ot () .

where M., (s) is the common MGF for the branch SNRs.

We can also use the MGF approach to determine the exact probability of symbol error for MPSK in fading.
For this analysis, i.e. in equations (7.55)-(7.56), we use N to denote the number of branches and M for the signal
constellation size. This analysis extends the derivation of (6.74) to multiple branches. As in that derivation, we
note that Craig’s formula for P; of MPSK in AWGN is in the desired form (6.67) for MGF analysis. Using this
form, we get the average symbol error probability in [V-branch diversity as

_ oo p(M-1)m/M
=[] @ exp[-b(6)1]d6 pry ()Y 053)
0o 00 o~ pM-Dx/M N
B / / / / a [ [ expl=b(d)vilpy; (i) dridep (7.54)
0 0 0 0 Pl
N-fold
_ 1 (M—-1)m/M N Bas

for By; = sin?(w/M). For i.i.d. fading this simplifies to

- 1 (M—-1)m/M B N
== /0 (/\/17 <_sin2¢>> do. (7.56)

Example 7.7: Find an expression for the average symbol error probability for 8-PSK modulation for two-branch
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MRC combining, where each branch is Rayleigh fading with average SNR of 20 dB.

Solution: The MGF for Rayleigh fading is M., (s) = (1 — s%;)~'. Using this MGF in (7.56) with s =
—(sin? 7/8)/ sin® ¢ and 7 = 100 yields

B 1 /8 1 2
[V,
T Jo 1+ (100sin” 7/8)/ sin” ¢

This expression does not lead to a closed-form solution and so must be evaluated numerically, which results in
Py =1.56-1073.

We can use similar techniques to extend the derivation of the exact error probability for MQAM in fading,
given by (6.80), to include MRC. As with MPSK, we let NV denote the number of branches and M the constellation
size in the expression (7.57) for P;. For this analysis we first integrate the expression for P, in AWGN, expressed
in (6.79) using the alternate representation of ) and Q?, over the distribution of 7y Since vy = >.; i and
the SNRs are independent, the exponential function and distribution in the resulting expression can be written in
product form. Then we use the same reordering of integration and multiplication as in the MPSK derivation. The
resulting average probability of symbol error for MQAM modulation with MRC combining of /V branches is given

by
4 1 /2 1Y 50
P2 () | [[ M, (s

4 1\? [l 58
(o) [ I (5w 7

More details on the use of MGFs to obtain average probability of error under M -fold MRC diversity for a broad
class of modulations can be found in [1, Chap. 9.2].

7.4.2 Diversity Analysis for EGC, SC, and GC

Moment generating functions are less useful in the analysis of EGC and SC than in MRC. The reason is that, with
MRC, 75 = >, 7: and so exp[—bys] = ][], exp[—by;]. This factorization leads directly to the simple formulas
whereby probability of symbol error is based on a product of MGFs associated with each of the branch SNRs.
Unfortunately, neither EGC nor SC leads to this type of factorization. However, working with the MGF of s,
can sometimes lead to simpler results than working directly with its distribution. This is illustrated in [1, Chap.
9.3.3]: the exact probability of symbol error for MPSK with EGC is obtained based on the characteristic function
associated with each branch SNR, where the characteristic function is just the MGF evaluated at s = 527 f (i.e., it
is the Fourier transform of the distribution). The resulting average error probability, given by [1, eq. (9.78)], is a
finite-range integral over a sum of closed-form expressions and thus is easily evaluated numerically.

In the case of GC where the . < M fading branches with the L largest SNRs are combined using MRC,

the MGF approach combined with order statistics can be used for performance analysis. Let v;,2 = 1,..., M,
denote the SNR on the ith branch. We can order these random variables from smallest to largest as (1), - - -, Y1)
Yy < V(it1)> With vy = min [y1, 52, . . ., Yar] and y(pr) = max [y1, 72, - . ., yYu] - Note that these ordered random
variables are not i.i.d. The largest L of these values are y(nr), Y(ar—1)s - - -» V(M —L+1) Where, by definition, y(57) >
YM-1) =5 -+ 2 V(M—L+1)- For GC using MRC to combine diversity branches with these L largest SNRs, its
SNR is
M
=Y Y- (7.58)
i=M—L+1

236



The distribution of vy, is difficult to obtain directly for general distributions on the branch SNRs, as is the case for
MRC of all branches (i.e. when M = L). However, as with MRC, we can obtain the distribution of vy through
the MGF approach as follows.

Since v;,7 = 1,..., M are i.i.d., the joint distribution of y(py, . - -, Y(ar—L41), 1€

Prvary Yt —nany E)s - o TM—141)) = PV = T(M)s - - s V(M —L+1) = T(M—L+1)) (7.59)

can be shown to equal [1, Eqn. (9.419)]

L
M! M—L
Pyary vt —rany (T(MYs - -5 T(M—L41)) = =1L [Py(@(pr—141))] Hp“/(:L'(M—L—H'))v (7.60)
i=1

where p,(z) = p(y = x) is the pdf of the branch SNR and P, (x) = p(y < x) is the cdf of the branch SNR. For
example, in i.i.d. Rayleigh fading, p. () is exponential with mean 7 and P,(vy) = 1 — e~7/7.
The MGF of ~yx, given by (7.58) is
My, (s) = E, [e=], (7.61)

where E, [-] is the expectation with respect to the distribution of 7y; as given by (7.60). A closed-form expression
for M., (s) can then be obtained by writing y; in terms of the L — 1 differences or spaces x; between the L largest
branch SNRs, given by z; = v—i) — Y(m—i-1),¢ = 0,..., L — 1. For i.i.d. Rayleigh fading on each of the
M total branches with branch SNR 7 these spaces have been shown by Sukhatme [1, Theorem 9.1] to follow the

exponential distribution

1 .
P, () = §e_”/”’. (7.62)

Expressing the MGF (7.58) in terms of these z;s yields, after some manipulation, a closed-form result for the MGF
of GC with MRC of the L highest-SNR branches given by

M syL -1

M, (s)=(1—- sy)~EH H (1 - —> . (7.63)

, {
i=L

Differentiating this expression yields the pdf of 4x; which can then be used to obtain P,,; and P,. More details

can be found in [1, Chapter 9.11.2.1].

7.4.3 Diversity Analysis for Noncoherent and Differentially Coherent Modulation

A similar MGF approach to determining the average symbol error probability of noncoherent and differentially
coherent modulations with diversity combining is presented in [1, 15]. This approach differs from that of the
coherent modulation case in that it relies on an alternate form of the Marcum )-function instead of the Gaussian
Q-function, since the BER of noncoherent and differentially coherent modulations in AWGN are given in terms
of the Marcum @)-function. Otherwise the approach is essentially the same as in the coherent case, and it leads to
BER expressions involving a single finite-range integral that can be readily evaluated numerically. More details on
this approach are found in [1] and [15].
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Chapter 7 Problems

1. Find the outage probability of QPSK modulation at P, = 1072 for a Rayleigh fading channel with SC
diversity for M = 1 (no diversity), M = 2, and M = 3. Assume branch SNRs of 4; = 10dB, 42 = 15dB,
and 73 = 20 dB.

2. This problem explores diversity gain under both outage probability and average probability of error met-
rics, and shows they are the same for extreme SNR values. Consider an M -branch diversity system with
independent Rayleigh fading on each path. The average SNR at each branch is given by 7. Assume DPSK
transmission.

(a) Defining outage probability for M > 1 as the probability of the instantaneous SNR -y at all the receiver
log(outage probability)
log(7)

antennas being less than a constant ¢, compute —
onc?

as 7 — oo. Does it depend

(b) Now consider an alternative definition of diversity gain based on average error probability as

log(average probability of error with MRC)
log(7)

For M > 1, evaluate this as 7y — oo.

(c) Now evaluate the diversity gain according to both the definitions as 7y — 0. Are these definitions of
diversity gain more suitable at high or low average SNR to describe the gains from having M > 1
independent fading paths?

3. This problem explores the derivation of (7.11). Show that the average SNR of the combiner output under SC
diversity in independent and identically distributed Rayleigh fading is

M

%) ~ ~ 1

i [ - eIy =5 Y0
0 i=1

by expressing [1 — e/ Y]M=1 using its binomial expansion, performing the integration in the resulting
expression, and applying induction to this simplified expression to get the final result.

4. This problem uses order statistics as an alternate method to derive the result of (7.11). For a set of M
identically and independently distributed random variables, X7, Xo, ..., X/, the order statistics of these
variables are given by X (1), X(2), ..., X(5r) where

X(l) = min [Xl,Xg, .. ,XM] X(M) = max [Xl,Xg, .. ,XM] .

In general, X ;) denotes the ith largest value of Xy, Xs, ..., Xy, with X (1) < X(9)) < ... < X5 A well-
known result in order statistics states thatif X, ... X, are i.i.d random variables drawn from an exponential
distribution with mean X, then the order statistics of this collection of variables are given by

i

— 7
Xon=X R 7.64
() § n_ix1] (7.64)
J=1
where 71, ..., Z)s are independent exponentially distributed random variables with mean 1.

(a) For selection-combining (SC) of M 1i.i.d. branches under Rayleigh fading where each branch has the
same average received power 7, use the result of (7.64) to derive (7.11).
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10.

11.

12.

13.

(b) Suppose that ¥ = 20 dB. Use order statistics of i.i.d. exponentially-distributed random variables to

find P,y for the cases listed below assuming BPSK modulation with P, = 1074
i. M =1 (no diversity)
ii. M = 3. Also provide an expression for Foy in terms of the cdf of X 3.

(c) Suppose that instead of an SC diversity scheme, we have a single transmitter sending to three users,
each with a single antenna. Assume BPSK modulation is sent over each user’s single-antenna channel
and these channels experience i.i.d. Rayleigh fading with SNR 4 = 20 dB. A user is in outage if
P, > 10~%. Compute the probability associated with each of the following events and express these
probabilities in terms of the cdfs of the variables X 1), X (), and X 3):

i. No users are in outage.

ii. One or fewer users are in outage.
iii. Two or fewer users are in outage.
iv. All users are in outage.

. Plot the distribution p,x () given by (7.10) for the selection combiner SNR in Rayleigh fading with M-

branch diversity assuming M = 1,2,4,8, and 10. Assume that each branch has an average SNR of 10 dB.
Your plot should be linear on both axes and should focus on the range of linear v values 0 < v < 60. Discuss
how the distribution changes with increasing M and why this leads to lower probability of error.

Derive the average probability of bit error for DPSK under SC with i.i.d. Rayleigh fading on each branch as
given by (7.12).

. Derive a general expression for the cdf of the two-branch SSC output SNR for branch statistics that are

not i.i.d., and show that it reduces to (7.13) for i.i.d. branch statistics. Evaluate your expression assuming
Rayleigh fading in each branch with different average SNRs 7; and 7».

. Derive the average probability of bit error for DPSK under SSC with i.i.d. Rayleigh fading on each branch

as given by (7.17).

Plot the average probability of bit error for DPSK under MRC with M = 2, 3, and 4, assuming i.i.d. Rayleigh
fading on each branch and an average branch SNR ranging from 0 dB to 20 dB.

Show that the weights a; maximizing vs; under receiver diversity with MRC are a? = r?/Ny for Ny/2 the

2=
common noise PSD on each branch. Also show that, with these weights, v, = > . ;.

This problem illustrates that, because of array gain, you can get performance gains from diversity combining
even without fading. Consider an AWGN channel with N-branch diversity combining and v; = 10 dB per
branch. Assume MQAM modulation with A/ = 4 and use the approximation P, = .2e~1-57/(M=1) for bit
error probability, where -y is the received SNR.

(a) Find P, for N = 1.

(b) Find N so that, under MRC, P, < 1076,

Derive the average probability of bit error for BPSK under MRC with i.i.d. Rayleigh fading on each branch
as given by (7.27).

Derive the average probability of bit error for BPSK under EGC with i.i.d. Rayleigh fading on each branch
as given by (7.22).
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14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

Compare the average probability of bit error for BPSK modulation under no diversity, two-branch SC, two-
branch SSC with vy = g, two-branch EGC, and two-branch MRC. Assume i.i.d. Rayleigh fading on each
branch with equal branch SNRs of 10 dB and of 20 dB. How does the relative performance change as the
branch SNRs increase?

Plot the average probability of bit error for BPSK under both MRC and EGC assuming two-branch diversity
with i.i.d. Rayleigh fading on each branch and average branch SNR ranging from 0 dB to 20 dB. What is the
maximum dB penalty of EGC as compared to MRC?

Compare the outage probability of BPSK modulation at P, = 10~% under MRC versus EGC, assuming
two-branch diversity with i.i.d. Rayleigh fading on each branch and average branch SNR 4 = 10 dB.

Compare the average probability of bit error for BPSK under MRC versus EGC, assuming two-branch
diversity with i.i.d. Rayleigh fading on each branch and average branch SNR 4 = 10 dB.

Consider a GC diversity system with M receiver branches and L receivers, whereby the combiner chooses
the L highest SNR signals from the M branches and then combines them using MRC. Assume the SNR on
the ¢th branch is ; which is i.i.d. distributed uniformly between O and 1 in linear units. Denote the SNR for
the combiner output as vy;; the outage probability for threshold g is P,y = p(7s < 70). Assume that there
are M = 3 branches and the threshold is vy = 1.

(a) Suppose L = 1, state the form of diversity combining for this special case and compute Fy;.
(b) Repeat part (a) if L = 3.

(c) Suppose L = 2. Show that p(ymax < 70/2) < Pour = p(72 < 70) < p(Ymin < 70/2) for Ymin =
min; v;, Ymax = Max; ;. Compute upper and lower bounds for P,,;.

Compute the average BER of a channel with two-branch transmit diversity under the Alamouti scheme,
assuming the average branch SNR is 10 dB.

Consider a fading distribution p(v) where [ p(y)e~*7dy = .017/\/z. Find the average P, for a BPSK
modulated signal where (a) the receiver has two-branch diversity with MRC combining and (b) each branch
has an average SNR of 10 dB and experiences independent fading with distribution p(~y).

Consider a fading channel that is BPSK modulated and has three-branch diversity with MRC, where each
branch experiences independent fading with an average received SNR of 15 dB. Compute the average BER
of this channel for Rayleigh fading and for Nakagami fading with m = 2. Hint: Using the alternate Q-
function representation greatly simplifies this computation, at least for Nakagami fading.

Plot the average probability of error as a function of branch SNR for a two-branch MRC system with BPSK
modulation, where the first branch has Rayleigh fading and the second branch has Nakagami-m fading with
m = 2. Assume the two branches have the same average SNR; your plots should have this average branch
SNR ranging from 5 dB to 20 dB.

Plot the average probability of error as a function of branch SNR for an M-branch MRC system with 8-PSK
modulation for M = 1, 2,4, 8. Assume that each branch has Rayleigh fading with the same average SNR.
Your plots should have this SNR ranging from 5 dB to 20 dB.

Derive the average probability of symbol error for MQAM modulation under MRC diversity given by (7.57)
from the probability of error in AWGN (6.79) by utilizing the alternate representation of ) and (.
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25. Compare the average probability of symbol error for 16-PSK and 16-QAM modulation, assuming three-
branch MRC diversity with Rayleigh fading on the first branch and Rician fading on the second and third
branches with K = 2. Assume equal average branch SNRs of 10 dB.

26. Plot the average probability of error as a function of branch SNR for an M-branch MRC system with 16-
QAM modulation for M = 1, 2,4, 8. Assume that each branch has Rayleigh fading with the same average
SNR. Your plots should have an SNR ranging from 5 dB to 20 dB.
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Chapter 8

Coding for Wireless Channels
This chapter has not yet been updated for the 2nd edition

Coding allows bit errors introduced by transmission of a modulated signal through a wireless channel to be
either detected or corrected by a decoder in the receiver. Coding can be considered as the embedding of signal
constellation points in a higher-dimensional signaling space than is needed for communications. By going to a
higher-dimensional space, the distance between points can be increased, which provides for better error correction
and detection.

In this chapter we describe codes designed for additive white Gaussian noise channels and for fading channels.
Codes designed for AWGN channels typically do not work well on fading channels because they cannot correct
for long error bursts that occur in deep fading. Codes for fading channels are mainly based on using an AWGN
channel code combined with interleaving, but the criterion for the code design changes to provide fading diversity.
Other coding techniques to combat performance degradation due to fading include unequal error protection codes
and joint source and channel coding.

We first provide an overview of code design in both fading and AWGN, along with basic design parameters
such as minimum distance, coding gain, bandwidth expansion, and diversity order. Sections 8.2 and 8.3 provide
a basic overview of block and convolutional code designs for AWGN channels. Although these designs are not
directly applicable to fading channels, codes for fading channels and other codes used in wireless systems (e.g.,
spreading codes in CDMA) require background in these fundamental techniques. Concatenated codes and their
evolution to turbo codes — as well as low-density parity-check (LDPC) codes — for AWGN channels are also
described. These extremely powerful codes exhibit near-capacity performance with reasonable complexity levels.
Coded modulation was invented in the late 1970s as a technique to obtain error correction through a joint design
of the modulation and coding. We will discuss the basic design principles behind trellis and more general lattice
coded modulation along with their performance in AWGN.

Code designs for fading channels are covered in Section 8.8. These designs combine block or convolutional
codes designed for AWGN channels with interleaving and then modify the AWGN code design metric to incorpo-
rate maximum fading diversity. Diversity gains can also be obtained by combining coded modulation with symbol
or bit interleaving, although bit interleaving generally provides much higher diversity gain. Thus, coding combined
with interleaving provides diversity gain in the same manner as other forms of diversity, with the diversity order
built into the code design. Unequal error protection is an alternative to diversity in fading mitigation. In these codes
bits are prioritized, and high-priority bits are encoded with stronger error protection against deep fades. Since bit
priorities are part of the source code design, unequal error protection is a special case of joint source and channel
coding, which we also describe.

Coding is a very broad and deep subject, with many excellent books devoted solely to this topic. This chapter
assumes no background in coding, and thus it provides an in-depth discussion of code designs for AWGN channels
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Figure 8.1: Coding gain in AWGN channels.

before designs for wireless systems can be treated. This in-depth discussion can be omitted for a more cursory
treatment of coding for wireless channels by focusing on Sections 8.1 and 8.8.

8.1 Overview of Code Design

The main reason to apply error correction coding in a wireless system is to reduce the probability of bit or block
error. The bit error probability P, for a coded system is the probability that a bit is decoded in error. The block error
probability P, also called the packet error rate, is the probability that one or more bits in a block of coded bits is
decoded in error. Block error probability is useful for packet data systems where bits are encoded and transmitted
in blocks. The amount of error reduction provided by a given code is typically characterized by its coding gain in
AWGN and its diversity gain in fading.

Coding gain in AWGN is defined as the amount that the bit energy or
signal-to-noise power ratio can be reduced under the coding technique for a given P, or P,;. We illustrate cod-
ing gain for P, in Figure 8.1. We see in this figure that the gain Cy; at P, = 10~% is less than the gain Cya at
P, = 1075, and there is negligible coding gain at P, = 1072, In fact, codes designed for high-SNR channels can
have negative coding gain at low SNRs, since the extra redundancy of the code does not provide sufficient perfor-
mance gain in P, or Py at low SNRs to compensate for spreading the bit energy over multiple coded bits. Thus,
unexpected fluctuations in channel SNR can significantly degrade code performance. The coding gain in AWGN is
generally a function of the minimum Euclidean distance of the code, which equals the minimum distance in signal
space between codewords or error events. Thus, codes designed for AWGN channels maximize their Euclidean
distance for good performance.

Error probability with or without coding tends to fall off with SNR as a waterfall shape at low to moderate
SNRs. Whereas this waterfall shape holds at all SNRs for uncoded systems and many coded systems, some codes
(such as turbo codes) exhibit error floors as SNR grows. The error floor, also shown in Figure 8.1, kicks in at a
threshold SNR that depends on the code design. For SNRs above this threshold, the slope of the error probability
curve decreases because minimum distance error events dominate code performance in this SNR regime.

Code performance is also commonly measured against channel capacity. The capacity curve is associated
with the SNR (Ej,/Ny) where Shannon capacity B log,(1 + SNR) equals the data rate of the system. At rates up
to capacity, the capacity-achieving code has a probability of error that goes to zero, as indicated by the straight line
in Figure 8.1. The capacity curve thus indicates the best possible performance that any practical code can achieve.
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For many codes, the error correction capability of a code does not come for free. This performance enhance-
ment is paid for by increased complexity and — for block codes, convolutional codes, turbo codes, and LDPC codes
— by either a decrease in data rate or an increase in signal bandwidth. Consider a code with n coded bits for every &
uncoded bits. This code effectively embeds a k-dimensional subspace into a larger n-dimensional space to provide
larger distances between coded symbols. However, if the data rate through the channel is fixed at Ry, then the
information rate for a code that uses n coded bits for every k uncoded bits is (k/n) Rp; that is, coding decreases the
data rate by the fraction k/n. We can keep the information rate constant and introduce coding gain by decreasing
the bit time by k/n. This typically results in an expanded bandwidth of the transmittted signal by n/k. Coded
modulation uses ajoint design of the code and modulation to obtain coding gain without this bandwidth expansion,
as discussed in more detail in Section 8.7.

Codes designed for AWGN channels do not generally work well in fading owing to bursts of errors that cannot
be corrected for. However, good performance in fading can be obtained by combining AWGN channel codes with
interleaving and by designing the code to optimize its inherent diversity. The interleaver spreads out bursts of
errors over time, so it provides a form of time diversity. This diversity is exploited by the inherent diversity in the
code. In fact, codes designed in this manner exhibit performance similar to MRC diversity, with diversity order
equal to the minimum Hamming distance of the code. Hamming distance is the number of coded symbols that
differ between different codewords or error events. Thus, coding and interleaving designed for fading channels
maximize their Hamming distance for good performance.

8.2 Linear Block Codes

Linear block codes are conceptually simple codes that are basically an extension of single-bit parity-check codes
for error detection. A single-bit parity-check code is one of the most common forms of detecting transmission
errors. This code uses one extra bit in a block of n data bits to indicate whether the number of 1-bits in a block
is odd or even. Thus, if a single error occurs, either the parity bit is corrupted or the number of detected 1-bits in
the information bit sequence will be different from the number used to compute the parity bit; in either case the
parity bit will not correspond to the number of detected 1-bits in the information bit sequence, so the single error
is detected. Linear block codes extend this notion by using a larger number of parity bits to either detect more than
one error or correct for one or more errors. Unfortunately, linear block codes — along with convolutional codes —
trade their error detection or correction capability for either bandwidth expansion or a lower data rate, as we shall
discuss in more detail. We will restrict our attention to binary codes, where both the original information and the
corresponding code consist of bits taking a value of either 0 or 1.

8.2.1 Binary Linear Block Codes

A binary block code generates a block of n coded bits from k information bits. We call this an (n, k) binary block
code. The coded bits are also called codeword symbols. The n codeword symbols can take on 2" possible values
corresponding to all possible combinations of the n binary bits. We select 2¥ codewords from these 2" possibilities
to form the code, where each % bit information block is uniquely mapped to one of these 2¥ codewords. The rate of
the code is R, = k/n information bits per codeword symbol. If we assume that codeword symbols are transmitted
across the channel at a rate of Ry symbols per second, then the information rate associated with an (n, k) block
code is Ry = R.Rs = (k/n)Rj bits per second. Thus we see that block coding reduces the data rate compared to
what we obtain with uncoded modulation by the code rate ..

A block code is called a linear code when the mapping of the k information bits to the n codeword symbols
is a linear mapping. In order to describe this mapping and the corresponding encoding and decoding functions in
more detail, we must first discuss properties of the vector space of binary n-tuples and its corresponding subspaces.
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The set of all binary n-tuples B,, is a vector space over the binary field, which consists of the two elements 0 and
1. All fields have two operations, addition and multiplication: for the binary field these operations correspond
to binary addition (modulo 2 addition) and standard multiplication. A subset S of B,, is called a subspace if it
satisfies the following conditions.

1. The all-zero vectorisin S.

2. The set S is closed under addition; that is, if S; € S'and S; € S then S; 4+ 5; € S.

An (n, k) block code is linear if the 2¥ length-n codewords of the code form a subspace of B,,. Thus, if C; and
C; are two codewords in an (n, k) linear block code, then C; 4+ C; must form another codeword of the code.

Example 8.1:
The vector space B3 consists of all binary tuples of length 3:

Bs = {[000], [001], [010], [011], [100], [101], [110], [111]}.

Note that Bs is a subspace of itself, since it contains the all-zero vector and is closed under addition. Determine
which of the following subsets of B3 form a subspace:

B 4, = {[000],[001],[100], [101]};
B A, = {[000],[100], [110], [111]};
W A; = {[001],[100], [101]}.

Solution: Itis easily verified that A; is a subspace, since it contains the all-zero vector and the sum of any two tuples
in A; is also in Ay. As is not a subspace because it is not closed under addition, as 110 + 111 = 001 &€ As. A3 is
not a subspace because it is not closed under addition (001 + 001 = 000 ¢ Aj3) and it does not contain the all-zero
vector.

Intuitively, the greater the distance between codewords in a given code, the less chance that errors introduced by
the channel will cause a transmitted codeword to be decoded as a different codeword. We define the Hamming
distance between two codewords C; and C;, denoted as d(C;, C;) or d;;, as the number of elements in which they
differ:

n

dij =Y _(Ci(l) + C;(1)), @.1)

=1

where C,, (1) denotes the /th bit in C,,,. For example, if C; = [00101] and C; = [10011] then d;; = 3. We define
the weight of a given codeword C; as the number of 1-bits in the codeword, so C; = [00101] has weight 2. The
weight of a given codeword C; is just its Hamming distance dy; from the all-zero codeword Cy = [00...0] or,
equivalently, the sum of its elements:

w(C;) = Zci(l)' (8.2)
=1
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Since 0 + 0 = 1 + 1 = 0, the Hamming distance between C; and C; is equal to the weight of C; 4 C;. For
example, with C; =[00101]and C; =[10011] as given before, w(C;) = 2, w(C;) = 3,and d;; = w(C;+C;) =
w([10110]) = 3. Since the Hamming distance between any two codewords equals the weight of their sum and
since this sum is also a codeword, we can determine the minimum distance between all codewords in a code by just
looking at the minimum distance between all nonzero codewords and the all-zero codeword Cy. Thus, we define
the minimum distance of a code as

dmin = mln d()i. (83)

4,570

We will see in Section 8.2.6 that the minimum distance of a linear block code is a critical parameter in determining
its probability of error.

8.2.2 Generator Matrix

The generator matrix is a compact description of how codewords are generated from information bits in alinear
block code. The design goal in linear block codes is to find generator matrices such that their corresponding codes
are easy to encode and decode yet have powerful error correction/detection capabilities. Consider an (n, k) code
with £ information bits, denoted as

U; = [u, - - -, wikl,

that are encoded into the codeword

CZ' = [Cz’h .. .,Cm].

We represent the encoding operation as a set of n equations defined by

Cij = Ui g1 + wing2; + -+ wikgkj, J=1,...,n, 3.4)

where g;; is binary ( 0 or 1) and where binary (standard) multiplication is used. We can write these n equations in
matrix form as

C;, = UG, (8.5)

where the k& x n generator matrix G for the code is defined as

gin 912 - Gin
g21 922 - G2
Gg=|" " T 7. (8.6)
gkl Gk2 - Gkn
If we denote the [th row of G as g; = [gi1, - - -, gin], then we can write any codeword C; as linear combinations of
these row vectors as follows:
Ci = uing1 + uia82 + -+ + Ui Bk- 8.7

Since a linear (n, k) block code is a subspace of dimension % in the larger n-dimensional space, it follows that the
k row vectors { gl}‘l'“:1 of G must be linearly independent so that they span the k-dimensional subspace associated
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with the 2 codewords. Hence, G has rank k. Since the set of basis vectors for this subspace is not unique, the
generator matrix is also not unique.
A systematic linear block code is described by a generator matrix of the form

L 0 - Ofpu pi2 - Pimik
0O 1 -+ O0|pa p22 - DPon—k
G=MLP=| S T (838)
0 0 - Lipm Pr2 - Pr(n—k) |

where I}, is the k& x k identity matrix and P is a & x (n — k) matrix that determines the redundant, or parity, bits
to be used for error correction or detection. The codeword output from a systematic encoder is of the form

Ci = U;G = U;[Ik|P] = [wi1, - - -, Wik, P15 - - > P(n—k)] (3.9)
where the first & bits of the codeword are the original information bits and the last (n — k) bits of the codeword are
the parity bits obtained from the information bits as

Pj = uap1j + -+ uikprj, j=1,...,n—k. (8.10)

Note that any generator matrix for an (n, k) linear block code can be reduced by row operations and column
permutations to a generator matrix in systematic form.

P

Ui Uz Uui3 Uig

Figure 8.2: Implementation of (7,4) binary code.

Example  8.2: Systematic ~ linear ~ block  codes are  typically  implemented  with
n — k modulo-2 adders tied to the appropriate stages of a shift register. The resulting parity bits are appended
to the end of the information bits to form the codeword. Find the corresponding implementation for generating a
(7.4) binary code with the generator matrix

1 0 0 o1 1 0]
01 0 0|1 0 1
G = 8.11)
001 0/0 0 1
00 0 1|0 1 0]

Solution: The matrix G is already in systematic form with
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(8.12)

1
0
0
1

S = = O

1
1
0
- 0 -
Let Pj; denote the /jth element of P. By (8.10) we see that the first parity bit in the codeword is p; = u;1 P11 +
wio Po1+u;3 P31 +ui4 Py1 = w1 +uso. Similarly, the second parity bitis po = ;1 Pro+uio Pao 413 P3o+ g Pro =
u;1 + uiq and the third parity bit is ps = w;1 P13 + winPas + w3 P33 + wia Pis = w2 + ugs. The shift register
implementation to generate these parity bits is shown in Figure 8.2. The codeword output is [u;1u2u;3ui4p1P2P3],

where the switch is in the down position to output the systematic bits u;;(j = 1,...,4) of the code or in the up
position to output the parity bits p;(j = 1, 2, 3) of the code.

8.2.3 Parity-Check Matrix and Syndrome Testing

The parity-check matrix is used to decode linear block codes with generator matrix G. The parity-check matrix H
corresponding to a generator matrix G = [I|P] is defined as

H = [PT|L,_.]. (8.13)

It is easily verified that GHT = 0.,k Where Oy, 1, denotes an all-zero k£ x (n — k) matrix. Recall that a given
codeword C; in the code is obtained by multiplication of the information bit sequence U; by the generator matrix
G: C; = U,;G. Thus,

C,H" =U,GHT =0,_; (8.14)

for any input sequence U;, where 0,,_; denotes the all-zero row vector of length n — k. Thus, multiplication of
any valid codeword with the parity-check matrix results in an all-zero vector. This property is used to determine
whether the received vector is a valid codeword or has been corrupted, based on the notion of syndrome testing,
which we now define.

Let R be the received codeword resulting from transmission of codeword C. In the absence of channel errors,
R = C. However, if the transmission is corrupted, then one or more of the codeword symbols in R will differ
from those in C. We therefore write the received codeword as

R =C +e, (8.15)
where e = [eq, €9, . . ., €3] is the error pattern indicating which codeword symbols were corrupted by the channel.
We define the syndrome of R as

S =RH". (8.16)

If R is a valid codeword (i.e., R = C; for some 7) then S = C;H” = 0,,_;, by (8.14). Thus, the syndrome equals
the all-zero vector if the transmitted codeword is not corrupted — or is corrupted in a manner such that the received
codeword is a valid codeword in the code but is different from the transmitted codeword. If the received codeword
R contains detectable errors, then S # 0,,_,.. If the received codeword contains correctable errors, the syndrome
identifies the error pattern corrupting the transmitted codeword, and these errors can then be corrected. Note that
the syndrome is a function only of the error pattern e and not the transmitted codeword C, since

249



S=RH" = (C+eH =CH" +eH" =0,_;, + eH". (8.17)

Because S = eH” corresponds to n — k equations in n unknowns, there are 2¥ possible error patterns that can
produce a given syndrome S. However, since the probability of bit error is typically small and independent for
each bit, the most likely error pattern is the one with minimal weight, corresponding to the least number of errors
introduced in the channel. Thus, if an error pattern € is the most likely error associated with a given syndrome S,
the transmitted codeword is typically decoded as

C=R+eé=C+e+é. (8.18)

If the most likely error pattern does occur, then & = e and C = C —that is, the corrupted codeword is correctly
decoded. The decoding process and associated error probability will be covered in Section 8.2.6

Let C,, denote a codeword in a given (n, k) code with minimum weight (excluding the all-zero codeword).
Then C,HT = 0,,_; is just the sum of dp;, columns of H7, since dyip, equals the number of I-bits (the weight) in
the minimum weight codeword of the code. Since the rank of H” is at most n — k, this implies that the minimum
distance of an (n, k) block code is upper bounded by

din <1 — Kk + 1, (8.19)

which is referred to as the Singelton bound.

8.2.4 Cyclic Codes

Cyclic codes are a subclass of linear block codes in which all codewords in a given code are cyclic shifts of
one another. Specifically, if the codeword C = [cg, ¢q, ..., cn—1] is a codeword in a given code, then a cyclic
shift by 1, denoted as c = [¢n—1,Coy - - -, Cn—2], is also a codeword. More generally, any cyclic shift ) =
[Cn—iy Cn—it1, - - -, Cn—i—1] is also a codeword. The cyclic nature of cyclic codes creates a nice structure that allows
their encoding and decoding functions to be of much lower complexity than the matrix multiplications associated
with encoding and decoding for general linear block codes. Thus, most linear block codes used in practice are
cyclic codes.

Cyclic codes are generated via a generator polynomial instead of a generator matrix. The generator polyno-
mial g(X) for an (n, k) cyclic code has degree n — k and is of the form

9 X)=go+ @ X+ + gnx X", (8.20)

where g; is binary (0 or 1) and g9 = g,—r = 1. The k-bit information sequence [ug, . . ., up_1] is also written in
polynomial form as the message polynomial

’LL(X) =ugt+ur X +---+ uk_le_l. (8.21)

The codeword associated with a given k-bit information sequence is obtained from the polynomial coefficients
of the generator polynomial multiplied by the message polynomial; thus, the codeword C' = [cg, ..., cp—1] i
obtained from

c(X)=u(X)g(X)=co+ X+ +cp 1 X" (8.22)

A codeword described by a polynomial ¢(X) is a valid codeword for a cyclic code with generator polynomial g(X)
if and only if g(X) divides ¢(X') with no remainder (no remainder polynomial terms) — that is, if and only if
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= q(X) (8.23)

for a polynomial ¢(X) of degree less than k.

Example 8.3: Consider a (7, 4) cyclic code with generator polynomial g(X) = 1 + X? 4+ X3. Determine if the
codewords described by polynomials ¢1(X) = 1+ X2+ X° + X®and c(X) =1+ X% + X3+ X5 4+ X% are
valid codewords for this generator polynomial.

Solution: Division of binary polynomials is similar to division of standard polynomials except that, under binary
addition, subtraction is the same as addition. Dividing ¢1(X) =1+ X2 + X° + X0 by g(X) = 1 + X2 + X3,
we have:

X341
XP4+ X241 )X+ X°+ X2 +1
X0+ X5+ x3
X3+ X241
X3+ X241
0.

Since g(X) divides ¢(X) with no remainder, it is a valid codeword. In fact, we have ¢1(X) = (1 + X3)g(X) =
u(X)g(X) and so the information bit sequence corresponding to ¢1(X) is U = [1001], corresponding to the
coefficients of the message polynomial u(X) = 1 + X3.
Dividing c2(X) =14+ X2+ X3 + X° + X% by g(X) = 1 + X2 + X3 yields
X3+1
X4+ X241 )X+ X°+ X+ X241
X0+ X5+ X

X241,

where we note that there is a remainder of X2 + 1 in the division. Thus, c2(X) is not a valid codeword for the
code corresponding to this generator polynomial.

Recall that systematic linear block codes have the first £ codeword symbols equal to the information bits and
the remaining codeword symbols equal to the parity bits. A cyclic code can be put in systematic form by first
multiplying the message polynomial u(X) by X"~ %, yielding

X" Ru(X) = uo X" P 4 XV 4 g XL (8.24)
This shifts the message bits to the k rightmost digits of the codeword polynomial. If we next divide (8.24) by
g(X), we obtain
X ky(X)

8.25
9(X) (8:29)
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where ¢(X) is a polynomial of degree at most k— 1 and p(X ) is a remainder polynomial of degree at most n—k—1.
Multiplying (8.25) through by g(X ), we now have

X" Mu(X) = q(X)g(X) + p(X). (8.26)
Adding p(X) to both sides yields

p(X) + X" Fu(X) = ¢(X)g(X). (8.27)

This implies that p(X) + X" *u(X) is a valid codeword, since it is divisible by g(X) with no remainder. The
codeword is described by the n coefficients of the codeword polynomial p(X) + X" *u(X). Note that we can
express p(X) (of degree n — k — 1) as

pX)=po+ X+ +pup X" (8.28)
Combining (8.24) and (8.28), we get

p(X) + X" u(X)

=po+mX + -+ Pk X g XTF g XPTR g XL (8.29)
Thus, the codeword corresponding to this polynomial has the first & bits consisting of the message bits [uq, . . ., ug]
and the last n — k bits consisting of the parity bits [po, . .., pn—k—1], as is required for the systematic form.

Note that the systematic codeword polynomial is generated in three steps: first multiplying the message
polynomial u(X) by X"~¥; then dividing X" *u(X) by g(X) to obtain the remainder polynomial p(X) (along
with the quotient polynomial ¢(X ), which is not used); and finally adding p(X) to X" *u(X) to get (8.29). The
polynomial multiplications are straightforward to implement, and the polynomial division is easily implemented
with a feedback shift register [1, Chap. 8.1; 2, Chap. 6.7]. Thus, codeword generation for systematic cyclic codes
has very low cost and low complexity.

Let us now consider how to characterize channel errors for cyclic codes. The codeword polynomial corre-
sponding to a transmitted codeword is of the form

(X)) =u(X)g(X). (8.30)

The received codeword can also be written in polynomial form as

r(X)=c(X)+e(X)=u(X)g(X)+e(X), (8.31)

where e( X)) is the error polynomial with coefficients equal to 1 where errors occur. For example, if the transmitted
codeword is C = [1011001] and the received codeword is R = [1111000], then e(X) = X + X" 1. The
syndrome polynomial s(X ) for the received codeword is defined as the remainder when (X)) is divided by ¢g(X),
s0 s(X) has degree n — k — 1. But by (8.31), the syndrome polynomial s(X ) is equivalent to the error polynomial
e(X) modulo g(X). Moreover, we obtain the syndrome through a division circuit similar to the one used for
generating the code. As stated previously, this division circuit is typically implemented using a feedback shift
register, resulting in a low-cost implementation of low complexity.
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8.2.5 Hard Decision Decoding (HDD)

The probability of error for linear block codes depends on whether the decoder uses soft decisions or hard decisions.
In hard decision decoding (HDD), each coded bit is demodulated as a 0 or 1 — that is, the demodulator detects each
coded bit (symbol) individually. For example, in BPSK, the received symbol is decoded as a 1 if it is closer to v/F},
and as a 0 if it is closer to —+/E}. This form of demodulation removes information that can be used by the channel
decoder. In particular, for the BPSK example the distance of the received bit from /E}, and —+/E}, can be used
in the channel decoder to make better decisions about the transmitted codeword. In soft decision decoding, these
distances are used in the decoding process. Soft decision decoding of linear block codes, which is more common
in wireless systems than hard decision decoding, is treated in Section 8.2.7.

Hard decision decoding uses minimum distance decoding based on Hamming distance. In minimum distance
decoding the n bits corresponding to a codeword are first demodulated to a 0 or 1, and the demodulator output
is then passed to the decoder. The decoder compares this received codeword to the 2% possible codewords that
constitute the code and decides in favor of the codeword that is closest in Hamming distance to (differs in the least
number of bits from) the received codeword. Mathematically, for a received codeword R, the decoder uses the
formula

piCk Cj s.t. d(Cj, R) < d(CZ, R)\V/Z 75 j (832)

If there is more than one codeword with the same minimum distance to R, one of these is chosen at random by the
decoder.

Figure 8.3: Maximum likelihood decoding in code space.

Maximum likelihood decoding picks the transmitted codeword that has the highest probability of having
produced the received codeword. In other words, given the received codeword R, the maximum likelihood decoder
choses the codeword C; as

C, = argmax; p(R|C;), i =0,...,2" — 1. (8.33)

Since the most probable error event in an AWGN channel is the event with the minimum number of errors needed
to produce the received codeword, the minimum distance criterion (8.32) and the maximum likelihood criterion
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(8.33) are equivalent. Once the maximum likelihood codeword C; is determined, it is decoded to the & bits that
produce codeword C;.

Because maximum likelihood detection of codewords is based on a distance decoding metric, we can best
illustrate this process in code space, as shown in Figure 8.3. The minimum Hamming distance between codewords,
which are illustrated by the black dots in this figure, is dp,i,. Each codeword is centered inside a sphere of radius
t = |.Bdmin], Where |x] denotes the largest integer less than or equal to x. The shaded dots represent received
sequences where one or more bits differ from those of the transmitted codeword. The figure indicates the Hamming
distance between C; and Cs.

Minimum distance decoding can be used either to detect or to correct errors. Detected errors in a data block
cause either the data to be dropped or a retransmission of the data. Error correction allows the corruption in the
data to be reversed. For error correction the minimum distance decoding process ensures that a received codeword
lying within a Hamming distance ¢ from the transmitted codeword will be decoded correctly. Thus, the decoder
can correct up to ¢ errors, as can be seen from Figure 8.3: since received codewords corresponding to ¢ or fewer
errors will lie within the sphere centered around the correct codeword, it will be decoded as that codeword using
minimum distance decoding. We see from Figure 8.3 that the decoder can detect all error patterns of dpi, —1 errors.
In fact, a decoder for an (n, k) code can detect 2" — 2¥ possible error patterns. The reason is that there are 2% — 1
nondetectable errors, corresponding to the case where a corrupted codeword is exactly equal to a codeword in the
set of possible codewords (of size 2¥) that is not equal to the transmitted codeword. Since there are 2" — 1 total
possible error patterns, this yields 2" — 2" detectable error patterns. Note that this is not hard decision decoding
because we are not correcting errors, just detecting them.

Example 8.4: A (5,2) code has codewords Cy = [00000], C; = [01011], Cy = [10101], and C3 = [11110].
Suppose the all-zero codeword Cy is transmitted. Find the set of error patterns corresponding to nondetectable
errors for this codeword transmission.
Solution:

The nondetectable error patterns correspond to the three nonzero code-words. That is, e; = [01011], e2 =
[10101], and e3 = [11110] are nondetectable error patterns, since adding any of these to Cg results in a valid code-
word.

8.2.6 Probability of Error for HDD in AWGN

The probability of codeword error, P, is defined as the probability that a transmitted codeword is decoded in error.
Under hard decision decoding a received codeword may be decoded in error if it contains more than ¢ errors (it will
not be decoded in error if there is not an alternative codeword closer to the received codeword than the transmitted
codeword). The error probability is thus bounded above by the probability that more than ¢ errors occur. Since the
bit errors in a codeword occur independently on an AWGN channel, this probability is given by

<Y | " pa-pr, (834)

j=t+1 \ J

where p is the probability of error associated with transmission of the bits in the codeword. Thus, p corresponds
to the error probability associated with uncoded modulation for the given energy per codeword symbol, as treated
in Chapter 6 for AWGN channels. For example, if the codeword symbols are sent via coherent BPSK modulation
then p = Q(\/2E./Ny), where E. is the energy per codeword symbol and Ny/2 is the noise power spectral
density. Since there are k/n information bits per codeword symbol, the relationship between the energy per bit
and the energy per symbol is E. = kE}/n. Thus, powerful block codes with a large number of parity bits (k/n
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small) reduce the channel energy per symbol and therefore increase the error probability in demodulating the
codeword symbols. However, the error correction capability of these codes typically more than compensates for
this reduction, especially at high SNRs. At low SNRs this may not happen, in which case the code exhibits negative
coding gain — it has a higher error probability than uncoded modulation. The bound (8.34) holds with equality
when the decoder corrects exactly ¢ or fewer errors in a codeword and cannot correct for more than ¢ errors in a
codeword. A code with this property is called a perfect code.

At high SNRs, the most likely way to make a codeword error is to mistake a codeword for one of its nearest
neighbors. Nearest neighbor errors yield a pair of upper and lower bounds on error probability. The lower bound
is the probability of mistaking a codeword for a given nearest neighbor at distance dyi:

dmin

dmin ; . :
P> ) T P (1 = p) i (8.35)
j=t+1 J

The upper bound, a union bound, assumes that all of the other 2k — 1 codewords are at distance d,pj, from the
transmitted codeword. Thus, the union bound is just 2% — 1 times (8.35), the probability of mistaking a given
codeword for a nearest neighbor at distance dyjy:

dmin

dmin ; . :
Po<(26-1) ) ] P (1= )t (8.36)
j=t+1 J

When the number of codewords is large or the SNR is low, both of these bounds are quite loose.

A tighter upper bound can be obtained by applying the Chemoff bound, P(X > z) < e~**/2 for X a zero-
mean, unit-variance, Gaussian random variable, to compute codeword error probability. Using this bound, it can
be shown [3, Chap. 5.2] that the probability of decoding the all-zero codeword as the jth codeword with weight w;
is upper bounded by

P(w;) < [4p(1 — p)"s/%. (8.37)

Since the probability of decoding error is upper bounded by the probability of mistaking the all-zero codeword for
any of the other codewords, we obtain the upper bound

2k_1
P. < Y [p(1—p)™7?. (8.38)
j=1

This bound requires the weight distribution {wj}?ifl for all codewords (other than the all-zero codeword corre-
sponding to 5 = 0) in the code. A simpler, slightly looser upper bound is obtained from (8.38) by using dpin
instead of the individual codeword weights. This simplification yields the bound

P. < (28 = 1)[4p(1 — p)) P2, (8.39)

Note that the probability of codeword error P, depends on p, which is a function of the Euclidean distance
between modulation points associated with the transmitted codeword symbols. In fact, the best codes for AWGN
channels should not be based on Hamming distance: they should be based on maximizing the Euclidean distance
between the codewords after modulation. However, this requires that the channel code be designed jointly with
the modulation. This is the basic concept of coded modulation, which will be discussed in Section 8.7. However,
Hamming distance is a better measure of code performance in fading when codes are combined with interleaving,
as discussed in Section 8.8.
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The probability of bit error after decoding the received codeword depends in general on the specific code and
decoder and in particular on how bits are mapped to codewords, as in the bit mapping procedure associated with
nonbinary modulation. This bit error probability is often approximated as

1 n
Py~ — (M (1—p)" 8.40
v — >, J(7) P (-p) (8.40)

j=t+1

[2, Chap. 6.5]; for t = 1, this can be simplified [2] to P, ~ p — p(1 — p)"‘l.

Example 8.5: Consider a (24, 12) linear block code with a minimum distance d,;; = 8 (an extended Golay code,
discussed in Section 8.2.8, is one such code). Find P, based on the loose bound (8.39), assuming the codeword
symbols are transmitted over the channel using BPSK modulation with Ej /Ny = 10 dB. Also find P, for this code
using the approximation P, = P./k and compare with the bit error probability for uncoded modulation.

Solution: For E,/Ny = 10dB we have E./Ny = %10 = 5. Thus, p = Q(v/10) = 7.82 - 104 Using
this value in (8.39) with k& = 12 and dy;, = 8 yields P, < 3.92 - 1077, Using the P, approximation we get
P, ~ (1/k)P. = 3.27 - 10~%. For uncoded modulation we have P, = Q(+/2Ey/Ny) = Q(v/20) = 3.87- 1079,
Thus we obtain over two orders of magnitude performance gain with this code. Note that the loose bound can be
orders of magnitude away from the true error probability, so this calculation may significantly underestimate the
performance gain of the code.

8.2.7 Probability of Error for SDD in AWGN

The HDD described in the previous section discards information that can reduce probability of codeword error. For
example, in BPSK, the transmitted signal constellation is 4-1/F} and the received symbol after matched filtering is
decoded as a 1 if it is closer to \/E} and as a 0 if it is closer to —+/E}. Thus, the distance of the received symbol
from v/Ej, and —+/E}, is not used in decoding, yet this information can be used to make better decisions about the
transmitted codeword. When these distances are used in the channel decoder it is called soft decision decoding
(SDD), since the demodulator does not make a hard decision about whether a 0 or 1 bit was transmitted but rather
makes a soft decision corresponding to the distance between the received symbol and the symbol corresponding to
a 0-bit or a 1-bit transmission. We now describe the basic premise of SDD for BPSK modulation; these ideas are
easily extended to higher-level modulations.

Consider a codeword transmitted over a channel using BPSK. As in the case of HDD, the energy per codeword
symbol is E, = (k/n)E,. If the jth codeword symbol is a 1 it will be received as ; = /E, + nj and if itisa 0 it

will be received as r; = —+/E, + n;, where n; is the AWGN sample of mean zero and variance Ny/2 associated
with the receiver. In SDD, given a received codeword R = [ry, ..., r,], the decoder forms a correlation metric

C(R, C;) for each codeword C;(i = 0,...,2% — 1) in the code and then the decoder chooses the codeword C;
with the highest correlation metric. The correlation metric is defined as

n
C(R, CZ) = Z(QCZ'J’ - 1)Tj, (8.41)
j=1
where ¢;; denotes the jth coded bit in the codeword C;. If ¢;; = 1 then 2¢;; — 1 = 1 and if ¢;; = 0 then
2¢;j —1 = —1. Thus the received codeword symbol is weighted by the polarity associated with the corresponding
symbol in the codeword for which the correlation metric is being computed. Hence C'(R, C;) is large when most
of the received symbols have a large magnitude and the same polarity as the corresponding symbols in C;, is
smaller when most of the received symbols have a small magnitude and the same polarity as the corresponding
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symbols in C;, and is typically negative when most of the received symbols have a different polarity than the
corresponding symbols in C;. In particular, at very high SNRs, if C; is transmitted then C(R, C;) ~ n\/E.. while
C(R,C;j) < nVE, for j # i.

For an AWGN channel, the probability of codeword error is the same for any codeword of a linear code. Error
analysis is typically easiest when assuming transmission of the all-zero codeword. Let us therefore assume that the
all-zero codeword Cj is transmitted and the corresponding received codeword is R. To correctly decode R, we
must have that C(R,, Cg) > C(R, C;),i = 1,...,2* —1. Let w; denote the Hamming weight of the ith codeword
C;, which equals the number of 1-bits in C;. Then, conditioned on the transmitted codeword C;, it follows that
C(R, C;)is Gauss distributed with mean /E.n(1—2w;/n) and variance nNy /2. Note that the correlation metrics
are not independent, since they are all functions of R. The probability P.(C;) = p(C(R, Cy) < C(R, C))
can be shown to equal the probability that a Gauss-distributed random variable with variance 2w; Ny is less than
—2w;/E,; that is,

PC) = Q (M> — Q(wRy). (8.42)

2wiN0
Then, by the union bound, the probability of error is upper bounded by the sum of pairwise error probabilities
relative to each C;:

2k 1 2k_1

P.< ) P(C) =D Q(2wimpRe). (8.43)
=1 =1

Computing (8.43) requires the weight distributionw; (i = 1, ..., 2¥ — 1) of the code. This bound can be simplified
by noting that w; > dpyin, SO

P. < (2" = 1)Q(v/27 Rediin).- (8.44)
The Chemoff bound on the Q-function is Q(v/2x) < e~*. Applying this bound to (8.43) yields

Pe S (2k — 1)6_7bRcdmin < 2ke_7bRcdn)in — e_'\/bRcdmin‘i‘k 1n2' (845)

Comparing this bound with that of uncoded BPSK modulation,

Py =Q(\/2m) <e™ ™, (8.46)
we get a dB coding gain of approximately
G. = 10logg[(VRedmin — k1n2)/~p] = 101og;o[Redmin — (K 1n2)/4p). (8.47)

Note that the coding gain depends on the code rate, the number of information bits per code-word, the minimum
distance of the code, and the channel SNR. In particular, the coding gain decreases as ; decreases, and it becomes
negative at sufficiently low SNRs. In general the performance of SDD is about 2-3 dB better than HDD [1,
Chap. 8.1].

Example 8.6: Find the approximate coding gain of SDD over uncoded modulation for the (24, 12) code with dyi,
= 8 considered in Example 8.5, with v, = 10 dB.

Solution: Setting v, = 10, R. = 12/24, dyin = 8, and k = 12 in (8.47) yields G. = 5 dB. This significant coding
gain is a direct result of the large minimum distance of the code.
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8.2.8 Common Linear Block Codes

‘We now describe some common linear block codes. More details can be found in [1, 2, 3, 4]. The most common
type of block code is a Hamming code, which is parameterized by an integer m > 2. For an (n, k) Hamming
code,n =2 —1land k = 2™ — m — 1, son — k = m redundant bits are introduced by the code. The minimum
distance of all Hamming codes is d iy, = 3, so ¢t = 1 error in the n = 2" — 1 codeword symbols can be corrected.
Although Hamming codes are not very powerful, they are perfect codes and thus have probability of error given
exactly by the right side of (8.34).

Golay and extended Golay codes are another class of channel codes with good performance. The Golay code
is a linear (23, 12) code with d,i, = 7 and t = 3. The extended Golay code is obtained by adding a single
parity bit to the Golay code, resulting in a (24, 12) block code with d,;, = 8 and ¢ = 3. The extra parity bit
does not change the error correction capability (since ¢ remains the same), but it greatly simplifies implementation
because the information bit rate is exactly half the coded bit rate. Thus, both uncoded and coded bit streams can be
generated by the same clock, using every other clock sample to generate the uncoded bits. These codes have higher
dmin and thus better error correction capabilities than Hamming codes, but at a cost of more complex decoding
and a lower code rate R, = k/n. The lower code rate implies that the code either has a lower data rate or requires
additional bandwidth.

Another powerful class of block codes is the Bose—Chadhuri-Hocquenghem (BCH) codes. These are cyclic
codes, and at high rates they typically outperform all other block codes with the same n and & at moderate to high
SNRs. This code class provides a large selection of blocklengths, code rates, and error correction capabilities. In
particular, the most common BCH codes have n = 2" — 1 for any integer m > 3.

The P, for a number of BCH codes under hard decision decoding and coherent BPSK modulation is shown
in Figure 8.4. The plot is based on the approximation (8.40), where for coherent BPSK we have

p=Q 2]50% — Q(V2R). (8.48)

In the figure, the BCH (127, 36) code actually has a negative coding gain at low SNRs. This is not uncommon for
powerful channel codes owing to their reduced energy per symbol, as discussed in Section 8.2.6.

1
— Uncoded
—%— Hamming (7,4) t=1

—+ Hamming (15,11) t=1
—%— Hamming (31,26) t=1
—O- Extended Golay (24,12) t=3

-~ BCH (127,36) t=15 H
-A- BCH (127,64) t=10

Decoded BER

7
Eb/No (dB)

Figure 8.4: P, for different BCH codes.
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8.2.9 Nonbinary Block Codes: The Reed Solomon Code

A nonbinary block code has similar properties as the binary code: it has K information symbols mapped into
codewords of length N. However, the N codeword symbols of each codeword are chosen from a nonbinary
alphabet of size ¢ > 2. Thus the codeword symbols can take any value in {0, 1, ..., ¢ — 1}. Usually ¢ = 2k so
that £ bits can be mapped into one symbol.

The most common nonbinary block code is the Reed Solomon (RS) code, used in a range of applications
from magnetic recording to cellular digital packet data (CDPD). Reed Solomon codes have N = ¢ — 1 = 2% — 1
and K = 1,2,..., N — 1. The value of K dictates the error correction capability of the code. Specifically, an
RS code can correct up to t = .5|N — K| codeword symbol errors. In nonbinary codes the minimum distance
between codewords is defined as the number of codeword symbols in which the codewords differ. Reed Solomon
codes achieve a minimum distance of dy,;, = N — K + 1, which is the largest possible minimum distance between
codewords for any linear code with the same encoder input and output block lengths. Reed Solomon codes are
often shortened to meet the requirements of a given system [4, Chap. 5.10].

Because nonbinary codes — and RS codes in particular — generate symbols corresponding to 2 bits, they are
sometimes used with M-ary modulation where M = 2*. In particular, with 2*-ary modulation each codeword
symbol is transmitted over the channel as one of 2¥ possible constellation points. If the error probability associated
with the modulation (the probability of mistaking the received constellation point for a constellation point other
than the transmitted point) is Py, then the probability of codeword error associated with the non-binary code is
upper bounded by

Length-n Codeword

To Modulator
1 2 | ...| n

k bits
— 1 | 2| .|k 1|2 |...] k 112 |...| k

Stage 1 Stage 2 Stage K

Figure 8.5: Convolutional encoder.

N N . .
r< > | | PLO-Py)N (8.49)
j=t+1 \ J

which is similar to the form of (8.34) for the binary code. We can then approximate the probability of information
symbol error as

1 Y N , .
P, ~ ~ § il | P = PN (8.50)
j=t+1 J
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8.3 Convolutional Codes

A convolutional code generates coded symbols by passing the information bits through a linear finite-state shift
register, as shown in Figure 8.5. The shift register consists of K stages with k bits per stage. There are n binary
addition operators with inputs taken from all K stages: these operators produce a codeword of length n for each
k-bit input sequence. Specifically, the binary input data is shifted into each stage of the shift register k bits at a
time, and each of these shifts produces a coded sequence of length n. The rate of the code is R, = k/n. The
maximum span of output symbols that can be influenced by a given input bit in a convolutional code is called the
constraint length of the code. It is clear from Figure 8.5 that a length-n codeword depends on kK input bits—in
contrast to a block code, which only depends on £ input bits. Thus, the constraint length of the encoder is kK
bits or, equivalently, K k-bit bytes. Convolutional codes are said to have memory since the current codeword
depends on more input bits (kK') than the number input to the encoder to generate it (k). Note that in general a
convolutional encoder may not have the same number of bits per stage.

8.3.1 Code Characterization: Trellis Diagrams

When a length-n codeword is generated by the convolutional encoder of Figure 8.5, this code-word depends both on
the k bits input to the first stage of the shift register as well as the szate of the encoder, defined as the contents in the
other K — 1 stages of the shift register. In order to characterize this convolutional code, we must characterize how
the codeword generation depends both on the & input bits and the encoder state, which has ok(K-1) possible values.
There are multiple ways to characterize convolutional codes, including a tree diagram, state diagram, and trellis
diagram [1, Chap. 8.2]. The tree diagram represents the encoder in the form of a tree, where each branch represents
a different encoder state and the corresponding encoder output. A state diagram is a graph showing the different
states of the encoder and the possible state transitions and corresponding encoder outputs. A trellis diagram uses
the fact that the tree representation repeats itself once the number of stages in the tree exceeds the constraint length
of the code. The trellis diagram simplifies the tree representation by merging nodes in the tree corresponding to
the same encoder state. In this section we focus on the trellis representation of a convolutional code, since this is
the most common characterization. The details of trellis diagram representation are best described by an example.

Encoder
Output
C G| G —
S Sz S$3
Stage 1 Stage 2 Stage 3

Figure 8.6: Convolutional encoder example (n = 3, k =1, k = 3).

Consider the convolutional encoder shown in Figure 8.6 with n = 3,k = 1, and K = 3. In this encoder,
one bit at a time is shifted into Stage 1 of the three-stage shift register. At a given time ¢ we denote the bit in
Stage ¢ of the shift register as .S;. The three stages of the shift register are used to generate a codeword of length
3, C1C2CY5; from the figure we see that C; = S1,Cy = 51 + S2 + 53, and C5 = 51 + S3. A bit sequence
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U shifted into the encoder generates a sequence of coded symbols, which we denote by C. Note that the coded
symbols corresponding to C'; are just the original information bits. As with block codes, when one of the coded
symbols in a convolutional code corresponds to the original information bits we say that the code is systematic.
We define the encoder state as S = 5553 (i.e., the contents of the last two stages of the encoder), and there are
22 = 4 possible values for this encoder state. To characterize the encoder, we must show for each input bit and
each possible encoder state what the encoder output will be, and we must also show how the new input bit changes
the encoder state for the next input bit.

The trellis diagram for this code is shown in Figure 8.7. The solid lines in Figure 8.7 indicate the encoder
state transition when a 0-bit is input to Stage 1 of the encoder, and the dashed lines indicate the state transition
corresponding to a 1-bit input. For example, starting at state S = 00, if a 0-bit is input to Stage 1 then, when the
shift register transitions, the new state will remain as S = 00 (since the 0 in Stage 1 transitions to Stage 2, and
the 0 in Stage 2 transitions to Stage 3, resulting in the new state S = 5353 = 00). On the other hand, if a 1-bit is
input to Stage 1 then, when the shift register transitions, the new state will become S = 10 (since the 1 in Stage 1
transitions to Stage 2, and the 0 in Stage 2 transitions to Stage 3, resulting in the new state S = S3.53 = 10). The
encoder output corresponding to a particular encoder state S and input .S is written next to the transition lines in
the figure. This output is the encoder output that results from the encoder addition operations on the bits Sy, .S,
and S5 in each stage of the encoder. For example, if S = 00 and S; = 1 then the encoder output C;C2C5 has
Ci =5 =1,0C,=85+95 +S53=1,and C3 = S; + 53 = 1. This output 111 is drawn next to the dashed
line transitioning from state S = 00 to state S = 10 in Figure 8.7. Note that the encoder output for S; = 0 and
S = 00 is always the all-zero codeword regardless of the addition operations that form the codeword CC5Cs,
since summing together any number of Os always yields 0. The portion of the trellis between time ¢; and ¢;41 is
called the ith branch of the trellis. Figure 8.7 indicates that the initial state at time ? is the all-zero state. The trellis
achieves steady state, defined as the point where all states can be entered from either of two preceding states, at
time t3. After this steady state is reached, the trellis repeats itself in each time interval. Note also that, in steady
state, each state transitions to one of two possible new states. In general, trellis structures starting from the all-zero
state at time £( achieve steady state at time ¢.

For general values of k and K, the trellis diagram will have states, where each state has 2* paths entering
each node and 2* paths leaving each node. Thus, the number of paths through the trellis grows exponentially with
k, K, and the length of the trellis path.

2K—1

Example 8.7: Consider the convolutional code represented by the trellis in Figure 8.7. For an initial state
S = 5555 = 01, find the state sequence .S and the encoder output C' for input bit sequence U = 011.

Solution: The first occurrence of S = 01 in the trellis is at time t5. We see at to that if the information bit S; = 0
then we follow the solid line in the trellis from S = 01 at ¢5 to S = 00 at ¢3, and the output corresponding to this
path through the trellis is C = 011. Now at t3, starting at S = 00, for the information bit S; = 1 we follow the
dashed line in the trellis to S = 10 at ¢4, and the output corresponding to this path through the trellis is C' = 111.
Finally, at ¢4, starting at S = 10, for the information bit S; = 1 we follow the dashed line in the trellis to S = 11
at t5, and the output corresponding to this path through the trellis is C = 101.

8.3.2 Maximum Likelihood Decoding

The convolutional code generated by the finite state shift register is basically a finite-state machine. Thus, unlike an
(n, k) block code — where maximum likelihood detection entails finding the length-n codeword that is closest to
the received length-n codeword — maximum likelihood detection of a convolutional code entails finding the most
likely sequence of coded symbols C given the received sequence of coded symbols, which we denote by R.. In
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Figure 8.7: Trellis diagram.

particular, for a received sequence R, the decoder decides that coded symbol sequence C* was transmitted if

p(R|C*) = p(R|C) VC. (8.51)

Since each possible sequence C corresponds to one path through the trellis diagram of the code, maximum like-
lihood decoding corresponds to finding the maximum likelihood path through the trellis diagram. For an AWGN
channel, noise affects each coded symbol independently. Thus, for a convolutional code of rate 1 /n, we can express
the likelihood (8.51) for a path of length L through the trellis as

L—-1 L-1 n
p(RIC) = [[ p(Ri|C:) = [] [ p(RisICiy), (8.52)
i=0 i=0 j=1

where C; is the portion of the code sequence C corresponding to the ith branch of the trellis, R; is the portion of the
received code sequence R corresponding to the ith branch of the trellis, Cj; is the jth coded symbol corresponding
to C;, and R;; is the jth received coded symbol corresponding to 12;. The log likelihood function is defined as the
log of p(R|C), given as

L-1 L-1 n
logp(R|C) = Y " logp(Ri|Ci) = > Y log p(Ri;|Cij). (8.53)
i=0 i=0 j=1
The expression
B; = logp(Ri|Cy;) (8.54)
j=1

is called the branch metric because it indicates the component of (8.53) associated with the ith branch of the trellis.
The sequence or path that maximizes the likelihood function also maximizes the log likelihood function, since the
log is monotonically increasing. However, it is computationally more convenient for the decoder to use the log
likelihood function because it involves a summation rather than a product. The log likelihood function associated
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with a given path through the trellis is also called the path metric, which by (8.53) is equal to the sum of branch
metrics along each branch of the path. The path through the trellis with the maximum path metric corresponds to
the maximum likelihood path.

The decoder can use either hard or soft decisions for the expressions log p(R;;|C;;) in the log likelihood
metric. For hard decision decoding, the ;; is decoded as a 1 or a 0. The probability of hard decision decoding
error depends on the modulation and is denoted as p. If R and C are N symbols long and differ in d places (i.e.,
their Hamming distance is d), then

p(R|C) = pt(1 —p)N

and

log p(R|C) = —dlog 1=p + Nlog(1 —p). (8.55)
p

Since p < .5,(8.55) is maximized when d is minimized. So the coded sequence C with minimum Hamming
distance to the received sequence R corresponds to the maximum likelihood sequence.

In soft decision decoding, the value of the received coded symbols (R;;) are used directly in the decoder,
rather than quantizing them to 1 or 0. For example, if the C;; are sent via BPSK over an AWGN channel with a 1
mapped to /E.. and a 0 mapped to —/E,, then

Rij =/ EC(QCZ'J' — 1) + nyj, (8.56)

where E. = kEjp/n is the energy per coded symbol and n;; denotes Gaussian noise of mean zero and variance
2 _
0“ = .5Ny. Thus,

1 (Rij — VE:(2Cy; — 1))?
\/%0' 20’2
Maximizing this likelihood function is equivalent to choosing the Cj; that is closest in Euclidean distance to [2;;.
In determining which sequence C maximizes the log likelihood function (8.53), any terms that are common to
two different sequences C; and Cy can be neglected, since they contribute the same amount to the summation.
Similarly, we can scale all terms in (8.53) without changing the maximizing sequence. Thus, by neglecting scaling
factors and terms in (8.57) that are common to any Cj;, we can replace Z;'L:1 log p(R;;|Cj;) in (8.53) with the
equivalent branch metric

p(RZ’j|CZ'j) = exXp | — (857)

i = Z Rij(QCZ'j — 1) (858)
7=1

and obtain the same maximum likelihood output.

We now illustrate the path metric computation under both hard and soft decisions for the convolutional code of
Figure 8.6 with the trellis diagram in Figure 8.7. For simplicity, we will consider only two possible paths through
the trellis and compute their corresponding likelihoods for a given received sequence R. Assume we start at time
to in the all-zero state. The first path we consider is the all-zero path, corresponding to the all-zero input sequence.
The second path we consider starts in state S = 00 at time ¢ and transitions to state S = 10 at time ¢1, then to state
S = 01 at time 9, and finally to state S = 00 at time ¢3, at which point this path merges with the all-zero path.
Since the paths and therefore their branch metrics at times ¢ < ¢y and ¢ > t3 are the same, the maximum likelihood
path corresponds to the path whose sum of branch metrics over the branches in which the two paths differ is smaller.
From Figure 8.7 we see that the all-zero path through the trellis generates the coded sequence Cy = 000000000
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over the first three branches in the trellis. The second path generates the coded sequence C; = 111010011 over
the first three branches in the trellis.

Let us first consider hard decision decoding with error probability p. Suppose the received sequence over these
three branches is R = 100110111. Note that the Hamming distance between R and Cj is 6 while the Hamming
distance between R and C; is 4. As discussed previously, the most likely path therefore corresponds to C, since
it has minimum Hamming distance to R. The path metric for the all-zero path is

2 3
My = "log P(Ri;|Cij) = 6logp + 3log(1 - p), (8.59)
i=0 j=1
while the path metric for the other path is

2 3
My =" "log P(Ry;|Cij) = 4logp + 5log(1 — p). (8.60)
i=0 j=1
Assuming p < 1, which is generally the case, this yields My ~ 6 logp and M; ~ 4logp. Since logp < 1, this
confirms that the second path has a larger path metric than the first.

Let us now consider soft decision decoding over time g to ¢3. Suppose the received sequence (before demod-
ulation) over these three branches, for £, = 1, is R = (.8, —.35, —.15,1.35,1.22, —.62,.87,1.08, .91). The path
metric for the all-zero path is

2 2 3 2 3
M(] == Z/Lz == Z ZR13(2CW - 1) == Z Z _Rij == —5.11,
i=0 i=0 j=1 i=0 j=1

and the path metric for the second path is

2 3
My =Y "> Ry;(2Ci; —1) = 1.91.
i=0 j=1
Thus, the second path has a higher path metric than the first. In order to determine if the second path is the
maximum likelihood path, we must compare its path metric to that of all other paths through the trellis.

The difficulty with maximum likelihood decoding is that the complexity of computing the log likelihood
function (8.53) grows exponentially with the memory of the code, and this computation must be done for every
possible path through the trellis. The Viterbi algorithm, discussed in the next section, reduces the complexity of
maximum likelihood decoding by taking advantage of the structure of the path metric computation.

8.3.3 The Viterbi Algorithm

The Viterbi algorithm, introduced by Viterbi in 1967 [5], reduces the complexity of maximum likelihood decoding
by systematically removing paths from consideration that cannot achieve the highest path metric. The basic premise
is to look at the partial path metrics associated with all paths entering a given node (node V) in the trellis. Since
the possible paths through the trellis leaving node N are the same for each entering path, the complete trellis path
with the highest path metric that goes through node N must coincide with the path that has the highest partial path
metric up to node V. This is illustrated in Figure 8.8, where path 1, path 2, and path 3 enter node NV (at trellis depth
n) with partial path metrics P! = Zz;é BL(I = 1,2,3) up to this node. Assume P" is the largest of these partial
path metrics. The complete path with the highest metric has branch metrics { By} after node N. The maximum
likelihood path starting from node N (i.e., the path starting from node N with the largest path metric) has partial
path metric Y~ By. The complete path metric for path /(I = 1,2, 3) up to node N and the maximum likelihood
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Maximum Likelihood Path

Survivor Path

By

Figure 8.8: Partial path metrics on maximum likelihood path.

path after node N is P! + Y72 By (I = 1,2, 3), and thus the path with the maximum partial path metric P! up to
node N (path 1 in this example) must correspond to the path with the largest path metric that goes through node
N.

The Viterbi algorithm takes advantage of this structure by discarding all paths entering a given node except
the path with the largest partial path metric up to that node. The path that is not discarded is called the survivor
path. Thus, for the example of Figure 8.8, path 1 is the survivor at node N and paths 2 and 3 are discarded from
further consideration. Hence, at every stage in the trellis there are 2%~ surviving paths, one for each possible
encoder state. A branch for a given stage of the trellis cannot be decoded until all surviving paths at a subsequent
trellis stage overlap with that branch; see Figure 8.9, which shows the surviving paths at time ¢;3. We see in the
figure that all of these surviving paths can be traced back to a common stem from time tj, to t511. At this point
the decoder can output the codeword symbol C; associated with this branch of the trellis. Note that there is not a
fixed decoding delay associated with how far back in the trellis a common stem occurs for a given set of surviving
paths, since this delay depends on &, K, and the specific code properties. To avoid a random decoding delay, the
Viterbi algorithm is typically modified so that, at a given stage in the trellis, the most likely branch n stages back
is decided upon based on the partial path metrics up to that point. Although this modification does not yield exact
maximum likelihood decoding, for n sufficiently large (typically n > 5K) it is a good approximation.

173 738 Try2 Ti+3
°

Common Stem

Figure 8.9: Common stem for all survivor paths in the trellis.

The Viterbi algorithm must keep track of ok(K-1) surviving paths and their corresponding metrics. At each

stage, in order to determine the surviving path, 2¥ metrics must be computed for each node corresponding to the
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2% paths entering each node. Thus, the number of computations in decoding and the memory requirements for the
algorithm increase exponentially with £ and K. This implies that practical implementations of convolutional codes
are restricted to relatively small values of k and K.

8.3.4 Distance Properties

As with block codes, the error correction capability of convolutional codes depends on the distance between code-
word sequences. Since convolutional codes are linear, the minimum distance between all codeword sequences can
be found by determining the minimum distance from any sequence or, equivalently, determining any trellis path to
the all-zero sequence/trellis path. Clearly the trellis path with minimum distance to the all-zero path will diverge
and remerge with the all-zero path, so that the two paths coincide except over some number of trellis branches. To
find this minimum distance path we must consider all paths that diverge from the all-zero state and then remerge
with this state. As an example, in Figure 8.10 we draw all paths in Figure 8.7 between times % and ¢5 that diverge
and remerge with the all-zero state. Note that path 2 is identical to path 1 — just shifted in time — and thus is not
considered as a separate path. Note also that we could look over a longer time interval, but any paths that diverge
and remerge over this longer interval would traverse the same branches (shifted in time) as one of these paths plus
some additional branches and would therefore have larger path metrics. In particular, we see that path 4 traverses
the trellis branches 00-10-01-10-01-00, whereas path 1 traverses the branches 00-10-01-00. Since path 4 traverses
the same branches as path 1 on its first, second, and last transition — and since it has additional transitions — its
path metric will be no smaller than the meteric of path 1. Thus we need not consider a longer time interval to find
the minimum distance path. For each path in Figure 8.10 we label the Hamming distance of the codeword on each
branch to the all-zero codeword in the corresponding branch of the all-zero path. By summing up the Hamming
distances on all branches of each path, we see that path 1 has a Hamming distance of 6 and that paths 3 and 4 have
Hamming distances of 8. Recalling that dashed lines indicate 1-bit inputs while solid lines indicate 0-bit inputs,
we see that path 1 corresponds to an input bit sequence from %y to ¢5 of 10000, path 3 corresponds to an input bit
sequence of 11000, and path 4 corresponds to an input bit sequence of 10100. Thus, path 1 results in one bit error
relative to the all-zero squence, and paths 3 and 4 result in two bit errors.

13

5]

a =00
b =01
c=10
d=11

Path 1 and 2: 00-10-01-00
Path 3: 00-10-11-01-00
Path 4: 00-10-01-10-01-00

Figure 8.10: Path distances to the all-zero path.

We define the minimum free distance dy of a convolutional code, also called simply the free distance, to be
the minimum Hamming distance of all paths through the trellis to the all-zero path, which for this example is 6.

266



The error correction capability of the code is obtained in the same manner as for block codes, with d,i, replaced
by dy, so that the code can correct ¢ channels errors with ¢ = |.5d¢].

8.3.5 State Diagrams and Transfer Functions

The transfer function of a convolutional code is used to characterize paths that diverge and remerge from the all-
zero path, and it is also used to obtain probability of error bounds. The transfer function is obtained from the code’s
state diagram representing possible transitions from the all-zero state to the all-zero state. The state diagram for
the code illustrated in Figure 8.7 is shown in Figure 8.11, with the all-zero state a = 00 split into a second node
e to facilitate representing paths that begin and end in this state. Transitions between states due to a O input bit
are represented by solid lines, while transitions due to a 1 input bit are represented by dashed lines. The branches
of the state diagram are labeled as either D° = 1, D', D?, or D3, where the exponent of D corresponds to the
Hamming distance between the codeword (which is shown for each branch transition) and the all-zero codeword
in the all-zero path. The self-loop in node a can be ignored because it does not contribute to the distance proper-
ties of the code.

DZ

/7110 Y,

Figure 8.11: State diagram.

The state diagram can be represented by state equations for each state. For the example of Figure 8.11, we
obtain state equations corresponding to the four states

X.=D3X,+DX,, X,=DX.+DX,;, Xq=D>X.+D*X;, X.=D?X,, (8.61)

where X4, . .., X, are dummy variables characterizing the partial paths. The transfer function of the code, describ-
ing the paths from state a to state e, is defined as T'(D) = X./X,. By solving the state equations for the code,
which can be done using standard techniques such as Mason’s formula, we obtain a transfer function of the form

T(D) = Z aqgD?, (8.62)
d=d;

where a4 is the number of paths with Hamming distance d from the all-zero path. As stated before, the minimum
Hamming distance to the all-zero path is d, and the transfer function 7°( D) indicates that there are a4 , paths with
this minimum distance. For the example of Figure 8.11, we can solve the state equations given in (8.61) to get the
transfer function

DG

_ _ 6 8 10
= o = DO+ 2D° 4D (8.63)

T(D)
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We see from the transfer function that there is one path with minimum distance d; = 6 and two paths with
Hamming distance 8, which is consistent with Figure 8.10. The transfer function is a convenient shorthand for
enumerating the number and corresponding Hamming distance of all paths in a particular code that diverge and
later remerge with the all-zero path.

JND?
1/ \
\ 1
\ 1
| ,
1 d=11
JND?,"” JD
K
1
JND? JD JD?
777777777777 c=10 b =01 e =00
7
JND .

Figure 8.12: Extended state diagram.

Although the transfer function is sufficient to capture the number and Hamming distance of paths in the
trellis to the all-zero path, we need a more detailed characterization to compute the bit error probability of the
convolutional code. We therefore introduce two additional parameters into the transfer function, N and J, for
this additional characterization. The factor N is introduced on all branch transitions associated with a 1 input bit
(dashed lines in Figure 8.11). The factor .J is introduced to every branch in the state diagram such that the exponent
of J in the transfer function equals the number of branches in any given path from node a to node e. The extended
state diagram corresponding to the trellis of Figure 8.7 is shown in Figure 8.12.

The extended state diagram can also be represented by state equations. For the example of Figure 8.12, these
are given by:

X.=JND?*X,+ JNDX,, X,=JDX.+ JDXy,
X,=JND?X.+ JND*X,;, X,=JD*X,. (8.64)

Similarly to the previous transfer function definition, the transfer function associated with this extended state is
defined as T'(D, N, J) = X./X,, which for this example yields

J3NDS
T(D,N,J) =
(D, N, J) 1— JND2(1+J)
= J3NDS 4+ JAN2D® + JSN2D® + J°N3D'Y0 4 ... (8.65)

The factor J is most important when we are interested in transmitting finite-length sequences; for infinite-length
sequences we typically set J = 1 to obtain the transfer function for the extended state:

T(D,N)=T(D,N,J=1). (8.66)

The transfer function for the extended state tells us more information about the diverging and remerging paths
than just their Hamming distance; namely, the minimum distance path with Hamming distance 6 is of length 3 and
results in a single bit error (exponent of NV is unity), one path of Hamming distance 8 is of length 4 and results
in two bit errors, and the other path of Hamming distance 8 is of length 5 and results in two bit errors, consistent
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with Figure 8.10. The extended transfer function is a convenient shorthand for representing the Hamming distance,
length, and number of bit errors that correspond to each diverging and remerging path of a code from the all-zero
path. In the next section we show that this representation is useful in characterizing the probability of error for
convolutional codes.

8.3.6 Error Probability for Convolutional Codes

Since convolutional codes are linear codes, the probability of error can be obtained by first assuming that the all-
zero sequence is transmitted and then determining the probability that the decoder decides in favor of a different
sequence. We will consider error probability for both hard decision and soft decision decoding; soft decisions are
much more common in wireless systems owing to their superior performance.

First consider soft decision decoding. We are interested in the probability that the all-zero sequence is sent
but a different sequence is decoded. If the coded symbols output from the convolutional encoder are sent over an
AWGN channel using coherent BPSK modulation with energy E. = R.Ep, then it can be shown [1] that, if the
all-zero sequence is transmitted, the probability of mistaking this sequence with a sequence Hamming distance d
away is

Py(d) = Q ( 2E"d> = Q(v/23Red). (8.67)

Ny

We call this probability the pairwise error probability, since it is the error probability associated with a pairwise
comparison of two paths that differ in d bits. The transfer function enumerates all paths that diverge and remerge
with the all zero path, so by the union bound we can upper bound the probability of mistaking the all-zero path for
another path through the trellis as

Pe < ) adQ(V2nRcd), (8.68)

d=d;

where a4 denotes the number of paths of distance d from the all-zero path. This bound can be expressed in terms
of the transfer function itself if we use the Chemoff upper bound for the ()-function, which yields

Q27 Red) < e whed,

Using this in (8.68) we obtain the upper bound

Pe < T(D)|D:efﬁ’bRC' (869)

This upper bound tells us the probability of mistaking one sequence for another, but it does not yield the more
fundamental probability of bit error. We know that the exponent in the factor N of 7'(D, ) indicates the number

of information bit errors associated with selecting an incorrect path through the trellis. Specifically, we can express
T(D,N)as

T(D,N)= > agD'N/®, (8.70)
d=dy

where f(d) denotes the number of bit errors associated with a path of distance d from the all-zero path. Then we
can upper bound the bit error probability for k = 1 as
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Py <) aaf(d)Q(v/2yRed) (8.71)

d=d;

[1, Chap. 8.2], which differs from (8.68) only in the weighting factor f(d) corresponding to the number of bit
errors in each incorrect path. If the Q)-function is upper bounded using the Chemoff bound as before, we get the
upper bound

dT'(D,N) '
dN N=1,D=e "1 '

If £ > 1 then we divide (8.71) or (8.72) by k to obtain P.

All of these bounds assume coherent BPSK transmission (or coherent QPSK, which is equivalent to two in-
dependent BPSK transmissions). For other modulations, the pairwise error probability P»(d) must be recomputed
based on the probability of error associated with the given modulation.

Let us now consider hard decision decoding. The probability of selecting an incorrect path at distance d from
the all-zero path, for d odd, is given by

P, < (8.72)

d d

PP —p) ), (8.73)
k=5(d+1) \ F

where p is the probability of error on the channel. This follows because the incorrect path will be selected only

if the decoded path is closer to the incorrect path than to the all-zero path — that is, the decoder makes at least

.5(d + 1) errors. If d is even then the incorrect path is selected when the decoder makes more than .5d errors,

and the decoder makes a choice at random if the number of errors is exactly .5d. We can bound the pairwise error

probability as

Py(d) < [4p(1 — p)]¥/2 (8.74)

Following the same approach as in soft decision decoding, we then obtain the error probability bound as

P, < Z aq[4p(1 — p))¥? < T(D)|D:\/m7 (8.75)
d=d;
and
= dT(D,N
P, < Z aqf(d)Pa(d) = % : (8.76)
d=d; N=1, D=+/4p(1-p)

8.4 Concatenated Codes

A concatenated code uses two levels of coding: an inner code and an outer code, as shown in Figure 8.13. The
inner code is typically designed to remove most of the errors introduced by the channel, and the outer code is
typically a less powerful code that further reduces error probability when the received coded bits have a relatively
low probability of error (since most errors are corrected by the inner code). Concatenated codes can be particularly
effective at correcting bursts of errors, which are common in wireless channels as a result of deep fades. In addition,
at low SNRs Viterbi decoding of a convolutional code tends to have errors that occur in bursts. To compensate
for these error bursts, an inner convolutional code is often concatenated with an outer Reed Solomon code, since
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RS codes have good burst error correcting properties. In addition, concatenated codes frequently have the inner
and outer codes separated by an interleaver to break up bursts of errors. Interleaver design for different coding
techniques is described in Section 8.8.

Outer i Interleaver : Inner
Encoder : crieaver & Encoder
Lesssnssnnnunnnnnnnnn

Channel
Outer : Deinterl : Inner
Decoder ; Demterieaver ¥ Decoder

Figure 8.13: Concatenated coding.

Concatenated codes typically achieve very low error probability with less complexity than a single code with
the same error probability performance. The decoding of concatenated codes is usually done in two stages, as
indicated in the figure: first the inner code is decoded, and then the outer code is decoded separately. This is a
suboptimal technique, since in fact both codes are working in tandem to reduce error probability. However, the
maximum likelihood decoder for a concatenated code, which performs joint decoding, is highly complex. It was
discovered in the mid-1990s that a near-optimal decoder for concatenated codes can be obtained based on iterative
decoding. This is the basic premise behind turbo codes, described in the next section.

8.5 Turbo Codes

Turbo codes, introduced in 1993 in a landmark paper by Berrou, Glavieux, and Thitimajshima ([6]; see also [7]),
are powerful codes that can come within a fraction of a decibel of the Shannon capacity limit on AWGN channels.
Turbo codes and the more general family of codes on graphs with iterative decoding algorithms [8, 9] have been
studied extensively, yet some of their characteristics are still not well understood. The main ideas behind codes
on graphs were introduced by Gallager in the early sixties [10]; at the time, however, these cod- ing techniques
were thought impractical and were generally not pursued by researchers in the field. The landmark 1993 paper
on turbo codes [6] provided more than enough motivation to revisit the work of Gallager and others on iterative,
graph-based decoding techniques.

As first described by Berrou et al., turbo codes consist of two key components: parallel concatenated encoding
and iterative, “turbo” decoding [6, 11]. A typical parallel concatenated encoder is shown in Figure 8.14. It consists
of two parallel convolutional encoders separated by an interleaver, with the input to the channel being the data
bits m along with the parity bits X; and X output from each of the encoders in response to input m. Since the
m information bits are transmitted as part of the codeword, we consider this a systematic turbo code. The key
to parallel concatenated encoding lies in the recursive nature of the encoders and the impact of the interleaver on
the information stream. Interleavers also play a significant role in the reduction of error floors [11], which are
commonly exhibited in turbo codes.

Iterative or “turbo” decoding exploits the component-code substructure of the turbo encoder by associating a
component decoder with each of the component encoders. More specifically, each decoder performs soft input—
soft output decoding, as shown in Figure 8.15 for the example encoder of Figure 8.14. In this figure decoder 1
generates a soft decision in the form of a probability measure p(1m1) on the transmitted information bits based on
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Figure 8.14: Parallel concatenated (turbo) encoder.
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Figure 8.15: Turbo decoder.

the received codeword (m, X7). The probability measure is generated based on either a maximum a posteriori
(MAP) probability or a soft output Viterbi algorithm (SOVA), which attaches a reliability indicator to the VA
hard decision outputs [4, Chap. 12.5]. This probability information is passed to decoder 2, which generates its
own probability measure p(mg) from its received codeword (m, X2) and the probability measure p(m;). This
reliability information is input to decoder 1, which revises its measure p(1m;) based on this information and the
original received codeword. Decoder 1 sends the new reliability information to decoder 2, which revises its measure
using this new information. Turbo decoding proceeds in an iterative manner, with the two component decoders
alternately updating their probability measures. Ideally the decoders will eventually agree on probability measures
that reduce to hard decisions m = m; = mo. However, the stopping condition for turbo decoding is not well-
defined, in part because there are many cases in which the turbo decoding algorithm does not converge: the
decoders cannot agree on the value of m. Several methods have been proposed for detecting convergence (if it
occurs), including bit estimate variance [7] and neural net—based techniques [12].

The simulated performance of turbo codes over multiple iterations of the decoder is shown in Figure 8.16 for
a code composed of two convolutional codes of rate 1/2 with constraint length K = 5 separated by an interleaver
of depth d = 2! = 65536. The decoder converges after approximately eighteen iterations. This curve indicates
several important aspects of turbo codes. First, note their exceptional performance: bit error probability of 107 at
an Ej, /Ny of less than 1 dB. In fact, the original turbo code proposed in [6] performed within .5 dB of the Shannon
capacity limit at P, = 107°. The intuitive explanation for the amazing performance of turbo codes is that the
code complexity introduced by the encoding structure is similar to the codes that achieve Shannon capacity. The
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Figure 8.16: Turbo code performance (rate 1/2, K = 5 component codes with interleaver depth 2'6).

iterative procedure of the turbo decoder allows these codes to be decoded without excessive complexity. However,
note that the turbo code exhibits an error floor: in Figure 8.16 this floor occurs at 10~%. This floor is problematic
for systems that require extremely low bit error rates. Several mechanisms have been investigated to lower the
error floor, including bit interleaving and increasing the constraint length of the component codes.

An alternative to parallel concatenated coding is serial concatenated coding [13]. In this coding technique,
one component code serves as an outer code, and then the output of this first encoder is interleaved and passed to a
second encoder. The output of the second encoder comprises the coded bits. Iterative decoding between the inner
and outer codes is used for decoding. There has been much work comparing serial and parallel concatenated code
performance (see e.g. [13, 14, 15]). Whereas both codes perform very well under similar delay and complexity
conditions, in some cases serial concatenated coding performs better at low bit error rates and also can exhibit a
lower error floor.

8.6 Low-Density Parity-Check Codes

Low-density parity-check (LDPC) codes were originally invented by Gallager [10]. However, these codes were
largely ignored until the introduction of turbo codes, which rekindled some of the same ideas. Subsequent to the
landmark paper [6] on turbo codes in 1993, LDPC codes were announced by Mackay and Neal [16] and Wiberg
[17]. Shortly thereafter it was recognized that these new code designs were actually reinventions of Gallager’s
original ideas, and subsequently much work has been devoted to finding the capacity limits, encoder and decoder
designs, and practical implementation of LDPC codes for different channels.

Low-density parity-check codes are linear block codes with a particular structure for the parity check matrix
H, which was defined in Section 8.2.3. Specifically, a (d,, d..) regular binary LDPC has a parity-check matrix H
with d,, 1s in each column and d.. Is in each row, where d,, and d,. are chosen as part of the codeword design and are
small relative to the codeword length. Since the fraction of nonzero entries in H is small, the parity-check matrix
for the code has a low density — hence the name low-density parity-check codes.

Provided that the codeword length is long, LDPC codes achieve performance close to the Shannon limit and
in some cases surpass the performance of parallel or serially concatenated codes [18]. The fundamental practical
difference between turbo codes and LDPC codes is that turbo codes tend to have low encoding complexity (linear in
blocklength) but high decoding complexity (due to their iterative nature and message passing). In contrast, LDPC
codes tend to have relatively high encoding complexity but low decoding complexity. In particular, like turbo codes,
LDPC decoding uses iterative techniques that are related to Pearl’s belief propagation, which is commonly used by
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the artificial intelligence community (see [19]). However, the belief propagation corresponding to LDPC decoding
may be simpler than for turbo decoding [19, 20]. In addition, this belief propagation decoding is parallelizable and
can be closely approximated with decoders of very low complexity [21], although this may also be possible for
turbo decoding. Finally, the decoding algorithm for LDPC codes can determine when a correct codeword has been
detected, which is not necessarily the case for turbo codes. The trade-offs between turbo and LDPC codes is an
active research area, and many open questions remain regarding their relative performance.

Additional work in the area of LDPC codes includes finding capacity limits for these codes [21], determining
effective code designs [22] and efficient encoding and decoding algorithms [21, 23], and expanding the code
designs to include nonregular [18] and nonbinary LDPC codes [24] as well as coded modulation [25].

k bits k + r bits
Uncoded EBina(lj'y Coded Coset
Data Bits ncg T | Bits Selector
One of 2%+ Channel Coding
Cosets
Modulation
Uncoded SPngiI Signal Constellation | Signal MQAM
Data Bits om Points Map Points Modulator
—_— Selector ——— s
n — k bits One of 2"+ One of 22+1/N
Signal Points Signal Points

Figure 8.17: General coding scheme.

8.7 Coded Modulation

Although Shannon proved the capacity theorem for AWGN channels in the late 1940s, it wasn’t until the 1990s that
rates approaching the Shannon limit were attained — primarily for AWGN channels with binary modulation using
turbo codes. Shannon’s theorem predicted the possibility of reducing both energy and bandwidth simultaneously
through coding. However, as described in Section 8.1, traditional error correction coding schemes (e.g., block,
convolutional, and turbo codes) provide coding gain at the expense of increased bandwidth or reduced data rate.

The spectrally efficient coding breakthrough came when Ungerboeck [26] introduced a coded modulation
technique to jointly optimize both channel coding and modulation. This joint optimization results in significant
coding gains without bandwidth expansion. Ungerboeck’s trellis coded modulation, which uses multilevel/phase
signal modulation and simple convolutional coding with mapping by set partitioning, compares favorably to later
developments in coded modulation (coset and lattice codes) as well as to more complex trellis codes [27]. We
now outline the general principles of this coding technique. Comprehensive treatments of trellis, lattice, and coset
codes can be found in [26, 27, 28].

The basic scheme for trellis and lattice coding — or, more generally, for any type of coset coding — is depicted
in Figure 8.17. There are five elements required to generate the coded modulation:

1. abinary encoder F, block or convolutional, that operates on k£ uncoded data bits to produce k +r coded bits;
2k+7’

2. a subset (coset) selector, which uses the coded bits to choose one of
N-dimensional signal constellation;

subsets from a partition of the

3. a point selector, which uses n — k additional uncoded bits to choose one of the 2" %

selected subset;

signal points in the
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4. a constellation map, which maps the selected point from N-dimensional space to a sequence of N/2 points
in two-dimensional space; and

5. an MQAM modulator (or other M -ary modulator).

The first two elements constitute the channel coding, and the remaining elements are the modulation. The receiver
essentially reverses the modulation and coding steps. After MQAM demodulation and an inverse 2/N constellation
mapping, decoding is done in essentially two stages: first, the points within each subset that are closest to the
received signal point are determined; then, the maximum likelihood subset sequence is calculated. When the
encoder F is a convolutional encoder, this scheme is referred to as trellis coded modulation; for E a block encoder,
it is called lattice coded modulation. These schemes are also referred to as trellis or lattice codes.

Steps 1-5 essentially decouple the channel coding gain from the gain associated with signal shaping in the
modulation. Specifically, the code distance properties — and thus the channel coding gain — are determined by
the encoder (E) properties and the subset partitioning, which are essentially decoupled from signal shaping. We
will discuss the channel coding gain in more detail below. Optimal shaping of the signal constellation provides
up to an additional 1.53 dB of shaping gain (for asymptotically large N), independent of the channel coding
scheme.! However, the performance improvement from shaping gain is offset by the corresponding complexity of
the constellation map, which grows exponentially with N. The size of the transmit constellation is determined by
the average power constraint and does not affect the shaping or coding gain.

The channel coding gain results from a selection of sequences among all possible sequences of signal points. If
we consider a sequence of [V input bits as a point in N-dimensional space (the sequence space), then this selection
is used to guarantee some minimum distance d,;, in the sequence space between possible input sequences. Errors
generally occur when a sequence is mistaken for its closest neighbor, and in AWGN channels this error probability
is a decreasing function of d2,; . We can thus decrease the BER by increasing the separation between each point
in the sequence space by a fixed amount (“stretching” the space). However, this will result in a proportional power
increase, so no net coding gain is realized. The effective power gain of the channel code is therefore the minimum
squared distance between selected sequence points (the sequence points obtained through coding) multiplied by
the density of the selected sequence points. Specifically, if the minimum distance and density of all points in the
sequence space are denoted by dy and A\, respectively, and if the minimum distance and density of points in
the sequence space selected through coding are denoted by dp,i, and A, respectively, then maximum likelihood
sequence detection yields a channel coding gain of

drznin A
o (5)(2)

The second term on the right side of this expression is also referred to as the constellation expansion factor and
equals 27" (per N dimensions) for a redundancy of r bits in the encoder E [27].

Some of the nominal coding gain in (8.77) is lost owing to selected sequences having more than one nearest
neighbor in the sequence space, which increases the possibility of incorrect sequence detection. This loss in
coding gain is characterized by the error coefficient, which is tabulated for most common lattice and trellis coded
modulations in [27]. In general, the error coefficient is larger for lattice codes than for trellis codes with comparable
values of G5,..

Channel coding is done using set partitioning of lattices. A lattice is a discrete set of vectors in real Euclidean
N-dimensional space that forms a group under ordinary vector addition, so the sum or difference of any two vectors
in the lattice is also in the lattice. A sublattice is a subset of a lattice that is itself a lattice. The sequence space for

'A square constellation has 0 dB of shaping gain; a circular constellation, which is the geometrical figure with the least average energy
for a given area, achieves the maximum shape gain for a given N [27].
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uncoded MQAM modulation is just the N-cube,” so the minimum distance between points is no different than in
the two-dimensional case. By restricting input sequences to lie on a lattice in /V-dimensional space that is denser
than the N-cube, we can increase dy,i, while maintaining the same density (or, equivalently, the same average
power) in the transmit signal constellation; hence, there is no constellation expansion. The [NV -cube is a lattice, but
for every N > 1 there are denser lattices in N-dimensional space. Finding the densest lattice in N dimensions
is a well-known mathematical problem, and it has been solved for all N for which the decoder complexity is
manageable.® Once the densest lattice is known, we can form partitioning subsets, or cosets, of the lattice via
translation of any sublattice. The choice of the partitioning sublattice will determine the size of the partition — that
is, the number of subsets that the subset selector in Figure 8.17 has to choose from. Data bits are then conveyed
in two ways: through the sequence of cosets from which constellation points are selected, and through the points
selected within each coset. The density of the lattice determines the distance between points within a coset, while
the distance between subset sequences is essentially determined by the binary code properties of the encoder E
and its redundancy r. If we let d,, denote the minimum distance between points within a coset and d, the minimum
distance between the coset sequences, then the minimum distance code is dpin, = min(d,, ds). The effective
coding gain is given by

Ge.=2"2/Ng2, (8.78)

min>’

where 2727/N s the constellation expansion factor (in two dimensions) from the r extra bits introduced by the
binary channel encoder.

Returning to Figure 8.17, suppose we want to send m = n + r bits per dimension, so that an [V sequence
conveys mN bits. If we use the densest lattice in N-dimensional space that lies within an N-dimensional sphere,
where the radius of the sphere is just large enough to enclose 27" points, then we achieve a total coding gain
that combines the coding gain (resulting from the lattice density and the encoder properties) with the shaping gain
of the N-dimensional sphere over the /N-dimensional rectangle. Clearly, the coding gain is decoupled from the
shaping gain. An increase in signal power would allow us to use a larger /V-dimensional sphere and hence transmit
more uncoded bits. It is possible to generate maximum-density /V-dimensional lattices for N = 4, 8,16, and 24
using a simple partition of the two-dimensional rectangular lattice combined with either conventional block or
convolutional coding. Details of this type of code construction, and the corresponding decoding
algorithms, can be found in [28] for both lattice and trellis codes. For these constructions, an effective coding gain
of approximately 1.5, 3.0, 4.5, and 6.0 dB is obtained with lattice codes for N = 4, 8,16, and 24, respectively.
Trellis codes exhibit higher coding gains with comparable complexity.

We conclude this section with an example of coded modulation: the N = 8, 3-dB—gain lattice code proposed
in [28]. First, the two-dimensional signal constellation is partitioned into four subsets as shown in Figure 8.18,
where the subsets are represented by the points Ag, A1, By, and B;. For example, a 16-QAM constellation would
have four subsets, each consisting of four constellation points. Note that the distance between points in each subset
is twice the distance between points in the (uncoded) constellation. From this subset partition, we form an 8-
dimensional lattice by taking all sequences of four points in which (i) all points are either A-points or B-points and
(i1) within a four-point sequence, the point subscripts satisfy the parity check i1 + 72 + 73 + 74 = 0 (so the sequence
subscripts must be codewords in the (4, 3) parity-check code, which has a minimum Hamming distance of 2).
Thus, three data bits and one parity check bit are used to determine the lattice subset. The square of the minimum
distance resulting from this subset partition is four times that of the uncoded signal constellation, yielding a 6-dB
gain. However, the extra parity check bit expands the constellation by 1/2 bit per dimension, which by Section
5.3.3 costs an additional power factor of 4° = 2, or 3 dB. Thus, the net coding gain is 6 —3 = 3 dB. The remaining
data bits are used to choose a point within the selected subset and so, for a data rate of m bits per symbol, the four

The Cartesian product of two-dimensional rectangular lattices with points at odd integers.
3The complexity of the maximum likelihood decoder implemented with the Viterbi algorithm is roughly proportional to N.
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Figure 8.18: Subset partition for an 8-dimensional lattice.

lattice subsets must each have 2! points.* For example, with a 16-QAM constellation the four subsets each have
2m=1 = 4 points, so the data rate is 3 data bits per 16-QAM symbol.

Coded modulation using turbo codes has also been investigated [29, 30, 31]. This work shows that turbo
trellis coded modulation can come very close to the Shannon limit for non-binary signaling.

8.8 Coding with Interleaving for Fading Channels

Block, convolutional, and coded modulation are designed for good performance in AWGN channels. In fading
channels, errors associated with the demodulator tend to occur in bursts, corresponding to the times when the
channel is in a deep fade. Most codes designed for AWGN channels cannot correct for the long bursts of errors
exhibited in fading channels. Hence, codes designed for AWGN channels can exhibit worse performance in fading
than an uncoded system.

To improve performance of coding in fading channels, coding is typically combined with interleaving to
mitigate the effect of error bursts. The basic premise of coding and interleaving is to spread error bursts due to
deep fades over many codewords so that each received codeword exhibits at most a few simultaneous symbol
errors, which can be corrected for. The spreading out of burst errors is accomplished by the interleaver and the
error correction is accomplished by the code. The size of the interleaver must be large enough that fading is
independent across a received codeword. Slowly fading channels require large interleavers, which in turn can lead
to large delays.

Coding and interleaving is a form of diversity, and performance of coding and interleaving is often charac-
terized by the diversity order associated with the resulting probability of error. This diversity order is typically
a function of the minimum Hamming distance of the code. Thus, designs for coding and interleaving on fading
channels must focus on maximizing the diversity order of the code rather than on metrics like Euclidean distance,
which are used as a performance criterion in AWGN channels. In the following sections we discuss coding and
interleaving for block, convolutional, and coded modulation in more detail. We will assume that the receiver has
knowledge of the channel fading, which greatly simplifies both the analysis and the decoder. Estimates of channel
fading are commonly obtained through pilot symbol transmissions [32, 33]. Maximum likelihood detection of
coded signals in fading without this channel knowledge is computationally intractable [34] and so usually requires

“This yields m — 1 bits/symbol, with the additional bit/symbol conveyed by the channel code.
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Figure 8.19: The interleaver/deinterleaver operation.

approximations to either the ML decoding metric or the channel [34, 35, 36, 37, 38, 39]. Note that turbo codes
designed for AWGN channels, described in Section 8.5, have an interleaver inherent to the code design. However,
the interleaver design considerations for AWGN channels are different than for fading channels. A discussion of
interleaver design and performance analysis for turbo codes in fading channels can be found in [40, Chap. 8; 41;
42]. Low-density parity-check codes can also be designed for inherent diversity against fading, with performance
similar to that of turbo codes optimized for fading diversity [43].

8.8.1 Block Coding with Interleaving

Block codes are typically combined with block interleaving to spread out burst errors from fading. A block in-
terleaver is an array with d rows and n columns, as shown in Figure 8.19. For block interleavers designed for an
(n, k) block code, codewords are read into the interleaver by rows so that each row contains an (n, k) codeword.
The interleaver contents are read out by columns into the modulator for subsequent transmission over the channel.
During transmission, codeword symbols in the same codeword are separated by d — 1 other symbols, so symbols
in the same codeword experience approximately independent fading if their separation in time is greater than the
channel coherence time — that is, if 7y > T, ~ 1/Bp, where Ty is the codeword symbol duration, 7, is the
channel coherence time, and Bp is the channel Doppler spread. An interleaver is called a deep interleaver if the
condition dTs > T, is satisfied. The deinterleaver is an array identical to the interleaver. Bits are read into the
deinterleaver from the demodulator by column so that each row of the deinterleaver contains a codeword (whose
bits may have been corrupted by the channel). The deinterleaver output is read into the decoder by rows, one
codeword at a time.

Figure 8.19 illustrates the ability of coding and interleaving to correct for bursts of errors. Suppose our coding
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scheme is an (n, k) binary block code with error correction capability ¢ = 2. If this codeword is transmitted through
a channel with an error burst of three symbols, then three out of four of the codeword symbols will be received
in error. Since the code can only correct two or fewer errors, the codeword will be decoded in error. However, if
the codeword is put through an interleaver then, as shown in Figure 8.19, the error burst of three symbols will be
spread out over three separate codewords. Since a single symbol error can be easily corrected by an (n, k) code
with ¢ = 2, the original information bits can be decoded without error. Convolutional interleavers are similar in
concept to block interleavers and are better suited to convolutional codes, as will be discussed in Section 8.8.2.

Performance analysis of coding and interleaving requires pairwise error probability analysis or the application
of Chernoff or union bounds. Details of this analysis can be found in [1, Chap. 14.6]. The union bound provides
a simple approximation to performance. Assume a Rayleigh fading channel with deep interleaving such that each
coded symbol fades independently. Then the union bound for an (n, k) block code with soft decision decoding
under noncoherent FSK modulation yields a codeword error given as

P. < (28 = 1)[p(1 - p)]Pmin, (8.79)
where dyiy is the minimum Hamming distance of the code and
B 1
2+ RAp

Similarly, for slowly fading channels in which a coherent phase reference can be obtained, the union bound on the
codeword error probability of an (n, k) block code with soft decision decoding and BPSK modulation yields

P, < o [ 2w —1 Lyt (8.81)
c 4R Ab ' '

p (8.80)

dmin

Note that both (8.79) and (8.81) are similar to the formula for error probability under MRC diversity combining
given by (7.30), with dy,i,, providing the diversity order. Similar formulas apply for hard decoding, with diversity
order reduced by a factor of 2 relative to soft decision decoding. Thus, designs for block coding and interleaving
over fading channels optimize their performance by maximizing the Hamming distance of the code.

Coding and interleaving is a suboptimal coding technique, since the correlation of the fading that affects
subsequent bits contains information about the channel that could be used in a true maximum likelihood decoding
scheme. By essentially throwing away this information, the inherent capacity of the channel is decreased [44].
Despite this capacity loss, coding with interleaving using codes designed for AWGN channels is a common coding
technique for fading channels, since the complexity required for maximum likelihood decoding on correlated coded
symbols is prohibitive.

Example 8.8: Consider a Rayleigh fading channel with a Doppler of Bp = 80 Hz. The system uses a (5,2) Ham-
ming code with interleaving to compensate for the fading. If the codeword symbols are sent through the channel
at 30 kbps, find the required interleaver depth needed to obtain independent fading on each symbol. What is the
longest burst of codeword symbol errors that can be corrected and the total interleaver delay for this depth?

Solution: The (5, 2) Hamming code has a minimum distance of 3, so it can correct ¢ = |.5 - 3| = 1 codeword
symbol error. The codeword symbols are sent through the channel at a rate s = 30 kbps, so the symbol time is
T, =1/Rs = 3.3 1075, Assume a coherence time for the channel of 7T, = 1/Bp = .0125 s. The bits in the
interleaver are separated by d7, so we require d1’s > I, for independent fading on each codeword symbol. Solving
for d yields d > T./Ts = 375. Since the interleaver spreads a burst of errors over the depth d of the interleaver,
a burst of d symbol errors in the interleaved codewords will result in just one symbol error per codeword after
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deinterleaving, which can be corrected. The system can therefore tolerate an error burst of 375 symbols. However,
all rows of the interleaver must be filled before it can read out by columns, so the total delay of the interleaver is
ndTy = 5-375-3.3-107° = 62.5 ms. This delay can degrade quality in a voice system. We thus see that the price
paid for correcting long error bursts through coding and interleaving is significant delay.

8.8.2 Convolutional Coding with Interleaving

As with block codes, convolutional codes suffer performance degradation in fading channels because the code is
not designed to correct for bursts of errors. Thus, it is common to use an interleaver to spread out error bursts.
In block coding the interleaver spreads errors across different codewords. Since there is no similar notion of a
codeword in convolutional codes, a slightly different interleaver design is needed to mitigate the effect of burst
errors. The interleaver commonly used with convolutional codes, called a convolutional interleaver, is designed
both to spread out burst errors and to work well with the incremental nature of convolutional code generation
[45, 46].

A block diagram for a convolutional interleaver is shown in Figure 8.20. The encoder output is multiplexed
into buffers of increasing size, from no buffering to a buffer of size N — 1. The channel input is similarly mul-
tiplexed from these buffers into the channel. The reverse operation is performed at the decoder. Thus, the con-
volutional interleaver delays the transmission through the channel of the encoder output by progressively larger
amounts, and this delay schedule is reversed at the receiver. This interleaver takes sequential outputs of the encoder
and separates them by N — 1 other symbols in the channel transmission, thereby breaking up burst errors in the
channel. Note that a convolutional encoder can also be used with a block code, but it is most commonly used with
a convolutional code. The total memory associated with the convolutional interleaver is .5/N (N — 1) and the delay
is N(N — 1)Ts [2, Chap. 8.2.2], where T is the symbol time for transmitting the coded symbols over the channel.

The probability of error analysis for convolutional coding and interleaving is given in [1, Chap. 14.6] under
assumptions similar to those used in our block fading analysis. The Chernoff bound again yields a probability of
error under soft decision decoding with a diversity order based on the minimum free distance of the code. Hard
decision decoding reduces this diversity by a factor of 2.

Example 8.9: Consider a channel with coherence time 7. = 12.5 ms and a coded bit rate of R = 100 kilosym-
bols per second. Find the average delay of a convolutional interleaver that achieves independent fading between
subsequent coded bits.

Solution: For the convolutional interleaver, each subsequent coded bit is separated by N7 and we require NTs >
T, for independent fading, where 75 = 1/Rs. Thus we have N > T./Ts = .0125/.00001 = 1250. Note that

[1[2]..[N—1]
:
(2] [N 1]

Figure 8.20: Convolutional coding and interleaving.

this is the same as the required depth for a block interleaver to get independent fading on each coded bit. The total
delay is N(N — 1)Ts = 15 s. This is quite a high delay for either voice or data.
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8.8.3 Coded Modulation with Symbol/Bit Interleaving

As with block and convolutional codes, coded modulation designed for an AWGN channel performs poorly in
fading. This leads to the notion of coded modulation with interleaving for fading channels. However, unlike block
and convolutional codes, there are two options for interleaving in coded modulation. One option is to interleave
the bits and then map them to modulated symbols. This is called bit-interleaved coded modulation (BICM).
Alternatively, the modulation and coding can be done jointly as in coded modulation for AWGN channels and the
resulting symbols interleaved prior to transmission. This technique is called symbol-interleaved coded modulation
(SICM).

Symbol-interleaved coded modulation seems at first like the best approach because it preserves joint coding
and modulation, the main design premise behind coded modulation. However, the coded modulation design cri-
terion must be changed in fading, since performance in fading depends on the code diversity as characterized by
its Hamming distance rather than its Euclidean distance. Initial work on coded modulation for fading channels
focused on techniques to maximize diversity in SICM. However, good design criteria were hard to obtain, and the
performance of these codes was somewhat disappointing [47, 48, 49].

A major breakthrough in the design of coded modulation for fading channels was the discovery of bit-
interleaved coded modulation [50, 51]. In BICM the code diversity is equal to the smallest number of distinct
bits (rather than channel symbols) along any error event. This is achieved by bitwise interleaving at the encoder
output prior to symbol mapping, with an appropriate soft decision bit metric as an input to the Viterbi decoder.
Although this breaks the coded modulation paradigm of joint modulation and coding, it provides much better
performance than SICM. Moreover, analytical tools for evaluating the performance of BICM as well as design
guidelines for good performance are known [50]. BICM is now the dominant technique for coded modulation in
fading channels.

8.9 Unequal Error Protection Codes

When not all bits transmitted over the channel have the same priority or bit error probability requirement, multires-
olution or unequal error protection (UEP) codes can be used. This scenario arises, for example, in voice and data
systems where voice is typically more tolerant to bit errors than data: data received in error must be retransmitted,
so P, < 1079 is typically required, whereas good quality voice requires only on the order of P, < 1073, This
scenario also arises for certain types of compression. For example, in image compression, bits corresponding to
the low-resolution reproduction of the image are required, whereas high-resolution bits simply refine the image.
With multiresolution channel coding, all bits are received correctly with a high probability under benign channel
conditions. However, if the channel is in a deep fade, only the high-priority bits or those requiring low P, will be
received correctly with high probability.
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Figure 8.21: Multilevel encoder.
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Figure 8.22: Transceiver for time-multiplexed coded modulation.

Practical implementation of a UEP code was first studied by Imai and Hirakawa [52]. Binary UEP codes
were later considered for combined speech and channel coding [53] as well as for combined image and channel
coding [54]. These implementations use traditional (block or convolutional) error correction codes, so coding gain
is directly proportional to bandwidth expansion. Subsequently, two bandwidth-efficient implementations for UEP
codes were proposed: time multiplexing of bandwidth-efficient coded modulation [55], and coded modulation
techniques applied to both uniform and nonuniform signal constellations [56, 57]. All of these multilevel codes
can be designed for either AWGN or fading channels. We now briefly summarize these UEP coding techniques;
specifically, we describe the principles behind multilevel coding and multistate decoding as well as the more
complex bandwidth-efficient implementations.

A block diagram of a general multilevel encoder is shown in Figure 8.21. The source encoder first divides
the information sequence into M parallel bit streams of decreasing priority. The channel encoder consists of M
different binary error correcting codes C', . . ., C; with decreasing codeword distances. The ith-priority bit stream
enters the ith encoder, which generates the coded bits s;. If the 2* points in the signal constellation are numbered
from 0 to 2/ — 1, then the point selector chooses the constellation point s corresponding to

M .
s= 5270 (8.82)
=1

For example, if M = 3 and the signal constellation is 8-PSK, then the chosen signal point will have phase 27s/8.

Optimal decoding of the multilevel code uses a maximum likelihood decoder, which determines the input
sequence that maximizes the received sequence probability. The ML decoder must therefore jointly decode the
code sequences {s1},...,{sm}. This can entail significant complexity even if the individual codes in the mul-
tilevel code have low complexity. For example, if the component codes are convolutional codes with 2#¢ states,
i = 1,..., M, then the number of states in the optimal decoder is 21+ +#M  Because of the high complexity
of optimal decoding, the suboptimal technique of multistage decoding, introduced in [52], is used for most imple-
mentations. Multistage decoding is accomplished by decoding the component codes sequentially. First the most
powerful code, C1, is decoded, then C, and so forth. Once the code sequence corresponding to encoder Cj is
estimated, it is assumed to be correct for code decisions on the weaker code sequences.

The binary encoders of this multilevel code require extra code bits to achieve their coding gain, so they are
not bandwidth efficient. An alternative approach proposed in [56] uses time multiplexing of the coded modulations
described in Section 8.7. In this approach, different lattice or trellis coded modulations with different coding gains
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are used for each priority class of input data. The transmit signal constellations corresponding to each encoder may
differ in size (number of signal points), but the average power of each constellation is the same. The signal points
output by each of the individual encoders are then time-multiplexed together for transmission over the channel,
as shown in Figure 8.22 for two bit streams of different priority. Let R; denote the bit rate of encoder C; in this
figure for ¢ = 1, 2. If T} equals the fraction of time that the high-priority C; code is transmitted and if 75 equals
the fraction of time that the Cy code is transmitted, then the total bit rate is (R17} + RoT%) /(11 + T3), with the
high-priority bits constituting BT /(R1T} + R2T») percent of this total.

The time-multiplexed coding method yields a higher gain if the constellation maps S7 and Sy of Figure 8.22
are designed jointly. This revised scheme is shown in Figure 8.23 for two encoders, where the extension to M
encoders is straightforward. In trellis and lattice coded modulation, recall that bits are encoded to select the lattice
subset and that uncoded bits choose the constellation point within the subset. The binary encoder properties reduce
the P, for the encoded bits only; the P, for the uncoded bits is determined by the separation of the constellation
signal points. We can easily modify this scheme to yield two levels of coding gain, where the high-priority bits are
heavily encoded and are used to choose the subset of the partitioned constellation, while the low-priority bits are
uncoded or lightly coded and are used to select the constellation signal point.
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Figure 8.23: Joint optimization of signal constellation.

8.10 Joint Source and Channel Coding

The underlying premise of UEP codes is that the bit error probabilities of the channel code should be matched to
the priority or P, requirements associated with the bits to be transmitted. These bits are often taken from the output
of a compression algorithm acting on the original data source. Hence, UEP coding can be considered as a joint
design between compression (also called source coding) and channel coding. Although Shannon determined that
the source and channel codes can be designed separately on an AWGN channel with no loss in optimality [58],
this result holds only in the limit of infinite source code dimension, infinite channel code blocklength, and infinite
complexity and delay. Thus, there has been much work on investigating the benefits of joint source and channel
coding under more realistic system assumptions.

Work in the area of joint source and channel coding falls into several broad categories: source-optimized
channel coding; channel-optimized source coding; and iterative algorithms, which combine these two code de-
signs. In source-optimized channel coding, the source code is designed for a noiseless channel. A channel code is
then designed for this source code to minimize end-to-end distortion over the given channel based on the distortion
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associated with corruption of the different transmitted bits. Unequal error protection channel coding — where the
P, of the different component channel codes is matched to the bit priorities associated with the source code — is
an example of this technique. Source-optimized channel coding has been applied to image compression with con-
volution channel coding and with rate-compatible punctured convolutional (RCPC) channel codes in [54, 59, 60].
A comprehensive treatment of matching RCPC channel codes or MQAM to subband and linear predictive speech
coding — in both AWGN and Rayleigh fading channels — can be found in [61]. In source-optimized modulation,
the source code is designed for a noiseless channel and then the modulation is optimized to minimize end-to-end
distortion. An example of this approach is given in [62], where compression by a vector quantizer (VQ) is followed
by multicarrier modulation, and the modulation provides unequal error protection to the different source bits by
assigning different powers to each subcarrier.

Channel-optimized source coding is another approach to joint source and channel coding. In this technique the
source code is optimized based on the error probability associated with the channel code, where the channel code
is designed independently of the source. Examples of work taking this approach include the channel-optimized
vector quantizer (COVQ) and its scalar variation [63, 64]. Source-optimized channel coding and modulation can be
combined with channel-optimized source coding via an iterative design. This approach is used for the joint design
of a COVQ and multicarrier modulation in [65] and for the joint design of a COVQ and RCPC channel code in
[66]. Combined trellis coded modulation and trellis coded quantization, a source coding strategy that borrows
from the basic premise of trellis coded modulation, is investigated in [67, 68]. All of this work on joint source and
channel code design indicates that significant performance advantages are possible when the source and channel
codes are jointly designed. Moreover, many sophisticated channel code designs, such as turbo and LDPC codes,
have not yet been combined with source codes in a joint optimization. Thus, much more work is needed in the
broad area of joint source and channel coding to optimize performance for different applications.
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Chapter 8 Problems

1. Consider a (3, 1) linear block code where each codeword consists of three data bits and one parity bit.

(a) Find all codewords in this code.

(b) Find the minimum distance of the code.

2. Consider a (7, 4) code with generator matrix

0101100
1010100
G =
01 10010
(110000 1

(a) Find all the codewords of the code.

(b) What is the minimum distance of the code?

(c) Find the parity check matrix of the code.

(d) Find the syndrome for the received vector R = [1101011].

(e) Assuming an information bit sequence of all Os, find all minimum weight error patterns e that result in
a valid codeword that is not the all-zero codeword.

(f) Use row and column operations to reduce G to systematic form and find its corresponding parity-check
matrix. Sketch a shift register implementation of this systematic code.

3. All Hamming codes have a minimum distance of 3. What are the error correction and error detection capa-
bilities of a Hamming code?

4. The (15, 11) Hamming code has generator polynomial g(X) = 1 + X + X*. Determine if the codewords
described by polynomials c1(X) = 1+ X + X3+ X7 and co(X) = 1+ X3+ X5+ X are valid codewords
for this generator polynomial. Also find the systematic form of this polynomial p(X) + X" *u(X) that
generates the codewords in systematic form.

5. The (7, 4) cyclic Hamming code has a generator polynomial g(X) =1 + X2 + X3.

(a) Find the generator matrix for this code in systematic form.
(b) Find the parity-check matrix for the code.

(c) Suppose the codeword C = [1011010] is transmitted through a channel and the corresponding received
codeword is C = [1010011]. Find the syndrome polynomial associated with this received codeword.

(d) Find all possible received codewords such that, for the transmitted codeword C = [1011010], the
received codeword has a syndrome polynomial of zero.

6. The weight distribution of a Hamming code of blocklength n is given by

1

ntl (14 2)" + n(1 + )5~V (1 = )50+,

n
N(z)=> Nia' =
i=0
where N; denotes the number of codewords of weight :.

285



10.

11.

12.

13.

14.

(a) Use this formula to determine the weight distribution of a Hamming (7, 4) code.

(b) Use the weight distribution from part (a) to find the union upper bound based on weight distribution
(8.38) for a Hamming (7, 4) code, assuming BPSK modulation of the coded bits with an SNR of 10 dB.
Compare with the probability of error from the looser bound (8.39) for the same modulation.

. Find the union upper bound on probability of codeword error for a Hamming code with m = 7. Assume the

coded bits are transmitted over an AWGN channel using 8-PSK modulation with an SNR of 10 dB. Compute
the probability of bit error for the code assuming a codeword error corresponds to one bit error, and compare
with the bit error probability for uncoded modulation.

. Plot P, versus , for a (24, 12) linear block code with dp,;, = 8 and 0 < Ejp/Ny < 20 dB using the union

bound for probability of codeword error. Assume that the coded bits are transmitted over the channel using
QPSK modulation. Over what range of F} /Ny does the code exhibit negative coding gain?

Use (8.47) to find the approximate coding gain of a (7,4) Hamming code with SDD over uncoded modula-
tion, assuming v, = 15 dB.

Plot the probability of codeword error for a (24, 12) code with dy,;, = 8 for 0 < 7, < 10 dB under both
hard and soft decoding, using the union bound (8.36) for hard decoding and the approximation (8.44) for
soft decoding. What is the difference in coding gain at high SNR for the two decoding techniques?

Encoder

Output
& G| G —
S S S3
Stage 1 Stage 2 Stage 3

Figure 8.24: Convolutional encoder for Problems 8-14 and 8-15.

Evalute the upper and lower bounds on codeword error probability, (8.35) and (8.36) respectively, for an
extended Golay code with HDD, assuming an AWGN channel with BPSK modulation and an SNR of 10 dB.

Consider a Reed Solomon code with £ = 3 and K = 4, mapping to 8-PSK modulation. Find the number
of errors that can be corrected with this code and its minimum distance. Also find its probability of bit
error assuming the coded symbols transmitted over the channel via 8-PSK have a symbol error probability
of 1073.

For the trellis of Figure 8.7, determine the state sequence and encoder output assuming an initial state S = 00
and information bit sequence U = [0110101101].

Consider the convolutional code generated by the encoder shown in Figure 8.24.

(a) Sketch the trellis diagram of the code.
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Figure 8.25: 16-QAM trellis encoder for Problem 8-16.

(b) For a received sequence R = [001010001], find the path metric for the all-zero path assuming proba-
bility of symbol error p = 1073,

(c) Find one path at a minimum Hamming distance from the all-zero path and compute its path metric for
the same R and p as in part (b).

15. This problem is based on the convolutional encoder of Figure 8.24.

(a) Draw the state diagram for this convolutional encoder.
(b) Determine its transfer function 7'(D, N, J).
(c) Determine the minimum distance of paths through the trellis to the all-zero path.

(d) Compute the upper bound (8.72) on probability of bit error for this code assuming SDD and BPSK
modulation with v, = 10 dB.

(e) Compute the upper bound (8.76) on probability of bit error for this code assuming HDD and BPSK
modulation with v, = 10 dB. How much coding gain is achieved with soft versus hard decoding?

16. Suppose you have a 16-QAM signal constellation that is trellis encoded via the scheme of Figure 8.25.
Assume the set partitioning for 16-QAM shown in Figure 8.18.

(a) Assuming that parallel transitions—that is, transitions within a subset—dominate the error probability,
find the coding gain of this trellis code relative to uncoded 8-PSK, given that dg for the 16-QAM is
.632 and for the 8-PSK is .765.

(b) Draw the trellis for the convolutional encoder and assign subsets to the trellis transitions according to
the following heuristic rules of Ungerboeck: (i) if k bits are to be encoded per modulation interval then
the trellis must allow for 2k possible transitions from each state to the next state; (ii) more than one
transition may occur between pairs of states; (iii) all waveforms should occur with equal frequency
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17.

18.

19.

20.

21.

and with a fair amount of regularity and symmetry; (iv) transitions originating from the same state are
assigned waveforms either from the A or B subsets but not from both; (v) transitions entering into the
same state are assigned waveforms either from the A or B subsets but not from both; and (vi) parallel
transitions are assigned from only one subset.

(c) What is the minimum distance error event through the trellis relative to the path generated by the
all-zero bit stream?

(d) Assuming that your answer to part (c) is the minimum distance error event for the trellis, what is din
of the code?

Consider a channel with coherence time 7, = 10 ms and a coded bit rate of R; = 50 kilosymbols per second.
Find the average delay of a convolutional interleaver that achieves independent fading between subsequent
coded bits. Also find the memory requirements of this system.

In a Rayleigh fading channel, determine an upper bound for the bit error probability P, of a Golay (23, 12)
code with deep interleaving (dTs > T.), BPSK modulation, soft decision decoding, and an average coded
E./Ny of 15 dB. Compare with the uncoded P, in Rayleigh fading.

Consider a Rayleigh fading channel with BPSK modulation, average SNR of 10 dB, and a Doppler of 80
Hz. The data rate over the channel is 30 kbps. Assume that bit errors occur on this channel whenever
Py(v) > 1072, Design an interleaver and associated (7, k) block code that corrects essentially all of the
bit errors, where the interleaver delay is constrained to be less than 50 ms. Your design should include the
dimensions of the interleaver as well as the block code type and the values of n and k.

Assume a multilevel encoder as in Figure 8.21, where the information bits have three different error pro-
tection levels (A = 3) and the three encoder outputs are modulated using 8-PSK modulation with an SNR
of 10 dB. Assume the code C; associated with the ith bit stream b; is a Hamming code with parameter m;,
where mi; = 2, my = 3, and mg = 4.

(a) Find the probability of error for each Hamming code C;, assuming it is decoded individually using
HDD.

(b) If the symbol time of the 8-PSK modulation is 75 = 10 us, what is the data rate for each of the three
bit streams?

(c) For what size code must the maximum likelihood decoder of this UEP code be designed?

Design a two-level UEP code using either Hamming or Golay codes and such that, for a channel with an
SNR of 10 dB, the UEP code has P, = 10~ for the low-priority bits and P, = 1075 for the high priority
bits.
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Chapter 9

Adaptive Modulation and Coding

Adaptive modulation and coding enable robust and spectrally efficient transmission over time-varying channels.
The basic premise is to estimate the channel at the receiver and feed this estimate back to the transmitter, so that
the transmission scheme can be adapted relative to the channel characteristics. Modulation and coding techniques
that do not adapt to fading conditions require a fixed link margin to maintain acceptable performance when the
channel quality is poor. Thus, these systems are effectively designed for worst-case channel conditions. Since
Rayleigh fading can cause a signal power loss of up to 30 dB, designing for the worst-case channel conditions can
result in very inefficient utilization of the channel. Adapting to the channel fading can increase average throughput,
reduce required transmit power, or reduce average probability of bit error by taking advantage of favorable channel
conditions to send at higher data rates or lower power — and by reducing the data rate or increasing power as
the channel degrades. In Section 4.2.4 we derived the optimal adaptive transmission scheme that achieves the
Shannon capacity of a flat fading channel. In this chapter we describe more practical adaptive modulation and
coding techniques to maximize average spectral efficiency while maintaining a given average or instantaneous bit
error probability. The same basic premise can be applied to MIMO channels, frequency-selective fading channels
with equalization, OFDM or CDMA, and cellular systems. The application of adaptive techniques to these systems
will be described in subsequent chapters.

Adaptive transmission was first investigated in the late sixties and early seventies [1, 2]. Interest in these
techniques was short-lived, perhaps due to hardware constraints, lack of good channel estimation techniques, and
or systems focusing on point-to-point radio links without transmitter feedback. As technology evolved these issues
became less constraining, resulting in a revived interest in adaptive modulation methods for 3G wireless systems
[3,4,5,6,7,8,9, 10, 11, 12]. As a result, many wireless systems — including both GSM and CDMA cellular
systems as well as wireless LANs — use adaptive transmission techniques [13, 14, 15, 16].

There are several practical constraints that determine when adaptive modulation should be used. Adaptive
modulation requires a feedback path between the transmitter and receiver, which may not be feasible for some sys-
tems. Moreover, if the channel is changing faster than it can be reliably estimated and fed back to the transmitter,
adaptive techniques will perform poorly. Many wireless channels exhibit variations on different time scales; exam-
ples include multipath fading, which can change very quickly, and shadowing, which changes more slowly. Often
only the slow variations can be tracked and adapted to, in which case flat fading mitigation is needed to address
the effects of multipath. Hardware constraints may dictate how often the transmitter can change its rate and/or
power, and this may limit the performance gains possible with adaptive modulation. Finally, adaptive modulation
typically varies the rate of data transmission relative to channel conditions. We will see that average spectral effi-
ciency of adaptive modulation under an average power constraint is maximized by setting the data rate to be small
or zero in poor channel conditions. However, with this scheme the quality of fixed-rate applications (such as voice
or video) with hard delay constraints may be significantly compromised. Thus, in delay-constrained applications
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the adaptive modulation should be optimized to minimize outage probability for a fixed data rate [17].

9.1 Adaptive Transmission System

In this section we describe the system associated with adaptive transmission. The model is the same as the model
of Section 4.2.1 used to determine the capacity of flat fading channels. We assume linear modulation, where
the adaptation takes place at a multiple of the symbol rate Ry = 1/7s. We also assume the modulation uses ideal
Nyquist data pulses (sinc[t/75]), so the signal bandwidth B = 1/T. We model the flat fading channel as a discrete-
time channel in which each channel use corresponds to one symbol time Ts. The channel has stationary and ergodic
time-varying gain \/g[i] that follows a given distribution p(g) and AWGN n[i], with power spectral density No/2.
Let P denote the average transmit signal power, B = 1/T} the received signal bandwidth, and g the average
channel gain. The instantaneous received signal-to-noise power ratio (SNR) is then v[i] = Pgl[i]/NoB, 0 <
7[i] < oo, and its expected value over all time is 5 = Pg/NoB. Since g[i] is stationary, the distribution of ~[i] is
independent of ¢, and we denote this distribution by p(~).

In adaptive transmission we estimate the power gain or the received SNR at time ¢ and then adapt the modu-
lation and coding parameters accordingly. The most common parameters to adapt are the data rate R[i], transmit
power P[i|, and coding parameters C[i|. For M-ary modulation the data rate R[i] = logy M[i|/Ts = Blogy M|i]
bps. The spectral efficiency of the M -ary modulation is R[i]/B = log, M [i] bps/Hz. We denote the SNR estimate
as 4[i] = Pgli]/NoB, which is based on the power gain estimate §[i]. Suppose the transmit power is adapted
relative to 4[i]. We denote this adaptive transmit power at time 7 by P(§[i]) = P[i], and the received power at time
i is then [i] P(4[i])/P. Similarly, we can adapt the data rate of the modulation R(4[i]) = R[i] and/or the coding
parameters C'(§[i]) = C[i] relative to the estimate 4[i]. When the context is clear, we will omit the time reference
i relative to 7y, P(), R(7),and C(7).

The system model is illustrated in Figure 9.1. We assume that an estimate §[i] of the channel power gain g/[i]
at time ¢ is available to the receiver after an estimation time delay of ¢. and that this same estimate is available
to the transmitter after a combined estimation and feedback path delay of i = ¢, + iy. The availability of this
channel information at the transmitter allows it to adapt its transmission scheme relative to the channel variation.
The adaptive strategy may take into account the estimation error and delay in §[i — i4] or it may treat g[i — i4] as
the true gain: this issue will be discussed in more detail in Section 9.3.7. We assume that the feedback path does
not introduce any errors, which is a reasonable assumption if strong error correction and detection codes are used
on the feedback path and if packets associated with detected errors are retransmitted.

Transmitter Channel Receiver
o7 ; Demodulation ;[i]
8lil nlil and Decoding |
Adaptive (L /L
: Modulation Power T o o
rli] and Coding | | Control x[i] » " yli] Chan]g:llal;?nimate L e — i
R[i].Cli] Pli] \/ N Error: &
8li =i —ifl Delay
i
Feedback Channel

Figure 9.1: System model.

The rate of channel variation will dictate how often the transmitter must adapt its transmission parameters,
and it will also affect the estimation error of g[i]. When the channel gain consists of both fast and slow fading
components, the adaptive transmission may adapt to both if g[i] changes sufficiently slowly, or it may adapt to
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just the slow fading. In particular, if g[i] corresponds to shadowing and multipath fading, then at low speeds the
shadowing is essentially constant, and the multipath fading is sufficiently slow that it can be estimated and fed back
to the transmitter with estimation error and delay that do not significantly degrade performance. At high speeds the
system can no longer effectively estimate and feed back the multipath fading in order to adapt to it. In this case, the
adaptive transmission responds to the shadowing variations only, and the error probability of the modulation must
be averaged over the fast fading distribution. Adaptive techniques for combined fast and slow fading are discussed
in Section 9.5.

9.2 Adaptive Techniques

There are many parameters that can be varied at the transmitter relative to the channel gain . In this section we
discuss adaptive techniques associated with variation of the most common parameters: data rate, power, coding,
error probability, and combinations of these adaptive techniques.

9.2.1 Variable-Rate Techniques

In variable-rate modulation the data rate R[y] is varied relative to the channel gain ~y. This can be done by fixing
the symbol rate Ry = 1/T of the modulation and using multiple modulation schemes or constellation sizes, or by
fixing the modulation (e.g. BPSK) and changing the symbol rate. Symbol rate variation is difficult to implement
in practice because a varying signal bandwidth is impractical and complicates bandwidth sharing. In contrast,
changing the constellation size or modulation type with a fixed symbol rate is fairly easy, and these techniques are
used in current systems. Specifically, the GSM and IS-136 EDGE system as well as 802.11a wireless LANs vary
their modulation and coding relative to channel quality [15]. In general the modulation parameters that dictate the
transmission rate are fixed over a block or frame of symbols, where the frame size is a parameter of the design.
Frames may also include pilot symbols for channel estimation and other control information.

When a discrete set of modulation types or constellation sizes are used, each value of v must be mapped to
one of the possible modulation schemes. This is often done to maintain the bit error probability of each scheme
below a given value. These ideas are illustrated in the following example as well as in subsequent sections on
specific adaptive modulation techniques.

Example 9.1: Consider an adaptive modulation system that uses QPSK and 8-PSK for a target P, of approximately
1073, If the target P, cannot be met with either scheme, then no data is transmitted. Find the range of ~y-values as-
sociated with the three possible transmission schemes (no transmission, QPSK, and 8-PSK) as well as the average
spectral efficiency of the system, assuming Rayleigh fading with 7 = 20 dB.

Solution: First note that the SNR = ~, for both QPSK and 8-PSK. From Section 6.1 we have P, ~ Q(,/7)
for QPSK and P, ~ .666Q(+/27 sin(r/8)) for 8-PSK. Since v > 14.79 dB yields P, < 1073 for 8-PSK, the
adaptive modulation uses 8-PSK modulation for v > 14.79 dB. Since v > 10.35 dB yields P, < 1073 for QPSK,
the adaptive modulation uses QPSK modulation for 14.79 dB > ~ > 10.35 dB. The channel is not used for
v < 10.35 dB.

We determine the average rate by analyzing how often each of the different transmission schemes is used.
Since 8-PSK is used when v > 14.79 dB = 30.1, in Rayleigh fading with y = 20 dB the spectral efficiency
R[v]/B = log, 8 = 3 bps/Hz is transmitted a fraction of time equal to Py = [, ﬁe‘“f/loo dy = .74. QPSK
is used when 10.35 < v < 14.79 dB, where 10.35 dB = 10.85 in linear units. So R[] = log,4 = 2 bps/Hz is
transmitted a fraction of time equal to Py = 301 _1_o—y/100 dy = .157. During the remaining .103 portion of

10.85 T00°€
time there is no data transmission. So the average spectral efficiency is .74 -3 4 .157 -2+ .103 - 0 = 2.534 bps/Hz.
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Note that if v < 10.35 dB then — rather than suspending transmission, which leads to an outage probability of
roughly .1 — either just one signaling dimension could be used (i.e., BPSK could be transmitted) or error correction
coding could be added to the QPSK to meet the P, target. If block or convolutional codes were used then the
spectral efficiency for v < 10.35 dB would be less than 2 bps/Hz but larger than a spectral efficiency of zero
corresponding to no transmission. These variable-coding techniques are described in Section 9.2.4.

9.2.2 Variable-Power Techniques

Adapting the transmit power alone is generally used to compensate for SNR variation due to fading. The goal
is to maintain a fixed bit error probability or, equivalently, a constant received SNR. The power adaptation thus
inverts the channel fading so that the channel appears as an AWGN channel to the modulator and demodulator.’
The power adaptation for channel inversion is given by

P
Ply) _ g 9.1)
P g
where o equals the constant received SNR. The average power constraint P implies that
P o
/ —g)p(v) dy = / S dy=1. ©.2)

Solving (9.2) for o yields that o = 1/E[1/v], so o is determined by p(~y), which in turn depends on the average
transmit power P through 4. Thus, for a given average power P, if the value for o required to meet the target
bit error rate is greater than 1/E[1/+] then this target cannot be met. Note that for Rayleigh fading, where ~ is
exponentially distributed, E[1/~v] = oo and so no target P, can be met using channel inversion.

The fading can also be inverted above a given cutoff g, which leads to a truncated channel inversion for
power adaptation. In this case the power adaptation is given by
P(y) _ {0/7 Y > 0, 9.3)

P 0 ¥ < 0.

The cutoff value 7y can be based on a desired outage probability P,,s = p(y < 70) or on a desired target BER
above a cutoff that is determined by the target BER and p(+y). Since the channel is only used when v > 7, given
an average power P we have 0 = 1/E,[1/7], where

1l a [1
E,|-| = — dry. 9.4
% M L () dy (9.4)

Example 9.2: Find the power adaptation for BPSK modulation that maintains a fixed P, = 10~2 in non-outage
for a Rayleigh fading channel with 4 = 10 dB. Also find the resulting outage probability.

Solution: The power adaptation is truncated channel inversion, so we need only find o and 7. For BPSK modula-
tion, with a constant SNR of o = 4.77 we get P, = Q(v/20) = 1073. Setting ¢ = 1/E,,[1/~] and solving for 7o,
which must be done numerically, yields vg = .7423. So Poyt = p(y < 709) =1 — e~0/10 = 379 Hence there is
a high outage probability, which results from requiring P, = 10~ in this relatively weak channel.

'Channel inversion and truncated channel inversion were discussed in Section 4.2.4 in the context of fading channel capacity.
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9.2.3 Variable Error Probability

We can also adapt the instantaneous BER subject to an average BER constraint P,. In Section 6.3.2 we saw that
in fading channels the instantaneous error probability varies as the received SNR -y varies, resulting in an average
BER of P, = [ Py(7)p(7) dv. This is not considered an adaptive technique, since the transmitter does not adapt
to . Thus, in adaptive modulation, error probability is typically adapted along with some other form of adaptation
such as constellation size or modulation type. Adaptation based on varying both data rate and error probability to
reduce transmit energy was first proposed by Hayes in [1], where a 4-dB power savings was obtained at a target
average bit error probability of 107

9.2.4 Variable-Coding Techniques

In adaptive coding, different channel codes are used to provide different amounts of coding gain to the transmitted
bits. For example, a stronger error correction code may be used when -y is small, with a weaker code or no coding
used when ~y is large. Adaptive coding can be implemented by multiplexing together codes with different error
correction capabilities. However, this approach requires that the channel remain roughly constant over the block
length or constraint length of the code [7]. On such slowly varying channels, adaptive coding is particularly useful
when the modulation must remain fixed, as may be the case owing to complexity or peak-to-average power ratio
constraints.

An alternative technique to code multiplexing is rate-compatible punctured convolutional (RCPC) codes [18].
This is a family of convolutional codes at different code rates R. = k/n. The basic premise of RCPC codes
is to have a single encoder and decoder whose error correction capability can be modified by not transmitting
certain coded bits (puncturing the code). Moreover, RCPC codes have a rate compatibility constraint so that the
coded bits associated with a high-rate (weaker) code are also used by all lower-rate (stronger) codes. Thus, to
increase the error correction capability of the code, the coded bits of the weakest code are transmitted along with
additional coded bits to achieve the desired level of error correction. The rate compatibility makes it easy to adapt
the error protection of the code, since the same encoder and decoder are used for all codes in the RCPC family,
with puncturing at the transmitter to achieve the desired error correction. Decoding is performed by a Viterbi
algorithm operating on the trellis associated with the lowest rate code, with the puncturing incorporated into the
branch metrics. Puncturing is a very effective and powerful adaptive coding technique, and it forms the basis of
adaptive coding in the GSM and IS-136 EDGE protocol for data transmission [13].

Adaptive coding through either multiplexing or puncturing can be done for fixed modulation or combined
with adaptive modulation as a hybrid technique. When the modulation is fixed, adaptive coding is often the only
practical mechanism to address the channel variations [6, 7]. The focus of this chapter is on systems where adaptive
modulation is possible, so adaptive coding on its own will not be further discussed.

9.2.5 Hybrid Techniques

Hybrid techniques can adapt multiple parameters of the transmission scheme, including rate, power, coding, and
instantaneous error probability. In this case joint optimization of the different techniques is used to meet a given
performance requirement. Rate adaptation is often combined with power adaptation to maximize spectral effi-
ciency, and we apply this joint optimization to different modulations in subsequent sections. Adaptive modulation
and coding has been widely investigated in the literature and is currently used in both cellular systems and wireless
LANs [13, 15].
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9.3 Variable-Rate Variable-Power MQAM

In the previous section we discussed general approaches to adaptive modulation and coding. In this section we
describe a specific form of adaptive modulation where the rate and power of MQAM are varied to maximize spec-
tral efficiency while meeting a given instantaneous P, target. We study this specific form of adaptive modulation
because it provides insight into the benefits of adaptive modulation and since, moreover, the same scheme for
power and rate adaptation that achieves capacity also optimizes this adaptive MQAM design. We will show that
there is a constant power gap between the spectral efficiency of this adaptive MQAM technique and capacity in flat
fading, and this gap can be partially closed by coded modulation using a trellis or lattice code superimposed on the
adaptive modulation.

Consider a family of MQAM signal constellations with a fixed symbol time 7’5, where M denotes the number
of points in each signal constellation. We assume T, = 1/B based on ideal Nyquist pulse shaping. Let P, Ng, v =
Pg/NyB, and 4 = P /NyB be as given in our system model. Then the average E /Ny equals the average SNR:

E, PT, _

FO N, . 9.5)
The spectral efficiency for fixed M is R/B = log, M, the number of bits per symbol. This efficiency is typically
parameterized by the average transmit power P and the BER of the modulation technique.

9.3.1 Error Probability Bounds

In [19] the BER for an AWGN channel with MQAM modulation, ideal coherent phase detection, and SNR 7 is
bounded by

P, < 2¢~ 157/ (M=1) (9.6)
A tighter bound, good to within 1 dB for M > 4 and 0 < v < 30dB, is

P, < .2¢~15v/(M-1), 9.7)

Note that these expressions are only bounds, so they don’t match the error probability expressions from Table 6.1.
We use these bounds because they are easy to invert: so we can obtain M as a function of the target P, and the
power adaptation policy, as we will see shortly. Adaptive modulation designs can also be based on BER expressions
that are not invertible or on BER simulation results, with numerical inversion used to obtain the constellation size
and SNR associated with a given BER target.

In a fading channel with nonadaptive transmission (constant transmit power and rate), the average BER is
obtained by integrating the BER in AWGN over the fading distribution p(«y). Thus, we use the average BER
expression to find the maximum data rate that can achieve a given average BER for a given average SNR. Similarly,
if the data rate and average BER are fixed, we can find the required average SNR to achieve this target, as illustrated
in the next example.

Example 9.3: Find the average SNR required to achieve an average BER of P, = 10~ for nonadaptive BPSK
modulation in Rayleigh fading. What is the spectral efficiency of this scheme?

Solution: From Section 6.3.2, BPSK in Rayleigh fading has P, ~ 1/44. Thus, without transmitter adaptation,
for a target average BER of P, = 1073 we require ¥ = 1/4P, = 250 = 24 dB. The spectral efficiency is
R/B = log, 2 = 1 bps/Hz. We will see that adaptive modulation provides a much higher spectral efficiency at
this same SNR and target BER.
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9.3.2 Adaptive Rate and Power Schemes

We now consider adapting the transmit power P(7) relative to 7, subject to the average power constraint P and an
instantaneous BER constraint P,(y) = P,. The received SNR is then P(y)/P, and the P, bound for each value
of 7y, using the tight bound (9.7), becomes

9.8)

—1-57P(7)]
M—-1 P |

Py(y) < 2exp [ —5

We adjust M and P() to maintain the target P,. Rearranging (9.8) yields the following maximum constellation
size for a given Pj:

15y  P(y) P(v)
MAy)=14 —/—~—=-=1+Ky—==> 9.9
where
-1.5
K= 1. 9.10
R, ©-10)
We maximize spectral efficiency by maximizing
o K~P
Bllog, M(2)] = [ 1o, (1 ¥ ”TW ply) do ©.11)
subject to the power constraint
/ P(y)p(y)dy = P. 9.12)
0

The power adaptation policy that maximizes (9.11) has the same form as the optimal power adaptation policy
(4.15) that achieves capacity:

P() _ {1/70—1/(7K) ¥ > /K, (9.13)

P 0 7 < 70/K7
where 7/ K is the optimized cutoff fade depth below which the channel is not used, for K given by (9.10). If we
define yx = 70/ K and multiply both sides of (9.13) by K, we obtain

KP(y) _ {mK—lm ¥ > K, 0.14)

P 0 v <K,

where v is a cutoff fade depth below which the channel is not used. This cutoff must satisfy the power constraint
(9.12):

o0 1 1
/ X (TK - ;> ply)dy=K. ©13)
Y

Substituting (9.13) or (9.14) into (9.9), we get that the instantaneous rate is given by

logy M () = log, (%{) ) (9.16)

and the corresponding average spectral efficiency (9.11) is given by
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Comparing the power adaptation and average spectral efficiency — (4.15) and (4.16) — associated with the
Shannon capacity of a fading channel with (9.13) and (9.17), the optimal power adaptation and average spectral
efficiency of adaptive MQAM, we see that the power and rate adaptation are the same and lead to the same average
spectral efficiency, with an effective power loss of K for adaptive MQAM as compared to the capacity-achieving
scheme. Moreover, this power loss is independent of the fading distribution. Thus, if the capacity of a fading
channel is R bps/Hz at SNR 7, then uncoded adaptive MQAM requires a received SNR of 4/ K to achieve the
same rate. Equivalently, K is the maximum possible coding gain for this variable rate and power MQAM method.
We discuss superimposing a trellis or lattice code on the adaptive MQAM to obtain some of this coding gain in
Section 9.3.8.

We plot the average spectral efficiency (9.17) of adaptive MQAM at a target P, of 1073 and 10~ for both
log-normal shadowing and Rayleigh fading in Figures 9.2 and 9.3, respectively. We also plot the capacity in these
figures for comparison. Note that the gap between the spectral efficiency of variable-rate variable-power MQAM
and capacity is the constant K, which from (9.10) is a simple function of the BER.

9.3.3 Channel Inversion with Fixed Rate

We can also apply channel inversion power adaptation to maintain a fixed received SNR. We then transmit a
single fixed-rate MQAM modulation that achieves the target F. The constellation size M that meets this target
P, is obtained by substituting the channel inversion power adaptation P(y)/P = o /v of (9.2) into (9.9) with
o = 1/E[1/~]. Since the resulting spectral efficiency R/ B = M, this yields the spectral efficiency of the channel
inversion power adaptation as

R —-1.5
5 =105 (1+ iz ) o1

This spectral efficiency is based on the tight bound (9.7); if the resulting M = R/B < 4 then the loose bound
(9.6) must be used, in which case In(5F,) is replaced by In(.5F;) in (9.18).
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Figure 9.3: Average spectral efficiency in Rayleigh fading.
With truncated channel inversion the channel is only used when v > ~y. Thus, the spectral efficiency with

truncated channel inversion is obtained by substituting P(~y)/P = o /v( > 7) into (9.9) and multiplying by the
probability that v > ~y. The maximum value is obtained by optimizing relative to the cutoff level vy:

R —-1.5
— = Iq/%X logy (1 + I (9.19)

B B i) 70 )
The spectral efficiency of adaptive MQAM (with the optimal water-filling and truncated channel inversion power
adaptation) in a Rayleigh fading channel with a target BER of 10~ is shown in Figure 9.4, along with the capacity
under the same two power adaptation policies. We see, surprisingly, that truncated channel inversion with fixed-
rate transmission has almost the same spectral efficiency as optimal variable-rate variable-power MQAM. This
suggests that truncated channel inversion is more desirable in practice, since it achieves almost the same spectral
efficiency as variable-rate variable-power transmission but does not require that we vary the rate. However, this
assumes there is no restriction on constellation size. Specifically, the spectral efficiencies (9.17), (9.18), and (9.19)
assume that M can be any real number and that the power and rate can vary continuously with . Though MQAM
modulation for noninteger values of M is possible, the complexity is quite high [20]. Moreover, it is difficult in
practice to continually adapt the transmit power and constellation size to the channel fading, particularly in fast
fading environments. Thus, we now consider restricting the constellation size to just a handful of values. This will
clearly affect the spectral efficiency, though (as shown in the next section) not by very much.

9.3.4 Discrete-Rate Adaptation

We now assume the same model as in the previous section, but we restrict the adaptive MQAM to a limited set
of constellations. Specifically, we assume a set of square constellations of size My = 0, M7 = 2, and M; =
220-1 j =2, ... N — 1 for some N. We assume square constellations for M > 2 since they are easier to
implement than rectangular ones [21]. We first analyze the impact of this restriction on the spectral efficiency of
the optimal adaptation policy. We then determine the effect on the channel inversion policies.

Consider a variable-rate variable-power MQAM transmission scheme subject to these constellation restric-
tions. Thus, at each symbol time we transmit a symbol from a constellationin the set {M/;: j =0,1,..., N —1};
the choice of constellation depends on the fade level y over that symbol time. Choosing the M, constellation
corresponds to no data transmission. For each value of v, we must decide which constellation to transmit and what
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Figure 9.4: Spectral efficiency with different power adaptation policies (Rayleigh fading).

the associated transmit power should be. The rate at which the transmitter must change its constellation and power
is analyzed below. Since the power adaptation is continuous while the constellation size is discrete, we call this a
continuous-power discrete-rate adaptation scheme.

We determine the constellation size associated with each « by discretizing the range of channel fade levels.
Specifically, we divide the range of +y into N fading regions R; = [vj-1,7;),j =0,...,N — 1, where y_; = 0
and yy_1 = 0o. We transmit constellation M; when v € R;. The spectral efficiency for v € R; is thus logy M;
bps/Hz for j > 0.

The adaptive MQAM design requires that the boundaries of the I2; regions be determined. Although these
boundaries can be optimized to maximize spectral efficiency, as derived in Section 9.4.2, the optimal boundaries
cannot be found in closed form and require an exhaustive search to obtain. Thus, we will use a suboptimal
technique to determine boundaries. These suboptimal boundaries are much easier to find than the optimal ones and
have almost the same performance. Define

M(y) = —. 9.20)

where vj > 0 is a parameter that will later be optimized to maximize spectral efficiency. Note that substituting
(9.13) into (9.9) yields (9.20) with 7. = k. Therefore, the appropriate choice of v} in (9.20) defines the optimal
constellation size for each v when there is no constellation restriction.

Assume now that v} is fixed and define My = oco. To obtain the constellation size M;(j = 0,...,N — 1)
for a given SNR , we first compute M () from (9.20). We then find j such that M; < M () < Mj;1 and assign
constellation M to this y-value. Thus, for a fixed 7, we transmit the largest constellation in our set {M;: j =
0,..., N —1} that is smaller than M (). For example, if the fade level +y satisfies 2 < v/7}; < 4 then we transmit
BPSK. The region boundaries other thany_; = 0 and yy_1 = oo are located at y; = vz M1, j =0,..., N —2.
This mapping of  values to fading regions R; and associated constellations M; is shown in Figure 9.5. Clearly,
increasing the number of discrete signal constellations [V yields a better approximation to the continuous adaptation
(9.9), resulting in a higher spectral efficiency.

Once the regions and associated constellations are fixed, we must find a power adaptation policy that satisfies
the BER requirement and the power constraint. By (9.9) we can maintain a fixed BER for the constellation M; > 0
using the power adaptation policy
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Figure 9.5: Mapping ~y to Fading Regions R; and Associated Constellations M; in Discrete-Rate Adaptation

Pi(y) _ {(Mj —1)/(vK) M; < y/vi < M,

= 9.21
P 0 M; =0 ©2D
for v € Rj, since this power adaptation policy leads to a fixed received F /Ny for the constellation M of
E(7 P; M; -1

No P K

By definition of K, MQAM modulation with constellation size M; and Es/Nj given by (9.22) results in the
desired target P,. In Table 9.1 we tabulate the constellation size and power adaptation as a function of  and 7},
for five fading regions.

Table 9.1: Rate and power adaptation for five regions
Region (j) 7 range M; Pi(y)/P
0 0<7/7k <2 0 0

1 2< /1 <4 2 1/(K)
2 A</ <16 4 3/(vK)
3 16 <~v/vj; <64 16 15/(vK)
4 64 <~v/7 <oo 64 63/(vK)

The spectral efficiency for this discrete-rate policy is just the sum of the data rates associated with each of the
regions multiplied by the probability that ~y falls in that region:

-1

=" logy(M;)p (Mj < 71 < Mj+1> . 9.23)
K

Wl =

J=1
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Since M; is a function of v, we can maximize (9.23) relative to v, subject to the power constraint

7 P dy=1, (9.24)

where P;(v)/P is defined in (9.21). There is no closed-form solution for the optimal 7} in the calculations that
follow it was found using numerical search techniques.

In Figures 9.6 and 9.7 we show the maximum of (9.23) versus the number of fading regions /N for log-normal
shadowing and Rayleigh fading, respectively. We assume a BER of 10~3 for both plots. From Figure 9.6 we
see that restricting our adaptive policy to just six fading regions (M; = 0, 2,4, 16, 64, 256) results in a spectral
efficiency that is within 1 dB of the efficiency obtained with continuous-rate adaptation (9.17) under log-normal
shadowing. A similar result holds for Rayleigh fading using five regions (M; = 0,2,4,16,64). Essentially this
indicates that with 5 regions, M; ~ M(v) = v/vk,j =0, ..., N — 1 for M (~y) the optimal rate adaptation with
no constraints on the constellation size. Both these figures also show that a smaller number of regions leads to a
lower average rate. That is because the approximation M; ~ M (vy) = 7/vk no longer holds, both because the
smaller number of regions implies that M; maintains a constant value for a larger range of -y values and because
the maximum constellation My _; << M () at high SNRs. This latter effect is evident in both figures as, for high
SNRs, the average rate levels off to that of the largest constellation in the available set of constellations (e.g. for 4
regions, the maximum constellation is M3 = 16QAM whose spectral efficiency is 4 bps/Hz).

We can simplify our discrete-rate policy even further by using a constant transmit power for each constellation
M;. Thus, each fading region is associated with one signal constellation and one transmit power. This policy is
called discrete-power discrete-rate adaptive MQAM. Since the transmit power and constellation size are fixed in
each region, the BER will vary with « in each region. Thus, the region boundaries and transmit power must be set
to achieve a given target average BER.

8
- Continuous Power and Rate
71 -0- Continuous Power, Discrete Rate (6 regions) 4

-*- Continuous Power, Discrete Rate (5 regions)
-+- Continuous Power, Discrete Rate (4 regions)

o
T

-x- Continuous Power, Discrete Rate (3 regions) P

o
T

o
T

Spectral Efficiency (bps/Hz)

w
T

x BER = 10"-3

1 I I I
5 10 15 20 25

Average SNR (dB)

Figure 9.6: Discrete-rate efficiency in log-normal shadowing (o, = 8 dB).

A restriction on allowable signal constellations will also affect the total channel inversion and truncated chan-
nel inversion policies. Specifically, suppose that, with the channel inversion policies, the constellation must be
chosen from a fixed set of possible constellations M = {My = 0, ..., My_;}. For total channel inversion the
spectral efficiency with this restriction is thus
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Figure 9.7: Discrete-rate efficiency in Rayleigh fading.

5= | () 029

where | | o denotes the largest number in the set M less than or equal to . The spectral efficiency with this policy
will be restricted to values of log, M (M € M), with discrete jumps at the J-values where the spectral efficiency
without constellation restriction (9.18) equals logy M. For truncated channel inversion the spectral efficiency is
given by

R —-1.5
g5 = mcoss | 1+ 1n<5Pb>Em[1/v1>JM plY> 1) 020

In Figures 9.8 and 9.9 we show the impact of constellation restriction on adaptive MQAM for the different
power adaptation policies. When the constellation is restricted we assume six fading regions, so M = {M, =
0,2,4,...,256}. The power associated with each fading region for the discrete-power discrete-rate policy was
chosen to have an average BER equal to the instantaneous BER of the discrete-rate continuous-power adaptative
policy. We see from these figures that, for variable-rate MQAM with a small set of constellations, restricting the
power to a single value for each constellation degrades spectral efficiency by about 1 —2 dB relative to continuous-
power adaptation. For comparison, we also plot the maximum efficiency (9.17) for continuous-power and -rate
adaptation. All discrete-rate policies have performance that is within 3 dB of this theoretical maximum.

These figures also show the spectral efficiency of fixed-rate transmission with truncated channel inversion
(9.26). The efficiency of this scheme is quite close to that of the discrete-power discrete-rate policy. However, to
achieve this high efficiency, the optimal v is quite large, with a corresponding outage probability Py, = p(y <
~o0) ranging from .1 to .6. Thus, this policy is similar to packet radio, with bursts of high-speed data when the
channel conditions are favorable. The efficiency of total channel inversion (9.25) is also shown for log-normal
shadowing; this efficiency equals zero in Rayleigh fading. We also plot the spectral efficiency of nonadaptive
transmission, where both the transmission rate and power are constant. As discussed in Section 9.3.1, the average
BER in this case is obtained by averaging the probability of error (9.31) over the fade distribution p(y). The
spectral efficiency is obtained by determining the value of M that yields a 1072 average BER for the given value
of 7, as illustrated in Example 9.3. Nonadaptive transmission clearly suffers a large spectral efficiency loss in
exchange for its simplicity. However, if the channel varies rapidly and cannot be accurately estimated, nonadaptive
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Figure 9.8: Efficiency in log-normal shadowing (o, = 8 dB).
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Figure 9.9: Efficiency in Rayleigh fading.

transmission may be the best alternative. Similar curves can be obtained for a target BER of 10~%, with roughly
the same spectral efficiency loss relative to a 10~2 BER as was exhibited in Figures 9.2 and 9.3.

9.3.5 Average Fade Region Duration

The choice of the number of regions to use in the adaptive policy will depend on how fast the channel is changing
as well as on the hardware constraints, which dictate how many constellations are available to the transmitter and at
what rate the transmitter can change its constellation and power. Channel estimation and feedback considerations
along with hardware constraints may dictate that the constellation remains constant over tens or even hundreds of
symbols. In addition, power-amplifier linearity requirements and out-of-band emission constraints may restrict the
rate at which power can be adapted. An in-depth discussion of hardware implementation issues can be found in
[22]. However, determining how long the SNR ~ remains within a particular fading region R; is of interest, since
it determines the trade-off between the number of regions and the rate of power and constellation adaptation. We
now investigate the time duration over which the SNR remains within a given fading region.
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Table 9.2: Average fade region duration 7; for fp = 100 Hz

Region(j) #=10dB % =20dB
0 2.23 ms 0.737 ms

1 0.83 ms 0.301 ms

2 3.00 ms 1.06 ms

3 2.83 ms 2.28 ms

4 1.43 ms 3.84 ms

Let 7; denote the average time duration that «y stays within the jth fading region. Let A; = ~7-M; for v
and M as previously defined. The jth fading region is then defined as {y : A; < v < Aj;1}. We call 7; the
jth average fade region duration (AFRD). This definition is similar to the average fade duration (AFD; see Section
3.2.3), except that the AFD measures the average time that -y stays below a single level, whereas we are interested
in the average time that ~ stays between two levels. For the worst-case region (5 = 0) , these two definitions
coincide.

Determining the exact value of 7; requires a complex derivation based on the joint density p(v,%), and it
remains an open problem. However, a good approximation can be obtained using the finite-state Markov model
described in Section 3.2.4. In this model, fading is approximated as a discrete-time Markov process with time
discretized to a given interval 7', typically the symbol time. It is assumed (i) that the fade value  remains within
one region over a symbol period and (ii) that from a given region the process can only transition to the same region
or to adjacent regions. Note that this approximation can lead to longer deep fade durations than more accurate
models [23]. The transition probabilities between regions under this assumption are given as

LT L.T
Pijtl =~ Djj1=——, Djj=1—=Dpjj1—DPij1, 9.27)
T T

where L; is the level-crossing rate at A; and 7; is the steady-state distribution corresponding to the jth region:
mj = p(A; < v < Ajtq1). Since the time over which the Markov process stays in a given state is geometrically
distributed [24, Chap. 2.3], 7; is given by
_ T 7Tj
U b A pg L+ Ly ©-28)
The value of 7; is thus a simple function of the level crossing rate and the fading distribution. Whereas the
level crossing rate is known for Rayleigh fading [25, Chap. 1.3.4], it cannot be obtained for log-normal shadowing
because the joint distribution p(~y, #) for this fading type is unknown.
In Rayleigh fading, the level crossing rate is given by (3.45) as

[27 A .
L= 7; I fpe=il7, (9.29)

where fp = v/ is the Doppler frequency. Substituting (9.29) into (9.28), we easily see that 7; is inversely
proportional to the Doppler frequency. Moreover, 7; and A; do not depend on fp and so, if we compute 7; for a

given Doppler frequency fp, then we can compute 773» corresponding to another Doppler frequency fp as

Ty = ]ED T (9.30)
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Table 9.2 shows the 7; values corresponding to five regions (M; = 0, 2,4, 16,64) in Rayleigh fading? for
fp = 100 Hz and two average power levels: ¥ = 10 dB(v}, = 1.22) and ¥ = 20 dB(v}, = 1.685). The AFRD
for other Doppler frequencies is easily obtained using the table values and (9.30). This table indicates that, even at
high velocities, for rates of 100 kilosymbols/second the discrete-rate discrete-power policy will maintain the same
constellation and transmit power over tens to hundreds of symbols.

Example 9.4: Find the AFRDs for a Rayleigh fading channel with ¥ = 10 dB, M; = 0, 2,4, 16, 64, 64, and
fp =50 Hz.

Solution: We first note that all parameters are the same as used in the calculation of Table 9.2 except that the
Doppler fD = 50 Hz is half the Doppler of fp = 100 Hz used to compute the table values. Thus, from (9.30), we
obtain the AFRDs with this new Doppler by multiplying each value in the table by fp/ fD = 2.

In shadow fading we can obtain a coarse approximation of 7; based on the shadowing autocorrelation function
(2.39): A(0) = aidB e~%/Xe where § = v for v the mobile’s velocity. Specifically, we can approximate the AFRD
for all regions as 7; ~ .1X,/v, since then the correlation between fade levels separated in time by 7; is .9. Thus,
for a small number of regions it is likely that v will remain within the same region over this time period.

9.3.6 Exact versus Approximate Bit Error Probability

The adaptive policies described in prior sections are based on the BER upper bounds of Section 9.3.1. Since these
are upper bounds, they will lead to a lower BER than the target. We would like to see how the BER achieved with
these policies differs from the target BER. A more accurate value for the BER achieved with these policies can be
obtained by simulation or by using a better approximation for BER than the upper bounds. From Table 6.1, the
BER of MQAM with Gray coding at high SNRs is well approximated by

4 3y
Py =~ . 31
b logzMQ< U ) 9.3D)

Moreover, for the continuous-power discrete-rate policy, ¥ = F; /Ny for the jth signal constellation is

Eu(j) _ M;—1

Ny K
Thus, we can obtain a more accurate analytical expression for the average BER associated with our adaptive
policies by averaging over the BER (9.31) for each signal constellation as

_ M
- Sn AQWBIK) [ p(v) dy 033)
b = — * M .
>3 logy My [150, 7 () dy

9.32)

with M = oo.

We plot the analytical expression (9.33) along with the simulated BER for the variable rate and power MQAM
with a target BER of 1072 in Figures 9.10 and 9.11 for log-normal shadowing and Rayleigh fading, respectively.
The simulated BER is slightly better than the analytical calculation of (9.33) because this equation is based on the
nearest neighbor bound for the maximum number of nearest neighbors. Both the simulated and analytical BER are
smaller than the target BER of 1073 for ¥ > 10 dB. The BER bound of 10~3 breaks down at low SNRs, since
(9.7) is not applicable to BPSK, so we must use the looser bound (9.6). Since the adaptive policy often uses the

’The validity of the finite-state Markov model for Rayleigh fading channels has been investigated in [26].
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BPSK constellation at low SNRs, the P, will be larger than that predicted from the tight bound (9.7). That the
simulated BER is less than the target at high SNRs implies that the analytical calculations in Figures 9.6 and 9.7

are pessimistic; a slightly higher efficiency could be achieved while still maintaining the target P, of 1073,

9.3.7 Channel Estimation Error and Delay

In this section we examine the effects of estimation error and delay, where the estimation error ¢ = 4/~ # 1 and
the delay ¢q = iy + i, # 0. We first consider the estimation error. Suppose the transmitter adapts its power and
rate relative to a target BER P/ based on the channel estimate 4 instead of the true value . By (9.8), the BER is

then bounded by

- Expected BER
-*- Simulated BER

.
15 20 25
Average dB SNR (dB)

Figure 9.10: BER for log-normal shadowing (six regions).

- Expected BER
-*- Simulated BER

.
15 20 25
Average SNR (dB)

Figure 9.11: BER for Rayleigh fading (five regions).

P 3) < 2o |ty 0| = 2l
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where the right-hand equality is obtained by substituting the optimal rate (9.9) and power (9.13) policies. For
e = 1, (9.34) reduces to the target BER P/. For e # 1 : ¢ > 1 yields an increase in BER above the target, and
€ < 1yields a decrease in BER.

The average probability of bit error is given by

_ E[number of bits in error per transmission]
b pr—

9.35
E[number of bits per transmission] ( )

Given the BER bound (9.34) for constellation M () with rate log, M (%), we can bound the average probability of
error (9.35) of adaptive modulation given channel estimation error and delay as
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Figure 9.12: Effect of estimation error on BER.

The joint distribution p(~y, 4) depends on the channel estimation technique. It has been shown [27] that, when
the channel is estimated using pilot symbols, the joint distribution of the signal envelope and its estimate is bivariate
Rayleigh. This joint distribution was used in [27] to obtain the probability of error for nonadaptive modulation with
channel estimation errors. This analysis can be extended to adaptive modulation using a similar methodology.

If the estimation error stays within some finite range then we can bound its effect using (9.34). We plot the
BER increase as a function of a constant ¢ in Figure 9.12. This figure shows that for a target BER of 1073 the
estimation error should be less than 1 dB, and for a target BER of 107 it should be less than .5 dB. These values
are pessimistic, since they assume a constant value of estimation error. Even so, the estimation error can be kept
within this range using the pilot-symbol assisted estimation technique described in [28] with appropriate choice of
parameters. When the channel is underestimated (¢ < 1) , the BER decreases but there will also be some loss in
spectral efficiency, since the mean of the channel estimate 4 will differ from the true mean 7. The effect of this
average power estimation error is characterized in [29].

Suppose now that the channel is estimated perfectly (¢ = 1) but the delay 7,4 of the estimation and feedback
path is nonzero. Thus, at time ¢ the transmitter will use the delayed version of the channel estimate §[i| = v[i — 4]
to adjust its power and rate. It was shown in [30] that, conditioned on the outdated channel estimates, the received
signal follows a Rician distribution, and the probability of error can then be computed by averaging over the
distribution of the estimates. Moreover, [30] develops adaptive coding designs to mitigate the effect of estimation
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delay on the performance of adaptive modulation. Alternatively, channel prediction can be used to mitigate these
effects [31].

The increase in BER from estimation delay can also be examined in the same manner as in (9.34). Given a
target BER P!, the exact channel SNR [i], and its delayed value y[i — i4], we have

— BER0o=10"-3
— — BERo=10"-6

Average Bit Error Rate

107 X
Normalized Time Delay

Figure 9.13: Effect of normalized delay (iqfp) on BER.

Py(y[il, i —ia]) < -2exp M(y—[;fzjﬂ — P(Wp — idg))

= 2[5 P /A=l (9.37)

Define £[i, iq] = 7[i]/~[i — i4). Since (7] is stationary and ergodic, the distribution of [, i4] conditioned
on [i] depends only on i4 and the value of v = ~[i]. We denote this distribution by p;,(£|7). The instantaneous
data rate logy M (y[i — i4)) is based on the value of y[i — i4] but is transmitted over the channel at time i. So
the time delay 74 does not impact the average data rate. However, this delay impacts the instantaneous BER since
there is a mismatch between the constellation to be transmitted at time 4, M (+y[i]), and associated power control to
achieve the target BER P/, and the constellation that is transmitted at that time, M (y[i — i4]). As shown in [32],
the average BER is obtained by integrating over the distribution of this instantaneous BER which depends only on
& and vy:

Alid= [ [ / " 2[5Pleps, (1) de] () d, ©.38)
.

K

where v is the cutoff level of the optimal policy and p(~) is the fading distribution. The outer integral is taken
from ~yj rather than zero since we only transmit over the channel when v > ~g. The distribution p; ,(£|y) will
depend on the autocorrelation of the fading process. A closed-form expression for p;, (£|y) in Nakagami fading (of
which Rayleigh fading is a special case) is derived in [32]. Using this distribution in (9.38), we obtain the average
BER in Rayleigh fading as a function of the delay parameter ¢4. A plot of (9.38) versus the normalized time delay
iqfp is shown in Figure 9.13. From this figure we see that the total estimation and feedback path delay must be
kept to within. 001/ fp in order to keep the BER near its desired target.
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9.3.8 Adaptive Coded Modulation

Additional coding gain can be achieved with adaptive modulation by superimposing trellis or lattice codes on the
adaptive modulation. Specifically, by using the subset partitioning inherent to coded modulation, trellis (or lattice)
codes designed for AWGN channels can be superimposed directly onto the adaptive modulation with the same
approximate coding gain. The basic idea of adaptive coded modulation is to exploit the separability of code and
constellation design that is characteristic of coded modulation, as described in Section 8.7.

k bits k + r bits
Uncoded Binary Coded Coset
Data Bits Encoder Bits Selector
Channel Coding
One of 2¢+" .
Cosets Modulation
Buffer
Uncoded Uncoded Signal Point | Signal I\ﬁ‘dgpi[i‘t/e
Data Bits Data Bits Selector Points oculator
7 M(y), P(y)
n(y) — k Bits One of M(y)
Constellation
Points

Figure 9.14: Adaptive coded modulation scheme.

Coded modulation is a natural coding scheme to use with variable-rate variable-power MQAM, since the
channel coding gain is essentially independent of the modulation. We can therefore adjust the power and rate
(number of levels or signal points) in the transmit constellation relative to the instantaneous SNR without affecting
the channel coding gain, as we now describe in more detail.

The coded modulation scheme is shown in Figure 9.14. The coset code design is the same as it would be
for an AWGN channel; that is, the lattice structure and conventional encoder follow the trellis or lattice coded
modulation designs outlined in Section 8.7. Let GG, denote the coding gain of the coded modulation, as given by
(8.78). The modulation works as follows. The signal constellation is a square lattice with an adjustable number
of constellation points M. The size of the MQAM signal constellation from which the signal point is selected is
determined by the transmit power, which is adjusted relative to the instantaneous SNR and the desired BER, as in
the uncoded case described in Section 9.3.2.

Specifically, if the BER approximation (9.7) is adjusted for the coding gain, then for a particular SNR = v we
have

Py~ 2e 100G/ M—1) (9.39)

where M is the size of the transmit signal constellation. As in the uncoded case, using the tight bound (9.7) allows
us to adjust the number of constellation points M and signal power relative to the instantaneous SNR in order to
maintain a fixed BER:

159G, P()
—In(5F) P

The number of uncoded bits required to select the coset point is

M(y) =1+ (9.40)

n(y) — 2k/N =logy M(y) —2(k +1)/N.

Since this value varies with time, these uncoded bits must be queued until needed, as shown in Figure 9.14.
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The bit rate per transmission is log, M (7y) , and the data rate is logy M () — 2r/N. Therefore, we maximize
the data rate by maximizing E[log, M| relative to the average power constraint. From this maximization, we obtain
the optimal power adaptation policy for this modulation scheme:

P(y) _ { 10— 1/7Ke v > v0/Ke, (9.41)

P 0 v < Y0/ K,

P
where vx., = 70/ K. is the cutoff fade depth for K. = KG. with K given by (9.10). This is the same as the
optimal policy for the uncoded case (9.13) with K replaced by K.. Thus, the coded modulation increases the
effective transmit power by G, relative to the uncoded variable-rate variable-power MQAM performance. The
adaptive data rate is obtained by substituting (9.41) into (9.40) to get

M) :< gl > (9.42)

The resulting spectral efficiency is

5= e ()
Rl log, [ —— dr. 9.43
B~ . ) oy p(y) dy (9.43)

If the constellation expansion factor is not included in the coding gain G, then we must subtract 2r /N from (9.43)
to get the data rate. More details on this adaptive coded modulation scheme can be found in [33], along with plots
of the spectral efficiency for adaptive trellis coded modulation of varying complexity. These results indicate that
adaptive trellis coded modulation can achieve within 5 dB of Shannon capacity at reasonable complexity and that
the coding gains of superimposing a given trellis code onto uncoded adaptive modulation are roughly equal to the
coding gains of the trellis code in an AWGN channel.

9.4 General M-ary Modulations

The variable rate and power techniques already described for MQAM can be applied to other M -ary modulations.
For any modulation, the basic premise is the same: the transmit power and constellation size are adapted to maintain
a given fixed instantaneous BER for each symbol while maximizing average data rate. In this section we will
consider optimal rate and power adaptation for both continuous-rate and discrete-rate variation of general M-ary
modulations.

9.4.1 Continuous-Rate Adaptation

We first consider the case where both rate and power can be adapted continuously. We want to find the optimal
power P(~y) and rate k() = log, M (~y) adaptation for general M -ary modulation that maximizes the average data
rate E[k(~y)] with average power P while meeting a given BER target. This optimization is simplified when the
exact or approximate probability of bit error for the modulation can be written in the following form:

—cw(P(v)/P)] | 040

Pb(')/) /A C1 €xXp |: 203]6(7) — e

where c1, co, and c3 are positive fixed constants and c,4 is a real constant. For example, in the BER bounds for
MQAM given by (9.6) and (9.7), c; = 2 0or .2, co = 1.5, c3 = 1, and ¢4 = 1. The probability of bit error for most
M -ary modulations can be approximated in this form with appropriate curve fitting.

The advantage of (9.44) is that, when Py(7y) is in this form, we can invert it to express the rate k() as a
function of the power adaptation P(y) and the BER target P, as follows:
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1 c P()
1 [ _ ey ——} P(7) >0, k(v) > 0, (9.45
k‘(’)/) _ 10g2 M(’Y) _ c3 0gs |C4 In(P,/c1) P (7) - (7) - ( ) (945)
0 else.
To find the power and rate adaptation that maximize spectral efficiency E[k(7)], we create the Lagrangian
[e.e] [e.e] _
5P = [ kepen e | [T Powear- P (0.46)
The optimal adaptation policy maximizes this Lagrangian with nonnegative rate and power, so it satisfies
oJ
=0, P(7) >0, k(7) > 0. (9.47)
9P (7)
Solving (9.47) for P(~) with (9.45) for k(~y) yields the optimal power adaptation
P(y) | —1/es(m2)AP —1/(vK) P(y) >0, k(7) >0,
) (9.48)
P 0 else,
where
C2
= 9.49
cyIn(Py/cq) ©49)
The power adaptation (9.48) can be written in the more simplified form
P —1/(vK) P(v)>0, k(y)>0
() _ ) n=1/(K) P() =0, k(y) =0, 9.50)
P 0 else.

The constant y in (9.50) is determined from the average power constraint (9.12).

Although the analytical expression for the optimal power adaptation (9.50) looks simple, its behavior is highly
dependent on the c4 values in the P, approximation (9.44). For (9.44) given by the MQAM approximations (9.6)
or (9.7), the power adaptation is the water-filling formula given by (9.13). However, water-filling is not optimal in
all cases, as we now show.

Based on (6.16), with Gray coding the BER for MPSK is tightly approximated as

P, ~ longQ (\/ﬂsin (%)) . 9.51)

However, (9.51) is not in the desired form (9.44). In particular, the Q)-function is not easily inverted to obtain the
optimal rate and power adaptation for a given target BER. Let us therefore consider the following three P, bounds
for MPSK, which are valid for k() > 2.

—6y(P(v)/P

Bound 1: Py(y) =~ .05 exp [%] ) (9.52)
—~7y(P(v)/P

Bound 2 : Py(y) =~ .2exp [2179%)7—)1—/1)] . (9.53)
—8vy(P P

Bound 3: Py(vy) =~ .25 exp [%] . (9.54)
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Figure 9.15: BER bounds for MPSK.

The bounds are plotted in Figure 9.15 along with the tight approximation (9.51). We see that all bounds well
approximate the exact BER given by (6.45), especially at high SNRs.

In the first bound (9.52), ¢; = .05,¢3 = 6,¢3 = 1.9, and ¢4 = 1. Thus, in (9.50), K = —cy/(c4In(Py/c1))
is positive as long as the target P is less than .05, which we assume. Therefore i must be positive for the power
adaptation P(7y)/P = ju — 1/(7K) to be positive about a cutoff SNR ~. Moreover, for K positive, k() > 0 for
any P(vy) > 0. Thus, with x and k(~) positive, (9.50) can be expressed as

P(y) _ ) 1/(K)-1/(vK) P(7) 20, (9.55)
0 else, .

where g > 0 is a cutoff fade depth below which no signal is transmitted. Like p, this cutoff value is determined by
the average power constraint (9.12). The power adaptation (9.55) is the same water-filling as in adaptive MQAM
given by (9.13), which results from the similarity of the MQAM P, bounds (9.7) and (9.6) to the MPSK bound
(9.52). The corresponding optimal rate adaptation, obtained by substituting (9.55) into (9.45), is

1/e3)loge(v/70) 7= 0,
0 else,
which is also in the same form as the adaptive MQAM rate adaptation (9.16).
Let us now consider the second bound (9.53). Here ¢y = .2,c0 = 7,¢c3 = 1.9, and ¢4 = —1. Thus,
K = —cy/(caln(Py/c1)) is negative for a target P, < .2, which we assume. From (9.45), with K negative we

must have p > 0 in (9.50) to make k() > 0. Then the optimal power adaptation such that P() > 0 and k() > 0
becomes

0 else. ‘

From (9.45), the optimal rate adaptation then becomes
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1 1 >
k(v) = (1/e3)loga(v/70) v = 0, 9.58)
0 else,
where 79 = —1/(Kp) is a cutoff fade depth below which the channel is not used. Note that for the first bound

(9.52) the positivity constraint on power (P () > 0) dictates the cutoff fade depth, whereas for this bound (9.53)
the positivity constraint on rate (k(y) > 0) determines the cutoff. We can rewrite (9.57) in terms of 7 as

(9.59)

P(y) _ { ~1/(3K) = 1/(7K) ¥ =0,
P

0 else

This power adaptation is an inverse water-filling: since K is negative, less power is used as the channel SNR
increases above the optimized cutoff fade depth vg. As usual, the value of v is obtained based on the average
power constraint (9.12).

Finally, for the third bound (9.54), ¢c; = .25,¢o = 8,c3 = 1.94,and ¢4 = 0. Thus, K = —co/(c4In(Py/c1)) =
oo for a target P, < .25, which we assume. From (9.50), the optimal power adaptation becomes

Iz (9.60)

m:{u k() >0, P(7) >0,
0 else.

This is on-off power transmission: power is either zero or a constant nonzero value. By (9.45), the optimal rate
adaptation k() with this power adaptation is

1/e3)1 >
k(')/) _ ( /63) ng(’)//’)/(]) Y Z 70, 9.61)
0 else,
where 79 = —In(FP,/c1)/cop is a cutoff fade depth below which the channel is not used. As for the previous

bound, it is the rate positivity constraint that determines the cutoff fade depth ~,. The optimal power adaptation as
a function of ~y is

P K >
& _ 0/70 Y Z 70, (9.62)
P 0 else,
where Ky = — In(P,/c1)/ca. The value of 7y is determined from the average power constraint to satisfy
K [e.e]
— / p(y)dy=1. 9.63)
70 Jro

Thus, for all three P, approximations in MPSK, the optimal adaptive rate schemes (9.56), (9.58), and (9.61)
have the same form whereas the optimal adaptive power schemes (9.55), (9.59), and (9.62) have different forms.
The optimal power adaptations (9.55), (9.59), and (9.62) are plotted in Figure 9.16 for Rayleigh fading with a target
BER of 1072 and 4 = 30 dB. This figure clearly shows the water-filling, inverse water-filling, and on—off behavior
of the different schemes. Note that the cutoff v for all these schemes is roughly the same. We also see from this
figure that even though the power adaptation schemes are different at low SNRs, they are almost the same at high
SNRs. Specifically, we see that for v < 10 dB, the optimal transmit power adaptations are dramatically different,
whereas for v > 10 dB they rapidly converge to the same constant value. From the cumulative distribution function
of v, also shown in Figure 9.16, the probability that -y is less than 10 is 0.01. Thus, although the optimal power
adaptation corresponding to low SNRs is very different for the different techniques, this behavior has little impact
on spectral efficiency because the probability of being at those low SNRs is quite small.
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Figure 9.16: Power adaptation for MPSK BER bounds (Rayleigh fading, P, = 1073, 5 = 30 dB).

9.4.2 Discrete-Rate Adaptation

We now assume a given discrete set of constellations M = {My = 0, ..., My_1}, where My corresponds to
no data transmission. The rate corresponding to each of these constellations is k; = logy M;(j = 0,..., N — 1),
where ko = 0. Each rate k;(j > 0) is assigned to a fading region of y-values R; = [v;-1,75),7 =0,...,N — 1,
fory —1 = 0and yy_1 = oco. The boundaries v;(j = 0, ..., N — 2) are optimized as part of the adaptive policy.
The channel is not used for v < 9. We again assume that P, is approximated using the general formula (9.44).
Then the power adaptation that maintains the target BER above the cutoff v is

Ply) _ h(ky)
5 = 7’ > V-1 SV S (9.64)
where
In(P,
h(k‘J) _ Il( b/Cl) (203kj _ C4). (9.65)
C2
The region boundaries 7, . . ., Ynv—2 that maximize spectral efficiency are found using the Lagrange equation
N—
J(Y0; Y15+, YN—2) ij/ p(y) dy+ A Z/ Vdy—1]. (9.66)
Yi—1 j=1
The optimal rate region boundaries are obtained by solving the following equation for 7;:
oJ
—=0,0<53<N -2 (9.67)
97
This yields
h(k
o = (k D, (9.68)
1
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and
_ h(kjy1) — h(ky)

= p, 1< <N -2 (9.69)
kjt1 —k;
where p is determined by the average power constraint
7 h(ky)
> / ) v)dy=1. (9.70)
=1 e 7

9.4.3 Average BER Target

Suppose now that we relax our assumption that the P, target must be met on every symbol transmission, requiring
instead that just the average P, be below some target average Pj. In this case, in addition to adapting rate and
power, we can also adapt the instantaneous P;(7) subject to the average constraint P. This gives an additional
degree of freedom in adaptation that may lead to higher spectral efficiencies. The average probability of error for
adaptive modulation is given in (9.35).

When the bit rate k() is continuously adapted this becomes

B, — o~ BOIKOIP() dy
Jo~ k(n)p(y) dy

and when k() takes values in a discrete set this becomes

N1k [ P d
pb:Ey_l Jfa,j,l 5(7)p(7) 7' ©9.72)

YTk [ ply)dy

We now derive the optimal continuous rate, power, and BER adaptation to maximize spectral efficiency
E[k(~)] subject to an average power constraint P and the average BER constraint (9.71). As with the instan-
taneous BER constraint, this is a standard constrained optimization problem, which we solve using the Lagrange
method. We now require two Lagrangians for the two constraints: average power and average BER. Specifically,
the Lagrange equation is

(9.71)

J%W%PWDZAmemwdv
+ A\ [/OOO Py(7)k(y)p(y) dy— Py /OOO k(v)p(v) dv]

+ Ao [/OOO P(y)p(y) dy — F’] : (9.73)

The optimal rate and power adaptation must satisfy

oJ oJ
=0and —— =0, 9.74)
k() OP(v)

with the additional constraint that k() and P(+) be nonnegative for all ~y.
Assume that P, is approximated using the general formula (9.44). Define

Fk(y)) = 29F0) — ¢, (9.75)
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Then, using (9.44) in (9.73) and solving (9.74)), we obtain that the power and BER adaptation that maximize
spectral efficiency satisfy

PM) FEOD) 5y B f(k(7))?
— = max X P(MPy,—1) — —— 55— (9.76)
e =Enry
for nonnegative k() and
_ NPf(k(7))
PO =Skt o

Moreover, from (9.44), (9.76), and (9.77) we get that the optimal rate adaptation k() is either zero or the nonneg-
ative solution of

MP-1 fk()) 1 [Alcmk‘(v)] 9.78)
of (k — of (k 2 ’
TR0 \P ey XE(y) ~ e [ MaP(k(7)

The values of k() and the Lagrangians A1 and A, must be found through a numerical search whereby the average
power constraint P and average BER constraint (9.71) are satisfied.

In the discrete-rate case, the rate is varied within a fixed set kg, . . ., ky_1, where kg corresponds to no data
transmission. We must determine region boundaries vy, . .., yn—2 such that we assign rate k; to the rate region
[¥j—1, V), where y_; = 0 and yy_; = oo. Under this rate assignment we wish to maximize spectral efficiency
through optimal rate, power, and BER adaptation subject to an average power and BER constraint. Since the set of

possible rates and their corresponding rate region assignments are fixed, the optimal rate adaptation corresponds to

finding the optimal rate region boundaries v;, 7 = 0, ..., N — 2. The Lagrangian for this constrained optimization
problem is
Nl 7
J(’VOvlylv"'vyN—Qa P(’)/)) :Zk]/ p(')/) d7
j=1 Yi—1
N1 Vi _
s | Sk [ o) - Bty
j=1 Yi—1
o0 —
+ X [/ P(y)p(v) dy — P] : (9.79)
Y0
The optimal power adaptation is obtained by solving the following equation for P(~y) :
oJ
=0. (9.80)
P (7)
Similarly, the optimal rate region boundaries are obtained by solving the following set of equations for ~;:
oJ
—=0,0<5<N -2 (9.81)
97

From (9.80) we see that the optimal power and BER adaptation must satisfy

OB (y) _ —A2
OP(7) ki

s V-1 <7 < ;5. (9.82)
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Substituting (9.44) into (9.82), we get that

f(kj)
vkj

Py(v) = A s Yie1 < v <4, 9.83)

where A = P)y/co\1. This form of BER adaptation is similar to the water-filling power adaptation: the instanta-
neous BER decreases as the channel quality improves. Now, setting the BER in (9.44) equal to (9.83) and solving
for P(7) yields

P(y) =Pi(7),75-1 <7 < (9.84)
where
P; k; k;
P vk | —vee
and P(y) = 0 for v < 9. We see by (9.85) that P(y) is discontinuous at the ~; boundaries.
Let us now consider the optimal region boundaries 7o, . . ., Yy —2. Solving (9.81) for P,(~;) yields
_ 1 AP i) — Pi(v,;
Py) = By — L - 280D 2506 ooy (9.86)

/\1 /\1 k‘j+1 — k‘j

where kg = 0 and Py(y) = 0. Unfortunately, this set of equations can be difficult to solve for the optimal boundary
points {~; }. However, if we assume that P(-y) is continuous at each boundary, then (9.86) becomes

_ 1
Pi(y) =P~ 5 0<j<N -2, (9.87)

I
— Cts. Rate, Ave. BER
Cts. Rate, Inst. BER
— - Disc. Rate, Ave. BER
— - Disc. Rate, Inst. BER

®

Average Spectral Efficiency (bps/Hz)
S o

0 1
10 15 20 25 30 35 40
Average SNR (dB)

Figure 9.17: Spectral efficiency for different adaptation constraints.

for the Lagrangian A;. Under this assumption we can solve for the suboptimal rate region boundaries as

k .
WAZf;ﬂﬂlﬁjﬁN—L (9.88)
J
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for some constant p. The constants \; and p are found numerically such that the average power constraint

3 / K P"g)p(v) dy=1 (9.89)

j=1 v7i—-1

and the BER constraint (9.72) are satisfied. Note that the region boundaries (9.88) are suboptimal because P(7) is
not necessarily continuous at the boundary regions, so these boundaries yield a suboptimal spectral efficiency.

In Figure 9.17 we plot average spectral efficiency for adaptive MQAM under both continuous and discrete
rate adaptation, showing both average and instantaneous BER targets for a Rayleigh fading channel. The adaptive
policies are based on the BER approximation (9.7) with a target BER of either 10~ or 10~7. For the discrete-
rate cases we assume that six different MQAM signal constellations are available (seven fading regions), given
by M = {0,4,16,64,256,1024,4096}. We see in this figure that the spectral efficiencies of all four policies
under the same instantaneous or average BER target are very close to each other. For discrete-rate adaptation,
the spectral efficiency with an instantaneous BER target is slightly higher than with an average BER target even
though the latter case is more constrained: that is because the efficiency with an average BER target is calculated
using suboptimal rate region boundaries, which leads to a slight efficiency degradation.

9.5 Adaptive Techniques in Combined Fast and Slow Fading

In this section we examine adaptive techniques for composite fading channels consisting of both fast and slow
fading (shadowing). We assume the fast fading changes too quickly to accurately measure and feed back to the
transmitter, so the transmitter adapts only to the slow fading. The instantaneous SNR ~ has distribution p(vy|¥),
where 7 is a short-term average over the fast fading. This short-term average varies slowly because of shadowing

and has a distribution p(¥), where the average SNR relative to this distribution is 7. The transmitter adapts only
to the slow fading 7, hence its rate k(%) and power P(%) are functions of 7. The power adaptation is subject to a
long-term average power constraint over both the fast and slow fading:

P. (9.90)

/0 " P()p() dy

As before, we approximate the instantaneous probability of bit error by the general form (9.44). Since the
power and rate are functions of 7, the conditional BER, conditioned on 7, is

—02’7P(7)/p] ) (9.91)

Pb(7 | ’7) /A C1 €xXp |: 203]6(;/)3 — e

Since the transmitter does not adapt to the fast fading v, we cannot require a given instantaneous BER. However,
since the transmitter adapts to the shadowing, we can require a target average probability of bit error averaged over
the fast fading for a fixed value of the shadowing. This short-term average for a given 7 is obtained by averaging
Py(~ | %) over the fast fading distribution p(y | 7):

A& = [ AG10G 17) dr 0.92)
Using (9.91) in (9.92) and assuming Rayleigh fading for the fast fading, this becomes
5y L [T —eyP()/P ], c1
Py(7) = 2 /0 €1 €xXp [ 2e5h0) — oy 7 dy = L5 PGP L (9.93)

2¢3k(Y) ¢,
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For example, with MQAM modulation with the tight BER bound (9.7), equation (9.93) becomes

_ 2
PV = —m (9.94)
PH)/P
S+ 1
We can now invert (9.93) to obtain the adaptive rate k(7¥) as a function of the target average BER P, and the
power adaptation P(5):
1 KyP(5
k(7) = — logy <C4 e (7)) , 9.95)
C3 P
where c
2
K=—%+-FT7— 9.96
C1 / Pb —1 ( )

depends only on the target average BER and decreases as this target decreases. We maximize spectral efficiency
by maximizing

Bk = [ Ltogy (et Z00 ) i) 05 097

subject to the average power constraint (9.90).

Let us assume that ¢4 > 0. Then this maximization and the power constraint are in the exact same form as
(9.11) with the fading 7 replaced by the slow fading 7. Thus, the optimal power adaptation also has the same
water-filling form as (9.13) and is given by

(9.98)

P _ {1/%—C4/7K 5> erio/K,
P

P 0 v <C4’70/K7

where the channel is not used when 4 < ¢4%0/ K. The value of 7y is determined by the average power constraint.
Substituting (9.98) into (9.95) yields the rate adaptation

1 K%
k(7) = —log, <_—7> : (9.99)
e3 70
and the corresponding average spectral efficiency is given by
R & Ky, . .
5= tm( s 9.100)
cavo/K 70

Thus, we see that in a composite fading channel where rate and power are adapted only to the slow fading and for
c4 > 01n (9.44), water-filling relative to the slow fading is the optimal power adaptation for maximizing spectral
efficiency subject to an average BER constraint.

Our derivation has assumed that the fast fading is Rayleigh; however, it can be shown [34] that, with ¢4 > 0
in (9.44), the optimal power and rate adaptation for any fast fading distribution have the same form. Since we have
assumed c4 > 0 in (9.44), the positivity constraint on power dictates the cutoff value below which the channel is
not used. As we saw in Section 9.4.1, when ¢4, < 0 the positivity constraint on rate dictates this cutoff, and the
optimal power adaptation becomes inverse water-filling for ¢4 < 0 and on—off power adaptation for c4 = 0.
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Chapter 9 Problems

1. Find the average SNR required to achieve an average BER of P, = 10~ for 8-PSK modulation in Rayleigh
fading. What is the spectral efficiency of this scheme, assuming a symbol time of Ts = 1/B?

2. Consider a truncated channel inversion variable-power technique for Rayleigh fading with average SNR
of 20 dB. What value of ¢ corresponds to an outage probability of .1? Find the maximum size MQAM
constellation that can be transmitted under this policy so that, in non-outage, P, ~ 1073,

3. Find the power adaptation for QPSK modulation that maintains a fixed P, = 1072 in non-outage for a
Rayleigh fading channel with ¥ = 20 dB. What is the outage probability of this system?

4. Consider a variable-rate MQAM modulation scheme with just two constellations, M = 4 and M = 16.
Assume a target P, of approximately 1073, If the target cannot be met then no data is transmitted.

(a) Using the BER bound (9.7), find the range of y-values associated with the three possible transmission
schemes (no transmission, 4-QAM, and 16-QAM) where the BER target is met. What is the cutoff g
below which the channel is not used?

(b) Assuming Rayleigh fading with 4 = 20 dB, find the average data rate of the variable-rate scheme.

(c) Suppose that, instead of suspending transmission below 7y, BPSK is transmitted for 0 < v < .
Using the loose bound (9.6), find the average probability of error for this BPSK transmission.

5. Consider an adaptive modulation and coding scheme consisting of three modulations: BPSK, QPSK, and 8-
PSK, along with three block codes of rate 1/2, 1/3, and 1/4. Assume that the first code provides roughly 3 dB
of coding gain for each modulation type, the second code 4 dB, and the third code 5 dB. For each possible
value of SNR 0 < v < o0, find the combined coding and modulation with the maximum data rate for a target
BER of 1073 (you can use any reasonable approximation for modulation BER in this calculation, with SNR
increased by the coding gain). Find the average data rate of the system for a Rayleigh fading channel with
average SNR of 20 dB, assuming no transmission if the target BER cannot be met with any combination of
modulation and coding.

6. Show that the spectral efficiency given by (9.11) with power constraint (9.12) is maximized by the water-
filling power adaptation (9.13). Do this by setting up the Lagrangian equation, differentiating it, and solving
for the maximizing power adaptation. Also show that, with this power adaptation, the rate adaptation is as
givenin (9.16).

7. In this problem we compare the spectral efficiency of nonadaptive techniques with that of adaptive tech-
niques.

(a) Using the tight BER bound for MQAM modulation given by (9.7), find an expression for the average
probability of bit error in Rayleigh fading as a function of M and 7-

(b) Based on the expression found in part (a), find the maximum constellation size that can be transmitted
over a Rayleigh fading channel with a target average BER of 102, assuming 5 = 20 dB.

(c) Compare the spectral efficiency of part (b) with that of adaptive modulation shown in Figure 9.3 for
the same parameters. What is the spectral efficiency difference between the adaptive and nonadaptive
techniques?

8. Consider a Rayleigh fading channel with an average SNR of 20 dB. Assume a target BER of 1074,
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(a) Find the optimal rate and power adaptation for variable-rate variable-power MQAM as well as the
cutoff value o/ K below which the channel is not used.

(b) Find the average spectral efficiency for the adaptive scheme derived in part (a).

(c) Compare your answer in part (b) to the spectral efficiency of truncated channel inversion, where vy is
chosen to maximize this efficiency.

9. Consider a discrete time-varying AWGN channel with four channel states. Assuming a fixed transmit power
P, the received SNR associated with each channel state is v; = 5 dB, 72 = 10 dB,y3 = 15 dB, and
~v4 = 20 dB, respectively. The probabilities associated with the channel states are p(y1) = .4 and p(7y2) =
p(73) = p(74) = .2. Assume a target BER of 1073,

(a) Find the optimal power and rate adaptation for continous-rate adaptive MQAM on this channel.
(b) Find the average spectral efficiency with this optimal adaptation.

(c) Find the truncated channel inversion power control policy for this channel and the maximum data rate
that can be supported with this policy.

10. Consider a Rayleigh fading channel with an average received SNR of 20 dB and a required BER of 1073.
Find the spectral efficiency of this channel using truncated channel inversion, assuming the constellation is
restricted to size 0, 2,4, 16, 64, or 256.

11. Consider a Rayleigh fading channel with an average received SNR of 20 dB, a Doppler frequency of 80 Hz,
and a required BER of 1073,

(a) Suppose you use adaptive MQAM modulation on this channel with constellations restricted to size
0,2,4,16, and 64. Using ;- = .1, find the fading regions I2; associated with each of these constella-
tions. Also find the average spectral efficiency of this restricted adaptive modulation scheme and the
average time spent in each region R2;. If the symbol rate is Ty = B~!, over approximately how many
symbols is each constellation transmitted before a change in constellation size is needed?

(b) Find the exact BER of your adaptive scheme using (9.33). How does it differ from the target BER?

12. Consider a Rayleigh fading channel with an average received SNR of 20 dB, a signal bandwidth of 30 kHz,
a Doppler frequency of 80 Hz, and a required BER of 1073,

(a) Suppose the estimation error ¢ = 4/ in a variable-rate variable-power MQAM system with a target
BER of 1073 is uniformly distributed between .5 and 1.5. Find the resulting average probability of bit
error for this system.

(b) Find an expression for the average probability of error in a variable-rate variable-power MQAM system
in which the SNR estimate 4 available at the transmitter is both a delayed and noisy estimate of y :
A(t) = v(t — 7) + ~-(t). What joint distribution is needed to compute this average?

13. Consider an adaptive trellis-coded MQAM system with a coding gain of 3 dB. Assume a Rayleigh fading
channel with an average received SNR of 20 dB. Find the optimal adaptive power and rate policy for this
system and the corresponding average spectral efficiency. Assume a target BER of 1073,

14. In Chapter 6, a bound on P, for nonrectangular MQAM was given as

4 3y
Py~ 1og2MQ< (M—1)>'
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15.

16.

17.

18.

19.

20.

21.

Find values for c1, c2, c3, and c4 for the general BER form (9.44) to approximate this bound with M = 8.
Any curve approximation technique is acceptable. Plot both BER formulas for 0 <+ < 30 dB.

Show that the average spectral efficiency E[k(y)] for k(y) given by (9.45) with power constraint P is maxi-
mized by the power adaptation (9.48).

In this problem we investigate the optimal adaptive modulation for MPSK modulation based on the three
BER bounds (9.52), (9.53), and (9.54). We assume a Rayleigh fading channel (so that 7y is exponentially
distributed with ¥ = 30 dB) and a target BER of P, = 107",

(a) The cutoff fade depth vy must satisfy

S| 1
— — — ) p(y)dy<1
[/o/K (70 7K> ) dy

for K given by (9.49). Find the cutoff value -y corresponding to the power adaptation for each of the
three bounds.

(b) Plot P(y)/P and k(v) as a function of ~ for Bounds 1, 2, and 3 for 7 ranging from 0 dB to 30 dB.
Also state whether the cutoff value below which the channel is not used is based on the power or rate
positivity constraint.

(c) How does the power adaptation associated with the different bounds differ at low SNRs? What about
at high SNRs?

Show that, under discrete rate adaptation for general M -ary modulation, the power adaptation that maintains
a target instantaneous BER is given by (9.64). Also show that the region boundaries that maximize spectral
efficiency—obtained using the Lagrangin given in (9.66) — are given by (9.68) and (9.69).

Show that, for general M-ary modulation with an average target BER, the Lagrangian (9.80) implies that
the optimal power and BER adaptation must satisfy (9.82). Then show how (9.82) leads to BER adaptation
given by (9.83), which in turn leads to the power adaptation given by (9.84) and (9.85). Finally, use (9.81)
to show that the optimal rate region boundaries must satisfy (9.86).

Consider adaptive MPSK where the constellation is restricted to either no transmission or M = 2,4, 8, 16.
Assume the probability of error is approximated using (9.52). Find and plot the optimal discrete-rate
continuous-power adaptation for 0 < v < 30 dB assuming a Rayleigh fading channel with ¥ = 20 dB
and a target P, of 10~%. What is the resulting average spectral efficiency?

We assume the same discrete-rate adaptive MPSK as in the previous problem, except now there is an aver-
age target P, of 10~* instead of an instantaneous target. Find the optimal discrete-rate continuous-power
adaptation for a Rayleigh fading channel with 4 = 20 dB and the corresponding average spectral efficiency.

Consider a composite fading channel with fast Rayleigh fading and slow log-normal shadowing with an
average dB SNR iy,,, = 20 dB (averaged over both fast and slow fading) and oy, = 8 dB. Assume an
adaptive MPSK modulation that adapts only to the shadowing, with a target average BER of 10~3. Using
the BER approximation (9.52), find the optimal power and rate adaptation policies as a function of the slow
fading 7 that maximize average spectral efficiency while meeting the average BER target. Also determine
the average spectral efficiency that results from these policies.
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22.

23.

In Section 9.5 we determined the optimal adaptive rate and power policies to maximize average spectral
efficiency while meeting a target average BER in combined Rayleigh fading and shadowing. The derivation
assumed the general bound (9.44) with ¢4 > 0. For the same composite channel, find the optimal adaptive
rate and power policies to maximize average spectral efficiency while meeting a target average BER assum-
ing ¢4 < 0. Hint: The derivation is similar to the case of continuous-rate adaptation using the second MPSK
bound and results in the same channel inversion power control.

As in the previous problem, we again examine the adaptative rate and power policies to maximize average
spectral efficiency while meeting a target average BER in combined Rayleigh fading and shadowing. In
this problem we assume the general bound (9.44) with ¢4 = 0. For the composite channel, find the optimal
adaptive rate and power policies to maximize average spectral efficiency while meeting a target average BER
assuming c4 = 0. Hint: the derivation is similar to that of Section 9.4.1 for the third MPSK bound and results
in the same on-off power control.
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